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ABSTRACT. In the present paper, we introduce and study a new class
of ditopological separation axioms called semi-regularity axioms based on
semi-open and semi-closed sets. Further, it is shown that the product
of semi-Ry, semi-R; and semi-regular ditopological texture spaces are re-
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1. INTRODUCTION

In Levine [11] introduced the concept of semi-open sets and semi-continuity in
topological spaces. Further, semi-separation axioms are being studied by many
mathematicians.

The theory of texture spaces is an alternative setting for fuzzy sets and therefore,
lots of properties of Hutton algebras (known as fuzzy lattices) can be argued with
regard to textures [1, 2, 3, 4]. Ditopologies on textures unify the fuzzy topologies,
topologies and bitopologies in a non-complemented setting with the help of duality
in the textural concepts [5]. Tt is studied Ry-, R;- and regularity- separation axioms
in ditopological texture spaces in [6]. On the other hand, the first generalization
of open and closed sets and their some applications in ditopological texture spaces
were given in [10]. Further the second author introduced and studied the concepts
of semi-open, semi-closed sets and semi-bicontinuity in [9].

In the present paper, we introduce semi- Ry, semi-R; and semi-regular separation
axioms in ditopological texture spaces and give some characterizations of them.

This paper is constructed as following. The next section contains a review of
well-known properties of ditopological texture spaces. In Section 3, the concept
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of semi-open sets is re-examined on some additional properties and the concept
of semi-dihomeomorphism is introduced. In Section 4, semi-regularity axioms in
ditopological texture spaces are presented and some results of product ditopological
texture spaces on semi-regularity axioms are given.

2. PRELIMINARIES

This section contains the notions which are needed in the sequel. For more details
see [ 5 Sy Uy Thy Uy }

Texture space: If S is a set, a texturing is a point-separating, complete, completely
distributive lattice containing S and @ and for which meet coincides with intersection
and finite joins with union. If 8 is textured by S, then we call (5, 8) a texture space
or shortly, texture.

For a texture (S, 8), most properties are appropriately defined in terms of the p-sets
P, ={A €8 |se A} and, as a dually, the g-sets, Qs = \/{A €8 |s ¢ A}.

Complementation: In general, a texturing of S need not be closed under set
complementation, but there may exist a mapping o : 8§ — 8 satistying o(c(A)) = A,
VA € S and A C B = o(B) C 0(A4), VA,B € 8. In this case o is called a
complementation on (5,8) and (S, 8, o) is said to be a complemented texture.

The following are some basic examples of textures.

Examples 2.1. (1) For any set X, (X,P(X),n), m(Y) =X \Y for Y C X, is the
complemented discrete texture representing the usual set structure of X. Clearly,
P,={z}, Q=X \{z} for all x € X.

(2) Let L = (0,1], £ = {(0,7] | » € [0,1]} and A((0,7]) = (0,1 — 7], » € [0,1].
Then (L, L, \) is complemented texture space. Here P. = @, = (0,7] for all r € L.

(3) For I = [0,1] define J = {[0,¢] | t € [0,1]}U{[0,¢) | ¢t € [0,1]}, ¢([0,¢]) = [0,1—1)
and ¢([0,t)) = [0,1 —¢t], t € [0,1]. (I,J,¢) is a complemented texture, which we will
refer to as the unit interval texture. Here P, = [0,¢] and Q; = [0,¢) for all ¢ € .

(4) If (S,8), (T,T) are textures, the product texturing 8 ® T of S x T consists
of arbitrary intersections of sets of the form (A x T)U (S x B), A€ 8,B € 7, and
(S xT,8®7T) is called the product of (S,8) and (T,T). For s € S,t € T we clearly
have P(&t) = P, x P; and Q(&t) =(Qs xT)U (S x Qy).

Ditopological texture space: A ditopology on a texture (5,8) is a pair (7, k) of
subsets of 8, where the set of open sets 7 and the set of closed sets k satisfies

(i) S, @ e S, @ €k,

(11) Gi1,GoeT = GiNGeer; K, K ek — KUK, €k,

(ili) Gyer,iel = V,Gien;K;er,iel = (), K, €k.

Therefore a ditopology is essentially a “topology” for which there is no a priori
relation between the open and closed sets.

For A € § we define the closure cl(A) and the interior int(A) of A under (7,x) by
the equalities
d(A)=({K er|ACK}andint(A) =\/{GeT|GC A}
48
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If (1,k) is a ditopology on a complemented texture (5,8

complemented if kK = o(7). In this case we have o(cl (4))
o(int(A)) = cl(a(A)).

o) we say (7,k) is
= int(c(A4)) and

Product texture space: If (S},8;), j € J, are textures, S = HjEJ S; and Ay € 8,
for some k € J we write

E(k, Ay) = [[ ¥ where Y; =

{ A ifj=k
jeJ

S, otherwise.

Then the product texturing 8§ = Q.. ; 8, on S consists of arbitrary intersections of

jeJ

E(j,Aj) ‘ Jp C J,Aj € Sj for j € Jl}

elements of the set & = { Uje]1

Product ditopological texture spaces: Let (5;,8;,7;,%;);cs be ditopological
texture spaces and (.5,8) the product of the textures (S;,8;),c.s. For each j € J,

15 =\ {Plosy | 5= (s1) € S} I = ([ Q) | 5 = (s2) € 5

define the j-th projection difunction (7;,II;) on (S,8) to (S5;,8;) [4, Lemma 3.9]. On
the other hand the ditopology (7, ) on (S, 8) with subbase {II;"G = E(j,G) | G €
7j,J € J} and cosubbase {7 K = E(j,K) | K € kj,j € J} is called the product
ditopology on (S,8) [5]. Note that the product ditopology is the coarsest ditopology
making the projection difunctions (m;,1I;), j € J are bicontinuous.

Direlation: Let us consider the product texture P(S) ® T of the texture spaces
(S,P(S)) and (T,7) and denote the p-sets and the g-sets by F(S’t) and @(s,t), re-
spectively. Clearly, P(s4) = {s} x P; and Q(5,) = (S\ {s} x T) U (S x Q;) where
se€ SandteT. Then
(i) r € P(S) ® T is called a relation from (S,8) to (7, 7) if it satisfies
[Rl] r IQ— Q(s,t)7PS/ g QS =T {Q— Q(s/,t)v
[R2) 1 € Qspy = 3¢’ € S such that P, € Qu and r € Q4 ).
(ii) R € P(S) ® T is called a corelation from (5,8) to (T,7) if it satisfies
[CRI] Pis4y L R,Ps £ Qs = P(o ) € R,
[CR2] P34y £ R = 3¢’ € S such that Py € Q, and Py ) € R.
(iii) A pair (r, R), where r is a relation and R a corelation from (S,8) to (T,7),
is called a direlation from (S, 8) to (T, 7).

Difunction: Let (f, F') be a direlation from (S,8) to (T, 7). Then (f, F) is called
a difunction from (5, 8) to (T, 7) if it satisfies the following two conditions :
DF1 Fors,s' € S, P, ¢ Qy = It e T with f & @(M) and F(S/’t) ¢ F.
DF2 Fort,t' e Tands€ S, f ¢ @(S’t) and P4y € F = Py € Q.
49
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Definition 2.2. Let (f, F): (S,8) = (T,7) be a difunction. For A € § and B € T,
the A-sections and the B-presections with respect to (f, F') are given as

f7A = ﬂ{Qt | Vs, f € Qsy = A C Qs},

F7A = \/{P:|Vs, Py & F = P, C A},
and
B = \/{P:|Vt,f £ Q= P. C B},

F™B = (WQ:|¥t, Py L F = BCQ},
respectively.

For a given difunction, the inverse image and the inverse co-image are equal; and
the image and co-image are usually not.

We note that ((f<))(A) = f7(4) and ((F<)“)(A) = F7(A) by [4, Lemma 2.9].

Definition 2.3. Let (f,F) : (S,8) — (T, 7) be a difunction. Then (f, F)) is called
surjective if it satisfies the condition - -
SUR. For t,t' € T, P, € Qv = 3s € S with f € Q(,,y and P(sy) € F.
Likewise, (f, F) is called injective if it satisfies the condition
INJ. For s,s' € Sand t €T, f € @(M) and Py ) ¢ F = P, ¢ Qq.
If (f, F) is both injective and surjective then it is called bijective.

3. SEMI-OPEN SETS AND SEMI-CLOSED SETS

In [9], semi-open and semi-closed sets were introduced in view of ditopological
texture spaces. In this section, these concepts are re-examined and some additional
properties of them are given.

Definition 3.1. Let (5,8, 7, k) be a ditopological texture space and A € 8. Then
A is called

(i) semi-open if there is G € T such that G C A C cl(G),

(ii) semi-closed if there is K € k such that int(K) C A C K.

We denote by SO (S) the set of semi-open sets in 8. Likewise, SC (S) will denote
the set of semi-closed sets.

Remark 3.2. Every open (closed) set in a ditopological texture space (5,8, T, &) is
semi-open (semi-closed) set but not conversely.

Lemma 3.3. Let (S,8,7,k) be a ditopological texture space and A € 8.
(1) A is semi-open if and only if A C cl (int(A)).
(2) A is semi-closed if and only if int (cl(A)) C A.

Proof. (1) Let A € 8§ be semi-open. Then G C A C ¢l(G) for some open set G € 7.
But G C int(A) and ¢l (G) C ¢l (int(A)). Thus A C cl(G) C dl(int(A)).
Conversely, let A C ¢l (int(A)). Then for G = int(A), we have G C A C cl(G).
(2) Let A € 8 be semi-closed. Then int(K) C A C K for some closed set K € k.
But cl(A) C cl(K) = K and int(cl(A)) C int(K). Thus int(cl(A)) C int(K) C A.
50
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Conversely, let int(cl(A)) € A. Then for K = cl(A), we have int(K) C A C
K. O

Lemma 3.4. (1) Let {A;},; be a collection of semi-open sets in (S,8,7, k). Then
Vjes Aj is semi-open.

(2) Let {B;};c,; be a collection of semi-closed sets in (S,8,7, k). Then ()
15 semi-closed.

Proof. (1) For each Aj;, j € J, we have G; € 7 such that G; C A; C cl(G;). Then
vjeJ G; < vjeJAJ < \/jeJ c(Gj) Cd \/jeJ Gj.
(2) For each B;, j € J, we have K; € k such that int(K;) C B; C K;. Then
int (ﬂjeJ Kj) < ﬂjeﬂ"t (K;) < mjeJ Bj < ﬂjeJ Kj.

Since (¢, K;j = K is closed set, [,

jEJ

e B; is semi-closed . O

Now, we recall [9] the definition of semi-interior and semi-closure of a set.

Definition 3.5. Let (5,8, 7,%) be a ditopological texture space and A € §. We
define
(i) The semi-interior sint(A) of A is the set

sint(A) = \/ {B | B is semi-open and B C A},
(ii) The semi-closure scl(A) of A is the set
scl(A) = m {B | B is semi-closed and A C B}.

By Lemma 3.4, we have sint(A) is semi-open and scl(A) is semi-closed. It follows
that int(A) C sint(A) C A C scl(A) C cl(A).

Clearly, for a complemented ditopological texture space (95,8,0,7,k): A € § is
semi-open if and only if o (A4) is semi-closed.

Proposition 3.6. Let (S,8,0,7,k) be a complemented ditopological texture space
and A € 8. Then

(1) o (scl(A)) = sint (0 (A)).
(2) o (sint (A)) = scl (o (A)) .
(3) sint (A) = o (scl (o (A))).

Proof. (1) o (scl(A)) = o (({B | B is semi-closed and A C B})
=\/{o(B) | B is semi-closed and A C B}
=V {o(B)|o(B) is semi-open and o (B) C o (A)}
= sint (o (A)).
(2) can be proved similarly.
(3) By part (2). O

Theorem 3.7. Let (S,8,7, k) be a ditopological texture space and A, B € 8. Then
(1) scl (@) = @ and scl (S) = S.
(2) B is semi-closed if and only if B = scl (B).
(3) scl (scl (B)) = scl(B).
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(4) BC A= scl(B) Cscl(A).
(5) scl (AN B) C scl (A)Nscl (B).

Proof. (1) is obvious.

(2) If B is semi-closed set, then B is itself a semi-closed set which contains B.
Thus B the smallest semi-closed set containing B and B = scl (B).

Conversely, assume that scl (B) = B. Since scl (B) is a semi-closed set, B is
semi-closed set.

(3) Since scl (B) is a semi-closed set, by part (2), we have scl (scl (B)) = scl (B).

(4) Assume that B C A. Then every semi-closed superset of A also contain B.
This means every semi-closed superset of A is also a semi-closed superset of B.
Thus the intersection of semi-closed supersets of B is contained in the intersection
of semi-closed supersets of A. So scl (B) C scl (A).

(5) For each A,B € §, we have that (ANB) C B and (ANB) C A. Then
by part (4), it follows that scl (AN B) C scl (B) and scl (AN B) C scl (A). Thus
scl (AN B) C scl (A)Nscl (B). O

The next results are dual of Theorem 3.7:

Theorem 3.8. Let (S,8,7,k) be a ditopological texture space and A, B € 8. Then
(1) sint (@) = @ and sint (S) = S.
(2) B is semi-open if and only if B = sint (B).
(3) sint (sint (B)) = sint (B).
(4) BC A = sint(B) C sint (A).
(5) sint (A) U sint (B) C sint (AU B).

Theorem 3.9. Let (S,8,7,k) be a ditopological texture space and A € §. Then
(1) sint (int (A)) = int (sint (4)) = int (A4).
(2) scl (el (A)) =cl(scl (A)) =l (A).

Proof. We prove (1), leaving the dual proof (2) to the interested reader.

Since int (A) is open, it is semi-open by Remark 3.2. Then we can get sint (int (A)) =
int (A) by Theorem 3.8 (2). Also, we have int (A) C sint (A) C A. Thus we can get
int (A) C int (sint (A)) C int (A). So int (sint (A)) = int (A). This completes the
proof. O

Before leaving this section, let us investigate semi-properties of difunctions. Firstly
we recall [9] the next definition.

Definition 3.10. Let (S;,8;,7j,k;), j = 1,2 be ditopological texture spaces. A
difunction (f, F') : (S1,81) — (S2,82) is said to be

(i) semi-continuous (semi-irresolute) if for each open (semi-open) set A € 8o, the
inverse image F'< (A) € 8 is a semi-open set.

(ii) semi-cocontinuous (semi-co-irresolute) if for each closed (semi-closed) set B €
89, the inverse image f* (B) € 8; is a semi-closed set.

(iil) semi-bicontinuous (semi-bi-irresolute) if it is semi-continuous and semi-cocontinuous
(semi-irresolute and semi-co-irresolute).

The concepts of semi-open and semi-closed difunctions can be given as a gener-
alization of open and closed difunctions.
52
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Definition 3.11. Let (f, F) be a difunction from (51,81, 71, K1) to (S2, 82, T2, K2).
Then (f, F') is called

(i) semi-open if A € SO(S1) = f7(A4) € SO(S2).

(ii) semi-co-open A € SO(S;) = F7(A) € SO(Ss).

(iil) semi-closed if A € SC(S1) = f7(A) € SC(S2).

(iv) semi-co-closed A € SC(S1) = F7(A) € SC(953).

Remark 3.12. If (f, F) bijective, then by [4, Corollary 2.33], we have f A= F " A
for all A € 8;. In this case, semi-openness (semi-closedness) coincides with semi-co-
openness (semi-co-closedness) for difunctions respectively.

Definition 3.13. Let (f, F) be a difunction from (51,81, 71, K1) to (S2,82, T2, K2).
Then (f, F) is called a semi-dihomeomorphism if (f, F') is bijective, and semi-bi-
irresolute with its inverse (F<, f<).

The following result characterizes the semi-dihomeomorphisms in terms of semi-
open (semi-co-open), and semi-closed (semi-co-closed) difunctions.

Theorem 3.14. Let (f, F) be a bijective difunction from (S1,81,71, k1) to (S2,82, T2, Ka).
Then the following conditions are equivalent:
(1) (f, F) is a semi-dihomeomorphism.
(2) (f, F) is semi-bi-irresolute, semi-open and semi-co-closed.
(3) (f, F) is semi-bi-irresolute, semi-closed and semi-co-open.
(4) fFTA=F7A € SO(S;) < A€ SO(S)
and
fTA=F7A€ SC(Sy) <= A e SC(5,).
(5) f[CFA=F“Ae€SO(S) < Ac SO(Ss)
and
fCA=F"Ae SC(5) < AecSO(Ss).

Proof. (1) = (2): By the definition of semi-dihomeomorphism, the inverse (F*, f*)
of (f, F) is semi-bi-irresolute. Thus,

A€ 50(81) = [7(A) = (F/7)7)(A) € SO(52)

which shows that (f, F) is semi-open. Likewise, the semi-co-irresolutness of (F<, f*)
implies the semi-coclosedness of (f, F').

(2) = (3) From Remark 3.12, the proof is immediate.

(3) = (4) A € SO(S1) = F~(A) € SO(S3) since (f, F) is semi-co-open, and
we have already noted that f7(A4) = F~(A), since (f, F') is bijective.

On the other hand, if f7(A) = F7(A) € SO(S3), then A = F<(f7(A)) €
SO(S2), by the semi-irresolutness of (f, F'), the injectivity of (f, F) and [4, Corollary
2.33 (2)]. The proof of the second result is dual to this and is omitted.

(4) = (5) Take B € 83 and A = F* (B). Then, since (f,F) is surjective,
B=f7(F<(B)) = f7(A), by [1, Corollary 2.33 (1)]. If B € 8O(S3), then f7(A) €
SO(S2) and we deduce F<(B) = A € 8O(S1), by (4), and we know that F<(B) =
fE(B) € SO(S1). Thus A € SO(S;) and by (4), we have B = f7(A) € SO(S?).
The proof of the remaining results is dual to this, and is omitted.

(5) = (1) Using the equivalences, we immediately obtain that (f, F') is semi-bi-
irresolute. Now we show that (F*, f<) is also semi-bi-irresolute. Take A € SO(S7).
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Then A = F<(f7(A4)) € SO(S1), by [4, Corollary 2.33 (2)]. Since (f, F) is injective,
whence f7(A) € SO(S2) by (5) applied to B = f~(A). Since f7(A) = (f<)(A4),
(F*, f©) is semi-irresolute. Likewise (F*7, f) is semi-co-irresolute and we have
shown that (f, F') is a semi-dihomeomorphism. O

4. SEMI-REGULARITY AXIOMS

In this section, semi- Ry, semi-R; and semi-regular axioms in ditopological texture
spaces are introduced. It will be noted that the basic duality involving the p-sets
and g-sets has been exploited to give two dual forms of each axiom.

We begin by recalling [12] that a topological space X is said to be semi-Ry if for
each semi-open set A in X and = € A, scl{z} C A, or equivalently, a topological
space X is said to be semi-Ry if for each semi-closed set B and z € X \ B, B C
sint(X \ {z}). This leads to the following analogous concepts in a ditopological
texture space.

Definition 4.1. Let (S5,8,7,k) be a ditopological texture space. Then (7,k) is
called

(i) semi-Ry if A € SO(S),AZ Qs = scl(Ps) C A, and

(ii) semi-co-Ry if B € SC(S),P; ¢ B = B C sint(Qs).

Theorem 4.2. Let (S,8,7, k) be ditopological texture space.

(a) The following are equivalent :

(1) (1,K) is semi-Ry.

(2) YA € SO(S), there is a family {B; : j € J} C SC(S) such that A =
vjeJ Bj.

(3) Given A € SO(S), s € S with A ¢ Qs there exists B € SC(S) with
BCA and B Q.

(b) The following are equivalent :

(1) (1,k) is semi-co-Ry.

(2) VB € SC(S), there is a family {A; : j € J} C SO(S) such that B =
njeJ AJ"

(3) Given B € SC(S), s € S with Py ¢ B there exists A € SO(S) with A C
B and Py ¢ A.

Proof. We prove (a), leaving the dual proof (b) to the interested reader.
(1) = (2): By [4, Theorem 1.2] and definition of semi-Ry, it is enough to
observe that

A=\/{P. | AZ Q.} C\/{scl(P.) |AZ Q,} C A.

(2) = (3): Let A € SO(S), A Z Q for some s € S. Then there exists a family
{Bj:j€J} CSC(S) such that A=V, ; B;. Thus, V., B; £ Qs. So, Bj, Z Qs
for some jo € J and clearly, B, C A.

(3) = (1): Let A€ SO(S),AZ Q. By (3), there exists B € SC(S) such that
BCA and B¢ Qs Then P; C B C A, whence scl(Ps) C A. O

Corollary 4.3. If (S,8,0,7,k) is a complemented ditopological texture space, then
the notions of semi-Ry and semi-co-Ry are equivalent.
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Proof. Assume that (7, k) be semi-Ry. Let B € SC(S). Then o(B) € SO(S) and, by
Theorem 4.2(a), there is a family {B; | j € J} C SC(S) such that o(B) =\/..; B;.
Now, we set A; = 0(B;), Vj € J. Since A; € SO(S), we have

B=o(o(B)=o(\/(B) =[)o(B)=[)A

jeJ jeJ jeJ

jeJ

This proves that (7, k) is semi-co-Rg by Theorem 4.2(b). The proof of the sufficiency
is similar. O

Now we recall [7] that a topological space X is said to be semi-R; if for each semi-
open set Ain X, x € A and y € X\ A there exists a semi-open set G such that € G
and y ¢ scl(G). This leads to the following analogous concepts in a ditopological
texture space.

Definition 4.4. Let (S5,8,7,k) be a ditopological texture space. Then (7,k) is
called

(i) semi-Ry if A € SO(S), AL Qs, PL A = 3G € SOS), GL Qs P €
scl(G).

(ii) semi-co-R; if B € SC(S),Ps ¢ B,B € Q. = 3K € SC(S), P, ¢
K, sint(K) € Q.

Theorem 4.5. Let (S,8,7, k) be a ditopological texture space.
(a) The following statements are equivalent :
(1) (7, k) is semi-Ry.
(2) For all A € SO(S) with s,t € S, AZ Qs,P, £ A = 3G € SO(S) with
P, C G Csdd(G) C Q.
(3) For all A € SO(S), there is a family {G% :i € I, j € J;} C SO(S) such

that
A=\/ () sa@G) =\ )G
ieI jed; icIjed;
(b) The following statements are equivalent :
(1) (7, k) is semi-co-Ry.
(2) For all B € SC(S) with s,t € S, Ps ¢ B and B¢ Q; = 3K € SC(S)
with P, C sint(K) C K C Q.
(3) For all B € SC(S), there is a family {K} : i € I, j € Ji} € SC(S) such

that
B=V K;=(V sint(K}).

i€l jed; icl jed;

Proof. We prove (a), leaving the dual proof (b) to the reader.

(1) = (2): It is clear.

(2) = (3): Let A € SO(S) and A € Q; for some s € S. For P, € A, by (2)
there exists G§ € SO(S) such that Ps C G§ C scl(Gf) C Q. Thus, by [4, Theorem
12(6),

P,C ()G () scG)C [) Q=A
PgA PigA PgA
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So we obtain

Ac\/ pc/ NGicV []sdG)cA

AZQs AZQs PrgA ALQs PgA

(3) = (1): Let A € SO(S), A€ Qs and P, £ A. Then by the assumption,
we have a family {G% :i eI, j € J;} C SO(S’)‘such that A =V,crNjes, scl(GY).
Thus, for all i € I we have P; € mjeJi, scl(G5). So, for some jo € J;, we have
P g scl(Ggo) and G;D Z Qs. O

Corollary 4.6. If (S,8,0,7,k) is a complemented ditopological texture space, then
the notions of semi-Ry and semi-co-R1 are equivalent.

Proof. Immediate from the point free characterization in Theorem 4.5(a-b-3). O

Now we recall [3] that a topological space X is said to be semi-regular if for each
semi-open set A and x € A, there exists a semi-open set G such that x € G and
scl(@) C A. This leads to the following analogous concepts in a ditopological texture
space.

Definition 4.7. Let (S5,8,7,k) be a ditopological texture space. Then (7,k) is
called
(i) semi-regular if A € SO(S), A ¢ Q, = 3G € SO(S), G € Q, scl(G) C
(ii) semi-co-regular if B € SC(S), P, ¢ B — 3K € SC(S), P, ¢ K, B
sint(K).

A,
<

Theorem 4.8. Let (S,8,7,k) be a ditopological texture space. Then
(1) (7, k) is semi-reqular iff for all A € SO(S), there is a family {G; : j € J} C
SO(S) such that
A= VjEJ G; = VjEJ scl(Gy).
(2) (7, k) is semi-co-reqular iff for all B € SC(S), there is a family {K; : j €
J} C SC(S) such that
B = ﬂjGJ Kj = ﬂjGJ smt(KJ)

Proof. We prove (1), leaving the dual proof (2) to the reader.

(1) (= ): Let A € SO(S) and A € Q, for some s € S. By semi-regularity,
there exists G5 € SO(S), Gy € Q, where scl(Gs) C A. Since A= \/{P, | AZ Qs},
we have

AC WG |AZ Qs € V{scl(Gs) | AZ Qs} C A
(<): It is clear. O

Corollary 4.9. If (S,8,0,7,k) is a complemented ditopological texture space, then
the notions of semi-reqular and semi-co-reqular are coincide.

Proof. Let (1, k) be a semi-regular ditopology and B € SC(S). Since o(B) € SO(S),
by semi-regularity, there is a family {G; : j € J} C SO(S) such that
O'(B) = ijJ Gj = ijJ SCZ(GJ)

Thus we have
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B:JQNB»:J(VKJQJ:n(vﬁjmm%g.
So
B =;e;0(G;)) =N;e, sint(o(G;)),

by Proposition 3.6. Considering o(G;) € SC(S), we deduce that (7, k) is semi-co-
regular. The proof of sufficiency is similar. U

The following implications hold:

Theorem 4.10. Let (S,8,7,k) be a ditopological texture space. Then

semi-regular = semi— Ry = semi— Ry,

semi-co-reqular = semi-co-R; =—> semi-co-Ry.

Proof. Let (7,k) be a semi-regular ditopological texture space. We show that it is
semi-Ry. We take A € SO(S), A € Q,, and P, ¢ A. By semi-regularity, we have
G € SO(S) such that G € Qs and scl(G) C A. Since P, € A, it is obtained
P, ¢ scl(G). Then (1, k) is semi-R;.

Assume that (7,k) is semi-R;. Now we show that it is semi-Ry. Let A €
SO(S), A ¢ Qs, and scl(Ps) ¢ A. Choose a point ¢ € S, where scl(Ps) ¢ Q
and P, ¢ A. By the assumption, P, € scl(G) and G € Q; for some G € SO(S).
Since P, C scl(Ps), we have scl(Ps) € scl(G). Then, Py ¢ G, that is, G C Q,. But
this is a contradiction.

The other implications hold easily. O

Proposition 4.11. Let (S,8,7, k) be the product of the family {(S;,8;,7j,K;) | j €

J} of ditopological texture spaces. Then we have the following.
(1) scl(Nes B, Aj)) = Njes B, scli(Ay)). Thatis, [[;c; sclj(As) = scl(I1e; Aj)-
(@) sint(U,, B, A})) = U,e, E(, sint; (A7)).

Proof. (1) By definition of product ditopology, we have
scl([ 45) € () EGiselj(A)) = [] seli(4,).
jeJ jeJ jedJ

Let A={,;c; E(j,4;) =[];c; 4; and assume that
Njes B, sclj(Ag) € scl([1je; Aj) = scl(A).
Then we have t = (t;) € S satisfying

mje,] E(j,sclj(A7)) € Qe and P, & SCZ(HjGJ Aj).

Also note that we must have A; # @ for all j € J so we can choose u; € S; with
u; € Aj. Since P, € scl(A), by definition of product ditopology, then there exists a
family {C; | j € J} such that

AC ()75 Cj and P ¢ (75 C;
jeJ jeJ
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whence scl;(C;) = C; for all j € J. Also P, = ﬂjeJE 3 Pr;) € Njes ™5 Cj gives
E(j,P,;) ;(_ Njes ™5 Cj for all j € J. Hence E(j, P;;) € mj Cj, for some k € J and
SO Ptk g Ok Sclk(ck)
On the other hand, (¢ ; E(4, sclj(4;)) € Uje; E(4, Qr;) = Q1 gives E(j, scl;(Aj)) €
E(j,Q,) for all j € J. Then scly(Ar) € Q. Thus sclp(Ax) € scli(Ck). So
Ay € Cy. Hence Ay ¢ Qq, and P,, ¢ Cj, for some ay, € Si. Let w = (w;) defined

by
Qg , if j =k
Wi = {uj, otherwise.
Then w = (w;) € S satisfies w € ﬂjeJ E(j,A;) and w & (), ; 75 C; which contra-

. jed g
dicts anJE(Ja ﬂJGJ 7
(2) By deﬁnltlon of product dltopology, clearly

Ujes B, sintj(4;)) € sint(U;e; E(, 4;))-

Let A = J;c; E(j,4;) and assume that sint(A) ¢ Ujes E(4, sint(A4;)). Then we
have t = (t;) € S satisfying sint(A) € Q; and P, € U, ; E(j, sint(4;)).
Since sint(A) € Qq, by definition of product ditopology, there exists a family {B; |
j € J} such that

\VIIIB; CA and \/ I B; £ Q

jeJ jeJ
Thus sint;(B;) = By for all j € J. Since V., 15 B; € U;c; E(4,Qr,) = Q,
IS B, ¢ U]eJE 4, Q1) for some jo € J. So IL§ Bj, ¢ E(j, Q) for all j € J.
Hence sintj,(Bj,) = Bj, € Qt,, -
Also Py = ey E(G, Pr;) € Uje s E(4, sint;(A)) gives Py; € sint;(A;) for all j € J.
Then Bj, € sintj(A;). Thus sint,Bj, € sintj,(Aj,). So Bj, € Aj,, by the defini-
tion of semi-interior. But we have a contradiction by \/ ;. ; IIT"B; C U, ; E(j, 45) =
A. O

Theorem 4.12. Let (S;,8;,7;,k;), j € J, be ditopological texture spaces, (S,8) a
texture and for each j € J let (f;, Fj) : (S,8) — (S;,8;,7;,K;) be a difunction.
Consider the initial ditopological texture space (1,k) on (S,8) generated by the di-
functions (f;, Fj) and the spaces (S;,8;,7j,k;). Then if for each j € J the spaces
(S;,8;,75,K5) are semi-Rg(semi-co-Ry, semi-Ry, semi-co-Ry, semi-regular, semi-
co-regular), then the initial ditopological texture space (T, k) is semi-Ry (semi-co-Ry,
semi-Ry, semi-co-Ry, semi-regular, semi-co-regular).

Proof. Firstly, note that the family 8s = {F;7(G) | G € SO(S;),j € J} is a
subbase for the family of semi-open sets in the initial ditopology, while the family
vs = {ff (H) | H € SC(S;),j € J} is a co-subbase for the family of semi-closed
sets in the initial ditopology.

Now, we prove the results for semi-R, semi-co-Ry and semi-regular, leaving the
other dual proofs interested reader.

Assume that for each j € J, the spaces (5;,8;,7;,K;) are semi-Ry. It will be
sufficient to show that F;~(G), G € SO(S;) can be written as a join element of
SC(S). However, (7;,k;) is semi-Ry so by Theorem 4.2 (a) (2) we can write G =
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Vier Bi for B; € SC(S;),i € I. Hence, Fi~(G) = F;~(\;c; Bi) = Ve F(Bi) by
[1, Corollary 2.26], and F~(B;) = f{(B;) € SC(S), we deduce (7, k) is semi-Ry.

We now assumelthat the spaces are semi-R;. Then we can write G = \/;c; Npcx, Hi
Vier Niex, scl(H},) with Hy € SO(S;) for all i, k. Hence,

Fr@ =\ () £ H) =\ [ F (scl(H})
i€l keK; i€l keK;
again using [, Corollary 2.26]. Now, for each i,k we have F;~(Hy) C F; (scl(H},))
and so e, F7(HL) S Nyex, Fj (scl(Hy)). Since the set on the right belongs
to SC(S), we obtain (¢ . F~(HL) € Nyex, S(F; (HL)) S Npex, Ff (scl(Hy)).
Taking the join over 7 € I and using the above equalities for F/~(G) now leads to

F @)=\ () F#) =\ sd( [ Ff(H})
iel keK; i€l keK;
Since F~(H}) € SO(S) for all i, k we deduce that (7,r) is semi-R;.
Finally, let the given spaces be semi-regular, whence we can write G = \/, . ;o G1. =
Vier scl(Gr) for G € SO(S;). Arguing as above, we obtain from F;~(G) =
Vier F5(Gr) = Vyex Fscl(Gy) that

Fi(G) = Viex Fy (Gr) = Ve scl(F](Gr)),
whence (7, k) is semi-regular by Theorem 4.8. O

Theorem 4.13. Let (S;,8;,7;,K;) , j € J be non-empty ditopological texture spaces
and (S,8, T, k) their product. Then

(1) (S,8,7,k) is semi-Ry (semi-co-Ry) if and only if (S;,8;,7j,k;) is semi-Ry
(respectively, semi-co-Rg) for all j € J.

(2) (S,8,7,k) is semi-Ry (semi-co-R1) if and only if (S;,8;,7;,K;) is semi-Ry
(respectively, semi-co-Ry) for all j € J.

(3) (S,8,7,K) is semi-reqular (semi-co-regular) if and only if (S;,8;,7;,K;5) is
semi-reqular (respectively, semi-co-reqular) for all j € J.

Proof. (<=): Since the product ditopology (7, k) is the initial ditopological texture
space generated, by the projection difunctions (7;,II;) and the spaces (S;,8;,7;, k),
the sufficiency is clear from Theorem 4.12.

(=): We prove the result for semi-Ry, leaving the remaining cases to the inter-
ested reader. Assume that (7, ) is semi-Ry. Take k € J, G € SO(Si) and G € QF.
For j € J\ {k} choose a; € Sg- and define u = (u;) € S by

s,if j =k
Ui = {aj7 otherwise.

Since Qu = U;c; £(j; Qu;), by [1, Proposition 1.3(2)] and Qu; = Qq; # S; for j €
J\ {k}, we have E(k, sinty(G)) € Q.. Here sint(E(k,G)) = E(k, sinty(G)) € Q.
Since (7, k) is semi-Ro, we have scl(P,) C sint(E(k, G)). But P, = [];c; Pu;, by [5,
Proposition 1.3(1)]. Thus scl(Py) = [];c; scljPu;. So scly(Ps) C sintx(G). Hence
we establish that (7, ki) is semi-Ry. O
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Finally, let us investigate preservation of the semi-regularity properties under
difunctions.

Proposition 4.14. Let (Sy, Sk, Tk, kk), k = 1,2 be ditopological texture spaces and
(f, F): (51,81) = (52,82) a surjective difunction.

(1) If (11, k1) is semi-Ry and (f, F) is semi-irresolute and semi-closed then (T2, K2)
is semi-Ryg.

(2) If (11,k1) is semi-co-Rg and (f, F) is semi-co-irresolute and semi-co-closed
then (72, k2) is semi-co-Ry.

Proof. We prove (1), leaving the dual proof (2) to the reader.

Let A € SO(S3). Since (f, F) is semi-irresolute, we have F* (A) € SO(S1). B
semi-Ro, we have {Kj | j € J} C SC(S51) with F*=(A) =/, ; K. Since (f,F) is
surjective, by [1, Corollary 2.26 and 2.33(1)], we have

A= f7(F(A) = [7(V;es Ki) = Ve, 17K

Since (f, F) is semi-closed f~(K;) € SO(Ss) for all j € J, whence (S, 82, T2, k2) is
semi-Ry by Theorem 4.2. O

Proposition 4.15. Let (Sk, Sk, Tk, ki), k = 1,2 be ditopological texture spaces and
(f,F):(S1,81) = (S2,82) a bijective difunction.

(1) If (11, k1) is semi-Ry and (f, F') is semi-irresolute and semi-closed and semi-
open then (12, k2) is semi-Ry.

(2) If (11,k1) is semi-co-Ry and (f,F) is semi-co-irresolute and semi-co-closed
and semi-co-open then (T2, ka) s semi-co-Ry.

Proof. We prove (1), leaving the dual proof (2) to the reader.
Let A € SO(Ss). Since (f, F) is semi-irresolute, we have F'< (A) € SO(S1). By
semi-Ry, we have {G% |i € I,j € J;} € SO(S)) with

A=\ s =\ G
i€l jEJT; 1€l jeJ;

Since (f, F) is bijective, f7G = F7G for all G € 8;. Using same arguments in the
proof of above theorem, we have

A= (F(A) =\ [ se(G)))

iel jeJ;
=\ ([ scl(Gy) =\ F7 ([ sel(G}))
el JjeJi el JjEJ;
—\/ﬂF%schl \/r-]f_> schl
el jed; i€l jed;

Since (f, F) is semi-closed and semi-open, f~(G%) € SO(S2) and f7(scl(G%)) €
SC(Sy) foralli € I and j € J;. Thus (S2, 82, 72, k2) is semi-Ry, by Theorem 4.5. O

Proposition 4.16. Let (Sk, Sk, Tk, kk), k = 1,2 be ditopological texture spaces and
(f, F):(51,81) = (52,82) a surjective difunction.
(1) If (11,k1) is semi-regular and (f, F) is semi-irresolute and semi-closed and
semi-open then (T2, k) is semi-reqular.
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(2) If (11,K1) is semi-co-reqular and (f,F) is semi-co-irresolute and semi-co-
closed and semi-co-open, then (Ss, 82,72, ko) is semi-co-regular.

Proof. We prove (1), leaving the dual proof (2) to the reader.
Let A € SO(S3). Since (f, F) is semi-irresolute, we have F* (A) € SO(S1). By
semi-regularity, we have {G; | j € J} C SO(S1) with

Fo(A)=\/ G; = \/ sc(Gy)
JjEJ je€J
Then we have

A=fr(FA) =\ £7(G) =\ [7(se(G)).

jed jed
Since (f, F') is semi-closed and semi-open, f7(G;) € SO(S2) and f7(scl(G,)) €
SC(Sz) for all j € J. Thus (S2, 82, 72, k) is semi-regular, by Theorem 4.8. d

From Propositions 4.14, 4.15, 4.16, we have immediately:

Corollary 4.17. Let (Sk, Sk, Tk, k), k = 1,2 be ditopological texture spaces and
(f, F) : (S1,81) = (S52,82) a semi-dihomeomorphism. Then (S1,81,7T1, K1) is semi-
Ry (-co-Ry, -R1,-co-Ry, -regular, -co-reqular) if and only if (Sa, 82, T2, ko) is semi-Ry
(respectively, -co-Ry, -R1,-co-Ry, -reqular, -co-regular).
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