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ABSTRACT. In this paper, we deal with (¢1,t2)- type fuzzy numbers.
In this sense, by constructing a new algebraic structure, we give a contri-
bution to the fuzzy set theory. In this way, we talk about the normed and
linear spaces of (t1,t2)- type fuzzy numbers. Additionally, the generalized
difference sequence spaces of (t1,t2)- type fuzzy numbers [loo(F)]z(r,s)s
[c(F)]a(r,s) and [co(F )]z (r,s) consisting of all sequences i = (u’ftl,tz)) such
that Z(r, s)t is in the spaces loo (F ), c(-F) and co(.F), have been construct-
ed, respectively. Moreover, we prove that [loo(F)|m(r.s), [(F)]a(rs)
and [co(#)]z(r,s) are linearly isomorphic to the spaces oo (%), ¢(F) and
co(-F), respectively. Furthermore, some theorems are given on the a(r)-,
B(r)- and ~(r)- real duals of the spaces [loo(F)|(r,s), [¢(F)|m(r,s) and
[co(F)]®(r,s). Finally, some classes of matrix transformations from the
space [c(F)]z(r,s) and p(F) to u(F) and [c(F)]g(r,s) are characterized,
respectively, where (%) is any sequence space..
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1. PRELIMINARIES, BACKGROUND AND NOTATION

The concept of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [20]. After his innovation, mathematical structures were altered with fuzzy
numbers. Matloka [11] introduced the class of bounded and convergent sequences of
fuzzy numbers with respect to the Hausdorff metric. In [13], Nanda has studied the
spaces of bounded and convergent sequences of fuzzy numbers and shown that these

~

spaces are complete metric spaces with the metric d(u,v) = sup, max{|u, («) —
Vi (@)l [ (@) = vii (@)}, (e € [0,1]).
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By using the metric d so many spaces of fuzzy sequences have been built and
published in famous maths journals.

The idea to construct a new sequence space of real or complex numbers using
by matrix domain of a particular limitation method has been employed by many
authors, for example you can see: Altay, Bagar and Mursaleen [1], Bagar and Altay
[2, 4], Ng and Lee [14] and Wang [18]. They introduced the sequence spaces (¢,) g, =
6;7 (KOO)Rt = Ttoov CR; = Ti and (CO)Rt = Té in [ ]7 (ép)A = bvp in [ ]’ (E;D)Cg* =X,
in [11], (¢p)na in [18]; where E”, R, A, €* and N, denote the Euler, means order
r, Riesz means with respect to the sequence t = (tx), backward difference matrix,
Cesaro means of order one and Nérlund means with respect to the sequence ¢ = (gx),
respectively, with 1 < p < co.

Some important problems on sequence spaces of fuzzy numbers can be ordered
as follows:1- Construct a sequence space of fuzzy numbers and compute -, 8- and
~- dual, 2- Find some isomorphic spaces of it, 3- Give some theorems about matrix
transformations on sequence space of fuzzy numbers, 4- Study some inclusion prob-
lems and other properties.

It will not be right to regard this article as a copy of classical summability theory
because both a big generalization and definitions of fuzzy zero are presented in this
article. Therefore, the readers are advised to take these into consideration while
reading the article, and using the definition of fuzzy zero that we have solved some
equations in the form = + w, 1) = vV, 1), Where ug, ) and vy, 4,) are fuzzy
number.

In the present paper, the light of these properties mentioned above, following [I,

, 10, 14, 15, 18], we will define matrix domain of sequence spaces of triangular fuzzy
numbers and introduce the sequence spaces of fuzzy numbers [{o. (F)] %(r,s), [c(F})] 2(r,s)
and [co(F})](r,s). Besides, we redefine fuzzy identity elements according to addition
and multiplication for constructing an algebraic structure on the (¢1,¢2)- type sets
of fuzzy numbers.

The rest of our paper is organized, as follows:

In Section 2, some basic definitions and theorems related with the fuzzy num-
bers are given. Also, the sets oo (F), c(F), co(F) and £,(F) consisting of the
bounded, convergent, null and absolutely p - summable sequences of fuzzy numbers,
respectively, are defined. In Section 3, we have introduced generalized difference se-
quence space of (t1,t2)- type fuzzy numbers and proved some inclusion relations on
these sequence spaces. It is also established in Section 3 that the sequence spaces of
(t1,t2)- type fuzzy numbers showed by [(oo(F)]z(r.s); [c(F )] z(r,s) and [co(F)] (s
are linearly isomorphic to the spaces (oo (%), c(F) and ¢o(F), respectively. Fi-
nally, in Section 3, it is proved that the spaces [(oo(F)]%(rs); [¢(F)]|a(rs) and
[co(F)](r,s) are complete with the norm defined by ||a|| = sup, max{Z(r, s)|u* —
vF —t1], B(r, s)|uF —v¥|, B(r, s)|uk —vF +15]}. Section 4 is devoted to the calculation
of the 3(r)- and ~(r)- duals of the spaces [c(.F)]z(rs) and [co(-F)]%(r,s)- In the final
Section 5, some classes of matrix transformations from the space [c(.F)]z(rs) and
w(F) to u(F) and [c(F)]m(r,s) characterized, respectively, where pu(%) is a any
sequence space.
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In this section, we recall some of the basic definitions and notions in the theory
of fuzzy numbers. In the following, we provide the essential results for the develop-
ment of our theory. Let suppose that N, R and F; = {a = [a~,a"] : a~ <z <
at, a~ and a™ € R} be the set of all positive integers, all real numbers and all
bounded and closed intervals on the real line R, respectively. For a,b € E; define

(1.1) d(a,b) = max{|a” — b~ |,|a™ — bT|}.

It can easily be seen that d defines a metric on E; and the pair (E;,d) is a complete
metric space [12]. We denote the set of all real and complex valued sequences by w
which is a linear space with addition and scalar multiplication of sequences. Fach
linear subspace of w is called a sequence space. Let A and p be two sequence spaces
and &/ = (ank) be an infinite matrix of real or complex numbers a,, where n, k € N.
Then, we can say that </ defines a matrix mapping from A to u, and we denote it
by writing & € (X : p), if for every sequence x = (zy) is in A and the sequence
dr = {(Fx)n}, the &/~ transform of x, is in p, where k runs from 0 to oco. The
domain A, of an infinite matrix &7 in a sequence space A is defined by

(1.2) A ={z=(2p) Ew: Az €A}

which is a sequence space. If we take A = ¢, then ¢, is called convergence domain
of «/. We write the limit of &z as &/ — lim,, z,, = lim,, ZZOZO ankTr, and the & is
called regular if lim 2 = limx for every x € ¢. Also, a matrix & = (a,) is called
triangle if a,r = 0 for k > n and a,, # 0 for all n € N.

Let X be a nonempty set. According to Zadeh a fuzzy subset of X is a nonempty
subset {(z,u(z)) : x € X} of X x [0,1] for some function u : X — [0,1]. Consider
a function called as membership function, u: R — [0,1] as a nonempty subset of R
and denote the family of all such functions or fuzzy sets by E. Let us suppose that
the function u satisfies the following properties:

(1) u is normal, i.e., there exists an zy € R such that u(z¢) =1,

(2) u is fuzzy convex, i.e., for any z,y € R and u € [0,1], ufuz + (1 — p)y] >
min{u(z), u(y)},

(3) u is upper semi-continuous,

(4) The closure of {z € R : u(z) > 0}, denoted by u’, is compact[20].

Then the function u is called a fuzzy number.

The properties (1)-(4) imply that for each a € [0, 1], the a- cut set of the fuzzy
number u defined by u(a) = {z € R: u(z) > a} is in E;. That is the equality u(«a) =
[u™ (), u™ ()] holds for each o € [0,1]. We denote the set of all fuzzy numbers by
F and the set of all triangular fuzzy numbers by F; and write ¢, c,co and £, for
the classical sequence spaces of all bounded, convergent, null and absolutely p -
summable sequences, respectively, where 1 < p < co. Also by bs and cs, we denote
the spaces of all bounded and convergent series, respectively. For brevity in notation,
through all the text, we shall write ) . sup,,, and lim,, instead of Y -, sup,cn;
and lim,, .

Sometimes, the representation of fuzzy numbers with a- cut sets induce errors
according to algebraic operations. For example, if u is any fuzzy number then
u—u=[u (a),ut(a)] — [u(a),u"(a)] = [u”(a) — ut(a),u’(a) — u™(«)] is not
equal to zero in the classical mean.
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Furthermore, we know that shape similarity of the membership functions does not
reflect the conception of itself, but it will be used for examining the context of the
membership functions. Whether a particular shape is suitable or not can be deter-
mined only in the context of a particular application. However, many applications
are not overly sensitive to variations in the shape. In such cases, it is convenient to
use a simple shape, such as the triangular shape of membership function.

Let us consider any triangular fuzzy number u = u, 4,), as in the following.

If the function

(x—(u—t))ty*, x€u—t,ul
Uy 1) () = (utt2) —2)ty ", o € [u,u+ts]
0, otherwise
is the membership function of the triangular fuzzy number w, ;,) then u, 4,) can
be represented with the notation

(1.3) Uty ) = (U —t1,u,u + to)

where t1,to,u € R and t; < to. If t; = t9, then the fuzzy number u is called

symmetric fuzzy number and if ¢; = to = 0 then u be a real number. In generally,

the fuzzy number u, 4, is called (t1,t2)- type fuzzy number through all the text.
The set of all (t1,t2)- type fuzzy numbers is defined as in the following:

(1.4) F = {(u—tl,u,u+t2) tt,to,u €R, ) < tg}.

The notations u — t1,u,u + to are called first, middle and end points of triangular
fuzzy number u, respectively. In addition this, the notation u means that the height
of the fuzzy number u is 1 at the point u. Any element of the set # will be
denoted with wu(, 4,). If t1 = %, ty = % and v = 2 then UL 1y is represented
as, w1 1y = (2 - %72,2 + %) For every t1,t; € R, the sets .# are different from
each other and every element in the form wu(, .,y of the these sets belongs to 7.
Another mean of the (1.4) is that for every t1,t2 € R, there is not an unique set of
fuzzy numbers, conversely there are infinite sets of fuzzy numbers and these sets are
different from each other according to structure of their elements. So, we can use
the most appropriate one of these infinite sets for our problem. In this study, we
will take 1,2 € [0, 1).

2. ALGEBRAIC STRUCTURE OF THE SET .%#

Let u(s, 15), V(t1,15) € F and A € R. Let us define addition and scalar multiplica-
tion on .Z as follows:
(2.1)

Uty ) T Vit ) = (U —t1,u,u +t2) + (v —t1,v,v + 2)

= (u+v7t1,u+v,u+v+t2) = (wftlawaw‘i’tQ) :w(tl,tz)a
(2.2) AUty ) = (M — 1, du, Au+-ta) = (r —to, v, 7 +t2) = 1@y 1)
Let u(, 4,y = (u —t1,u,u+t2) € #. Then
(u—t1,u,u+t2)+(0—11,0,0+¢2) = (u+0—t1,u+0,u+0+t2}) = (u—t1,u, u+ta).

It means that 6, ;) = (0 — £1,0,0 + t2) is identity element of .# according to
operation which is given in (2.1). Therefore, we say that, the inverse of the fuzzy
208
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number w, 4,) is equal to —u, +,) = (—u —t1, —u, —u + t3), according to addition
and the —u(, ¢,) determines a fuzzy number. With this idea, we can solve equations
in the form z(;, 4,) + U, 15) = O(s,,0,) Which may be given by inexact data. The
fuzzy zeros of the sets % are represented as follows:

(23) 0= H(tl,tz) = (O —11,0,0 + tz),tl,tg e R, t; < to.

It is clear that fuzzy zero is different for each element of the set .%#. In this way,
we can talk about the normed and linear spaces of fuzzy numbers. This idea will fill
a large gap in the literature.

Theorem 2.1. All sets in the form F are linear spaces according to algebraic opera-
tions (2.1) and (2.2), where t1,to € R and t; < to.

The second important matter is the topology on the set #. Similar to Sengdniil
[15] we can construct a topology on # by using the metric d : F x # — R defined
as follows

(2.4) A(U(ty 1) V(ty t2)) = Max{|u — v — t1],|u — v|, |u — v + ta|}.

We can easily show that the set .Z is a complete metric space with the metric d.

Clearly, the representation (1.3) for u(z) is unique. We know that, generally in
the practical applications, the spread of fuzziness is not very large. So the value of
max{|u—v —t1], |u—vl|,|u —v+ta|} should be small to the greatest extent possible.
In the case of applications, this smallness is considered more suitable. For example,
the ”approvimately 5”7 can be taken as 5, 4,) = (=4 — t1,5,15 + t2) but in the
applications, generally, ” approzimately 57 is taken as 5(;, 1,y = (5—11,5,5+12), (0 <
t; <t < 1). This choice is more accurate than 5., 1,y = (—4 — 11,5, 15 + t2).

Furthermore, it must be emphasized here that a fuzzy number is determined
according to specific processes and this fuzzy number may not in the same sense
in the another specific systems. For instance, let A and B be two different specific
system. If u is ” approximately 5” for the system A then ” approximately 5”7 may not
in the same sense for another system B. So, algebraic properties of the systems A
and B are different. This can be explained as follows:

Let us suppose that the spread of left and right fuzziness of every number u be
equal to ¢ in the A. Then fuzzy zero is equal to (—2¢,0,2t),(0 < ¢t < 1) for the
system A and this fuzzy zero is unique for A.

The function f: N — F k — f(k) = ](€t17t2) is called a sequence of (t1,t3)- type
fuzzy numbers and is represented by @ = (u(;, ;,)-

Let us denote the set of all sequences of (¢1,t2)- type fuzzy numbers by w(%),
that is

w(F) = {(u](cthtz)) cu:N— Fpu(k) = u?thtz) = (uP —t,uf u” +12)}

where u* —t; < uF < uF+t9, t1,t2 € R and ué“tl t) € Z for all k£ € N. The elements
u? —t1, u* and u¥ + t5 are called first, middle and end points of general term of a
sequences of fuzzy numbers, respectively. If degree of membership at ©* is equal to
1 then @ is a (t1,t2)- type fuzzy number, if it is not equal to 1 then (u’(ct1 tg)) is a

sequence of the fuzzy sets.
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Each subspace of w(F') is called a sequence space of fuzzy numbers. We define the
classical sets oo (F), c(F), co(F) and £,(:F) consisting of the bounded, convergent,
null and absolutely p - summable sequences of fuzzy numbers, respectively, it means
that

loo(F) = {ﬂ = (“?tl,tz)) cw(F): sipa(u’ahm)ﬁ) < oo} ,
o(F) = {ﬁ = (u’(“thw)) cw(F): liglg(ul(“thm,u?tm)) =0, u?thtz) € 3’7} ,

U= (u?tl,tg)) € w(F): hing(ul(ctl,tz)v 0) = 0} )

S
)

)= {ﬂ = (u’(“tl,m)) cw(F): st;ng(u]{thtz)ﬁ)p <o00,1<p< oo} .
k

We should emphasize here that the sequence spaces of fuzzy numbers £o.(.%),
c(F), co(F) and {,(F) can be reduced to the classical sequence spaces of real
numbers £, ¢, ¢p and ¢, respectively in the special case (ué“thtz)) = (ué“l’l)), where
uf € R and uf),
spaces of loo (F), c(F), co(F) and £,(F) are more general and more useful than the
corresponding implications of the spaces £, ¢, co and £, respectively.

€ %. So, the properties and results related to the sequence

Definition 2.2. Let A\(%) C w(F), ¢ is identity element according to addition
and algebraic operations on A(%) in the sense of (2.1) and (2.2). The function
[|-]] : A(:#) — R is called norm on the set A(.%) if it has the following properties:

(1) eyl = 0 ug, 1,y = 0.

(ii) [lowge, o) || = lall[ug, 1)l @ € R.

(i) [ 1) + Vo) || < e [+ [0 0[]

If the function ||.|| : A(%#) — R satisfy (i)-(iii) then A(%) is called normed
sequence space of the (t1,t2)- type fuzzy numbers. If \(.%) is complete with respect
to the norm ||.|| then A(.%) is called complete normed sequence space of the (t1,t2)-
type fuzzy numbers.

Lemma 2.3. The sets c(F),co(F) and lo(F) are complete normed sequence
spaces with the norm defined by as follows:

1] = supmas ¥ — ¥ — ] Ja* — o] — o + 1]}

where @ is in the any sets of {c(F),co(F ), loo(F)}.

Proof. We take into account only the space £ (% ). Others can be proved similarly.
It is clear that || - || is a norm on ¢o(.%). For showing the completeness of oo (7 ),
we accept the fact that (uﬁ(thm) = (uk —t1,uF, uk +5) is a Cauchy sequence in
loo(F) for each n. Then, we have

10501 £2) = Uit )| = SgpmaX{IUﬁ —uy, — i, |ugy — gy |, fugy — up, 4 o]} < e
From here, we can obtain

lul —uf — | < e, [uf —uk | < e |ul —uf + 1] <e.
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From hence, we have that (u* —u® —t,), (uf —uk)) and (uf —uf, +t5) are Cauchy

sequences of real numbers. Since R is complete, the sequences (uf — uk — t),

(uk —uk ) and (uF —uk, +t5) are convergent in in R, for all n € N. Let us assume
that lim,, uﬁ(tl 1) = u’g(tl 1y for all t1,> € R and k € N. Because of the fact that

supmax{\ufb - uﬁ@ - t1|7 |ufz - u'lrcn|7 |UI:L - u]:n + t2|} <e
k

for all n,m > k, we obtain the following equality
tim sup mee{[uf — b, — ], Jul — | ok, + taf}
k

= Sgpmaxﬂuﬁ —ulg — 1], |ufI —u§|, |qu —ulg +ia|} <e.

Thus, we can write for ¢1,t; € R that ufl(tl t2) u’g(tl ty) BS T = 00. On the other
side, since the belows hold

4Gt |l < Sgpmaxﬂug —ufy — o], [ug — ul|, lug — up, + ta|}

+  supmax{fuy — t1l, |ug |, |uy, + taf}
k

k k k
= ||u0(t1,t2) - un(tl,tg)” + Hun(tl,t2)||

we conclude that (ug(tl,tz)) € oo (F). O

Now, let A(.Z) and p(.%#) be two spaces of triangular fuzzy valued sequences and
& = (ank) be an infinite matrix of positive real numbers a,, where n, k € N. Then,
we say that &7 defines a real - matriz mapping from A(%) to p(.%) and we denote
it by writing & : M(F) — u(F), if for every sequence @ = (u’(’“t1 1)) € A(F) the
sequence { (& u(, 1,))"}, is in p(F) where

(2.5) (Fuge )" =D anktify, 4,y = (Z anptt® =11,y anpu®, Y angu + t2>
k k k k

and the series ), anpt® —11, >k Anpt”, >k anpuf +ty are convergent for all n € N.
By (A(F) : u(F)), we denote the class of matrices o such that & : A\(.F) —
w(F). Thus, o € (AMF) : u(F)) if and only if the series on the right side of
(2.5) are convergent for each n € N and every @ € A(.%#), and we have @i =
{(%u(tl,tz)))”}neN € u(F) for all 4 € A\(F).

Let A(%) be a sequence space of (t1,t2)- type fuzzy numbers. Then, the set
[A(F)] e of sequences of (t1,t2)- type fuzzy numbers defined as follows, is called the
domain of an infinite matrix </ in A(.F),

(2.6) MNF)] = {(u’gm)) € w(F): i c )\(3?)} .
Now, we give the definition of generalized difference matrix used in the later part

of this work.
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Let 7, s be non-zero real numbers and define the generalized difference matrix
B(r,s) = (bpk(r,s)) by

r , k=n
(2.7) bok(r,s)=<¢ s , k=n-1 ; (k,neN).
0, 0<k<n—1 or k>n

It is easy to calculate that the inverse Z~1(r,s) = (ani(r,s)) of the generalized
difference matrix %(r, s) is given by

L(=syn=k 0<k<n
(2.8) ank(r, s){ 5 C ksn

; (k,neN).
3. THE GENERALIZED DIFFERENCE SEQUENCE SPACES [(oo ()| 2(r.s),
[C(y)]@(r,s) AND [60(9)]53(7’,5)

In this section, we wish to introduce the [loo (F)]%(r,s), [c(F)]a(r,s) and
[co(-F )] (r,s) sPaces, as the set of all sequences such that Z(r, s)- transforms of them
are in the spaces (oo (F), ¢(F) and co(.F), respectively, that is

(3.1) (oo F )0y = {0 = (s, 1)) € W(F) : Blr,5)uly, 1) € oo F)]

(32) [ Foen = {0= (ufy 1) € WF): Bl )i, ) € o(F)}
and
(33) [co(F)]mrs) = {u = (uf,, ) € w(F): Blr,s)ul, . € co(y)} .

We should emphasize here that the sequence spaces [(oo(F)]%(r,s), [c(F)]a(r,s)
and [co(F)]a(r,s) of (t1,t2)- type fuzzy numbers can be reduced to the sets £oo (F), c(.F)
and co(F), respectively in the case r = 1,s = 0 in the structure of generalized dif-
ference matrix. So, the properties and results related to the sequence spaces of
Uoo(F)) B(r,5)s [€(F)]aa(r,s) and [co(F )] z(r,s) are more general and more extensive
than the corresponding consequences of the spaces £o. (F), ¢(.F) and ¢o(F), respec-
tively.

Let us define the sequence of fuzzy numbers © = (vfth t)) Which will be frequently

used, as the %(r, s)- transform of a sequence of fuzzy numbers @ = (u"(“t1 tz))’ ie.,
k k=1 k
(3.4) Uty ) = SU(p, 1) + UG, )

where u=!' =0, r,s € R —{0}.
Now, we may begin with the following theorem which is essential in the text:

Theorem 3.1. The sequence spaces [loo(F )| (r,s), [(F)|@(r,s) and [co(F )|z (r.s)
are linearly isomorphic to the spaces loo(F), c(F) and co(F) respectively, i.e.,
oo F)(r,5) = Lo (F), [c(F)]p(r,5) = c(F) and [co(F)](r,s) = co(F).

Proof. Since the others can be similarly proved, we consider only the case [(oo (F)] %(r,s)

> {o(F). To prove this, we should show the existence of a linear bijection bet-

ween the spaces [loo(F)|m(rs) and £oo(F). Consider the transformation T' de-

fined with the notation of (3.4), from [(o(F)]a(r,s) t0 loo(F) by @ = ¥ = TG =
212
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su?t:’lb) + ru’(“tht2). The equality T'(@ + ) = T4 + Tw where 4,0 € [loo(-F)|z(r.5)
are clear. Let us suppose that a € R then

k

T(au) = T(ozu(t1 1)) = (o, t2)) + 7"(au(t1 t)) = afsuf

-1 k . -
(trot2) T UG, )] = @T0

It means that, T" has the property homogeneity. Thus, T is linear. Let us take any
¥ € oo (F) and represent the sequence @ = (u ’(Ctl t)) using the PB~Y(r, s) as follows

u= (“](Ctl,tz)) = (%kvfthm))
where B* = 1 Z; o(52)1, BFL %Z ( -2)J. Then, we have
pd(#

Nl e (#0500, (7, 8)uf, 1, 9)

k
— sgp d(su(tlh) + U, ) 0)

= supd(s it D AN )

(t ,t2) (t o)

= supd( (1) 0) = |0l ()

That is, 7" is norm preserving. Consequently, the spaces [(oo(F)]%(r,s) and loo(F)
are linearly isomorphic. It is clear here that if the spaces [(oc (:F)](r,s) and Loo (F)
are respectively replaced by the spaces [¢(.F)]|x(rs) and c(F), [co(F)]a(rs) and
co(F), then we obtain the fact that [c(.F)|p(r,s) = c(F) and [co(F)]B(r,s) = co(F).
This step completes the proof. O

Theorem 3.2. The sets [c(F)]a(r,s), [co(F )| @(r,s) and [loo(F )|z (rs) are complete
normed sequence space of the (t1,t2)- type fuzzy numbers with the norm defined by

(3.5) sup max{A(r, s)|uF — vk —t1|, B(r, s)|u* — v*|, B(r, s)|u* — v* +t,]}.
k

Proof. Tt was seen that in Theorem 3.1, the sequence spaces of (t1,t2)- type fuzzy
numbers [(oo(F)]a(r,s): [(F)]a(r,s) and [co(-F)|m(r,s) are linearly isomorphic to
the spaces loo(F), c(F) and co(F), respectively. Additionally, since the matrix
B(r,s) is normal (see, [19]) and loo(.F), c(F) and co(.F) are complete normed
sequence spaces, it is clear that the sequence spaces [(oo (F)]%(r,s), [c(-F)]2(r,s) and
[co(-F )] 2(r,s) are complete normed spaces with the norm defined in (3.5)

Theorem 3.3. Let (u’(“t tg )) be a sequence of (t1,t2)- type fuzzy numbers. If
d(u’(“thtz)),u(()thtz)) — 0 as n — oo then d(su(t t2) —i—ru(tl 1) U (t1 t2)) —~ 0 as n — oo.
It means that the matriz B(r,s) is regular.

Proof. Let (ul(“tl)b)) be a sequence of (1, t3)- type fuzzy numbers and d(u¥ (t1,t2)7 u(tl tz))
— 0 as n — oco. Then for a given € > 0 there exits a positive integer ng such that

= €
d(u@htz),u?thtz)) <o for each k > ny.

Therefore, it can be written as in the following, d(%(r, s)u égtl,t2)’ ?tl,tz)) d(su(t1 t2) T

Tu](gtl’Q),u((Jtlth)) < Sd( (tl t2)7 (tl ts ))+Td(3 (t1,t2)” U(t o ) If we take M = max{s,r}
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then we see that d(%(r, s)u?t1 t2)7u0) < €. That is
. k—
hlgl(su(tl,lh) + Tu?tlatZ)) = u?t17t2)
holds. This completes the proof. 0

Theorem 3.4. The inclusions c(F) C [c(F)]ar,s) and co(F) C [co(F )|z
strictly hold.

Proof. To prove the validity of the inclusion co(#) C [co(F)|z(rs), let us take
any U € co(.%). Then, bearing in mind the regularity of the method A(r,s) (see,
Theorem 3.3), we immediately observe that %#(r,s)0 € ¢o(#) which means that
0 € [co(F)]z(r,s)- Hence, the inclusion co(.F) C [co(F)]s(r,s) holds. Furthermore,

k _1(—s>n—k(§_w_

let us consider the sequence 4 = (u’(“thtz))) defined by ug, , ) = 7 (5* A

t1,2,3 + 352 4+ 1,) for all k € N. Then, we have (%(r, s)u?tl_b)) =((0-t,3,2+4
t2),...,0,0,...) which implies that @ is in [co(-F)] (s but @ ¢ co(.F). This shows
that the inclusion is strict. One can see by analogy that the strict inclusion ¢(.%) C
[c(.F )] #(r,s) also holds. This completes the proof. O

Let A(F), u(F) C w(F) and & = (ank) be an infinite matrix of fuzzy numbers
and consider following expressions:

(3.6) supz:a(an;€7 ) < o0,
"ok
(3.7 sup Z[E(a”k’ 0)]? < oo,
"ok

(3.8) d(ank,a®) =0, where o € w(F),

Zﬁ(ank, 0) = 0,
k

(3.10) limzank = Lty 12),
k

(3.11) lima,, =6, keN

In [17], some matrix classes are characterized by Talo and Bagar which is given

in the following lemma:
Lemma 3.5. [17] The following statements hold:

(1) o € (Uboo(F) : boo(F)), o € (c(F) : boo(F)), A € (co(F) : Lo (F)) if and only
if (5.6) holds.

(2) o € (boo(F) : co(F)) if and only if (3.9) holds.

(3) & € (co(F) : ¢(F)) if and only if (3.6) and (3.8) hold.

(4) o € (co(F) : co(F)) if and only if (5.6) and (3.8) hold with o* = 0 for all
keN.

(5) o € (Lp(F) : c(F)) if and only if (3.7) and (5.8) hold.

(6) o € (Lp(F) : co(F)) if and only if (3.7) and (3.8) hold with o = @ for all
keN.

(7) o € (c(F) : c(F),p) if and only if (3.6), (3.10) and (3.8) hold with o* =
for allk € N.
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Analogously to Talo and Bagar, we can prove following propositions:

Proposition 3.6. A € (¢(F) : ¢(F)) if and only if (3.6) and (3.8) also hold with
af =6 for all k € N.

Proposition 3.7. A € (¢co(F) : t1(F)) if and only if sup ZE
a
k

(Z ank,9> < o0,

neG
where G is the finite subset of N.

4. REAL DUALS OF THE SPACES [(oo(F)|(r,s), [c(:F)|z(r,s) AND [co(F)|m(r,s)

In this section, we state and prove the theorems determining the «(r)-, 5(r)- and
7v(r)- real duals of the spaces [(oo(F)]z(r,s), [c(:F)]a(r,s) and [co(F )]z (r,s). For the
sequence spaces A(F) and p(.F), define the set S(A(F), u(F)) by

(4.1) {d = (a*) € w(R) : (aka:](“thm) € u(F) forall z € /\(9)}

where w(RR) denotes all real valued sequences space. With the notation of (4.1), the
a(r)-, B(r)- and v(r)- duals of a sequence space A(.F ), which are respectively denoted
by A (), M)(F) and M) (F) are defined by \*(")(F) = S(N(F), (1 (F)),
MNO(F) = S(NF),cs(F)) and N (F) = S(A(F),bs(F)). We will use a tech-
nique, in the proof of the Theorems 4.1 and 4.4, which is used in [1], [4] and [16].

Theorem 4.1. The y(r)- dual of the spaces [loo(F )| m(r,s), [c(F)]|z(r,s) and
[co(F )| m(r,s) is the set

(4.2) D, = {&Ew(]R):supid (:i(:)jkaj,9> <oo}.
" k=0 j=k

Proof. Since the proof is similar for the rest of the spaces, we determine only ~(r)-
dual of the set [co(-F)]a(r,s)- Let a € w(R) and define the matrix 2 = (zpx) via the
sequence a = (a') by

s (=2)i*kad (0<k<n)
— r Laj=k\ r ? =V = . ;
(43) Znk { 0 , (]4} > n) ) (k,],n € N) :
Bearing in mind the relation (3.4) we immediately derive that
n - n n 1 s j—k ) )
(4.4) Za Tty t2) = Z Z r (T) a’ Yty t2) = (gy(thtz))n'
k=0 k=0 \j=k

From (4.4), we realize that 4z = (akx@htz)) € bs(.F#) whenever & € [co(F)]z(r,s)
if and only if f'fy?thtz) € Lo (F) whenever yé“thtz) € ¢o(F). Then, by considering
the Part (1) of Lemma 3.5, we have

n n 1 s j—k
supZd Zr(r) a0 < oo
" k=0 =k

which yields the consequence that [co(-F )];;,SZT) 5 =D1 O
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Theorem 4.2. [co(ﬁ)]agf(gs) is the set Do, where

n N j—k )
Dy = &Ew(R):Sgp;E ZZi(;) a0 ] < oo

neG j=k
Proof. This is clear from Proposition 3.7. g

Lemma 4.3. ([3], Theorem 3.1) Let € = (cni) be defined via a sequence a = (a*) €
w and the inverse matriz ¥V = (vng) of the triangle matriz % = (unk) by

n .
o [ Sialu 0<k<n,
0, k> n,

for all k,n € N. Then
D} ={a=0W"ew:Fe(n:ly)}
and
DY ={a=(") ew:%e(\: o)}
Combining Lemma 3.5 and Lemma 4.3, we have following theorems.

Theorem 4.4. Define the sets D3, Dy and Dy by

(i &=V .
Ds=<acwR):d Z(S> al,a” | =0,0F cw(F) },

r

— (1 n —8 ik .
Dy=(a R):d| - — 7,0 i st
4 a € w(R) 7'j_2k<7”> a’, exists

and

X . n 1 n s j—k )
D5 = a &€ U}(R) : 11};1’1];_:0 ; Zk (T) a’ = ].(tl,tQ)

Then, [co(F)]5(),) = D1 N Ds. And [c(Fy)]55) = D1 N DyN Dy
Proof. 1t is clear from the Lemma 3.5 and Lemma 4.3. O
5. MATRIX TRANSFORMATIONS

First of all, Lorentz introduced the concept of dual summability methods for the
limitation which depends on a Stieltjes integral and passed to the discontinuous

matrix methods by means of a suitable step function in [3]. Later, many authors,
such as Bagar [5], Basar - Colak[6], Kuttner [7], Lorentz - Zeller [9] and Sengéniil -
Bagar [16] worked on the dual summability methods.

Let us suppose that the set [A(.F)]z(r,s) be any of the sets [co(F)] a(r,s), [(F )]z (r.5)
and [loo(F)|m(r,s)- In this section, we characterize the matrix mappings from
[A(F)]2(r,s) into any given sequence space of triangular fuzzy numbers via the con-
cept of the dual summability methods and vice versa, so we call it as the gene-

ralized difference dual summability methods. Let us suppose that the sequences
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= (uz('tl,m)) and 0 = A(Uétl,tz)) are connected with (3.4) and let the /- transform

of the sequence @ = (uztlh)) be zZ = (Zét17t2)) and the #- transform of the sequence

0= (v}, 4,)) be T = (t};, 4,))s L€,

(5.1) Zétl,tg) = (du(tlat2))i = Z aniuz(ltl,tg)7 (i €N)
and
(5.2) tftl,tg) = (%U(thtz))i = anivétl,tg)a (i €N).

It is clear here that the method Z is applied to the A(r,s)- transform ¢ =
(vétl’h)) = (B(r,s)u(t, 1,))" of the sequence i = (u’('thtz)) while the method & is
. So, the methods &/ and

directly applied to the terms of the sequence & = (uf t, t2))
2 are essentially different (see, [0]).

Let us assume the existence of the matrix product #%(r,s) which is a much
weaker assumption than the conditions on the matrix 4 belonging to any matrix
class, in general. If Zétl,tz) becomes tft17t2)(0r tfthmbecomes zzt17t2)), under
the application of the formal summation by parts, then the methods &/ and %
in (5.1), (5.2) are called generalized difference dual type matrices. This leads us

to the fact that BZ(r, s) exists and is equal to & and Fu = (BA(r, 3))ul(€t1,t2) =

B(B(r, s)u?th tz)) = A0 formally holds. This statement is equivalent to the following
relation between the elements of the matrices & = (an;) and B = (bn;)

n 1 _ n—it
(53) an = Z ; (TS) QAp; O Qpi = Tbni + 5bn,i+1
i=1

for all n, i € N. Now, we may give the following theorem concerning to the generalized
difference dual matrices.

Theorem 5.1. Let o/ = (an;) and B = (bni) be the generalized difference dual
type matrices, u(.F) be any given sequence space and (ani)ken € ¢1(F). Then,
o € (elFatry : 1(F)) if and only if B € ((F) : p(F)).

Proof. Suppose that o7 = (a,;) and & = (by;) be generalized difference dual type
matrices which means that (5.3) holds. Additionally, let u(%#) be any given sequence
space and take account that the spaces [c¢(.%)] z(,,5) and ¢(.#) are linearly isomorphic.
Let & € ([c(F)]a@r,s) : 1(F)) and take any § € ¢(.F). Then, BH(r,s) is equal to
o and (ani)ien € D1 N Dy N D5 = [e(F)]55() ) which yields that (by:)xen € ¢1(F)
for each n € N. Hence #y exists for each § € ¢(#) and we have the following
equation

(54) Z bniyétl,tg) = Z anixétl,tz) (n € N)

Subsequently, it is clear from (5.3) that By = o/ % which leads us to the consequence
that B € (¢(F) : u(F)).
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Conversely, suppose that 4 € (c(.#) : p(F)) and take any Z € [c(F)]z(r,s)-
Then, &% exists. Therefore, we obtain from the following equality as n — oo that
/T = Ay and this shows that < € ([c(F)]z(r,s) : u(-F)) and

n n n 1 s n—1 )
Z anixzthtz) = Z Z ; (7,.> Ong yztl,w) i (n € N)
i=0 i=0 (i=0
This completes the proof. O

Theorem 5.2. Suppose that the elements of the infinite matrices 9 = (d,;) and
& = (en;) are connected with the relation

(55) €ni = Sdnfl’i + Tdni, (n,z S N)

and p(F) be any given sequence space. Then, I € (u(F) : [c(F)|z(rs)) if and if
only & € (W(F) : ¢(F)).

Proof. Let & = (a:ftl 1)) € #(:F) and consider the following equality

{B(r,5) (P2, = $(Daf ) +1(D, 1)

(t1,t2)
$ Z d"_lvixz(-thh) tr Z d”ixéthb)

= Z(Sdn—l,i + Tdni)xétl,tg) = ((g)x(h,m))nv (nal € N)

7
which yields that 2 € [¢(F)]%(r.s) if and only if &% € ¢(F). This step completes
the proof. O
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