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ABSTRACT. The aim of this paper is to introduce fuzzy Tj;-spaces,
fuzzy gTj-spaces. Moreover, we obtain certain new characterizations for
the fuzzy Tg-spaces, fuzzy gT;-spaces.
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1. INTRODUCTION

In 1970, Levine [7] introduced the notion of generalized closed sets in topological spaces
as a generalization of closed sets. Since then, many concepts related to generalized
closed sets were defined and investigated. Recently, Balasubramanian and Sundaram
[2] introduced the concepts of generalized fuzzy closed sets and fuzzy T /2-Spaces.

Quite Recently, Jeyaraman et al.[6] have introduced the concept of fuzzy g-closed
sets and studied its basic fundamental properties in fuzzy topological spaces. In this
paper, we introduce the notions called fuzzy T ;-spaces, fuzzy gT;-spaces and obtain
their properties and characterizations.

2. PRELIMINARIES

Throughout this paper (X, 7) and (Y, o) (or X and Y) represent fuzzy topological
spaces on which no separation axioms are assumed unless otherwise mentioned. For
a fuzzy subset A of a space (X, 7), cl(A), int(A) and A° denote the closure of A, the
interior of A and the complement of A respectively.

We recall the following definitions which are useful in the sequel.

Definition 2.1 ([12, 14]). If X is a set, then any function A : X — [0,1] (from X
to the closed unit interval [0, 1] is called a fuzzy set in X.
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Definition 2.2 ([12]). (i) The complement of a fuzzy set A, denoted by A°, is
defined by

A%(x)=1—-A(z),Vz e X.
(ii) Union of two fuzzy sets A and B, denoted by A V B, is defined by
(AU B)(z)=max {A(x), B(z)}, V x € X.
(iii) Intersection of two fuzzy sets A and B, denoted by A A B, is defined by
(AN B)(z)=min {A(z), B(z)},Vz € X.
Definition 2.3 ([14]). Let f : X — Y be a function from a set X into a set Y. Let
A be a fuzzy subset in X and B be a fuzzy subset in Y. Then the Zadeh’s functions
f(A) and f~1(B) are defined by : for each y € Y and for each x € X,
(i) f(A) is a fuzzy subset of Y, where
sup A(z), if f71(y) # 2,
fA) =49z ')
0, otherwise.
(ii) f=(B) is a fuzzy subset of X, where

f7H(B)(x) = B(f(x)).

Definition 2.4 ([5, 12]). Let X be a set and 7 be a family of fuzzy sets in X. Then
7 is called a fuzzy topology if 7 satisfies the following conditions :
(i) 0,1 € 7,

(11) If A cf € 7 then Vi A €T,

(i) If A, Be 7 then AAB e 7.

The pair (X, 7) is called a fuzzy topological space (or fts). The elements of 7 are
called fuzzy open sets. Complements of fuzzy open sets are called fuzzy closed sets.

Definition 2.5 ([12]). Let A be a fuzzy set in a fts (X, 7). Then
(i) The closure of A, denoted by cl(A) is defined by

cl(A) = A {F: A < F and F is fuzzy closed}.
(ii) The interior of A, denoted by int(A) is defined by
int(A) =V {G: G < A and G is fuzzy open}.

Definition 2.6. A fuzzy subset A of a space (X, 7) is called :

(i) fuzzy semi-open set [1] if A < cl(int(A)),

(ii) fuzzy a-open set [4] if A < int(cl(int(A))).

The complements of the above mentioned fuzzy open sets are called their respec-
tive fuzzy closed sets.

The fuzzy semi-closure [13] (resp. fuzzy a-closure [9]) of a fuzzy subset A of X,
denoted by scl(A) (resp. acl(A)), is defined to be the intersection of all fuzzy semi-
closed (resp. fuzzy a-closed) sets of (X, 7) containing A. It is known that scl(A)
(resp. acl(A)) is a fuzzy semi-closed (resp. fuzzy a-closed) set.

Definition 2.7. A fuzzy subset A of a space (X, 7) is called :
(i) a fuzzy generalized closed (briefly fg-closed) set [2] if cl(A) < U, whenever
A < U and U is fuzzy open in (X, 7).
The complement of fuzzy g-closed set is called fuzzy g-open set.
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(ii) a fuzzy semi-generalized closed (briefly fsg-closed) set [3] if scl(A) < U,
whenever A < U and U is fuzzy semi-open in (X, 7).

The complement of fsg-closed set is called fsg-open set.

(iii) a fuzzy generalized semi-closed (briefly fgs-closed) set [3] if scl(4) < U,
whenever A < U and U is fuzzy open in (X, 7).

The complement of fgs-closed set is called fgs-open set.

(iv) a fuzzy a-generalized closed (briefly fag-closed) set [10] if acl(A) < U,
whenever A < U and U is fuzzy open in (X, 7).

The complement of fag-closed set is called fag-open set.

(v) a fuzzy g-closed set [0] if cl(A) < U, whenever A < U and U is fgs-open in
(X, 7).

The complement of fuzzy g-closed set is called fuzzy g-open set.

(vi) a fuzzy w-closed set [11] if cl(A)<U, whenever A<U and U is fuzzy semi-open
in (X, 7).

Definition 2.8 ([2]). A fuzzy topological space (X, 7) is called a fuzzy T ,-space
if every fuzzy g-closed set in it is fuzzy closed.

Remark 2.9 ([6]). For a fuzzy topological space (X, 7), the following hold :
(1) Every fuzzy closed set is fuzzy g-closed but not conversely.
(2) Every fuzzy g-closed set is fuzzy w-closed but not conversely.
(3) Every fuzzy g-closed set is fuzzy g-closed but not conversely.
(4) Every fuzzy g-closed set is fuzzy ag-closed but not conversely.
(5) Every fuzzy g-closed set is fuzzy gs-closed but not conversely.

Theorem 2.10 ([6]). If A and B are fuzzy g-closed sets in (X,7), then AV B is
fuzzy g-closed sets in (X, ).

3. PROPERTIES OF FUZZY T;-SPACE

We introduce the definition of fuzzy T-Space and study the relationships of such
sets.

Definition 3.1. A fuzzy topological spaces (X, 7) is called a fuzzy T;-Space if every
fuzzy g-closed set in it is fuzzy closed.

Example 3.2. Let X = {a, b} and o : X — [0,1] with 7 = {Ox, «, 1x} where
« is a fuzzy set in X defined by a(a)=0.5, a(b)=0.5. Then FGC(X)= {(¢, &)
lu=0,v=0,u=0.5v=0.5and u=1,v =1}. Thus (X,7) is a fuzzy topological
space. Clearly (X, 1) is fuzzy Tj-Space.

Example 3.3. Let X = {a, b} and a: X — [0,1] with 7 = {Ox, @, 1x} where  is
a fuzzy set in X defined by a(a)=1, a(b)=0. Then FGC(X)={(%, 2) lu=0,0=0
uw€[0,1],v=1and u=1,v =1}. Thus (X, 7) is a fuzzy topological space. Clearly
(X, 7) is not fuzzy Ty-Space.

Proposition 3.4. Every fuzzy Ty /o-space is fuzzy Tz-Space but not conversely.
Proof. Let A be any fuzzy j-closed set of (X, 7). Every fuzzy § -closed set is fg-
closed. Since (X, 7) is a fuzzy T,/ space, A is fuzzy closed. Then (X,7) is a fuzzy

T-Space. O
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Example 3.5. Let X = {a, b} and o : X — [0,1] with 7 = {0x, «, 1x} where
o is a fuzzy set in X defined by a(a)=a(b)=0.5. Then FGC(X)= {(&, %) ju=
0,0 =0and u = 05,0 = 05, u = 1,v = 1} and FGC(X)= {(%, %) |u = 0,v = 0,
u € [0,0.5],v € [0,0.5] and v = 1,v = 1}. Thus (X, ) is a fuzzy topological space.
Clearly (X, 7) is fuzzy Ty-Space but not fuzzy T ,-space.

Definition 3.6. A fuzzy topological spaces (X, 7) is called a fuzzy T,-Space if every
fuzzy w-closed set in it is fuzzy closed.

Proposition 3.7. Fvery fuzzy T.,-space is fuzzy Ty-Space but not conversely

Proof. Let A be any fuzzy g-closed set of (X, 7). Every fuzzy g-closed set is fuzzy
w-closed. Since (X,7) be a fuzzy T,-space, A is fuzzy closed. Then (X,7) be a
fuzzy Tj-Space. g

Example 3.8. Let X = {a, b} and o : X — [0,1] with 7 = {Ox, o, 1 x } where a is a
fuzzy set in X defined by a(a)=a(b)=0.5. Then FGC(X)= {(2, %) ju=0,v=0and
u=057v=05u=1v=1}and wC(X)={(%, 2) Ju=0,0=0,u € [0,1],v € [0,1]
and v = 1,v = 1}. Thus (X, 7) is a fuzzy topological space. Clearly (X,7) be a
fuzzy Tj-Space but not a fuzzy T,-space.

Definition 3.9. A fuzzy topological spaces (X, 7) is called a fuzzy aTp-Space if
every fuzzy ag-closed set in it is fuzzy closed.

Proposition 3.10. Every fuzzy aTy-Space is fuzzy Ty-Space but not conversely

Proof. Let A be any fuzzy g-closed set of (X, 7). Every fuzzy g-closed set is fuzzy
ag-closed. Since (X, 7) be a fuzzy aTy-space, A is fuzzy closed. Then (X, 7) be a
fuzzy Tj-Space. g

Example 3.11. Let X = {a, b} and o : X — [0,1] with 7 = {Ox, «, 1x} where a is
a fuzzy set in X defined by a(a)=a(b)=0.5. Then FGC(X)= {2, lu=0,0=0
and u = 0.5,0 = 0.5, u = 1,v = 1} and FaGC(X)= {(%, 2) |u € [0,1],v € [0,1],
and v = 1,v = 1}. Thus (X, 7) is a fuzzy topological space. Clearly (X,7) be a
fuzzy Tj-Space but not a fuzzy aTp-space.

4. Fuzzy GT-SPACE

Definition 4.1. A fuzzy topological spaces (X, 7) is called a fuzzy gT-Space if
every fuzzy g-closed set in it is fuzzy g-closed set.

Example 4.2. Let X = {a, b} and o, 8 : X—[0, 1] with 7 = {0x, «, 8, 1x} where
a, B are fuzzy sets in X defined by a(a)=0.3, a(b)=0.3 and S(a)=0.5, 3(b)=0.5.
FGCO(X)= {(%, %) lu=0,v=0,u=05v=05u=07v=07andu=1v=1}.
Then (X, 7) is a fuzzy topological space. Thus (X, 7) be a fuzzy gT;-Space.

Example 4.3. Let X = {a, b} and a: X — [0,1] with 7 = {0x, «, 1x} where « is
a fuzzy set in X defined by a(a)=1, a(b)=0. Then FGC(X)= {(%, 2) [u=0,v=0

and u € [0,1],v = 1}. Thus (X, 7) is a fuzzy topological space. clearly (X, 7) is not
a fuzzy gT;-Space.

Proposition 4.4. Every fuzzy Ty o-space is fuzzy gT;-Space but not conversely.
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Proof. Let A be any fuzzy g-closed set of (X, 7). Since (X, 7) be a fuzzy T/, space,
A is fuzzy closed. Then (X, 7) be a fuzzy gT;-Space. O

Remark 4.5. Fuzzy Tg-space and fuzzy gT;-Space are independent.

Example 4.6. Let X = {a, b} and «, f : X—[0, 1] with 7 = {0x, «, 8, a V 3,
1x} where a, S are fuzzy sets in X defined by a(a)=0.6, a(b)=0 and S(a)=0,
B(1)=0.3. FGCX)={(2, ) ju=0,v =0, and u € [0,1],v =1, u = 0.4,v = 0.7,

u’ v

u=1,0v=0.7and v = 1,0 = 1}. Then (X, 7) is a fuzzy topological space. Thus
(X, 7) be a fuzzy gT;-Space but not a fuzzy Tj-Space.

Example 4.7. Let X = {a, b} and a : X — [0,1] with 7 = {Ox, a, 1x} where a is a
fuzzy set in X defined by a(a)=0.5, a(b)=0.5 Then FGC(X)= {(%, 2) |u = 0,v =0,

u=10.5,0v=0.5and u =1,v = 1}. Then (X, 7) is a fuzzy topological space. Thus
(X, 7) be a fuzzy T-Space but not fuzzy gT;-Space.

Theorem 4.8. A fuzzy topological spaces (X, T) is a fuzzy Ty o-space if and only if
it is a fuzzy Ty-Space and a fuzzy gTy-Space.

Proof. Necessity: Follow directly from Proposition 3.4 and 4.4.

Suffiency: Suppose that X is both a fuzzy Ty-Space and fuzzy gT;-Space. Let A be
a fg-closed set of (X, 7). Since (X, ) is fuzzy gT-Space, A is a fuzzy g-closed set
of (X, 7). Since (X, 7) is a fuzzy Ty-Space, A is a fuzzy closed set of (X, 7). Then
(X,7) is a fuzzy Ty jo-space. O
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