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ABSTRACT. In this paper, we introduce mixed fuzzy soft topology with
separation axioms. Also we introduce soft quasi-coincident, soft quasi-
neighborhood and obtain some related propositions. Finally, we provide
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1. INTRODUCTION

Fuzzy set theory proposed by Zadeh [22] in 1965 which is a generalization of
classical or crisp sets. In 1999, Molodtsov [11] introduced the theory of soft sets,
which is a new mathematical approach to vagueness. In 2003, Maji, Biswas and Roy
[9] studied the theory of soft sets initiated by Molodtsov [11] and developed several
basic notions of soft set theory.

The notion of topological space is defined on crisp sets and hence it is affected by
different generalizations of crisp sets like fuzzy sets and soft sets. In 1968, Chang [2]
introduced fuzzy topological space and in 2011, subsequently Cagman and Enginoglu
[1], Shabir and Naz [15] introduced fuzzy soft topological spaces and studied basic
properties. In 2012, Mahanta and Das [8], Neog, Sut and Hazarika [12] and Ray
and Samanta [13] introduced fuzzy soft topological spaces in different direction. For
details on soft topological spaces we refer to [5, 6, 7, 10, 14, 19, 21].

The works on mixed topology is due to Wiweger [20], Cooper [3], Das and Baishya
[1], Tripathy and Ray [17, 18] and many others. The technique of mixing topologies
has a number of applications in various branches of analysis, notably summabil-
ity theory, measure theory, locally compact spaces, and interpolation theorems for
analytic functions.
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2. PRELIMINARY RESULTS

In this section we recall some basic concepts and definitions regarding fuzzy soft
sets and fuzzy soft topological space.

Definition 2.1 ([9]). Let U be an initial universe and F' be a set of parameters.
Let P(U) denote the power set of U and A be a non-empty subset of F. Then Fj is
called a fuzzy soft set over U where F': A — P(U) is a mapping from A into P(U).

Definition 2.2 ([11]). Fg is called a soft set over U if and only if F' is a mapping
of E into the set of all subsets of the set U, where FE is a set of parameters.

In other words, the soft set is a parameterized family of subsets of the set U.
Every set F(e), ¢EF, from this family may be considered as the set of e-element of
the soft set F'g, or as the set of e-approximate elements of the soft set.

Definition 2.3 ([13]). A fuzzy soft topology 7 on (U, E) is a family of fuzzy soft
sets over (U, E) satisfying the following properties :
(i) ¢, EET.
(ii) if Fa,Gg€ET, then FANGRET.
(iif) if Fa, €7 for all ®€A an index set, then J

aeAFAaET'

Definition 2.4 ([16]). A fuzzy soft set F4 in a fuzzy soft topological space (U, E, T)
is a neighborhood of a fuzzy soft set G'p if and only if there exists an open fuzzy
soft set H¢ i.e. HoE7 such that GgCH-CF 4.

Definition 2.5 ([16]). Let (U, E, 1) and (U, E,T2) be two fuzzy soft topological
spaces. If each F4€7; is in 7o, then 73 is called fuzzy soft finer than 71, or 7y is fuzzy
soft coarser than 7.

Definition 2.6 ([12]). The fuzzy soft set F4 over (U, E) is called a fuzzy soft point
in (U, E) denoted by e(F,), if for the element e€A, F(e) # 0 and F(e') = 0 for all
e €A —{e}.

Definition 2.7 ([12]). Let (U, E, ) be a fuzzy soft topological space. Let F4 be a
fuzzy soft set over (U, E). The fuzzy soft closure of F4 is defined as the intersection
of all fuzzy soft closed sets which contained F4 and is denoted by F4. We write

Fy= ﬂ{GB : Gp is fuzzy soft closed and F4CGp}.

Definition 2.8 ([12]). Let (U, E, ) be a fuzzy soft topological space. Let F4 be a
fuzzy soft set over (U, E'). The fuzzy soft interior of F'4 is defined as the union of all
fuzzy soft open sets which contained F4 and is denoted by F3. We write

F3 = U{GB : G is fuzzy soft closed and GgCF4}.

Definition 2.9 ([12]). A fuzzy soft set F4 in a fuzzy soft topological space (U, E, T)
is a fuzzy soft neighborhood of the fuzzy soft point e(Gp)E(U, E) if there is an open
fuzzy soft set He such that e(Gg)EHcCF4.

Definition 2.10 ([8]). A fuzzy soft topological space (U, E,7) is said to be a fuzzy
soft Tp-space if for every pair of disjoint fuzzy soft points e(F4),e(G4) there exists
a fuzzy soft open set containing one but not the other.
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Proposition 2.11 ([3]). A fuzzy soft subspace of a fuzzy soft To-space is fuzzy soft
To-Space.

Definition 2.12 ([8]). A fuzzy soft topological space (U, E, 1) is said to be a fuzzy
soft 71-space if for distinct pair of fuzzy soft points e1(Fa),e2(G4) there exists a
fuzzy soft open sets H4 and K4 such that e;€H 4 and e1¢ K 4; ea€H 4 and ex¢ K 4.

Proposition 2.13 ([8]). If every fuzzy soft point of a fuzzy soft topological space
(U,E, 1) is fuzzy soft closed then (U, E,T) is fuzzy soft T -space.

Definition 2.14 ([8]). A fuzzy soft topological space (U, E, 7) is said to be a fuzzy
soft To-space if and only if for distinct fuzzy soft points e1(Fa),e2(Ga) on U, there
exists disjoint fuzzy soft open sets H4 and K4 such that e;€H 4 and es€K 4.

Definition 2.15 ([8]). A fuzzy soft topological space (U, E, 1) is said to be a fuzzy
soft regular space if for every fuzzy soft point e(Fy4) and fuzzy soft closed set G4 not
containing e(F4), then there exists disjoint fuzzy soft open sets L4 and M4 such
that e€L 4 and GAQMA.

Definition 2.16 ([3]). A fuzzy soft regular 71-space is called a fuzzy soft T3-space.

Definition 2.17 ([8]). A fuzzy soft topological space (U, E,7) is said to be a fuzzy
soft normal space if for every pair of disjoint fuzzy soft closed sets Fix and G, then
there exists disjoint fuzzy soft open sets L 4 and M4 such that F4CL4 and G4CM 4.

Definition 2.18 ([8]). A fuzzy soft normal 7-space is called a fuzzy soft 74-space.

3. MAIN RESULTS

In this section we introduce the notions fuzzy soft quasi-coincident, fuzzy soft
quasi-neighborhood, mixed fuzzy soft topology and prove some interesting results
related to these notions.

Definition 3.1. Let ug be grade of membership of objects of fuzzy soft set G4. A
fuzzy soft point e(F4) in (U, E) is said to be a fuzzy soft quasi-coincident (in short
soft g-coincident) with a fuzzy soft set G4 in (U, E) denoted by eqG 4 if and only
if pte + pa>1, where 0. <1, 0<pue<1. If e(Fy) is not fuzzy soft ¢-coincident with
G 4, then we write egG 4.

Example 3.2. Consider es(Fy),

FAd: {F(el) = {(av O)a (b7 O)}vF(e2) = {(CL, 6)7 (bﬂ 8)}7 F(el}) = {(a’ﬂ 0)7 (ba 0)}}
Ga ={G(e1) ={(a,.5),(b,.6)},G(e2) = {(a,.8),(b,.5)},G(e3) = {(a,.9), (b,.5)}}.
Then exqG 4.

Definition 3.3. A fuzzy soft set F4 in (U, E) is said to be a fuzzy soft quasi-
coincident (in short soft g-coincident) with a fuzzy soft set G4 in (U, E) denoted by
FuqG 4 if and only if up + pug>1, where 0<pup<1, 0<ue<l. If F, is not fuzzy soft
g-coincident with G4, then we write FogG 4.
Example 3.4. Fy = {F(e1) = {(a, .4),(b,.9)}, F(e2) = {(a, .6),(b,.5)}}
and

G4 ={G(e1) ={(a,.8),(b,.3)},G(e2) = {(a, .6), (b, .6)}}.
Then FqG 4.
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Definition 3.5. A fuzzy soft set F4 in a fuzzy soft topological space (U, E,T) is
said to be a fuzzy soft quasi-neighborhood (in short soft g-nhds) of e(G 4) if and only
if Ha&7 such that H4CF4 and eqH 4. The family of all ¢-nhds of e(G 4) is called
the system of ¢g-nhds of e(G4).

Proposition 3.6. Intersection of two g-nhds of e(G4) is a g-nhd.
Proof. Obvious. O

Proposition 3.7. Let Fa and G 4 be two fuzzy soft sets in (U, E). Then the follow-
ings are true :

( ) FiCGy & FA(jGC

(2) FAqGA = FANG 4 # 6.

(3) FAqFA

(4) FaqGa < there emists an e(Fa)EF 4 such that eqG 4.

(5) e(Fa)EFT & eqFa.

(6) FyCGa = eqFa, then eqGa.

Proof. (1) FACGa & pr<pc
& pp — pe<0
Sup+1-— ,ug<1
& Up +uG<1
54 FAqGA
(2) Since FaqG 4, we have
pr 4 pe>1 = FaNGa # ¢.
(3) Suppose FaqF§. Then ur + ppe#1. But this is not possible. Thus FaqF§.
(4) FaqGa & pp + pe>1 S pe + pg>1 < eqGa, because e(F4)EF 4.
(5) Proof is same as (1).
(6) eqFa = pie + pr>1 = pie + pg>1 = eqG 4, because FyCG 4. O

Proposition 3.8. Let {F4_ : a€A} be a family of fuzzy soft sets in (U, E). Then a
fuzzy soft point e(Ga) is soft q-coincident with |,z Fa,, if and only if there exists
some Fa €{Fa, : a€A} such that e(Ga)qFa, .

Proof. Let e(Ga)qFa, . Since Fu,C(U,zn Fa.), e(Ga)a(Uyea Fa.)-

The necessary condition is easily proved by the concept of being quasi-coincident
with and the help of the least upper bound properties. O

Definition 3.9. Let (U, E,71) and (U, E,72) be two fuzzy soft topological spaces.

Consider the collection of fuzzy soft sets

T1(12) = {FAEIY : for any fuzzy soft set G4 € U with FaqGa, then there exists
7o — open set H 4 such that HaqG 4 and 71 — closure, HAQFA}.

Then this family of fuzzy soft sets will form a topology on (U, E) and this topology

we call a mixed fuzzy soft topology on U.

Example 3.10. Suppose
Fy= {F(el) = {(a7 '6)7 (b7 '2)}7 F(eQ) = {(a7 '8)7 (b, '7)}}7
Ga ={G(e1) ={(a, 4), (b, .8)},Gle2) = {

and
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71 ={¢,E,Fa}, o ={¢,E,Ga}.
‘We consider
Hy = {H(€1) = {(a7 9)7 (bv 3)}7 H(BQ) = {(CL, 9)’ (b7 9)}}7
where GaqH 4 and E‘qHA.
Then 7-closure of G4 = ENG A = GACG 4. Thus T1(m2) = {&E, G~A}.
Now we see that
(i) ¢, EEr,

(ii) $NE = ¢,¢NGa = ¢, ENG4 = Ga,

(iii) UE = E, UG 4 = G4, EUG4 = E,¢UEUG, = E.
So 71(72) is a mixed fuzzy soft topology on (U, E), i.e., the triple (U, E,71(72)) is
mixed fuzzy soft topological space.

Example 3.11. Consider
Fy={F(e1)
Ga ={G(ey)

{(a,.6), (b, .6)}},
{(a,.4), (b, 4)}},

={(a,.8),(b,.8)}, F(e2)
={(a,.2),(b,.2)},G(e2)
and

1 = {¢7 E}) Ty = {¢7EaFAaGA}~
We consider

Hy= {H(el) = {(av ‘9)7 (b7 '9)}7 H(GQ) = {(a, ~8)7 (b, 7)}}7

where FAqHA, GAqHA and EqHA.
Then

r-closure of F4 = ENG4 = G4
and

r1-closure of G4 = ENF4 = Fa.
Thus Fa, GAE71(13). So 11(12) = {$,E, F4,Ga}.

Definition 3.12. A fuzzy soft set H4 in a fuzzy soft topological space (U, E, T) is
said to be a fuzzy soft quasi-neighborhood (in short soft g-nhds) of fuz~zy soft point
e(F4)E(U, E) if and only if there exist G 4€7 such that eqG4 and GACH 4.

Example 3.13. Consider
FAd: {F(el) = {(a’ O)’ (b7 0)}7 F(e2) = {<a7 '3)’ (ba '8)}’ F(e?)) = {(aa 0)7 (b7 0)}}
Gy = {G(el) = {(CL, 9), (b7 6)}a G(e2) = {(a7 8)7 (bv 5)}7 G(€3) = {(a7 8)7 (b’ 9)}}7

where esqG 4 and
Ha={H(e1) ={(a,.9), (b,.7)}, H(e2) = {(a,.9), (b, .8)}, H(es) = {(a,.8), (b,.9)}}.

Then GACH 4. Thus Hy is g-nhd of eg(Fla).

Definition 3.14. Let (U, E, 7) be a fuzzy soft topological space and e(F4)E(U, E)
be the fuzzy soft point. Then the family N,(r,) consisting of all the fuzzy soft g-nhds
of e(F4) is called the system of fuzzy soft g-nhds of e(F4).

Proposition 3.15. Let (U,E,7) be a fuzzy soft topological space. Then for each
e(Fa) in U, Ne(p,) satisfies the following
133
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(1) e(Fa) is a fuzzy soft g-coincident with G 4, for every G AENg(p,).
(ii) If Fa, GAéNe(FA) then FAﬁGAéNe(FA).
(ili) If FAEN.(ry) and FaCGa then GAEN,(r,).
Conversely, for each fuzzy soft point e(Fa) in U, if Ne(r,) is the family of fuzzy
soft sets in U satisfying the conditions (i), (ii), (iii), then the family T of all fuzzy
soft set G o such that GAEN,(r,) whenever eqG 4, is a fuzzy soft topology for U.

Proof. The proof is straightforward. g

Definition 3.16. Let (U, E, ) and (U, E, 12) be two fuzzy soft topological spaces.
Consider the collection of fuzzy soft sets
71(12) = {FAEIY : for every e(Ga)qFa, then there exists a fuzzy soft

Ty — g¢-nhd H of ¢(G 4) such that 71 — closure, HyCF4}.
Then 71 (72) is fuzzy soft topology on U. This fuzzy soft topology is called a mixed
fuzzy soft topology and triplet (U, E, 71(12)) is called a mixed fuzzy soft topological
space.

Proposition 3.17. Let 7y and 72 be two fuzzy soft topologies on a soft set U. Then
the mized fuzzy soft topology T1(72) is coarser than T, i.e. T1(72)CTo.

Proof. The proof is straightforward. O

4. MIXED FUZZY SOFT SEPARATION AXIOMS

Proposition 4.1. Let (U, E, 1) and (y, E, 15) be two fuzzy soft topological spaces. If
(U, E, 1) is fuzzy soft 1o-space and 71 C1o then (U, E, 11(72)) is a fuzzy soft To-space.

Proof. We consider e1(F4), ea(Ga)€ET. Given (U, E, 1) is a fuzzy soft 19-space, then
there exists Ha€7; such that e;(Fa)EH 4, e2(G4)EH 4.

Let I 4 be the fuzzy soft 71-g-nhd of e (F4) or e2(G 4). Since HA€T1, e1qH 4 or eaqH 4
and HsCI4. Then pie, + pu>1 0 fie, + pu>1. Thus pe, + pr>1 0 fie, + pr>1.
So e1ql or exqly.

Since 71 C7y and HaETy, H4 is a T5-g-nhd of e1 (F) or e(G4) and H4CI4. Thus
IAE71(2). Also ey (FA)EHACI 4, ea(GA)EHACI . Thus ey (Fa)EI4 or ea(GA)ELL.
Hence (U, E,11(12)) is a fuzzy soft ry-space.

This complete proof of the theorem. O

Proposition 4.2. Let (U, E, 1) and (U, E, T2) be two fuzzy soft topological spaces. If
(U, E, 1) is fuzzy soft T1-space and 71 C1o then (U, E, 11(72)) is a fuzzy soft T1-space.

Proof. We consider e1(F4),e2(G )€ . Given (U, E, 1) is a fuzzy soft 1-space then
there exist Ha, Ka€7 such that ej(Fa)EH4 and el(FA)éKA e2(GA)EK 4 and
eg(GA)éHA.

Let La,Ma be the fuzzy soft 71-¢-nhd of e;(F4) and e3(G4), respectively. Then
e1qH , and exqK 4 and HyCLa, KACMA. Thus pe, + pp>1 and pe, + px>1. So
Le, + NL>1 and pie, + par>1. Hence ejqL 4 and ejqMay.

Since 71 C7o and Ha, Ka€m, e1gH 4 and eaqK 4 and HaCL 4, KACMA
Thus L 4, MAETl(TQ) Also 61€HACLA, 61¢.KAC]\4A7 €2€KACMA and 61¢HACLA
So (U, E,11(12)) is a fuzzy soft 11-space. This completes proof. O
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Proposition 4.3. Let (U, E, 1) and (U, E, T2) be two fuzzy soft topological spaces. If
(U, E, 1) is fuzzy soft To-space and 11 C1a, then (U, E,11(72)) is a fuzzy soft Ta-space.

Proof. We consider e1(F4),ea(Ga)ET. Given (U, E,7y) is a fuzzy soft mo-space then
there exist Ha, Ka€71 such that e;(Fa)EH A and e3(GA)EK 4 and HaNK 4 = .
Let La, M4 be the fuzzy soft m1-¢g-nhd of e1(F4) and e3(Ga), respectively. Then
e1qH 4 and epqK 4 and HACLa, KACMa. Thus pe, + pg>1 and pe, + px>1. So
te, +pr>1 and pe, + ppr>1. Hence eyqL g and eqM 4.

Since 71C1y and Hu, Ka€7i, Ha and K 4 are the m9-¢g-nhd of e1(F4) and e3(Ga),
respectively and HaCL 4, K4CMa. This implies that L 4, Ma€ri(12).
Also e1EHACL A, e2EKACM4 and HaNK 4 = ¢. This implies that e;EL 4, ea€M
and LaNM4 = ¢.
Then (U, E, 11 (72)) is a fuzzy soft m-space. The proof is complete. O

Proposition 4.4. Let (U, E, 1) and (U, E, T2) be two fuzzy soft topological spaces. If
(U, E, 1) is fuzzy soft normal space, then the mized fuzzy topological space (U, E, 11 (72))
is a fuzzy soft normal space.

Proof. Let Ls&(71(72))¢, MAE(i(7)) and LyCM 4. Again let PAE(12)C, RaET
and P4CRa. Then there exists Q&7 such that P4CQ%CQACRA. Thus MaEm,
QAE(T1(72)). So PACQSCQACMy.

Since LA€(11(72))%, 1 — LA&(71(72)). Thus 1 — Ly&7,. So LsETS.
Hence L4CP4 and LAQQZQQAQMA, i.e., the mixed fuzzy soft topological space
(U, E,71(12)) is a fuzzy soft normal space. This completes the proof. O

Proposition 4.5. Let (U, E, 1) and (U, E,19) be two fuzzy soft topological spaces.
A mized fuzzy soft topological space (U, E,11(12)) is a fuzzy soft normal space if and
only if two closed fuzzy soft sets La, Ma in U with LyC1 — M4 then there exist
PA, QAé(Tl(TQ)) such that LAépA, MAQQA and PAél — QA.

Proof. Let Ls&(71(7))¢ and fuzzy soft open set PA&(r1(72)) and L,CP4. Then,
since mixed fuzzy soft topological space (U, E, 11 (72)) is a fuzzy soft normal space,
there exists Qa€(71(72)) such that LsCQ4CQACPa.

Let MAé(T]_(TQ))C and MA =1- PA, LAél — MA and QAél — MA. Since
QAél — MA, MAél — QA- Since PAé(Tl(TQ)), pAé(Tl(TQ))C. This implies that
pAQMA = pAél — QA. Also LAQI — My = MAQI — LAQQA.

Conversely, let L4, Ma&(i (7)) and LyC1—M 4. Then there exist Py, Q€ (1(72))
such that LAQPA,MAQQA and P4C1 — QA. We consider P4 =1 — M4. Then

LaCQ%CQaC1 — PaCl— My = Py, ie., LaCQ4CQaCPa.
Thus mixed fuzzy soft topological space (U, E,71(72)) is a fuzzy soft normal space.

This completes the proof.

5. APPLICATION OF FUZZY SOFT QUASI-COINCIDENT IN CHEMISTRY

In this section, we applied soft quasi-coincident of fuzzy soft sets in Chemistry.
Here we find bond strength of different hybridization.
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In the chemistry, hybridization is the concept of mixing of orbitals on an atom
having nearly equal energy, to produce entirely new orbitals which have same energy
contents, identical shapes and are symmetrically disposed in space.

The mixing of the s and p orbitals to form sp hybridization. Similarly the mixing
of the s and two p orbitals to form sp? hybridization and the mixing of the s and
three p orbitals to form sp® hybridization.

We know that

(a) in the sp® hybridization 25% s character and 75% p character,
(b) in the sp? hybridization 33% s character and 66% p character,
(¢) in the sp hybridization 50% s character and 50% p character.

Algorithms:

Construct fuzzy soft sets of different hybridization.

Find different grade value of different hybridization.

Adding 0.02 of same hybridization.

If the grade value of different hybridization is high then the bond strength
of that hybridization is low i.e. if pup + pug>1 then the strength of the
hybridization is low i.e. the bond strength of the compound is so weak.

5. Finally we find the bond strength sequence of different hybridization.

=W

Fuzzy soft sets of sp® hybridization is

Fa={F(e1) ={(5,0.2),(p,0.7)}.
Fuzzy soft sets of sp? hybridization is

Gy ={G(e1) ={(5,0.3), (p,0.6)}.
Fuzzy soft sets of sp hybridization is

Hy={H(e1) ={(s,0.5),(p,0.5)}.
Grade value of sp? hybridization, i.e., u(Fa) =10.2 — 0.7| = 0.5,
Grade value of sp? hybridization, i.e., u(G4) = [0.3 — 0.6| = 0.3,
Grade value of sp hybridization, i.e., u(H4) = |0.5 — 0.5| = 0.0,
Grade value of sp-sp?, i.e., u(Ga, Fa) = 0.3+ 0.5 = 0.8,
Grade value of sp2-sp?, i.e., u(Ga,G4) = 0.3+ 0.3+ 0.02 = 0.62,
Grade value of sp-sp?, i.e., u(Ha, Fa) = 0.0+ 0.5 = 0.5,
Grade value of sp3-sp?, i.e., u(Fa, Fa) = 0.5+ 0.5 +0.02 = 1.02 > 1,

Grade value of sp-sp?, i.e., u(H4,G4) = 0.0 +0.3 = 0.3,
Grade value of sp-sp, i.e., u(Ha, Ha) = 0.0+ 0.0 + 0.02 = 0.02.

Therefore the sequence of bond strength is

sp® — sp3 < sp® — sp> < sp? — sp® < sp — sp> < sp — sp* < $p — sp.

6. CONCLUSION

We have introduced soft quasi-coincident, soft quasi-neighborhood and mixed
fuzzy soft topology which are defined over an initial universe with a fixed set of
parameters. The notions of mixed fuzzy soft separation axioms are introduced and
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their basic properties are investigated. In this paper, we have studied a few ideas
only, it will be necessary to carry out more theoretical research to establish a general
framework for the practical application.
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