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1. INTRODUCTION

Zadeh[ ] introduced the concept of fuzzy sets in 1965. Rosenfeld[9] initiated
the study of fuzzy subgroup and investigated some of its properties. In [1], Abou
Zaid introduced the concept of fuzzy subnear-rings and ideals of near-rings. In 1990,
Biwas[2] introduced the notion of anti fuzzy subgroups. Kim, Jun and Yon[5] have
discussed the notion of anti fuzzy ideals of near-ring. Iwao Yakabe[!] initiated the
idea of quasi-ideals in right near-rings. Kim and Jun[6] introduced the concept
of anti fuzzy R-subgroups of near-rings. Narayanan|[7] has studied the notion of
fuzzy quasi-ideals in near-rings. Chinnadurai and Kadalarasi[3] has studied the
concept of interval valued fuzzy quasi ideals of near-rings. In this paper, we introduce
the notion of anti fuzzy quasi-ideals of a near-ring. We investigate some of their
theoretical properties and provide examples. It is shown that every anti fuzzy ideal
(R-subgroup) of a near-ring is an anti fuzzy quasi-ideal, but the converse is not true
in general.

2. PRELIMINARIES

Throughout this paper R will denote a left near-ring. In this section, we present
some basic definitions and results used in this paper.
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Definition 2.1 ([8]). A near-ring is an algebraic system (R, +,-) consisting of a
non empty set R together with two binary operations + and - such that (R,+) is
a group, not necessarily abelian and (R, -) is a semigroup in which the distributive
law: - (y+2) = -y + -z holds for all z,y,z € R. We will use the word ‘near-ring
'to mean ‘left near-ring . We denote zy instead of z - y.

An ideal I of a near-ring R is a subset of R such that

(i) (I,+) is a normal subgroup of (R, +),

(ii) RI C I,

(ii) (x +a)y —xy € I, for any a € I and x,y € R.

Note that I is a left ideal of R, if I satisfies (i) and (ii), and a right ideal of R if
it satisfies (i) and (iii).

Definition 2.2 ([6]). A nonempty subset H of R is said to be a two sided R-subgroup
of R if

(i) (H,+) is a subgroup of (R, +),

(il) RH C H,

(ili) HR C H.

If H satisfies (i) and (ii), it is called a left R-subgroup of R. If H satisfies (i) and
(i), it is called a right R-subgroup of R.

Definition 2.3 ([3]). Let A and B be any two non-empty subsets of R. We define
AB = {abla € A,b € B}
and
AxB={(a+c)b—abla,be A, c e B}.
A near-ring R is called zero-symmetric, if 0z = 0 for all x € R.

Definition 2.4 ([8]). An additive subgroup @ of (R, +) is said to be a quasi-ideal
of REQRNRONQ*R C Q.

Definition 2.5 ([0]). A fuzzy subset p of R is a function p : R — [0, 1]. For t € [0, 1],
the set pu: = {x € R|u(x) <t} is called a t lower t-level set of p.

Definition 2.6 ([8]). The characteristic function of R is denoted by R, that is
R(z) =1 for all z € R.

Definition 2.7 ([3]). Let p and A be any two fuzzy subsets of R. Then sum g+ A,
product p - A, and product u * A are fuzzy subsets of R defined by

sup min{u(y), A(z)} if  can be expressed as © =y + 2
+z

(n+A)(x) = 2=y
0 otherwise,

sup min{u(y), A(z)} if z can be expressed as x = yz

(1 N)(w) = § #=v:
0 otherwise,

sup  min{u(c),A(b)} if x can be expressed as x = (a + )b — ab
(M*)\)(x) = z=(a+c)b—ab
0 otherwise,
where z € R.
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Definition 2.8 ([7]). A fuzzy subgroup p of R is called a fuzzy quasi-ideal of R, if
(- R)NR-p)N(p*R) C p

Definition 2.9 ([0]). A fuzzy subset p of R is called an anti fuzzy left(resp. right)R-
subgroup of R, if

(i) pz —y) < max{pu(z), p(y)},

(il) p(zy) < p(y) (vesp. p(zy) < p(z)) for all z,y € R.
Definition 2.10 ([5]). A fuzzy subset p of R is called an anti fuzzy left(resp.
right)ideal of R, if

(i) plz —y) < max{u(z), p(y)},

(i) p(y + 2 —y) < ple),

(ili) p(zy) < p(y) (resp. p((z +2)y —zy) < p(z)) for all z,y, 2 € R.

3. ANTI FUZZY QUASI-IDEALS OF NEAR-RINGS

In this section, we introduce the notion of anti fuzzy quasi-ideals of near-rings
and establish some of their properties and characterizations.

Definition 3.1. Let p and A be any two fuzzy subsets of R. Then p U, pN A, anti
sum p +4 A, anti product p -, A, and anti *, product p *, A are fuzzy subsets of R
defined by
(nUA)(2) = max{pu(z), A(x)},
(1O A) () = min{u(z), A(z)},
inf max{u(y), A\(2)} if  can be expressed as z =y + 2

(10 N)(a) = {f—w

1 otherwise,

inf max{pu(y),A\(2)} if z can be expressed as z = yz

(10 V() = {

1 otherwise,

inf max{u(c), \(b if  can be expressed as x = (a + ¢)b — ab
o) = f ol M AO) b (a+0)
1 otherwise,

where x € R.

Definition 3.2. The anti-characteristic function of R is denoted by R, that is,
R(xz) =0 for all x € R.
Definition 3.3. A fuzzy subset p of R is called an anti fuzzy subgroup of R, if
w(x —y) < max{p(z), u(y)} for all 2,y € R.
Definition 3.4. An anti fuzzy subgroup u of R is called an anti fuzzy quasi-ideal
of R, if
(aR)U(R o) U(p*aR) 2 p.

Note that if R is a zero-symmetric near-ring then (4 R) U (R q pt) 2 p.

Lemma 3.5. Every anti fuzzy quasi-ideal of a zero-symmetric near-ring R is an

anti fuzzy subnear-ring of R.
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Proof. Let p be an anti fuzzy quasi-ideal of a zero-symmetric near-ring R. Choose
a,b,c,x,y,z € R such that a = bc = (z + z)y — xy. Then

p(be) = (@) < max{ (s R)(a), (R 0 1) @) 1 % R) )}
= max{ inf max{(0). Re)}. inf max(R(), u(c)},

a: (xifigy_my max{/(2), R(y)}}

< max{ inf ma{u(b), R(0)}, inf max{R(b), u(c)},

n | max{u(n). R(e)})

— masc{u(b), ulc), n(b)}
— max{u(b), u(e)}.

Thus u(be) < max{u(d),u(c)}. Since p is an anti fuzzy quasi-ideal of a zero-
symmetric near-ring R, we have u(b — ¢) < max{u(b),u(c)} for all b,c € R. So
1 is an anti fuzzy subnear-ring of R. |

Lemma 3.6. Every anti fuzzy left ideal of R is an anti fuzzy quasi-ideal of R.

Proof. Let u be anti fuzzy left ideal of R. For 2’ € R, let a,b,z,y,z € R such that
' =ab= (z+ z)y — zy. Then

(10 R)U (R -4 1) U (1 %4 R)) (')
— max{(p-q R)(@'), (R -0 p)(@'), (140 R)(2')}
= max{_inf max{p(a),R()}, inf max{R(a), u(b)},

inf max{u(z), R(y)}}
z'=(z+z)y—=zy

— max{inf{p(a)}, inf{u(6)}, inf{1()}}.
[Since p is an anti fuzzy left ideal of R, u(ab) < p(b).]

> max{R(a), u(ab), R(z)}

— max{0, j(ab), 0} = u(ab) = p(a’).

If 2’ is not expressible as @’ = ab = (z + z)y — xy, then
(Ha R)U(R-q p) U (% R)(2") =1 = p(a’).
Thus (4 R)U (R q ) U (p%q R) D p. So p is an anti fuzzy quasi-ideal of R. O

Lemma 3.7. Every anti fuzzy right ideal of R is an anti fuzzy quasi-ideal of R.
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Proof. Let p is an anti fuzzy right ideal of R. For 2’ € R, let 2’ = ab = (z+2)y—zy,
where a,b,x,y,z € R. Then,

(10 R) U (R0 ) U (11 %0 R)) ()
= max{( o R)(@), (R -0 p)(@'), (1 %0 R)(a')}
= max{_inf max{ju(a), R()}, inf max{R(a), u(b)},

inf — max{u(z), R(y)}}
v/ =(z+2)y—zy

= max{inf p(a),inf u(b),inf u(2)},
[Since p is an anti fuzzy right ideal of R, u((x + 2)y — 2y) < u(z2).]
> max{R(a), R(b), u((z + 2)y — xy)}
= max{0, 0, u((z + 2)y — 2y)}
= p((z + 2)y — zy) = p(’).

If 2’ is not expressible as 2’ = ab = (z + 2)y — zy, then
(Ha R)U(R-q p) U (p#a R)(2') =1 = p(a’).
Thus (4 R)U (R g ) U (%4 R) D p. So p is an anti fuzzy quasi-ideal of R. O

Theorem 3.8. Fvery anti fuzzy ideal of R is an anti fuzzy quasi-ideal of R.

Proof. The proof is straight forward from Lemmas 3.6 and 3.7. O

Lemma 3.9. FEvery anti fuzzy left R-subgroup of R is an anti fuzzy quasi-ideal of
R.

Proof. Let p be an anti fuzzy left R-subgroup of R. Let a,b, ¢, z,y, 2z € R such that
x =ab= (y+c)z —yz. Then
(B-aR)U(R-ap)U(p*a R)) ()
= max{(y o R)(x), (R -a 1) (@), (1 *a R)(2)}
— max( inf, max{j(a), R(D)}., inf max(R(a). u(5)}
(b #a R)((y + )z —y2)}
= max{ inf p(a), inf u(b), (u*a R)((y +c)z —y2)},
[Since p is an anti fuzzy left R-subgroup ofR, u(ab) < u(b).]
> max{R(a), u(ab), R((y + ¢)z — yz)}
= max{0, u(ad),0} = u(adb) = p(z).

Thus (¢ R)U (R -q ) U (%4 R) D p. So p is an anti fuzzy quasi-ideal of R. O
Lemma 3.10. FEvery anti fuzzy right R-subgroup of R is an anti fuzzy quasi-ideal

of R.
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Proof. Let p be an anti fuzzy right R-subgroup of R. Let a,b,c,z,y,z € R such
that = ab = (y + ¢)z — yz. Then

(BaR)U(Rqp) U(p*aR))(z)
= max{(p-a R)(2), (R -a p)(), (1 +a R)(x)}
= max{miilgb max{p(a), R(b)}, miilgb max{R(a), p(b)},

(Lra R)((y + )z —yz)}

= max{ inf p(a), inf u(b), (u*a R)((y +c)z —y2)},
[Since u is an anti fuzzy right R-subgroup ofR, p(ab) < u(a).]
> max{p(ab), R(b), R((y + c)z — y2)}
— max{ju(ab), 0,0} = ju(ad) = p(x).

Thus (4 R)U (R g ) U (%4 R) D p. So p is an anti fuzzy quasi-ideal of R. 0O

Theorem 3.11. Fvery anti fuzzy two-sided R-subgroup of R is an anti fuzzy quasi-
ideal of R.

Proof. The proof is straightforward from Lemma 3.9 and Lemma 3.10. d

The converses of Theorem 3.8 and Theorem 3.11 are not true in general as shown
by the following example .

Example 3.12. Let R = {0,a,b, c} be a set with two binary operations ‘+’ and ‘-’
defined as

+10|la|b]|c - 10]al|b|c
0|0]|alb]|c 0/0]al|0]a
a lal0]|c|b al0|lal0]a
b |b|lc|O0|a b|0|alb]|c
c|lc|blalO c|0jalb]|c

Let pn: R — [0,1] be a fuzzy set defined by u(0) = 0.2, u(a) = u(b) = 0.7 and
wu(c) =0.3. Then

(h-aR)0)=02 (R-qu)(0)=02 (n*q )(0)=
(h-aR)(a) =02 (R-ap)(a) =03  (n*aR)(a)=
(h-aR)b) =03 (R-ap)(b) =07  (u*aR)(b) =
(haR)(e) =03 (R-ap)(c) =03 (n*aR)(c) =

Thus u is an anti fuzzy quasi-ideal of R. But u is not an anti fuzzy ideal of R, since
pw(0c) = p(a) = 0.7 £ 0.3 = max{u(0), u(c)}. Also p is not an anti fuzzy R-subgroup
of R, since p(0c) = p(a) = 0.7 £ 0.3 = p(c) and p(0c) = p(a) = 0.7 £ 0.2 = p(0).

Note 3.13. The conditions (- R)¢ = u®-R; (R-qu)®=R-pu% (ux,R)¢ = pu°*R
are true.
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Consider
(h-aR)(x) =1 = (-0 R)(2)
=1- miilgb max{p(a), R(b)}
= sup min{l — u(a),1 —R(b)}

r=ab

— sup min{y“(a), R(b)}

r=ab
= (1 R)().

Similarly, (R - ) =R - uf (u*q R)¢ = p°*R.
Theorem 3.14. A fuzzy subset p of R is an anti fuzzy quasi-ideal of R if and only
if its complement u° is a fuzzy quasi-ideal of R.
Proof. Assume that g is an anti fuzzy quasi-ideal of R. Let x,y € R. Then

pele—y) = 1—plx—y)
1 —max{pu(z), u(y)}
= min{l — p(z),1 - p(y)}
min{p(z), p(y)}-

v

Let x € R. Then
(- R)N (R - p) N (1 * R))(x)
= (L0 R) N (R a )N (n*a R))(2)
=min{(st .o R)(2), (R -a p)°(x), (1 *a R)“()}
=min{l — (1o R)(x),1 = (R-a p)(2),1 = (1 R)(2)}
— 1= max{ (0 R)(@), (R -q )(2), (1 40 R)(2)}
<1 p() < p(a).
Thus (4 R)°N (R q 1) N (e R)® C p¢. So ue is a fuzzy quasi-ideal of R.
Conversely, assume that u¢ is a fuzzy quasi-ideal of R. Let x,y € R. Then
L—p(z—y) =p(r—y) = min{p(z),p(y)}
= 1-—max{1—p(z),1-p(y)}
= 1 —max{u(z),n(y)}-
Thus p(x — y) < max{u(z), u(y)}. On the other hand
1= max{ (-0 R)(@), (R -0 )(2), (15 R)(2)}
1 mas{] = (0 RY(@), 1 — (R0 1)), 1 — (140 R)(0)}
= min{ (- R)(2), (R -0 0)°(2), (1 %0 R)*(2)}
— min{(u - R)(&), (R - p)(2), (1" * R)(2)}
< pf(w)
=1- p(x).
So, manc{ (1 R)(z), (R w0 1)(0), (0 R)(@)) > ).

Hence, (tt ¢ R)U (R ¢ ) U (1t R) D p. O
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Theorem 3.15. A nonempty subset Q of R is a quasi-ideal of R if and only if the
complement of the characteristic function fq is an anti fuzzy quasi-ideal of R.

Proof. Assume that @) is a quasi-ideal of R. By Theorem 5.4.5[7], fo is a fuzzy

quasi-ideal of R. By Theorem 3.14 fo° is an anti fuzzy quasi-ideal of R.
Conversely, assume that fo© is a fuzzy quasi-ideal of R. Then, by Theorem 5.4.5

[7], Q is quasi-ideal of R. O

Theorem 3.16. Let u be a fuzzy subset of R. Then u is an anti fuzzy quasi-ideal of
R if and only if the lower level subset L(p : t) is a quasi-ideal of R, for all t € (0,1].

Proof. Assume that p is an anti fuzzy quasi-ideal of R. Let t € (0,1] and z,y €
L(p : t). Then p(z) <t and u(y) < t. By hypothesis, u is an anti fuzzy quasi-ideal
of R, and so u(z —y) < max{u(z), u(y)} < max{t,t} =t¢, thatis, z —y € L(u : t).
Letz € Rand z € (L(p:t) (e R)N(R-a L(pw:t)) N (L(1 : t) x4 R). Then there exist
a,by,c € L(p : t) and aq,b,y, 2z € R such that © = ab = a1b; = (y + ¢)z — yz, which
implies that p(a) <t,u(by) <t and p(c) < t. Consider

pr) < (1o R)U(R-ap) U (s R))(2)
= max{(s-qa R)(2), (R -0 p) (@), (1 *a R)(x)}
= max{wiilgb max{u(a), R(b)}, z:irallfbl max{R(a1), u(b1)},

inf  max{u(c), R(2)}}

z=(y+c)z—yz
= max{ inf u(a), inf wu(by), inf ule)} <t
r=ab r=a1b1 r=(y+c)z—yz
Then x € L(p:t). Thus (L(p:¢) « R)N (R o L(p:t)) N (L(p : t) %, R) C L : t).
Thus L(p : t) is a quasi ideal of R.

Conversely, assume that L(u : t) is a quasi-ideal of R, for all ¢t € (0,1]. Let x € R
and assume that (1 R)U (R o p) U (%4 R)(z) < p(z). Choose t € (0, 1] such that
(1-a R)U(R-qp) U (e R))(x) <t < p(x). Then, (u-a R)(x) <, (R-qp)(x) <t
and (p #, R)(z) < t. Then

(0 R)(@) = inf max{u(). R)} = inf max{pu(a)} <1
(R p)(z) = infb max{R(a1), u(b1)} = infb max{pu(b1)} <t and
Tr=a101 T=a101

(1 *q R)(z) = inf max{u(c),R(z)} = inf ule) < t.

o=(y+e)z—yz r=(y+e)z—yz
Thus a,bi,c € L(pw : t). Sox = ab € L(p : t) '« R, © = a1by € R -q L(p : t)
and x = (y + )z —yz € L(p : t) x4 R, since L(p : t) is a quasi-ideal of R. So
x€ (L(p:t) aR)N(R o L(p:t)) N (L(p: t) ¢ R), which implies that « € L(u : t)
that is, u(x) < t, which is a contradiction.
Hence, (tt ¢ R)U (R ¢ ) U (1t %4 R) D pa.
Therefore p is an anti fuzzy quasi-ideal of R. O

Theorem 3.17. Let p and A be any two anti fuzzy quasi ideals of R. Then UM\ is
also an anti fuzzy quasi ideal of R.
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Proof. Assume that p and A are any two anti fuzzy quasi-ideal of R. For z,y € R,
we have

(HUA)(z —y)

max{p(z —y), Nz —y)}

max{max{u(z), u(y)}, max{(z), A\(y)}}
= max{max{u(z), \(2)}, max{u(y), A(y) }}
= max{(pUN)(z), (tUN)(y)}.

Let z € R and select a,b, ¢, y, z € R such that © = ab = (y + ¢)z — yz. Then
max{ inf. max{(a), R},

IN

inf, max(R(a), u(5)}

and
il max{u(e) R} 2 o).
Thus
(3.1) maX{wiggbu(a%iiggbu(b),I:(yﬂgz_yzu(d} > ()
Similarly,
(3.2) max{mmtl; Aa), iilgb)\(b), w:(yi_rgz_yz Ao} > Ax)
So
(LUA) -« R)U(R o (pUN) U ((LUA) x4 R))(x)

=max{((#UA) -a R)(2), (R0 (LU A))(2), (U A) *a R)(2)}

= max{ inf (U A)(a), inf (nUA)®), _ inf  (nUA)(e)}

= maX{ 1nf max{u(a) ( )} mf max{u b),A(b)},

Tt a0
2 max{max{ inf p(a), inf u(b), <yifigz,yz (e},
maX{miB(fb Aa), rciilcf;b A(b), x:(yincf)‘zfyz A(0)}}

> max{p(z), A(x)}, from (3.1) and (3.2)

— (UN().
Hence p U A is an anti fuzzy quasi-ideal of R. O

Intersection of any two anti fuzzy quasi ideals of near-ring need not be an anti
fuzzy quasi ideal as shown in the following example.

Example 3.18. consider Example 3.12. In this near-ring R, let u: R — [0,1] be a
fuzzy set defined by p(0) = 0.2, u(a) = pu(c) = 0.6, u(b) = 0.4. Then
(b-aR)(0) =02 (R a)(0) =02 (p#, R)(0)=0.2
(haR)@) =02  (Rep)a) =06 (s R)a)=
(10 R)B) =04 (Rogp)(b) =04 (1 R)(b) = 0.4
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(haRI) =04 (Reap)(e) =06  (ura R)(e) = 1
Thus p is an anti fuzzy quasi ideal of R. Similarly, let A : R — [0, 1] be a fuzzy set

defined by A\(0) = 0.1, A\(a) = 0.5, A(b) = A(c) = 0.8. Then
A aR)0)=01 (R-aA)0)=01 (A%, R)(0)=0.1
()\' R)(a)=01 (R-aA)(a) =05 (A%, R)(a)=1
AaR)(b) =08 (RxN(b)=08 (Ax,R)(b) =038
AaR)(c)=08 (RwN)(e)=08 (A%, R)(c)=0.8.

Thus A is an anti fuzzy quasi ideal of R. But N A is not an anti fuzzy quasi ideal,
since (kN A)(a—b) = (uNA)(c) =.6 £ 0.5=max{0.5,0.4} = max{(pNN)(a), (xN
A)(b)}.
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