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ABSTRACT. The main purpose of this paper is to introduce the notions
of ~-operation, pre-open soft multisets, a-open multisets, semi-open soft
multisets, [-open soft multisets and b-open soft multisets in soft multi
topological spaces. In addition, the relationships among these types are
studied. Moreover, the concepts of pre-soft multi continuous, a-soft multi
continuous, semi-soft multi continuous, $-soft multi continuous and b-soft
multi continuous functions are introduced and their properties are studied
in detail. Also, the concepts of pre-soft (respectively semi-soft, a-soft,
B-soft, b-soft) multi irresolute functions are presented.
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1. INTRODUCTION

In 2013, Tokat [6] was introduced the concept of soft multisets as a combining
between soft sets and multisets. Moreover, in [6] the soft multi topology and its
basic properties was given. In addition, the soft multi connectedness was studied in
[7]. Furthermore, the soft multi compactness on soft multi topological spaces was
presented in [3]. El-Sheikh et al. in [41] introduced the soft multi semi-compactness
as a generalization of soft multi compactness. In 2015, Tokat et al. [9] presented the
soft multi continuous functions.

El-Sheikh et al. [3] introduced some M-operations such as semi-open mset, pre-
open mset, a-open mset, S-open mset and b-open mset. Moreover, they investigated
their properties and the relationships among these M-operations in detail. In addi-
tion, the concept of soft semi-open set was first studied by Chen [2]. He investigated
soft semi-open sets in soft topological spaces and studied some properties of it. In



M. Raafat et al. /Ann. Fuzzy Math. Inform. 12 (2016), No. 1, 15-30

2014, Kandil et al. [5] introduced the notion of soft y-operation and presented some
forms of soft continuity in soft topological spaces. Later, Akdag and Ozkan [I]
defined soft b-open sets and soft b-continuity.

In this paper, we firstly introduced the notions of -operation, pre-open soft
msets, a-open soft msets, semi open soft msets, S-open soft msets and b-open soft
msets in soft multi topological spaces. Further, the relationships among these types
of sub soft msets in soft multi topological spaces are obtained. Also, the concepts
of pre-soft (respectively a-soft, semi-soft, S-soft, b-soft) multi continuous functions
are introduced. Also, we discuss some important properties in detail. Finally, the
concepts of pre-soft (respectively semi-soft, a-soft, 8-soft, b-soft) multi irresolute
functions are presented.

2. PRELIMINARIES

In this section, we present the basic definitions and results of soft multiset theory
which will be needed in the sequel.

Definition 2.1 ([7]). Let X be a universal multiset (for short, mset), E be a set of
parameters and A C E. Then, an ordered pair (F, A) is called a soft mset, where
F is a mapping given by F : A — P*(X), P*(X) is the power set of an mset X.
For every e € A, F(e) mset represent by count function Cp() : X* — N, where N
represents the set of non-negative integers and X* represents the support set of X.

For example, let X = {2/x,3/y,1/z} be an mset. Then the support set of X is
X =A{z,y,2}.

Definition 2.2 ([7]). Let (F, A) and (G, B) be two soft msets over X. Then, (F, A)
is said to be a sub soft mset of (G, B), if

() ACB,

(ii) Cr(ey(®) < Cgey(w), for all z € X*, e € A. Tt is denoted by (F, A)C(G, B).

Definition 2.3 ([7]). Two soft msets (F, A) and (G, B) over X are equal if (F, A)
is a sub soft mset of (G, B) and (G, B) is a sub soft mset of (F, A).

Definition 2.4 ([7]). Let (F, A) and (G, B) be two soft msets over an mset X. Then
(i) The union of two soft msets (F, A) and (G, B) over X, denoted by (F, A)U(G, B),
is the soft mset (H,C'), where
C = AUB and Cy(e)(z) = maz{Cp)(v),Cae)(z)}, foralle € AUB, z € X*.
(ii) The intersection of two soft msets (F, A) and (G, B) over X, denoted by
(F, A)N(G, B), is the soft mset (H,C), where
C = ANB and Cye)(x) = min{Cp(e)(z), Cge)(x)}, for alle € AN B, z € X*.
(iii) The difference between two soft msets (F, E) and (G, E) over X is the soft
mset (H,C) = (F, E)\(G, E) and defined as H(e) = F(e)\G(e) for all ecE where
Ch(ey(x) = max{Cp)(r) — Cg(e)(x),0}, for all 2 € X*.

Definition 2.5 ([7]). A soft mset (F, A) over X is said to be:

(i) a null soft mset, denoted by 5, if for all e € A, F(e) = ¢.
(ii) an absolute soft mset, denoted by A, if for all e € A, F(e) = X.
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Definition 2.6 ([7]). Let V be a non-empty submset of X, then V denotes the soft
mset (H, E) over X for which H(e) =V, for all e € E. In particular, (X, E) will be
denoted by X or Xg.

Remark 2.1 ([7]). Let (F, E) be a soft mset over X. If for all e € F and a € X*,
Cr(ey(a) =n (n > 1), then it is written a € F(e) instead of a €™ F(e).

Definition 2.7 ([7]). Let (F, E) be a soft mset over X and a€ X*. Then, a € (F, E)
read as a belongs to the soft mset (F, E) whenever a € F(e) for all e € E.

Definition 2.8. [7] Let a € X*. Then, (a,E) denoted to the soft mset over X for
which a(e) = {a}, for all e € E.

Definition 2.9. [7] Let (F, E)) be a soft mset over X and V' be a non-empty submset
of X. Then, the sub soft mset of (F, E) over V, denoted by (V' F, E), is defined as
follows:

VF(e) = VN F(e), for all e € E where Cv p(e)(x) = min{Cy (), Cp() ()}, for all
re X" _

In other words (Y F, E) = VA(F, E).

Definition 2.10 ([7]). The complement of a soft mset (F, A) is denoted by (F, A)¢
and is defined by (F, A)¢ = (F¢, A) where F¢: A — P*(X) is a mapping given by
Fe(e) = X\F(e) for all e € A where Cpe(e)(z) = Cx(x) — Cp(e)(x), for all z € X*.

Definition 2.11 ([7]). Let X be a universal mset and F be a set of parameters.
Then, the family of all soft msets over X with parameters from F is called a soft
multi class and is denoted by SMS(X)g.

Definition 2.12 ([7]). Let 7 € SMS(X)g. Then, 7 is said to be a soft multi
topology on X if the following conditions hold:

(i) ¢, X belong to .

(ii) The union of any number of soft msets in 7 belongs to 7.

(iii) The intersection of any two soft msets in 7 belongs to 7.
7 is called a soft multi topology over X and the triple (X, 7, E) is called a soft
multi topological space over X. Also, The members of 7 are called open soft msets.
Furthermore, OSM (X)g is the set of all open sub soft msets of X.

A soft mset (F, E) in SMS(X)g is said to be a closed soft mset if its complement
(F, E)* belongs to 7.

Definition 2.13 ([7]). Let X be a universal mset and F be the set of parameters.
Then o

(i) 7 = {¢, X } is called the indiscrete soft multi topology on X and (X, 7, E) is
said to be an indiscrete soft multi space over X.

(ii) 7 = SMS(X)g is called the discrete soft multi topology on X and (X, 7, E)
is said to be a discrete soft multi space over X.

Definition 2.14 ([7]). Let (X, 7, FE) be a soft multi topological space over X and
Y be a non-empty submset of X. Then
v ={(YF,E): (F,E) e}
is said to be the soft multi topology on Y and (Y, 7y, E) is called a soft multi subspace
of (X, 1, E).
17
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Definition 2.15 ([6]). Let (X, 7, FE) be a soft multi topological space over X and
(F, E) be a sub soft mset of X. Then

(i) The soft multi closure of (F, E), denoted by cl(F, E) [or (F, E)], is the inter-
section of all closed soft mset containing (F, E).

(ii) The soft multi interior of (F,E), denoted by int(F, E) [or (F,FE)°], is the
union of all open soft mset contained in (F, E).

Definition 2.16 ([8]). Let (X, 71, F) and (Y, 73, K) be two soft multi topological
spaces. Let ¢ : X* — Y* and ¢ : F — K be two functions. Then, the pair (p, ) is
called a soft mset function and denoted by f = (p,¢) : SMS(X)g — SMS(Y)k is
defined as follows:
Let (F,FE) € SMS(X)g. Then, the image of (F, E') under the soft mset function
f is the soft mset in SMS(Y)x defined by f(F, E), where for k € ¢(E) C K and
yeyr,
SUPecah—1 veo-1(Crie (), if 1k ot ;
Cf(F,E)(k)( ): { 0, Pecy—t(k)NE,xcp—1(y) VF( )( ) Ot}/lfervéis)e-# ¢ ¥ (y> 7é (b
Let (G, K) be a soft mset in SMS(Y) k. Then, the inverse image of (G, K) under
the soft mset function f is the soft mset in SM S(X)g defined by f~(G, K), where
fore € ¢ }(K) C F and z € X*,

Cr-1(6,1)(e) (@) = Caypey (@(x)).

Theorem 2.1 ([8]). Let f : SMS(X)g — SMS(Y)k be a soft mset function,
(F;, A) be a soft mset in SMS(X)g and (G4, B) be a soft mset in SMS(Y)x. Then

(1) fUier(Fis Ai)) = Ui f(Fi, Ai).
(2) F7 Uier(Gi, B) = Ui, f71(Gi, B).

Theorem 2.2 ([9]). Let (X, 71, E) and (Y, 12, K) be two soft multi topological spaces
and f: SMS(X)g — SMS(Y)k be a soft multi function. Then f is called a soft
multi continuous function if and only if f~*(G, K) is an open soft mset over X, for
each open soft mset (G, K) overY.

Definition 2.17 ([9]). Let (X, 71, F) and (Y, 72, K) be two soft multi topological
spaces and f : SMS(X)g — SMS(Y)k be a soft multi function. If f(F, E) is a
closed soft mset over Y, for each closed soft mset (F, E) over X, then f is a closed
soft multi function.

3. SOME TYPES OF OPEN SOFT MULTISETS

In this section, some types of open soft msets are introduced and their properties
are presented.

Definition 3.1. Let (X, 7, E) be a soft multi topological space. A mapping -~ :
SMS(X)g — SMS(X)g is said to be an operation on OSM(X) g, if NpCy(Ng)
for all Ng € OSM(X)g. The family of all v-open soft msets is denoted by
OSM(vy) = {Ng : NgCv(Ng),Np € SMS(X)g}. Also, the complement of ~-
open soft mset is called a ~y-closed soft mset and the set of all y-closed soft msets
denoted by CSM(v).
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Definition 3.2. Let (X, 7, E) be a soft multi topological space. Different cases of
~v-operations on SMS(X)g are as follows:

(i) If v = int(cl), then ~ is called a pre-open soft multi operator. The family of
all pre-open soft msets is denoted by POSM (X )g and the family of all pre-closed
soft msets is denoted by PCSM (X)g.

(ii) If v = int(cl(int)), then +y is called an a-open soft multi operator. The family
of all a-open soft msets is denoted by «OSM (X)g and the family of all a-closed
soft msets is denoted by aCSM (X)g.

(iil) If v = cl(int), then ~ is called a semi open soft multi operator. The family of
all semi open soft msets is denoted by SOSM (X)g and the family of all semi closed
soft msets is denoted by SCSM (X)Eg.

(iv) If v = cl(int(cl)), then + is called a S-open soft multi operator. The family
of all S-open soft msets is denoted by SOSM(X)g and the family of all S-closed
soft msets is denoted by SCSM(X)g.

(v) If v = cl(int) U int(cl), then « is called a b-open soft multi operator. The
family of all b-open soft msets is denoted by BOSM (X)g and the family of all
b-closed soft msets is denoted by BCSM (X)Eg.

Theorem 3.1. Let (X, 1, E) be a soft multi topological space and v : SMS(X)g —
SMS(X)g be an operation on OSM (X)g.
Suppose v € {int(cl),int(cl(int)), cl(int), cl(int(cl)), cl(int) U int(cl)}. Then

(1) an arbitrary union of y-open soft msets is a y-open soft mset,

(2) an arbitrary intersection of vy-closed soft msets is a y-closed soft mset.

Proof. (1) The proof is given for the case of pre-open soft multi operator, i.e., v =
int(cl) and the other cases are similar. Let {(N;, E) :i € I} C POSM(X)g. Then
(N;, E)Cint(cl((N;, E))) for all ¢ € I. Thus

Ui (N3, B)CU,int (cl(Ny, E)))Cint (U, cl(Ni, E))) = int(cl(, (Ni, E))).

So J;(N;, E) € POSM(X)g for all i € I.
(2) Immediate. O

Remark 3.1. A finite intersection of pre-open (respectively semi-open, S-open, b-
open) soft msets need not to be a pre-open (respectively semi-open, S-open, b-open)
soft mset, as shown in the following examples.
Examples 3.1. (1) Let X = {2/x,2/y,1/z} be an mset, E = {e1,ea} be a set of
parameters and 7 = {X, ¢, (F1, E)} be a soft multi topology on X, where
Fi(er) = {1/z,2/y}, Fi(e2) = {1/z,2/y}.
Let (A, E), (B, E) be two sub soft msets of X such that
Aler) ={2/z,1/z}, Alez2) = {1/z}, Ble1) = {1/x,1/y}, Ble2) = {1/y}.

Then (A, E) and (B, E) are pre-open soft msets of (X, 7, E). Thus (AN B)(e1) =
{1/} and (AN B)(e2) = ¢. So (AN B, E) is not a pre-open soft mset.

(2) Let X = {2/x,3/y,1/z} be an mset, E = {e1, ez} be a set of parameters and
T=1{X, ¢, (F,E), (F, E), (F3, E)} be a soft multi topology on X, where

Fi(er) = {1/x}, Fi(e2) = {1/},

Fy(e1) = {1/y}, Fa(e2) = {1/y},
19
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Fy(er) ={1/2,1/y}, Fs(e2) = {1/x,1/y}.
Let (A, E), (B, E) be two sub soft msets of X such that

Aler) ={1/xz,1/z}, A(es) = {1/x,1/z},

Ble) = {1/y.1/2}, Blea) = {1/y.1/2}.
Then (A, E), (B, E) are semi-open soft msets of (X, 7, E'). Thus (ANB)(e1) = {1/z}
and (AN B)(e2) = {1/z}. So (AN B, E) is not a semi-open soft mset.

(3) Let X = {2/x,2/y,1/z} be an mset, E = {ej,ea} be a set of parameters
and T = {)?,gg, (Fy1, E)} be a soft multi topology on X, where Fy(e1) = {1/x,2/y},
Fi(es) = {1/x,2/y}. Let (A, E), (B, E) be two sub soft msets of X such that

Afer) = {2/2,1/2}, Ales) = {12}, Bler) = {1/2,1/y}, Blea) = {1/y}.
Then (A, E), (B, E) are f-open soft msets of (X, 7, E). Thus (AN B)(e1) = {1/z}
and (AN B)(e2) = ¢. So (AN B, E) is not a S-open soft mset.

(4) Let X = {2/x,2/y,1/z} be an mset, E = {ej,ea} be a set of parameters
and 7 = {X, ¢, (F1, E)} be a soft multi topology on X where Fy(e1) = {1/x,2/y},

Fi(es) = {1/x,2/y}. Let (A, E), (B, E) be two sub soft msets of X such that
Aler) ={2/z,1/z}, Ale2) = {1/x,1/2},
B(e1) = {1/x,1/y}, B(e2) = {1/z,2/y}.
Then (A, E), (B, E) are b-open soft msets of (X, 7, E). Thus (AN B)(e1) = {1/x}
and (AN B)(e2) = {1/z}. So (AN B, E) is not a b-open soft mset.

Definition 3.3. Let (X, 7, E) be a soft multi topological space, Ny € SMS(X)g.
Then
(i) The y-interior of N is denoted by vSM (int(Ng)) and it is defined as

YSM(int(Ng)) = {Gg : GECNg, Gg € OSM ()}
(ii) The ~-closure of Ng is denoted by vSM (cl(Ng)) and it is defined as
YSM(cl(Ng)) = ({GE : Gg € CSM(v), NeCGg}.

Theorem 3.2. Let (X,7,E) be a soft multi topological space, v : SMS(X)g —
SMS(X)g be one of the operations in Definition 3.2 and Fg,Gr € SMS(X)g.
Then, the following properties are satisfied for the ~ySM-interior operators which is
denoted by vSM (int).

(1) vSM(int(X)) = X and ySM(int(¢)) = ¢.
(2) vSM(int(F))CFg.
(3) ¥SM (int(Fg)) is the largest v-open soft mset contained in Fg.
(4) If FeCGg, then vSM(int(Fg))CySM (int(Gg)).
(5) ¥SM (int(ySM (int(Fg)))) = ySM(int(Fg)).
(6) vSM (int(Fg))UySM (int(Gg))CySM (int(FgUGE)).
(7) ¥SM (int(FNGg))CySM (int(Fg))wSM (int(Gg)).
Proof. Immediate. g
Theorem 3.3. Let (X,7,E) be a soft multi topological space, v : SMS(X)g —
SMS(X)g be one of the operations in Definition 3.2 and Frp,Ggp € SMS(X)g.

Then, the following properties are satisfied for the yvSM-closure operators which is
denoted by ySM(cl).

(1) vSM(cl(X)) = X and vSM(cl($)) = ¢.
20



M. Raafat et al. /Ann. Fuzzy Math. Inform. 12 (2016), No. 1, 15-30

(2) FeCySM(cl(Fg)).

(3) YSM (cl(Fg)) is the smallest y-closed soft mset containing Fr.
(4) If FECGE, then ySM(cl(Fg))CySM (cl(GEg)).

(5) YSM(cl(ySM(cl(Fg)))) = vSM(cl(Fg)).

(6) ’ySM(CZ(FE)N)UWS]\g(cl(GE))g'yS]l/[(cl(FEUGE)).

(7) ¥SM(cl(FENGE))SySM(cl(Fg)) M SM(cl(GE)).

Proof. Immediate. O

Remark 3.2. It should be noted that the family of all y-open soft msets on a soft
multi topological space (X, 7, F) forms a supra soft multi topology, i.e., the family
all v-open soft msets contains X, ¢ and closed under arbitrary soft multi union.

4. RELATIONSHIPS AMONG SOFT MULTISETS

In this section, the relationships are introduced among some special sub soft msets
which are introduced in the above section. Moreover, some important results are
obtained.

Theorem 4.1. In a soft multi topological space (X, 1, E), the following statements
hold:

(1) Ewvery open soft mset is a y-open soft mset.
(2) Every closed soft mset is a y-closed soft mset.

Proof. The proof is given for the case of pre-open soft multi operator, i.e., ¥ = int(cl)
and the other cases are similar.

(1) Let Ny € OSM(X)g. Then int(Ng) = Ng. Since NpCcl(Ng),
NpCint(cl(Ng)). Thus Ngp € POSM(X)g.

(2) By a similar way. O

Remark 4.1. The converse of Theorem 4.1 is not true in general as shown in the
following examples.

Examples 4.1. (1) Let X = {2/x,2/y,1/z} be an mset, E = {e1,ea} be a set of
parameters and 7 = {X, ¢, (F1, E)} be a soft multi topology on X, where F}(e1) =
{1/x,2/y}, Fi(ea) = {1/y}. Let (A, E) be a sub soft mset of X such that Aey) =
{2/xz,1/z}, A(e2) = {2/x}. Then (A, E) is a pre-open soft mset of (X, 7, E'). But it
is not an open soft mset.
(2) Let X ={2/x,3/y,1/z} be an mset, E = {e1, ez} be a set of parameters and
T= {)2'7 5, (F1,E), (F3, E), (Fs, E)} be a soft multi topology on X, where
Fi(er) = {1/z}, Fi(e2) = {1/z,1/y},
Fy(er) = {1/x}, Fa(es) = {1/},
Fy(er) = {1/z,1/y}, Fs(e2) = {1/2,1/y}.
Let (A, E) be a sub soft mset of X such that A(ey) = {1/z,1/z}, A(e2) = {2/y,1/z}.
Then (A, E) is a semi-open soft mset of (X, 7, F). But it is not an open soft mset.
(3) Let X ={2/x,2/y,1/z} be an mset, E = {e1,e2} be a set of parameters and
{X,,(F1,E)} be a soft multi topology on X, where Fy(ey) = {2/x,1/y},
) = {1/z,2/y}. Let (A, E) be a sub soft mset of X such that A(e;) =
21
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{2/x,2/y}, Ales) = {2/x,2/y}. Then (A, E) is an a-open soft mset of (X, 1, F).
But it is not an open soft mset.

(4) Let X = {2/x,2/y,1/z} be an mset, E = {e1,e2} be a set of parameters
and 7 = {X, $, (F1, E)} be a soft multi topology on X, where Fy(ey) = {1/x,2/y},
Fi(ez) = {1/y}. Let (A, E) be a sub soft mset of X such that A(ey) = {2/x,1/z},
A(es) = {2/x}. Then (A, FE) is a S-open soft mset of (X, 7, E). But it is not an
open soft mset.

(5) Let X ={2/x,2/y,1/z} be an mset, E = {e1,e2} be a set of parameters and
7 = {X,$,(Fi,E)} be a soft multi topology on X, where Fy(ey) = {2/z,1/y},
Fi(es) = {1/x,2/y}. Let (A, E) be a sub soft mset of X such that A(e;) =
{2/x,2/y}, Aes) = {2/x,2/y}. Then (A, E) is a b-open soft mset of (X, 7, F).
But it is not an open soft mset.

Theorem 4.2. Let (X, 7,E) be a soft multi topological space. Then, the following
statements hold:

(1) Every a-open (respectively a-closed) soft mset is semi-open (respectively semi-
closed).

(2) Every a-open (respectively a-closed) soft mset is pre-open (respectively pre-
closed).

(3) Every pre-open (respectively pre-closed) soft mset is b-open (respectively b-
closed).

(4) Every semi-open (respectively semi-closed) soft mset is b-open (respectively
b-closed).

(5) Every b-open (respectively b-closed) soft mset is B-open (respectively B-closed).

Proof. The assertion is proved in the case of open soft mset and the other case is
similar.

(1) Let Ny € aOSM(X)g. Then NpCint(cl(int(Ng)))Cel(int(Ng)). Thus
Np € SOSM(X)g.

(2) Let Np € «OSM(X)g. Then NpCint(cl(int(Ng))). Since int(Ng)Cel(Ng),
cl(int(Ng))Cel(Ng). Thus NgCint(cl(int(Ng)))Tint(cl(Ng)). So
NgCint(cl(Ng)). It follows that Ng € POSM (X)g.

(3) Let Ny € POSM(X)p. Then NpCint(cl(Ng)). Thus
NgCint(cl(Ng))Ucl(int(Ng)). So Ng € BOSM(X)p.

(4) Let Ng € SOSM(X)p. Then NpCel(int(Ng)).

Thus NpCint(cl(Ng))Ucl(int(Ng)). Hence Np € BOSM (X) .

(5) Let Ng € BOSM(X)g. Then

NpCint(cl(Ng))Uc(int(Ng))
Cel(int(Ng))Ucl (int(cl(Ng)))
Cellint(Ng)Uint(cl(Ng))]
Cel(int[NgUcl(Ng)])

nt(cl(Ng))).

Thus Ng € BOSM (X)g. O
22
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Remark 4.2. The converse of Theorem 4.2 is not true in general as shown in the
following examples.

Examples 4.2. (1) Let X = {2/z,3/y,1/z} be an mset, E = {e1,ea} be a set of
parameters and 7 = {X, ¢, (F1, E), (F», E), (F3, E)} be a soft multi topology on X,

where
Fi(er) = {1/z}, Fi(e2) = {1/,1/y},
Fyer) ={1/x}, Fa(ez) = {1/x},
Fy(er) ={1/z,1/y}, Fs(e2) = {1/z,1/y}.
Let (A, E) be a sub soft mset of X such that

Aler) ={1/x,1/z}, Ale2) = {1/2,2/y}.
Then (A, E) is a semi-open soft mset of (X, 7, E). But it is not an a-open soft mset.
(2) Let X = {3/x,2/y,1/z} be an mset, E = {e1,e2} be a set of parameters
and 7 = {)?, 5, (F1, E)} be a soft multi topology on X, where Fy(e1) = {2/x,2/y},
Fi(e) = {2/x}. Let (A, E) be a sub soft mset of X such that A(e;) = {3/z,1/z},
A(es) = {2/y,1/z}. Then (A, E) is a S-open soft mset of (X, 7, E). But it is not a
semi-open soft mset.
(3) Let X ={2/x,3/y,1/z} be an mset, E = {e1,e2} be a set of parameters and
T= {)N(, 5, (F1,E), (F3, E),(Fs, E)} be a soft multi topology on X, where
Fi(e1) = {1/x}, Fi(e2) = {1/, 1/y},
Fy(er) = {1/x}, Fa(ez) = {1/x},
Fy(er) = {1/z,1/y}, Fs(e2) = {1/2,1/y}.
Let (A, E) be a sub soft mset of X such that

Aler) = {1/z,1/z2}, Ale2) = {1/x,2/y}.
Then (A, E) is a $-open soft mset of (X, 7, ). But it is not a pre-open soft mset.
(4) Let X = {3/x,2/y,1/z} be an mset, E = {ej,ea} be a set of parameters
and 7 = {X, $, (F1, E)} be a soft multi topology on X, where Fy(e;) = {2/x,2/y},
Fi(es) = {2/x}. Let (A, E) be a sub soft mset of X such that A(e;) = {3/z,1/z},
A(es) = {2/y,1/z}. Then (A, E) is a pre-open soft mset of (X, 7, E). But it is not
an a-open soft mset.
(5) Let X = {2/x,3/y,1/z} be an mset, E = {e1, e} be a set of parameters and
T= {X’, 5, (F1,E), (F3, E),(Fs, E)} be a soft multi topology on X, where
Fi(er) = {1/x}, Fi(e2) = {1/, 1/y},
Fy(er) = {1/x}, Fa(es) = {1/},
Fy(er) = {1/z,1/y}, Fs(e2) = {1/z,1/y}.
Let (A, E) be a sub soft mset of X such that A(ey) = {1/z,1/z}, A(e2) = {2/y,1/z}.
Then (A, E) is a b-open soft mset of (X, 7, E). But it is not a pre-open soft mset.
(6) Let X = {3/x,2/y,1/z} be an mset, E = {ej,ea} be a set of parameters
and 7 = {X, $, (F1, E)} be a soft multi topology on X, where Fy(ey) = {2/x,2/y},
Fi(e2) = {2/x}. Let (A, E) be a sub soft mset of X such that A(e;) = {2/z,1/y},
A(ez) = {3/x,1/z}. Then (A, E) is a b-open soft mset of (X, 7, E). But it is not a
semi-open soft mset.
(7) Let X ={2/x,3/y,1/z,1/d} be an mset, E = {e1, ez} be a set of parameters
and T = {)?, 5, (F1,E),(F3, E), (F5, E)} be a soft multi topology on X, where
23
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Fi(er) = {1/d}, Fi(e2) = ¢,

Fy(er) = {1/z,2/y}, Fa(e2) = {1/x,2/y},

Fy(er) = {1/x,2/y,1/d}, Fs(ez) = {1/x,2/y}.
Let (A, E) be a sub soft mset of X such that A(e;) = {2/x}, A(e2) = {2/x}. Then
(A, E) is a S-open soft mset of (X, 7, E). But it is not a b-open soft mset.

On accounting of Theorems 4.1, 4.2 and Examples 4.1, 4.2 we have the following
corollary.

Corollary 4.1. For a soft multi topological space (X, 7, E), we have the following
diagram:

v e
POSM(X)r — BOSM(X)r — BOSM(X)g

Theorem 4.3. Let (X, 7, E) be a soft multi topological space and Ny € SMS(X)g.
Then, the following statements hold:
(1) Ng € SOSM(X)g if and only if cl(Ng) = cl(int(Ng)).
(2) Ng € SOSM(X)g if and only if there exists Gg € OSM(X)g such that
(3) If Ng € SOSM(X) g and NeCGrCcl(Ng), then Gg € SOSM(X)g.

Proof. Immediate. 0

Theorem 4.4. Let (X, 7,E) be a soft multi topological space, v : SMS(X)g —
SMS(X)g be one of the operations in Definition 3.2 and Ng € SMS(X)g. Then,
the following statements hold:

(1) ¥SM(int(Ng)) = [ySM(cl(Ng))]°.

(2) ¥SM(cl(NE)) = [ySM(int(Ng))]°.

Proof. The proof is given for the case of pre-open soft multi operator, i.e., ¥ = int(cl)
and the other cases are similar.
(1) PSMcl(Ng) =0 {Gg : NgCGp, Gy € PCSM(X)g}.
[PSMcl(Ng))¢ = U{GY : GCEENE,G% € POSM(X)g} = PSMint(Ng).
(2) By a similarly way. O

Theorem 4.5. Let (X,7,E) be a soft multi topological space and Ng, Gg €
SMS(X)g. Then the following statements hold:

(1) Ng € aOSM(X)g if and only if there exists Hg € OSM(X)g such that
HpCNpCint(cl(Hg)).

(2) If Np € aOSM(X) g and NgCGpCint(cl(Ng)), then Gz € aOSM(X)g.

Proof. (1)(=) : Suppose that int(Ng) = Hgp € OSM(X)g. Then
(<) : Let HpCNgCint(cl(Hg)), where Hp € OSM(X)g. Then
nt(Hg) = HEiint(NE). It follows that

NgCint(cl(int(Hg)))Cint(cl(int(Ng))).
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Thus Ng € acOSM(X)g.
(2) Let Ng € aOSM(X)g. Then NgCint(cl(int(Ng))). Thus
NgCGpCint(cl(int(cl(int(Ng)))))
iint(cl(int(NE)))
Cint(cl(int(Gg))).

So Gg € aOSM (X)g.
O

Theorem 4.6. Let (X, 7, E) be a soft multi topological space and Ny € SMS(X)g.
Then

(1) Ng € aOSM(X)E if and only if Ng € POSM(X)g N SOSM(X)Eg.

(2) Ng € OLCSM(X)E if and only if Ng € PCSM(X)E ﬂSOSM(X)E

Proof. (1) (=) : Let Np € aOSM(X)g. Then NgCint(cl(int(Ng))). Thus
NgCel(int(Ng)) and NgCint(cl(Ng)).

So Ng € POSM(X)gNSOSM(X)g.
(<) : Let Np € POSM(X)p N SOSM(X) . Then NpCel(int(Ng))
and NgCint(cl(Ng)). Thus NgCint(cl(cl(int(Ng)))) = int(cl(int(Ng))). It follows
that Ng € «OSM(X)g.
(2) By a similar way. O

The proof of the following proposition is straightforward, so it is omitted.

Proposition 4.1. Let (X, 7, E) be a soft multi topological space and Ng € SMS(X)g.
Then

1) Ny € PCSM(X)p if and only if cl(int(Ng))CNg
2) Ng € aCSM(X)g if and only if cl(int(cl( E)))CNE

(1)

(2) ) (

(3) Ng € SCSM(X)g if and only if int(cl(Ng ))g
E ; ) (i

~ e~ ~ =

4) Ng € BCSM(X)g if and only if int(cl(int(N. )))CNE _
5) Ng € BCSM(X)g if and only if cl(int(Ng))Nint(cl(Ng))CNE.

Theorem 4.7. Let (X, 7, E) be a soft multi topological space. If N € cOSM(X)g
and N§, € POSM(X)g, then Ng € OSM(X)g.

Proof. Let Ng € aOSM(X)g and N € POSM(X)g. Then Np € PCSM(X)g.
Thus cl(int(Ng))SNgCint(cl(int(Ng)))Scl(int(Ng)). This means that cl(int(Ng)
= Ng. So NgCint(cl(int(Ng))) = int(Ng). Hence Ng € OSM(X)g. O

5. DECOMPOSITIONS OF SOME FORMS OF SOFT MULTI CONTINUITY (IRRESOLUTE)

In this section, some forms of soft multi continuous (irresolute) mappings are
introduced. These forms are generalizations of soft multi continuous (irresolute)
mappings. In addition, the relationships among them are presented in detail.
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Definition 5.1. Let (X, 71, A) and (Y, 72, B) be two soft multi topological spaces.
Let ¢ : X* = Y* and ¢ : A — B be two functions. Let f = (p,¢) : SMS(X)4 —
SMS(Y)p be a soft multi function. Then

(i) The function f is called a pre-soft multi continuous (briefly, PSM cts) function
if f71(G,B) € POSM(X)4 for all (G,B) € OSM(Y)p.

(ii) The function f is called an a-soft multi continuous (briefly, «SM cts) function
if f~Y(G,B) € aOSM(X)4 for all (G,B) € OSM(Y)p.

(i) The function f is called a semi-soft multi continuous (briefly, SSM cts)
function if f~(G, B) € SOSM(X)4 for all (G,B) € OSM(Y)p.

(iv) The function f is called a S-soft multi continuous (briefly, BSM cts) function
if f~YG,B) € BOSM(X)4 for all (G,B) € OSM(Y)g.

(v) The function f is called a b-soft multi continuous (briefly, BSM cts) function
if f~1(G, B) € BOSM(X)4 for all (G,B) € OSM(Y)p.

Theorem 5.1. Let (X, 11, A) and (Y, 72, B) be two soft multi topological spaces. Let
p: X* > Y* and ¢ : A — B be two functions. Let f = (p,¢) : SMS(X)a —
SMS(Y)p be a soft multi function. Then, for the classes y-soft multi continuous
functions the following are equivalent (an example is given for the class of pre-soft
multi continuous functions).

(1) f s a pre-soft multi continuous function.

(2) 7Y@, B) € PCSM(X)a for all (G,B) € CSM(Y)p.

(3) (PSMcl(G A))Cel,, (f(G, A)) for all (G,A) € SMS(X)a.

(1) PSMel(f~(H, B))C /Y (clry(H, B)) for all (H, B) € SMS(Y)p.
(5) fY(int.,(H, B))CPSMmt(f*I(H B)) for all (H,B) € SMS(Y)p.

Proof. (1)=(2): Let (H, B) be a closed soft mset over Y. Then (H, B)° € OSM(Y)p
and f~Y(H,B)¢ € POSM(X)4. Since f~*(H,B) = (f~'(H,B)), f~*(H,B) €
PC’SM(X)A

(2)=(3) : Let (G, A) € SMS(X)4. Since

(G, A)CF (G, A)CfHclry (f(G,A))) € PCSM(X) 4,
by part (2),
(G, A)TPSMcl(G, A)Cf~ (clr, (f(G, A))).
Thus
F(PSMcl(G, A)CF(f~ (el (£(G, A))))Celr, (f(G, A)).

So f(PSMcl(G, A))Ccly, (f(G, A)).
(3)=(4) : Let (H,B) € SMS(Y)p and (G, A) = f~(H, B). Then by part (3),

F(PSMecl(f~Y(H, B)))Cel, (f(f~'(H, B))).
Thus
PSMcl(f~'(H,B))Cf~ ' (f(PSMcl(f~'(H, B))))
Cf elny (f(fH(H, B))C S (clry (H, B)).

So PSMecl(f~'(H,B))Cf~Y(cl.,(H, B)).
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(4)=(2) : Let (H,B) € CSM(Y)p. Then
PSMcl(f~'(H,B))Cf (cl.,(H,B)) = f~\(H, B).
But f~'(H, B)CPSMcl(f~'(H, B)). This implies that
f~Y(H,B) € PCSM(X), for all (H,B) € CSM(Y)g.

(1)=(5) : Let (H,B) € SMS(Y)p. Then, f~!(int,,(H, B)) € POSM(X)4 by
part (1). Thus

f~Y(int,,(H,B)) = PSMint(f~*(int,,(H, B)))CPSMint(f~'(H, B)).

Hence f~'(int,,(H, B))CPSMint(f~*(H, B)) for all (H,B) € SMS(Y)3.
(5)=(1) : Let (H,B) € OSM(Y)p. Then int.,(H,B) = (H,B). Thus
f~Y(int,,(H,B)) = f~'(H,B)CPSMint(f~'(H, B)) by part (5). But
PSMint(f~'(H,B))Cf~'(H,B). Hence f~'(H,B) € POSM(X). This means
that f is a pre-soft multi continuous function. O

Theorem 5.2. Let (X, 71, A) and (Y, 12, B) be two soft multi topological spaces. Let
f=(p, ) : SMS(X)a — SMS(Y)p be a soft multi function. Then

(1) every soft multi continuous function is a pre-soft multi continuous function.
(2) every soft multi continuous function is a semi-soft multi continuous function.
(3) every soft multi continuous function is an a-soft multi continuous function
(4) every soft multi continuous function is a B-soft multi continuous function.
)

(5) every soft multi continuous function is a b-soft multi continuous function.

Proof. Immediate from Theorem 4.1. O

Remark 5.1. The converse of Theorem 5.2 is not true in general as shown in the
following example (for part 1 of the theorem) and examples for other parts can be
easily done.

Example 5.1. Let X = {2/x1,1/22}, A= {a1,a2} and 7, = {)?,5, (F, A)}, where
F(ay) = {1/z1,1/xz2}, F(ag) = {1/21}. Then, (X, 71, A) is a soft multi topological
space. Also, let Y = {1/y1,2/y2}, B = {b1,b2} and 7 = {?,%, (G, B)}, where
G(b1) = {2/y2}, G(b2) = {1/y=2}. Then, (Y, 72, B) is a soft multi topological space.
Assume that ¢ : X* — Y* and ¢ : A — B are two functions defined as,
(P(xl) = Y2, (P(zQ) = Y1,
Y(ar) = by, Y(az) = bo.
Then, the inverse image of (G, B) under soft multi function f : SMS(X)a —
SMS(Y)p is denoted by f~(G, B) and defined as Cy—1(g)(a)(%) = Cap(a)) (0())
for each z € X*, a € A. Now, we want to estimate the inver image for every open
soft mset in OSM (Y)p. This clear that f~1(¢) = ¢ and f~1(Y) = X. Also,
1(@)(an) (21) = Ca(p(an) (P(@1)) = Capy) (Y2) = 27
l(G)(a1>($2) Ca(p(an) (#(72)) = Cap,)(y1) =0,
1(G)(a2) (T1) = Ca(y(a2)) (0(21)) = Capy) (y2) = 1,
(G)(az)(fvz) Ca(az) (P(22)) = Ca,) (1) =
Then, f_l(G)(al) ={2/z1} and f~1(G)(az) = {1/21}. Thus int(cl(f~1(G, B))) =
27
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X. It follows that f~1(G, B) is a pre-open soft mset, but it is not open. So, f is a
pre-continuous soft multi function, but it is not a continuous soft multi function.

Theorem 5.3. Let (X, 71, 4) and (Y, 12, B) be two soft multi topological spaces. Let
f=(p,0): SMS(X)a = SMS(Y)p be a soft multi function. Then

(1) Every a-soft multi continuous function is a semi-soft multi continuous func-
tion.

(2) Every a-soft multi continuous function is a pre-soft multi continuous function.

(3) Every pre-soft multi continuous function is a b-soft multi continuous function.

(4) Every semi-soft multi continuous function is a b-soft multi continuous func-
tion.

(5) every b-soft multi continuous function is a 5-soft multi continuous function.

Proof. Immediate from Theorem 4.2. O

Remark 5.2. The converse of Theorem 5.3 is not satisfied generally as shown in
the following example (for part 2 of theorem) and examples for other parts can be
easily done.

Example 5.2. From Example 5.1, f~1(G, B) a pre-open soft mset, but it is not a-
open. Then, f is a pre-continuous soft multi function, but it is not an a-continuous
soft multi function.

Theorem 5.4. Let (X, 71, A) and (Y, 12, B) be two soft multi topological spaces. Let
f=(p,) : SMS(X)a — SMS(Y)p be a soft multi function. Then f is an a-soft
multi continuous function if and only if it is a pre-soft multi continuous function
and a semi-soft multi continuous function.

Proof. Immediate from Theorem 4.6. O
On accounting of Theorems 5.2 and 5.3 we have the following corollary.

Corollary 5.1. For a soft multi topological space (X, 7, E), we have the following
diagram:
SMcts — a—SM cts — semi — SM cts

1 v e
pre — SM cts — b—SM cts — [ —SM cts

Definition 5.2. Let (X, 7, A) and (Y, 12, B) be two soft multi topological spaces.
Then a function f: SMS(X)g — SMS(Y)p is said to be a y-soft multi irresolute
function if f~1(G, B) € yCSM(X)g ¥V (G, B) € yCSM (Y ).

Theorem 5.5. Fvery y-soft multi irresolute mapping is a ~y-soft multi continuous
mapping.

Proof. The proof is given for the case of b-soft multi irresolute mapping and the

other cases are similar.

Let f: SMS(X)a — SMS(Y)p be a b-soft multi irresolute mapping. Let (G, B)

be a closed soft mset over Y. Then (G, B) is a b-closed soft mset over Y. Since f is

a b-soft multi irresolute mapping, f~1(G, B) is a b-closed soft mset over X. Hence

f is a b-soft multi continuous function. O
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Theorem 5.6. Let f: SMS(X)s — SMS(Y)p, g: SMS(Y)p — SMS(Z)g be
two soft multi functions. Then

(1) gof : SMS(X)s — SMS(Z)g is a vy-soft multi continuous function if f is
a y-soft multi continuous function and g is a soft multi continuous function.

(2) gof : SMS(X)a — SMS(Z)g is a y-soft multi irresolute function if f,g are
two y-soft multi irresolute functions.

(3) gof : SMS(X)s — SMS(Z)E is a vy-soft multi continuous function if [ is
a y-soft multi irresolute function and g is a y-soft multi continuous function.

Proof. The proof is given for the case of b-soft multi continuous (irresolute) mapping
and the other cases are similar.

(1) Let (H, E) be a closed soft mset over Z. Since g is a soft multi continuous
function, g1 (H, E) is a closed soft mset over Y. Since f is b-soft multi continuous
function, f~Y(¢g~'(H,E)) = (go f)"*(H,E) is a b-closed soft mset over X. Thus
go f is a b-soft multi continuous function.

(2) Let (H, E) be a b-closed soft mset over Z. Since g is a b-soft multi irresolute
function, g~!(H, E) is a b-closed soft mset over Y. Since f is a b-soft multi irresolute
function, f~Y(¢g~'(H,E)) = (go f)"*(H,E) is a b-closed soft mset over X. Thus
go f is a b-soft multi irresolute function.

(3) Similarly. O

6. CONCLUSIONS

Topology is an important and major area of mathematics and it can give many re-
lationships between other scientific areas and mathematical models. Recently, many
scientists have studied and improved the mset theory and easily applied to many
problems having uncertainties from social life. In this paper, we firstly gave the
definition of ”~-operation” and then presented some examples of it such as pre-open
soft multi operator, a-open soft multi operator, semi open soft multi operator, b-
open soft multi operator and S-open soft multi operator. Secondly, we studied the
relationships among these different types of sub soft msets of soft multi topological
spaces. Thirdly, we introduced the concepts of pre-soft (respectively semi-soft, a-
soft, 3-soft, b-soft) multi continuous functions and extended the relationships among
them. Finally, we presented the concepts of pre-soft (respectively semi-soft, a-soft,
B-soft, b-soft) multi irresolute functions and studied the composition of some gen-
eralized soft multi continuous (irresolute) functions. In the next work, the authors
will introduce the separation axioms in soft multi topological space.
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