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ABSTRACT. In this paper, we define the new notions of direct prod-
uct of finite number ”n” of fuzzy subset of Ri X Ry X --- X R,, where
Ri,R2, -+, Ry are near-rings and study the direct product of n fuzzy ideal
(resp. subnear-ring, R-subgroup) of R1 X Ra X --- X R,. We also discuss

some of its basic properties with examples.
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1. INTRODUCTION

The concept of fuzzy set was first proposed by Zadeh[16] in 1965. The notion of
fuzzy subnear-rings and fuzzy ideals of near-rings was introduced by Abou Said[1].
In [9], Rosenfeld defined fuzzy subgroup and gave some of its properties. Further,
Kim[5] and Dutta[4] discussed some characterizations of fuzzy ideals of near-rings.
Davvaz[3] and Narayanan et al[8] defined generalization of fuzzy ideals of near-rings,
that is, (€, € Vq)-fuzzy ideals of near-rings. Saikia et al.[13], defined the concept of

fuzzy R-subgroups and fuzzy ideals of near-rings and near-ring groups. Then [14], he
also discussed characterizations of fuzzy substructures of a near-rings and near-ring
groups. Sherwood[15], presented the notion of product of fuzzy subgroups. After

sixteen years, Ray[10] discussed some properties of the direct product of fuzzy sub-
groups. Further, Mushtaq et al.[7] initiated the notion of direct product of different
types of ideals in Abel Grassmann’s groupoids such as ideals, prime ideals, minimal
ideals and some of its properties. Recently, Abdullah et al.[11], introduced the idea
of direct product of different fuzzy ideals of LA-semigroups such as ideals and bi-
ideals. In [12], Abdullah et al. initiated the notion of direct product of intuitionistic
fuzzy H-ideals of BCK-algebras. Aktas et al.[2] introduced the notion of generalized
product of fuzzy subgroups and t-level subgroups. In this paper, we introduce the
new notions of direct product of n(n = 1,2,--- ,n) fuzzy subnear-ring, fuzzy ideal
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and fuzzy R-subgroup of Ry X Ry X --- x R,, and related properties are investigated
with examples.
2. PRELIMINARIES

In this section, we have listed some basic definitions of near-rings. Throughout
this paper, R, Ry, R2,--- , R,, denote left near-rings.

Definition 2.1 ([3, 6]). A near-ring is an algebraic system (R,+,-) consisting of
a non empty set R together with two binary operations called 4+ and - such that
(R,+) is a group not necessarily abelian and (R, -) is a semigroup connected by the
following distributive law:z - (y + 2) = ¢ - y + - z valid for all z,y,z € R. We will
use the word ‘near-ring’to mean ‘left near-ring’. We denote zy instead of x - y.
An ideal I of a near-ring R is a subset of R such that

(i) (I,+) is a normal subgroup of (R, +),

(ii) RI C I,

(ii) (x +a)y —zy € I, for any a € I and z,y € R.

Note that I is a left ideal of R if I satisfies (i) and (ii) and right ideal of R if T
satisfies (i) and (iii).

A two sided R-subgroup of a near-ring R is a subset H of R such that

(i) (H,+) is a subgroup of (R, +),

(i) RH C H,

(i) HR C H.
If H satisfies (i) and (ii), then it is called a left R-subgroup of R. If H satisfies (i)
and (iii) then it is called a right R-subgroup of R.

Definition 2.2 ([1]). Let R be a near-ring and p be a fuzzy subset of R. Then p is
a fuzzy subnear-ring of R if

(i) p(z —y) = min{u(z), p(y)}, for all z,y € R,

(ii) p(zy) > min{p(x), u(y)}, for all z,y € R.

Definition 2.3 ([1]). Let R be a near-ring and p be a fuzzy subset of R. Then p is
a fuzzy ideal of R if

(i) p(z —y) = min{pu(x), p(y)}, for all z,y € R,

(il) p(y + 2 —y) > p(z), for all z,y € R,

(iii) p(zy) > p(y), for all z,y € R,

(iv) p((z + 2)y — xy) > p(z), for all z,y,z € R.

A fuzzy subset with (i)-(iii) is called a fuzzy left ideal of R whereas a fuzzy subset
with (i), (ii) and (iv) is called a fuzzy right ideal of R.

Definition 2.4 ([6]). A fuzzy subset u of a near-ring R is called a fuzzy R-subgroup
of R if

(i) p(x —y) 2 min{pu(z), u(y)},

(i) p(ry) > p(y),

(ili) p(zy) > p(x), for all z,y € R.

Note that p is a fuzzy left ideal of R if it satisfies (i) and (ii) and p is a fuzzy
right ideal of R if it satisfies (i) and (iii).

Definition 2.5. Let py and pe be any two fuzzy subsets of Ry and Ry respectively.
Then the direct product of fuzzy subsets is defined by p1 X po : Ry X Ry — [0, 1]
194
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(p1 % p2) (w1, w2) = min{puy (1), pa(w2)}
for all z1 € Ry and x5 € R».

Definition 2.6. Let uq, ua,- -, i, be n(finite) fuzzy subsets of Ry, Ra, - , R, re-
spectively. Then the direct product of fuzzy subsets of near-rings is defined by
1 X fg X oo X i Ry X Ry X --- X R, — [0,1] as

(,ul X g X -e X Mn)(xlvx%"' axn) = min{ul($1)7ﬂz($2),“' a,un(xn)}
forall z1 € Ry,20 € Ro, -+ , 2, € R,,.

3. DIRECT PRODUCT OF n-FUZZY IDEALS OF NEAR-RINGS

Definition 3.1. Let py, pa, - - - , itn, be n(finite)-fuzzy subsets of near-rings Ry, Ra, -+ , Ry,.
Then pq X po X - -+ X ly, is said to be a fuzzy subnear-ring of Ry x Ry x -+ X R, if
it satisfies the following conditions:

(1) (X pz X X pn ) (21, @2, an) = (Y1, 42, 5 Yn)
> min{ (g X g X -+ X i) (21, T2, , ),
(1 X p2 X X p ) (Y1, Y2, 5 Yn) b
(i) (1 x p2 X X pn) (@1, 22, @) (Y1, Y2, 5 Yn))
> min{ (g X po X -+ X pp ) (1,22, 0, Ty),
(1 X p2 X X p ) (Y1, Y2, 5 Yn) b
for all (21,2, - ,opn), (Y1,Y2, * yYn) € R1 X Ry X -+- X Ry,.
Definition 3.2. Let uq, po, - - , ity be n(finite)-fuzzy subsets of Ry, Ra, - , R, re-

spectively. Then g1 X pg X - - - X py, is a fuzzy ideal of Ry X Rg X - - - X R, if it satisfies
the following;:

(1) (X p2 X o X ) (1, T2, 0) — (Y1,Y25 7 5 Yn))
> min{ (g X pro X -+ X pin ) (@1, T2, Ty),

(1 X pr2 X -+ X ) (Y1, Y25+ 5 YUn) }s

(i) (1 x g2 X X ) (Y1, 92, 3 Yn) + (@1, 22, @0) = (Y1, 92,0, Yn)
> (1 X 2 X o X pp ) (@1, T2, 0, Tn),

(i) (1 X pa X oo X ) (21, T2, ) (Y1, Y2, 5 Yn)
> (1 X p2 X X ) (Y1, Y2, Yn)s

(iv)  (p X p2 X X ) (@1, 22,y 2n) + (21,22, 5 20) ) (Y1, Y2, 3 Yn)

- (wlaxZa'” 7xn)(y17y2a"' 7yn)) > (ﬂll X g Xo-ro X Nn)(zlvz%"' 7Zn)a

for all (1,2, - ,2n), (Y1,Y2, "+ s Yn), (21,22, ,2n) € R X Ry X --- X R,,.

A fuzzy subset p1 X g X -+ X py, of Ry X Ry X -+ X Ry, is a fuzzy left ideal of
Ry X Ry x -+ X R, if it satisfies (i),(ii) and (iii). A fuzzy subset py X pg X -+ X fip
of Ry X Ry X -+ - X Ry, is a fuzzy right ideal of Ry x Rg X - -+ X Ry, if it satisfies (i),(ii)
and (iv).

Definition 3.3. Let uq, o, - , ttn, be n(finite)-fuzzy subsets of Ry, R, -+, R, re-
spectively. Then py X pg X -+ X uy, is a fuzzy R-subgroup of Ry X Rg X --- X R, if
195
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it satisfies the following:

(1) (p X p2 - X pn) (@1, 22, @) — (Y1,92, 1 Yn))
> min{(pg X pg X - X pn ) (X1, @250+ Tn), (1 X pra X X ) (Y1, Y200+ Yn) )
(1) (1 X p2 X X ) (21,22, 20) (Y1, Y25+, Yn))
= (1 X prz X X ) (Y1, 92,7 5 Yn),
(i) (X p2 X oo X pn) (@1, @2, @) (Y15 Y2, 5 Yn)
= (1 X prg X oo X ) (@1, T2, X)),
for all (z1, 2, - ,2n), (Y1,Y2, "+ sYn) € R1 X Ry X -+ X R,,.
A fuzzy subset g X p1o X -+« X fi, of Ry X Rg X -+ X Ry, is a fuzzy left R-subgroup
of Ry X Ry X -+ X Ry, if it satisfies (i) and (ii). A fuzzy subset 1 X g X « -+ X pp, of

Ry X Ry X -+ X Ry is a fuzzy right R-subgroup of R; x Ry X --- X R, if it satisfies
(i) and (iii).

Example 3.4. Let Ry = {0,1,2} be a near-ring with two binary operations +g,
and -g,, R2 = {0,1} be a near-ring with two binary operations +pr, and -, and
Rs = {0,a,b,c} be a near-ring with two binary operations + g, and -g, are defined
by

Y |O]1]2 012 T 0T
0 (012 0 |01]2
0 01 001
1 1{21]0 1 10|12 1 110 1 1ol
2 2101 2 1012
+r, |O0|a|b]|c ‘ry |0 ]alb]c
0 |[O|lal|b|c 0 |0la|0|a
a |a|l0|c|b a [0]la|0]a
b blc|O0|a b |[0]al|b]|c
c |c|bla|0 c |0]al|lb]|c
Let Ry x Ry x Ry = {(0,0,0), (0,0,a), (0,0,b), (0,0, ¢), (0,1,0), (0,1,a), (0,1,b), (0,1, ¢)
(1,0,0),(1,0,a),(1,0,b),(1,0,c),(1,1,0),(1,1,a),(1,1,b),(1,1,¢),(2,0,0),(2,0,q)
(2,0,0),(2,0,¢),(2,1,0),(2,1,a),(2,1,b),(2,1,¢)}. Define fuzzy subset p; : Ry —
[0,1] by u1(0) = 0.4 and 0.3 = p1(2). Let us defined fuzzy subsets o :

. 2
, 1] by p2(0) = 0.7, u2(1) = 0.8, u3(0) = 0.9, pz(a) =
(b) = 0.6 and p3(c) = 0.4. Then

an 1(
RQ [0, 1] and M3 R3 [0

0.5,

%
M3
(/-Ll X 2 X M3)(0’070) (Ml X 2 X /’63)(0707a) ( M1 X pg X ,U3)(0707b) 0.4,
(1 x p2 x p3)(0,0,¢) = (p1 x p2 X p3)(0,1,0) = (11 x p2 x p3)(0,1,a) = 0.4,
(1 x p2 x p13)(0,1,0) = (1 X p2 x p3)(0,1,¢) = 0.4

and
(1 % p2 X pi3)(1,0,0) = (p1 X p2 % p3)(1,0,a) = (1 x p2 x p3)(1,0,0) = 0.3,
(1 x p2 x p3)(1,0,¢) = (p1 X p2 x p3)(1,1,0) = (g1 x p2 x p3)(1,1,a) = 0.3,
(,Ul X p2 X :u3)(15 17b) (:ul X 2 X M3)(17 178) (ul X ph2 X U3)(2a070) 0.3,
(1 X p2 x p3)(2,0,a) = (p1 X p2 X p3)(2,0,b0) = (p1 X p2 x p3)(2,0,c¢) = 0.3,
(;u'l X p2 X NS)(Z 1, ) (/1’1 X g X /~L3)(27 17a) (/1'1 X 2 X /143)(2a 17b) = 0.3,
(11 X p2 % p3)(2,1,¢) = 0.3.

Clearly, puy X pa X pg is a fuzzy ideal of Ry X Ry X Rs.
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Theorem 3.5. Let p1, pa, -+, i be n fuzzy ideals (subnear-rings, R-subgroups) of
Ry, Ra,- -+, Ry, respectively. Then pq X fig X - -+ X iy, 18 a fuzzy ideal (subnear-ring, R-
subgroup) of Ry X Ro X -+ X R,,.

Proof. Let pi, po, -+, un be fuzzy ideals of Ry, Ra, - , Ry,.
Let (1,22, ,Zn), (Y1,Y2, "+ sYUn), (21,22, -+ ,2n) € Ry X Ry X -+ x R,,. Then
(py X pg X oo X pg ) (21, 22, -+ Tn) = (Y1592, 5 Yn))
= (g1 X p2 X -+ X fip)(T1 = Y1, T2 — Y2, T — Yn)
min{s (z1 — 1), p2 (T2 — y2), - fin(Tn — Yn)}
min{min{u (1), g1 (y1) }, min{pe(22), p2(y2}, -+ s min{uy (@n), tn(yn)
= min{min{pu1 (1), p2(x2), -+, o (@n) }, min{pa (y1), p2(y2), -+ i (yn) 1}

=min{(u1 X po X <o X ) (@1, @2, Tp)y (U1 X fi2 X o0 X ) (Y1, Y25 5 Yn) -
And

Y]

(py X po X X ) (Y, y2s -+ ) + (21,22, 5 2n) = (Y1, 02, 5 Yn))
= (p1 X p2 X - X pp) (Y1 + 21 — Y1, Y2 + T2 — Y2, 0 Yn + Tn — Yn)
= min{u1 (y1 + 21 — Y1), p2(Y2 + 22 —Y2), - s n(Yn + T — Yn)}
> min{pus (1), pa(z2), -+ 5 pn(n)}

= (1 X pg X o X ) (1, T2, -+, Tn).

Next,
(1 X pig X e X ) (@1, @250 @) (Y15 Y2, 0+ 5 Yn))

= (1 X p2 X - X ) (T1Y1, T2Y2,  , TnYn)

= min{,ul(xlyl), p2(raysa), - - - v/‘n(xnyn)}

= min{p (y1), p2(y2), -+ 5 in(yn)}

= (1 X p2 X o X ) (Y1, Y250+ Un)-
Further,

(1 X pg X oo X g ) (1, 22,5 n) + (21522, 20) ) (Y1592, -+ 5 Yn)
— (.’171,1‘2, . ’-Tn)(ylay% - 7yn>)

=1 X pig X o X pn (21 + 21)y1 — 211, (T2 + 22)Y2 — T2y2
v (T + 20)Yn — Toyn)
= min{p ((z1 + 21)y1 — 21y1), p2((T2 + 22)y2 — T2y2), -+
Mn((xn + Zn)yn - xnyn)}
> min{pu (21), p2(22), -+ pin(zn)
= (1 X prg X -+ X pn ) (21, 22,7+, Zn).
Therefore, g1 X o X -+ X py, is a fuzzy ideal of Ry X Ry X -+ X R,,. O
Example 3.6. In Example 3.4 Ry, Ry and R3 are near-rings. Let R; X Ry X R3
{(0,0,0),(0,0,a),(0,0,b),(0,0,¢),(0,1,0),(0,1,a), (0,1,b), (0,1, ¢),(1,0,0), (1,
(1,0,0),(1,0,¢),(1,1,0),(1,1,a),(1,1,b),(1,1,¢),(2,0,0), (2,0, a),(2,0,b), (2,0 ,c),

1,0,b , 1,1
(2,1,0),(2,1,a),(2,1,b),(2,1,¢)}. Let us defined fuzzy subsets pq : Ry — [0,1], o
197
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Ry — [0,1] and s Rg — [0, 1] by ﬂl(O) = 07,/1,1(].) = 0.
0.6, u2(1) = 0.4, u3(0) = 0.9, pz(a) = 0.7 and p3(b = p3(
(p1 % p2 x p3)(0,0,0) = (Ml X pg X f13)(0,

(p1 X p2 x p3)(1,0,0) = ( 1 X pp X pi3)(1,0,a) =

1,0,0 1,0
(/141 X pr2 X ,u3)(1a070) (Ml X ph2 X /Lg)(Q,0,0) = ( ,a) = )
(1 % p2 X p3)(2,0,b) = (p1 X p2 x p3)(2,0,¢) =05
and
(Ml X ph2 X M3)( 170) (Ml X ph2 X /’('3)( ,1,&) = 4(/’“ X 2 X H3)(07 17b) =04,
(1 X pig X #3)((), 1e) = (p1 x p2 x p3)(1,1,0) = (1 x p2 x p3)(1,1,a) =04,
(1 x pz X p3)(1,1,0) = (p1 x p2 X pg)(1,1,¢) = (p1 X p2 X p3)(2,1,0) = 0.4,
(1 x p2 X p3)(2,1,a) = (1 X p2 X p3)(2,1,0) = (p1 X p2 X p3)(2,1,¢) = 0.4
Thus, 1 X pe X ug is a fuzzy ideal of Ry x R X Rs.

The converse part of Theorem 3.5 is not true in general as shown in the following
Example.

Example 3.7. Consider Example 3.4, uy X puo X p3 is a fuzzy ideal of Ry X Ro X Rg,
but po and pg are not fuzzy ideals of Ro and Rj3 respectively.

Theorem 3.8. Let u be a fuzzy subset of R, Then p is a fuzzy ideal (subnear-ring, R-
subgroup) of R if and only if px px -« X u(n-times) is a fuzzy ideal (subnear-ring, R-
subgroup) of R X R x --- x R(n-times).

Proof. Assume that p is a fuzzy ideal of R. By Theorem 3.5, we have p X p X -+
is a fuzzy ideal of R X R X --- X R.

Conversely, assume that g X g X -+ X p is a fuzzy ideal of R x R x --- x R. For
(1,22, y&n), (Y1,Y2, " 3 Yn), (21,22, y2n) E RX R X -+ x R. Then,

min{u(z1 — y1), p(@2 — y2)s -+ s (@0 — yn)}
= (X px- X p) (1 — Y1, 02 — Y2, Tn — Yn)
=(pxpx-xp) (@22, 20) = (Y1, Y2, Yn))
> min{(p X p X X p) (@1, @2, @), (XX X ) (Y1, Y2, Yn) )
= min{min{pu(21), p(z2), -, p(zn) b, min{p(yr), (y2), - 1lyn)}}-

If pleyr — 1) < plae — yz) (@0 = yn), then p(w1) < p(wz), p(ws), -, p(@n)
and p(y1) < p(y2), w(ys), - ,u(yn% we have p(z1 —y1) = min{u(21), u(y1)}-

mln{u(yl + _yl)nu’(yQ + 2 —il/2)»"' 7;U'(yn+xn _yn)}
= (MXMX XM) ((y15y27"' 7yn)+($17x2a"' 7xn)_(ylay27"' 7yn))
2 (X px s X p) (a1, @, @)

= min{#(xl)v M(xZ)v te ,u(xn)}.
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If :U/(yl +x — yl) < N’(yQ + x9 — y2)»/~¢(93 + xr3 — y3)7' o a:u’(yn + Tn — yn)7 then
(1) < p(w2), p(wz), -, p(en), we have, u(ys + 21 — y1) > p(r1). Now,

min{p(z1y1), (w2, y2), - (1(Tn, Yn)}
= (uxpx - xp) (@1, 22,0, ) (Y15 Y2, Yn))
> (X XX p) (Y1, 92,0 3 Yn)
= min{u(y1), w(y2), w(ys), -+ 1Y)}

If p(zayr) < p(w2,y2), 5 (Tn, Yn); Then p(yr) < w(y2), m(ys), - 1(yn). Thus
we have p(z1y1) > p(yr). Similarly, u((x1 + 21)y1 — x1y1) > w(z1). So, p is a fuzzy
ideal of R. O

Theorem 3.9. Let 1y and pg be two fuzzy ideals (subnear-rings, R-subgroups) of R.
then py X pg is a fuzzy ideal (subnear-ring, R-subgroup) of R x R.

Proof. The proof is straightforward from Theorem 3.5. O

The converse of Theorem 3.9 is not true. The given example state that if p1 X pe
fuzzy ideal of R x R, then pu; and ps need not be fuzzy ideals of R.

Example 3.10. Consider Example 3.4, Ry is a near-ring. Let Ry xRy = {(0,0), (0, 1),

(072)7(170)7(171)7(172)7(270)7(271)’(2’ )}
T 0,00 [0, [ (0,9 [ (L0) [ (LD [(L2) [20) [ @1 ] 32)
0,00 [(0,00] 0,1 ]0,2 (L) [ (LD [ (12 [0 ]E1D](32)
0.1 | ©0.1)] 0,200 L) 12|10 ]|@1)]@2)] 0
0,2) | (0.2)] 0,00 0.1) | (1L2) | (1L0) | (1L1) | (2.2) | 2.0) | (21)
(L) | (1Lo)| (L) | (1L2) |20 | @D |@2) |00 ]©1)]©2)
(1,1) | (1,1) | (1,2) | (1,0) | (2,1) | (2,2) | (2,0) | (0,1) | (0,2) | (0,0)
(1,2) (1,2) | (1,0) | (1,1) | (2,2) | (2,0) | (2,1) | (0,2) | (0,0) | (0,1)
(2,0) | (2,0) | (2,1) | (2,2) | (0,0) | (0,1) | (0,2) | (1,0) | (1,1) | (1,2)
(2,1) 1 (2,1) ] (2,2) | (2,0) | (0,1) | (0,2) | (0,0) | (1,1) | (1,2) | (1,0)
(2,2) [(2,2)](2,0)](21)](0,2)](0,0)](0,1)](1,2)] 10|11
e [O0 [0, (02 [ (L0 (L[ (L2 [0 [ 1] (9
0,0) 10,0 [(0,1) (0.2 [ (10) [ (L) ][ L2 20| D22
0.1) | (0,0) | 0.1) | (0:2)| (1,0) | (1L1) | (1.2) | 2,0) | 2:1) | 2:2)
0,2) | (0,0) | (0,1) | (0.2) | (1,0) | (L1) | (1,2) | 2,0) | (2.1) | (2.2)
(L,0) | (0,0) | (0.1) | (0.2) | (1,0) | (1L1) | (1,2) | 2,0) | (221) | (2,2)
(L1 | 0,0) ] (0.1) ] (0.2) | (1,0) | (1L1) | (1,2) | 2.0) | (221) | (2,2)
(1,2) | (0,0) | (0,1) | (0.2) | (1,0) | (1L1) | (1.2) | 2.0) | (2.1) | (2,2)
2,00 | (0,0) | (0.1) | (0:2)| (1,0) | (L1) | (1.2) | 2,0) | 2:1) | (2,2)
2.1) | (0,0)] 0.1) | ©.2) | (1L0) | (1L1) | (1,2) [ @20) | 21| (22
22) | 0,0) | (0,1) | 0.2) | (1,0) | (L) | (1,2) | 2,0)| (1) | (2.2)

Let us define fuzzy sets p; : Ry — [0,1], 42 : R1 — [0,1] by u1(0) = 0.5, u1(1) =

0.4 = p1(2) and p2(0) = 0.6, p2(1) = 0.4, ua(2) = 0.5. Then

(1 % p12)(0,0) = 0.5 = (1 x p2)(0,2) and (p1 x p2)(0,1) = (p1 X p2)(1,0) = (1 x

p2)(1,1) = (pa x p2)(1,2) = (1 X p12)(2,0) = (pa x p2)(2,1) = (1 x pi2)(2,2) = 0.4
Hence p1 X po is a fuzzy ideal of Ry X Ry but us is not a fuzzy ideal of R;.
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Theorem 3.11. Let p1 and pa be two fuzzy subsets of R such that p1 X pe is a
fuzzy ideal of R X R. Then

(1) If pa(xz) < u1(0) for any x € R, then us is a fuzzy ideal of R.

(2) If pr(z) < p1(0) for all x € R and pa2(y) > p1(0) for some y € R, then uy is
a fuzzy ideal of R.

Proof. (1) Suppose ua(z) < p1(0) for all z € R. Then

p2(z —y) = min{1(0), po(z — y)}

= (1 x p2)(0,z — y)
(11 x p2)((0,2) — (0, y))

min{(p1 X p2)(0,), (1 X p12)(0,y) }

min{min{s (0), p2(2)}, min{s1(0), p2(y)}}

= min{pa(z), p2(y)},

v

p2(y + x —y) = min{p1(0), po(y + = — y)}
= (Ml X p12)(0,y + 1z —y)
(11 x p2)((0,9) + (0,2) — (0,9))
(ul X p2)(0, z)
= min{s1(0), po(z)}
= pa(x),
and
p2(zy) = min{pu (0), p2(zy)}
= (1 x p2)(0, 2y)
(Ml Xuz)(( )( ))
> (1 x p2)(0,y)
= min{s1(0), p2(y)}
= pi2(y)-

Similarly, ua((x + 2)y — xy) > pe(z). Thus ps is a fuzzy ideal of R.
(2) Assume that pi(x) < p1(0) for all z € R and p2(y) > p1(0) for some y € R.
It follows that p2(0) > po(y) > pi(z) for all x € R. Let x,y,z € R. Then

iz —y) = min{p (z — y), n2(0)}

= (1 x p2)((z — y),0)
(11 x p2)((2,0) = (y,0))

min{(p1 X p2)(x,0) — (11 X p2)(y,0)}

= min{min{x (), p2(0)}, min{s (y), p2(0)}}

= min{yn (), p(y)}
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and
my+z—y) = min{m(y +z—y),12(0)}

= (m X p2)(y+2—y,0)
= (m x p2)((y,0) + (2,0) = (y,0))
= (X p2)(,0)
= min{u(2), u2(0)}
= m(x).

iﬂimilarly, w1 (zy) > p(y) and py ((x + 2)y — zy) > pi(z). Thus gy is a fuzzy ideal ODf

Definition 3.12. Let gy X pg X -+ X uy be a fuzzy subset of Ry x Ry X -+ X R,
and ¢t € [0,1]. Then the subset (1 X po X - X pn)¢ = {(x1, T2, - ,T,) € Ry X
Ro x «+« X Rp|(p1 X p2 X -+ X pp)(21, 22, -+ ,x,) > t} is called a level subset of
R1XR2X"~XRn.

Theorem 3.13. Let py, o, -+, un be fuzzy subsets of Ry, Ro,--- , Ry, Tespectively.
Then pq X pia X+ + X i, 18 @ fuzzy ideal (subnear-ring, R-subgroup) of Ry X Ra X+ -+ X Ry,
if and only if t € [0,1] (p1 X p2 X +++ X piy)¢ @8 an ideal (subnear-ring, R-subgroup)
of Ry X Ro X -+ X R,.

Proof. Assume that gy X pig X -+ X py, be fuzzy ideal of Ry x Ry X -+ X R,,. Let
(1,22, ,%0), (Y1,Y2, 7+ Yn) € (U1 X pi2 X -+ X pin)¢. Then
(1 X p X oo e X pin ) (T1, T2, o, Ty) 2

and

(1 X po X - X i) (Y1, Y2, Yn) >t
Thus
(1 X pro X - X pn) (21,22, 2Zn) — (Y1, Y25+ s Yn))

> min{(p1 X pi2 X -+ X pin)(T1, T2, 5 Tn), (1 X pi2 X oo fn) (Y15 Y25 2 YUn) )
>t.

Furthermore

(T1, T2, ,@n) € (1 X fig X <+ X fin)¢
and

(Y1,Y2,+ ,Yn) € R1 X Ry X -+ X R,,.
Then

(1 X po X - X ) (Y1, 92, -+ 3 Yn) + (1,22, %) — (Y1, 92, Un))
(1 X prg X =+ X pn ) (21, T2, -+, )
t.

IV v

This implies that

(y17y2)”' ayn)+($17$2,"' ;xn)_<y1ay27”' 7yn) S (,LL]_ X/,LQ Xoeee X,U/n)t'
201



V. Chinnadurai et al. /Ann. Fuzzy Math. Inform. 12 (2016), No. 2, 193-204

On the other hand, for (1,29, -+ ,2,) € Ry X Rg X -+ x R, and (y1,Y2, "+ ,Yn) €

(X g XX ), (1 X g X X ) (Y1, Y2, -+ Yn) 2 L. Since pig X pip X+ X iy
is a fuzzy ideal of Ry X Ry X -++ X Ry,

(/Jl X g X -+ X ,Un)((l'l,zQ,"' 753n)(y1792a"' 7yn))
(1 X pi2 X oo X ) (Y1, Y2, 5 Yn)
t

>
>

Thus (21,22, -+ Zn) (Y1, Y2, 5 Yn) € (1 X p2 X -+ X fin)y.
Similarly, (((1’1,(172,“- ,.’L‘n) + (217227"' 7Zn))(y17y27"' 7yn) - (1’1,{172,“- 7xn)(y1
Y2, 5 Yn)) € (1 X piz X oo X pin)e. SO (1 X prg X --- X pin)y is an ideal of
Ri X Ry X -+ X R,.

Conversely, assume that (u; X pg X -+ X uy)¢ is an ideal of Ry X Rg X -+ X R,,.
Suppose that

(1 X po XX op ) (@1, @2, @) — (Y1,Y2,7 5 Yn))
<min{(pn X pp X oo X ) (@1, T, Tn), (1 X p2 X X ) (Y1, Y2, 5 Yn) b
Choose t € (0, 1] such that
(1 X pro X o X ) (1,2, -+ @) — (Y15 Y257+ 1 Yn)
<t
<min{(p X p2 X o X ) (@1, @2, @), (1 X prz X X ) (Y1, Y2, Yn) b

Then (1171,2132,"' 7xn)7(y1,y27"’ ,yn) € (:LLl X g X -+ X ﬂn)t but (xl,an"' ,SCn) -
(y1,Y2,* ,yn) & (41 X 2 X -+ X ly)¢, which is a contradiction to our assumption
that (g1 X pg X -+ X )¢ is an ideal of Ry X Rg X -+ X R,. So

(1 X g X s X ) (21, 2,5 2n) = (Y1, 92, 5 Yn)
> min{ (1 X pp X -0 X ) (@1, T, )y (1 X pp X X ) (Y1, Y2, 5 Yn) b
If there exists (x1,22, * ,Zn), (Y1,Y2, * ,Yn) € R1 X Ra X -+ X R, such that

(X g X X pn) (Y1592, yn) + (@1, %2, 2n) — (1,42, 5 Yn))

< (1 X pro X oo X pp)(T1, T, 0 X)),

let us select ¢t € (0, 1] such that

(r X pg X X ) (Y1, Y2, -+ ) + (21,22, 5 2n) = (Y1592, 5 Un))

<t

< (1 X pro X oo X ) (1, T, 0, Ty).

Then (I]_,LUQ,"' 7xn) € (MIXMQX"'X,U/n)t but ((ylay27"' 7yn)+(1’173327"' ,l’n)—
(y1,Y2,* ,Yn)) & (1 X po X -+ X py )¢ which is a contradiction. Thus

(1 % oz X ) (Y, 92, yn) + (@1, @2, 20) = (Y192, Yn)
> (p1 X pg X oo X ) (@1, T, -+, Tp).
Similarly,
(11 X p2 X oo X pg) (21, @2, 2n) (Y1, Y2, Yn))

> (p1 X pr2 X X ) (Y1, 92, 3 YUn)
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and
(1 x pg XX pg ) (@1, @2, -+ @) + (210,22, 20)) (Y1, Y2, 5 YUn)
_ ($1,$2,"' ,$n)(y1,y27"' ’yn))
> (1 X o X oo X ) (21,22, 2n)-
Therefore pg X pg X+ X py, is a fuzzy ideal of Ry X Ry X -+- X R,,. O

4. CONCLUSION

In this paper, we have defined direct product of n-fuzzy subnear-rings, n-fuzzy
R-subgroups, n-fuzzy ideals. Also discussed some important properties. This work
can be extended to other types of ideals of near-rings and other algebraic structures.
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