
Annals of Fuzzy Mathematics and Informatics

Volume 11, No. 6, (June 2016), pp. 989–1001

ISSN: 2093–9310 (print version)

ISSN: 2287–6235 (electronic version)

http://www.afmi.or.kr

@FMI
c© Kyung Moon Sa Co.

http://www.kyungmoon.com

Fuzzy convex sub l-groups

G. S. V. Satya Saibaba

Received 16 November 2015; Revised 19 December 2016; Accepted 9 January 2016

Abstract. The aim of this paper is to introduce the notions of L-fuzzy
convex sub l-groups, L-fuzzy cosets, L-fuzzy prime convex sub l-groups
of l-group G and to introduce ordering between two L-fuzzy Cosets of a
L-fuzzy convex sub l-group.

2010 AMS Classification: 03E72, 08A72, 06D72, 18B35

Keywords: L-fuzzy sub l-group, L-fuzzy convex sub l-groups, L-fuzzy prime
convex sub l-groups, L-fuzzy cosets.

Corresponding Author: G. S. V. S. Saibaba (saibabagannavarapu65@yahoo.com)

1. Introduction

The notion of fuzzy subset of a set was introduced by Zadeh[22]. Rosenfeld [19]
applied this concept to the theory of groups and groupoids. Since then these ideas so
many have been applied to various algebraic structures. Swamy and Swamy studied
Fuzzy Prime ideals of rings[21] and Naseem Ajmal studied Fuzzy lattices[18].For
further study see [3, 10, 11, 12, 13, 14, 15, 17, 23]. Goguen [8]initiated a more
abstract study of fuzzy sets by replacing the values set [0, 1], by a complete lattice
in an attempt to make a generalized study of fuzzy set theory by studying L-fuzzy
sets. Most of the authors considered fuzzy subsets by taking values in a complete
lattice. Fuzzy algebra is now a well developed part of algebra. Partially ordered
algebraic systems play an important role in algebra. Especially l-groups, l-rings,
Vector lattices, and f -rings are important concepts in algebra [5, 1, 2, 4, 6, 7, 9, 16].
We introduced the concepts of L-fuzzy sub l-groups and L-fuzzy l-ideals of l-group
in [20]. The objective of this paper is to study L-fuzzy convex sub l-groups which
assume values in a complete lattice that satisfies the infinite meet distributive law.

In this paper, we introduce the concepts of L-fuzzy convex sub l-groups, L-fuzzy
prime convex sub l-groups and L-fuzzy maximal convex sub l-groups and ordering
between two L-fuzzy cosets of a L-fuzzy convex sub l-group, of l-group G. With
this ordering, we prove that the set of L-fuzzy cosets G

λ form a distributive lattice,
if λ is a L-fuzzy convex sub l-group. We obtain one to one correspondence between
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L-fuzzy prime convex sub l-groups of G and pairs (P, α), where P is a prime convex
l-subgroup and α is an irreducible element in L. We prove that G

λ is totally ordered,
if λ is a L-fuzzy prime convex sub l-group and a particular L-fuzzy convex sub
l-group can be expressed as the intersection of L-fuzzy prime convex sub l-groups
under certain conditions.

Throughout this paper, let G 6= 0 be an l-group and L stands for a nontrivial
complete lattice in which the infinite meet distributive law a∧(∨s∈Ss) = ∨s∈S(a∧s)
for any S ⊆ L and a ∈ L, holds and we consider meet irreducible elements of L only.

2. Preliminaries

Definition 2.1 ([5]). A lattice ordered group is a system G = (G,+,≤), where
(i) (G,+) is a group,
(ii) (G,≤) is a lattice and
(iii) the inclusion is invariant under all translations x 7→ a + x + b i.e, x ≤ y ⇒

a+ x+ b ≤ a+ y + b, for all a, b ∈ G.

Definition 2.2 ([5]). If a is an element of l-group G, then a ∨ (−a) is called the
absolute value of a and is denoted by |a|. Any element a of an l-group G can be
written as a = a ∨ 0 + a ∧ 0, i.e., a = a+ + a−, where a+ is called positive part of a
and a− is called negative part of a.

Theorem 2.3 ([5]). In any l-group G, for all a ∈ G,
(1) |a| ≥ 0, moreover |a| > 0 unless a = 0,
(2) a+ ∧ (−a+) = 0,
(3) |a| = a+ − a−.

Theorem 2.4 ([5]). For all x, y in any l-group G, the absolute value satisfies :
(1) |nx| = |n||x| for any integer n.
(2) |x− y| = x ∨ y − x ∧ y.
(3) |x ∨ y − x′ ∨ y| ≤ |x− x′| and dually.
(4) |(x ∨ z)− (y ∨ z)|+ |(x ∧ z)− (y ∧ z)| = (x ∨ y)− (x ∧ y).
(5) |x+ y| ≤ |x|+ |y|+ |x|.

Theorem 2.5 ([5]). For all x, y, a in any l-group G, addition is distributive on
meets and joins, i.e.,

(1) a+ (x ∨ y) = (a+ x) ∨ (a+ y), (x ∨ y) + b = (x+ b) ∨ (y + b),
(2) a+ (x ∧ y) = (a+ x) ∧ (a+ y), (x ∧ y) + b = (x+ b) ∧ (y + b).

Theorem 2.6 ([5]). In any l-group G, a− (a ∧ b) + b = b ∨ a, for all a, b ∈ G.

Definition 2.7 ([2]). A l-subgroup C of G is called convex if 0 ≤ g ≤ c ∈ C and
g ∈ G imply g ∈ C.

The set of all convex l-subgroups is denoted by C(G). It is closed with respect
to arbitrary intersections and it is a distributive sublattice of the lattice of all l-
subgroups of G.

Definition 2.8 ([2]). Let C be a convex l-subgroup of G. For x, y ∈ G, define
C + x ≤ C + y if and only if c+ x ≤ y for some c ∈ C.
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Theorem 2.9 ([2]). The set R(C) of right cosets in G is a lattice with the above
ordering.

Definition 2.10 ([2]). A convex l-subgroup M of G is called regular if M is maximal
without some g ∈ G and in this case M is called a value of g.

Theorem 2.11 ([2]). Let P ∈ C(G). Then, P is meet irreducible in C(G) if and
only if P is maximal in C(G) with respect to not containing some g ∈ G.

Theorem 2.12 ([2]). Every non zero element of an l-group G has at least one value.
Consequently, each convex l-subgroup can be obtained as the intersection of regular
l-subgroups.

Theorem 2.13 ([2]). If G is an l-group and M ∈ C(G) then the following are
equivalent :

(1) M is regular.
(2) M ⊂M∗ = ∩{C |M ⊆ C ∈ C(G)}.
(3) M is meet irreducible in C(G).

Corollary 2.14 ([2]). If M is a regular convex l-subgroups of G and a, b ∈ G+−M ,
then a ∧ b ∈ G+ −M .

Theorem 2.15 ([2]). If G is an l-group and M ∈ C(G), then the following are
equivalent :

(1) If A,B ∈ C(G) and M ⊇ A ∩B, then M ⊇ A or M ⊇ B.
(2) If A,B ∈ C(G), A ⊃M and B ⊃M , then A ∩B ⊃M .
(3) If a, b ∈ G+ −M , then a ∧ b ∈ G+ −M .
(4) If a, b ∈ G+ −M , then a ∧ b > 0.
(5) The lattice of right cosets of M is totally ordered.
(6) {C ∈ C(G) | C ⊇M} is chain.
(7) M is the intersection of a chain of regular convex l-subgroups.

Definition 2.16 ([2]). A convex l-subgroup that satisfies any one of the conditions
of above theorem will be called prime.

Each regular l-subgroup is a prime convex l-subgroup. Each maximal convex
l-subgroup of G is a value of some element of G, so maximal convex l-subgroup is
prime. In special case that R(C) becomes linearly ordered with the above ordering,
we call C is a prime convex l-subgroup of G.

Theorem 2.17 ([2]). Let S 6= ∅ be a subset of an l-group of G. Then

〈S〉 = {x ∈ G | |x| ≤ |s1|+ |s2|+ · · ·+ |sn|, si ∈ S, i = 1, 2, · · ·n}
is the convex l-subgroup of G generated by S.

Let G be an l-group and g ∈ G. Let Cg be the set of all convex l-subgroups of G
that contain g. Then ∩{c | c ∈ Cg} contains g and is contained in every element of
Cg. It is the smallest convex l-subgroup of G containing g, and will be denoted by
〈g〉.

Lemma 2.18 ([7]). If G is a l-group and g ∈ G, then

〈g〉 = {f ∈ G | |f | ≤ n|g|, n ∈ Z+}.
991
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Corollary 2.19. [7] If G is a l-group and f, g ∈ G+, then

〈f ∧ g〉 = 〈f〉 ∧ 〈g〉 and 〈f ∨ g〉 = 〈f〉 ∨ 〈g〉.

Corollary 2.20. [7] Let g ∈ G. Then, 〈|g|〉 = 〈g〉.

Definition 2.21. [7] Let e ∈ G be called a strong unit if for any a ∈ G, |a| < n|e|,
for some n ∈ Z+.

Clearly 〈e〉 = G.

Definition 2.22 ([17]). Let X be a non empty set. A L-Fuzzy subset λ of X is a
mapping from X into L, where L is a complete lattice satisfying the infinite meet
distributive law.

Definition 2.23 ([17]). Let λ : X → L be a L-fuzzy sub set of X. Then the set
{λ(x) | x ∈ X} is called the image of λ and is denoted by λ(x) or Im(λ). The set
{x | x ∈ X,λ(x) > 0} is called the support of λ and is denoted by Supp(λ). The set
Xλ = {x ∈ X | λ(x) = λ(0)}. For t ∈ L, λt = {x ∈ X | λ(x) ≥ t} is called a t-cut or
t-level set of λ.

Definition 2.24 ([17]). Let λ, µ be two L-fuzzy subsets of X. If λ(x) ≤ µ(x) for
all x ∈ X, then we say that λ is contained in µ and we write λ ⊆ µ. Define λ ∪ µ
and λ ∩ µ are L-fuzzy subsets of X by for all x ∈ X, (λ ∪ µ)(x) = λ(x) ∨ µ(x),
(λ∩µ)(x) = λ(x)∧µ(x). Then λ∪µ and λ∩µ are called the union and intersection
of λ and µ, respectively.

Definition 2.25 ([17]). Let f be a mapping from X into Y , and let λ and µ be
L-fuzzy subsets of X and Y respectively. The L-fuzzy subsets f(λ) of Y and f−1(µ)
of X, defined by

f(λ)(y) =

{
∨{λ(x) | x ∈ X, f(x) = y} if f−1(y) 6= ∅;
0 otherwise,

where y ∈ Y , and f−1(µ)(x) = µ(f(x)), for all x ∈ X, are called the image of λ
under f and the pre-image of µ under f , respectively.

Definition 2.26 ([17]). A L-fuzzy subset λ of X is said to have sup property if, for
any subset A of X, there exists a0 ∈ A such that λ(a0) = ∨a∈Aλ(a).

Definition 2.27 ([17]). Let f be any function from a set X to a set Y , and let
λ be any L-fuzzy subset of X. Then λ is called f -invariant if f(x) = f(y) implies
λ(x) = λ(y), where x, y ∈ X.

Definition 2.28 ([17]). Let X be nonempty set. Let Y ⊆ X and a ∈ Y . We define,
a L-fuzzy set aY is defined as follows:

aY (x) =

{
a if x ∈ Y
0 if x ∈ X − Y.

In particular, if Y is a singleton, say, {y}, then ay is called as L-fuzzy point.

Definition 2.29 ([20]). Let G = (G,+,∨,∧) be an l-group with 0 as the additive
identity in G. A L-fuzzy subset λ of G is said to be a L-fuzzy sub l-group of G, if

(i) λ(x+ y) ≥ λ(x) ∧ λ(y),
992
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(ii) λ(−x) = λ(x),
(iii) λ(x ∨ y) ≥ λ(x) ∧ λ(y),
(iv) λ(x ∧ y) ≥ λ(x) ∧ λ(y),

for all x, y ∈ G.

Theorem 2.30 ([20]). Let λ be a L-fuzzy subset of an l-group G. λ is a L-fuzzy
sub l-group of G if and only if for all x, y ∈ G,

λ(x− y) ≥ λ(x) ∧ λ(y) and λ(x ∧ y) ∧ λ(x ∨ y) ≥ λ(x) ∧ λ(y).

Theorem 2.31 ([20]). If λ is a L-fuzzy sub l-group of G, then
(1) λ(0) ≥ λ(x) for all x ∈ G,
(2) λ(x+) ≥ λ(x), λ(x−) ≥ λ(x) and λ(|x|) ≥ λ(x) for all x ∈ G,
(3) Supp(λ) is a l-subgroup of G, if Supp(λ) 6= ∅ and L is regular, i.e.,

if a 6= 0, b 6= 0, then a ∧ b 6= 0 where a, b ∈ L.

Definition 2.32 ([20]). A L-fuzzy sub l-group λ of a l-group G is said to be a
L-fuzzy l-ideal of G if

(i) λ(x+ y) = λ(y + x) for all x, y ∈ G and
(ii) x, a ∈ G, |x| ≤ |a| ⇒ λ(x) ≥ λ(a).

3. L-fuzzy convex sub l-groups

Definition 3.1. A L-fuzzy sub l-group λ of G is said to be a L-fuzzy convex sub
l-group of G if x, a ∈ G, 0 ≤ x ≤ a⇒ λ(x) ≥ λ(a) (Convexity condition).

Theorem 3.2. Let λ be a L-fuzzy sub l-group of G. Then λ is a L-fuzzy convex sub
l-group of G if and only if 0 ≤ x ≤ a implies λ(0) ≥ λ(x) ≥ λ(a), for all x, a ∈ G.

Lemma 3.3. Let λ be a L-fuzzy convex sub l-group. Then |x| ≤ |a| implies λ(x) ≥
λ(a), for x, a ∈ G.

Theorem 3.4. A L-fuzzy sub l-group λ of a l-group G is a L-fuzzy convex sub l-
group of G if and only if for each l-subgroup λt, t ∈ λ(G) ∪ {t ∈ L | λ(0) ≥ t} is a
convex l-subgroup of G.(In fact, for each t ∈ L, λt is empty or a convex l-subgroup
of G).

Example 3.5. Let L = [0, 1]. Let G=Z × Z, where Z be the set all integers. By
ordering lexicographically (a, b) ≥ (0, 0) if and only if a > 0 or a = 0 and b ≥ 0.
Let + be usual addition. (G,+,∨,∧) is an l-group with above ordering. Define a
L-fuzzy subset µ : G→ L, by

µ(x) =

 1, if (x, y) ∈ {(0, 0)}
0.5 if (x, y) ∈ ({(0, 0)} × Z)− {(0, 0)}
0.25, otherwise.

Clearly the level sets µt = {(0, 0)}, if 0.5 < t ≤ 1, µt={(0, 0)} × Z, if 0.25 < t ≤ 0.5
and µt=G for 0 ≤ t ≤ 0.25, are convex l-subgroups of G. Therefore, µ is a L-fuzzy
convex sub l-group of l-group G.

Example 3.6. Let L={1, a, b, 0}, where 1 > a > 0, 1 > b > 0 and a ‖ b be the
lattice.
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Let G=Z × Z, where Z be the set all integers. Clearly (G,+,∨,∧) is an l-group
with point wise ordering. Clearly I1=Z × {0}, I2={0} × Z are l-subgroups of G.
Define a L-fuzzy subset µ : G→ L, by

µ(x, y) =


1, if (x, y) = (0, 0)
a, if (x, y) ∈ I1 − {(0, 0)}
b, if (x, y) ∈ I2 − {(0, 0)}
0, otherwise.

Clearly, the level sets µ1={(0, 0)}, µa=I1, µb=I2, and µ0=G are convex l-subgroups
of G. Therefore, µ is a L-fuzzy convex sub l-group of l-group G.

Example 3.7. Let L=[0, 1]. Let G=C(X) be the set of all continuous real valued
functions on X, where X is a Hausdroff space. If all the operations defined pointwise
i.e, for f, g ∈ C(X) and for each x ∈ X, (f + g)(x) = f(x) + g(x), (f ∨ g)(x) =
f(x) ∨ g(x), (f ∧ g)(x) = f(x) ∧ g(x), then C(X) becomes an l-group. With each
point x of X and a neighborhood U of x there are two l-subgroups defined by,
Ox={f ∈ C(X) | f(U) = {0}} and Mx={f ∈ C(X) | f(x) = 0}. Let x ∈ X and a
neighborhood U of x. Define µ : C(X)→ L as follows:

µ(f) =


1, if f = 0̂

.75, if f ∈ Ox − {0̂}

.5, if f ∈Mx −Ox
0, otherwise.

Clearly the level sets µt = {0̂} for 0.75 < t ≤ 1, µt = Ox for 0.5 < t ≤ 0.75, µt = Mx

for 0 < t ≤ 0.5 and µ0 = G are all convex l-subgroups of G. Then µ is a L-fuzzy
convex sub l-group of C(X).

Theorem 3.8. If λ is a L-fuzzy convex sub l-group of G, then Supp(λ) = {x ∈ G |
λ(x) > 0} is a convex l-subgroup of G if Supp(λ) 6= ∅ and L is regular.

Theorem 3.9. The intersection of any non empty family of L-fuzzy convex sub
l-groups of G is a L-fuzzy convex sub l-group.

Theorem 3.10. If λ is a L-fuzzy convex sub l-group of G, then Gλ = {x ∈ G |
λ(x) = λ(0)} is a convex l-subgroup of G.

Theorem 3.11. If A is any convex l-subgroup of G, then the L-fuzzy subset λ of G
defined by

λ(x) =

{
s if x ∈ A
t if x /∈ A,

where s, t ∈ L and t < s, is a L-fuzzy convex sub l-group of G.

Theorem 3.12. A nonempty subset A of an l-group of G is a convex l-subgroup of
G if and only if χA is a L-fuzzy convex sub l-group of G.

Theorem 3.13. Let G and G′ be two l-groups. Let λ and µ be L-fuzzy convex sub
l-groups of G and G′ respectively. If f : G→ G′ be a epimorphism, then

(1) f(λ) is a L-fuzzy convex sub l-group of G′, provided that λ is f -invariant.
(2) f−1(µ) is a L-fuzzy convex sub l-group of G.

994



G. S. V. Satya Saibaba /Ann. Fuzzy Math. Inform. 11 (2016), No. 6, 989–1001

Theorem 3.14. Let f be a homomorphism of G onto G′. If λ and µ are L-fuzzy
convex sub l-groups of G, then f(λ ∩ µ) = f(λ) ∩ f(µ), provided that if at least one
of λ or µ is f -invariant.

Theorem 3.15. For any, L-fuzzy subset λ of G, there exists smallest L-fuzzy convex
sub l-group of G containing λ.

Definition 3.16. Let λ be a L-fuzzy subset of an l-group G. The smallest L-fuzzy
convex sub l-group of G which contains λ is called the L-fuzzy convex sub l-group
of G, generated by λ and is denoted by 〈λ〉.

Theorem 3.17. Let µ be a L-fuzzy subset of an l-group G. Define ν : G→ L be a
L-fuzzy subset as follows:

ν(x) = ∨{∧y∈Aµ(y) | A ⊆ G, 1 ≤ |A| <∞, x ∈ 〈A〉}(x ∈ G),

where 〈A〉 denotes convex l-subgroup generated by A. Then ν = 〈µ〉, L-fuzzy convex
sub l-group generated by µ.

Theorem 3.18. The set C(G) of all L-fuzzy convex sub l-groups of an l-group G is
a complete lattice under the relation ⊆ . The Sup and Inf of any family {λi | i ∈ ∆}
of L-fuzzy convex sub l-groups are 〈∪{λi | i ∈ ∆}〉 and ∩{λi | i ∈ ∆} respectively.
The greatest and the least elements are χG and χ∅ where, χG(x) = 1, for all x ∈ G,
χ∅(x) = 0, for all x ∈ G.

We note that C(G) is a sublattice of the lattice of all L-fuzzy sub l-groups. Now,
we close this section with some results of L-fuzzy points. Here 〈xa〉 is a L-fuzzy
convex sub l-group generated by L-fuzzy point xa and 〈x〉 denotes the convex l-
subgroup of G generated by x.

Lemma 3.19. Let x ∈ G and a ∈ L− {0}. Then 〈xa〉 = a〈x〉.

Theorem 3.20. Let x, y ∈ G and a, b ∈ L− {0}. Then

a〈x〉 ∩ b〈y〉 = (a ∧ b)〈x〉∩〈y〉, i.e., 〈xa〉 ∩ 〈yb〉 = (〈x〉 ∩ 〈y〉)a∧b.

Theorem 3.21. If x, y ∈ G+ and a, b ∈ L− {0}, then 〈xa〉 ∩ 〈yb〉 = 〈x ∧ y〉a∧b.

Lemma 3.22. Let x, y ∈ G and a, b ∈ L− {0}. Then
(1) a ≤ b⇒ a〈x〉 ⊆ b〈x〉.
(2) 〈x〉 ⊆ 〈y〉 ⇒ a〈x〉 ⊆ a〈y〉.
(3) a〈x〉 ∨ b〈y〉 ⊆ (a ∨ b)〈x〉∨〈y〉.

Proof. (i) and (ii) are clear.
(iii) Clearly, a ≤ a ∨ b. Then a〈x〉 ⊆ (a ∨ b)〈x〉 ⊆ (a ∨ b)〈x〉∨〈y〉.
Similarly, b〈y〉 ⊆ (a ∨ b)〈y〉 ⊆ (a ∨ b)〈x〉∨〈y〉. Thus a〈x〉 ∨ b〈y〉 ⊆ (a ∨ b)〈x〉∨〈y〉. �

Theorem 3.23. If x, y ∈ G+ and a, b ∈ L− {0}, then 〈xa〉 ∪ 〈yb〉 ≤ 〈x ∨ y〉a∨b.

4. L-fuzzy cosets

Definition 4.1. Let λ : G → L be a L-fuzzy convex sub l-group of G and x ∈ G.
The L-fuzzy subset x+λ : G→ L defined by (x+λ)(y) = λ(−x+ y),for all y ∈ G is
called a L-fuzzy left coset of the L-fuzzy convex sub l-group λ corresponding to x.
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Definition 4.2. Let λ : G → L be a L-fuzzy convex sub l-group of G and x ∈ G.
The L-fuzzy subset λ+ x : G→ L defined by (λ+ x)(y) = λ(y− x), for all y ∈ G is
called a L-fuzzy right coset of the L-fuzzy convex sub l-group λ corresponding to x.

Theorem 4.3. If λ : G→ L is a L-fuzzy convex sub l-group of G, then x+λ = y+λ
if and only if λ(−x+ y) = λ(0) = λ(−y + x).

Theorem 4.4. If λ : G→ L is a L-fuzzy convex sub l-group of G, then λ+x = λ+y
if and only if λ(y − x) = λ(0) = λ(x− y).

Theorem 4.5. Let λ be a L-fuzzy convex sub l-group of G. If x + λ = y + λ i.e,
λ(−x+ y) = λ(0), then λ(x) = λ(y).

Theorem 4.6. Let λ be a L-fuzzy convex sub l-group of G. If λ + x = λ + y i.e,
λ(y − x) = λ(0), then λ(x) = λ(y).

Theorem 4.7. Let λ be a L-fuzzy convex sub l-group of G. Then, for any x, y ∈ G,
x+ λ = y + λ if and only if x+Gλ = y +Gλ.

Theorem 4.8. Let λ be a L-fuzzy convex sub l-group of G. Then, for any x, y ∈ G,
λ+ x = λ+ y if and only if Gλ + x = Gλ + y.

Definition 4.9. Let λ be a L-fuzzy convex sub l-group of G. For x, y ∈ G, define
x+ λ ≤ y + λ if and only if x+ c ≤ y for some c ∈ Gλ.

Remark 4.10. (1) We note that the above definition x + λ ≤ y + λ is equivalent
to x ≤ y + c for some c ∈ Gλ.

(2) If x ≤ y in G, then x+ λ ≤ y + λ (as x+ 0 ≤ y, 0 ∈ Gλ).

Definition 4.11. Let λ be a L-fuzzy convex sub l-group of G. For x, y ∈ G, define
λ+ x ≤ λ+ y if and only if c+ x ≤ y for some c ∈ Gλ.

Remark 4.12. (1) We note that the above definition λ + x ≤ λ + y is equivalent
to x ≤ c+ y for some c ∈ Gλ.

(2) If x ≤ y in G, then λ+ x ≤ λ+ y (as 0 + x ≤ y, 0 ∈ Gλ).

Theorem 4.13. The set of all L-fuzzy left cosets of λ i.e, G
λ = {x+ λ | x ∈ G}, is

a distributive lattice with the ordering mentioned in Definition 4.9.

Proof. (I) ordering is well defined : Let x, y, x′, y′ ∈ G such that

x+ λ = x′ + λ, y + λ = y′ + λ and x ≤ y + c for some c ∈ Gλ.

Then −x+ x′ ∈ Gλ, −y + y′ ∈ Gλ. On the one hand,

x′ = x− x+ x′

≤ y + c− x+ x′

= y′ − y′ + y + c− x+ x′

= y′ + (−(−y + y′)) + c+ (−x+ x′)

= y′ + s,

where s = (−(−y+ y′)) + c+ (−x+x′) ∈ Gλ. Thus x′+λ ≤ y′+λ. So the ordering
≤ is well defined.
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(i) ≤ is reflexive : Let x+ λ ∈ G
λ . Clearly, x+ 0 = x and 0 ∈ Gλ. By definition,

x+ λ ≤ x+ λ, for all x ∈ G.
(ii) ≤ is anti-symmetric : Let x, y ∈ G such that x+λ ≤ y+λ and y+λ ≤ x+λ.

Then

x+ λ ≤ y + λ⇒ x+ s1 ≤ y for some s1 ∈ Gλ

and

y + λ ≤ x+ λ⇒ y + s2 ≤ x for some s2 ∈ Gλ.

Thus y + s2 + s1 ≤ x+ s1 ≤ y. So s2 + s1 ≤ −y + x+ s1 ≤ 0. Hence

s2 + s1 ≤ −y + x+ s1 ≤ 0 ≤ −(−y + x+ s1) ≤ −(s2 + s1).

Since λ is a L-fuzzy convex sub l-group of G, we have

λ(−s1 − x+ y) ≥ λ(−(s2 + s1))

= λ(s2 + s1)

≥ λ(s2) ∧ λ(s1)

= λ(0)

≥ λ(−s1 − x+ y).

Since s1 ∈ Gλ, (−s1 − x+ y) ∈ Gλ, i.e., −x+ y ∈ Gλ. Therefore x+ λ = y + λ.
(iii) ≤ Transitive : Let x, y, z ∈ G such that x + λ ≤ y + λ and y + λ ≤ z + λ.

Then

x+ s1 ≤ y and y + s2 ≤ z for some s1 ∈ Gλ, s2 ∈ Gλ.

Thus x + s1 + s2 ≤ y + s2 ≤ z. So x + s ≤ z, where s = s1 + s2 ∈ Gλ. Hence
x+ λ ≤ z + λ and thus ≤ is transitive.

Therefore, by (i), (ii) and (iii), ≤ is a partial order on G
λ .

(II) G
λ is Lattice : Let x+λ, y+λ ∈ G

λ . We prove that (x+λ)∨(y+λ) = (x∨y)+λ,
i.e., l.u.b of {x+ λ, y + λ}.

Clearly, x ≤ x ∨ y and x ≤ x ∨ y. Then x+ λ ≤ x ∨ y + λ and y + λ ≤ x ∨ y + λ.
Thus x∨ y+λ is an upper bound of x+λ and y+λ. Let z+λ be any upper bound
of x+ λ and y + λ, i.e., x+ λ ≤ z + λ and y + λ ≤ z + λ. Then

x ≤ z + s1 and y ≤ z + s2 for some s1, s2 ∈ Gλ.

Thus

x ∨ y ≤ (z + s1) ∨ (z + s2) = z + (s1 ∨ s2).

Clearly, s1 ∨ s2 ∈ Gλ and Gλ is l-subgroup of G. So x ∨ y + λ ≤ z + λ. Hence
(x+ λ) ∨ (y + λ) = (x ∨ y) + λ.

Similarly, we can show that (x + λ) ∧ (y + λ) = (x ∧ y) + λ. Therefore G
λ is a

lattice.
(III) G

λ distributive lattice : G
λ is a distributive lattice, since l-group G is a

distributive lattice. �
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Theorem 4.14. The set of all L-fuzzy right cosets of λ i.e, G
λ = {λ + x | x ∈ G},

is a distributive lattice with the ordering mentioned in Definition 4.11.

Theorem 4.15. Let λ be a L-fuzzy convex sub l- group of G. Then the following
are equivalent :

(1) x, y ∈ G, x ∨ y = 0 implies x ∈ Gλ or y ∈ Gλ.
(2) x, y ∈ G, x ∧ y = 0 implies x ∈ Gλ or y ∈ Gλ.
(3) G

λ is totally ordered.

If λ is a L-fuzzy convex sub l-group, then Gλ is a convex l-subgroup of G. Thus
the set G

Gλ
of left cosets of λ, is a distributive lattice.

Theorem 4.16. Let λ be a L-fuzzy convex sub l-group of G. Then there is an order
isomorphism between G

λ and G
Gλ

.

Now we can easily observe that, the above theorem can holds for right cosets also.

Definition 4.17. Let λ be a L-fuzzy convex sub l-group of G. Then λ is called a
L-fuzzy maximal convex sub l-group of G, if λ is a maximal element in the set of all
non constant L-fuzzy convex sub l-groups of G under point wise partial ordering.

Now we close this section with the characterization of L-fuzzy maximal convex
sub l-groups of G.

Theorem 4.18. Let λ be a L-fuzzy subset of an l-group G. Then λ is a L-fuzzy
maximal convex sub l-group of G if and only if there exist, a maximal convex l-
subgroup M of G and maximal element α in L such that

λ(x) =

{
1, if x ∈M
α, otherwise.

5. L-fuzzy prime convex sub l-group

Definition 5.1. A non constant L-fuzzy convex sub l-group of an l-group G is called
L-fuzzy prime convex sub l-group if and only if for any L-fuzzy convex sub l-groups
µ and ν, µ ∩ ν ⊆ λ⇒ either µ ⊆ λ or ν ⊆ λ.

Clearly, L-fuzzy prime convex sub l-group of G are precisely the prime elements
in the complete lattice C(G) of all L-fuzzy convex sub l-group of G.

Theorem 5.2. If λ is a L-fuzzy prime convex sub l-group of G, then Gλ = {x ∈
G | λ(x) = λ(0)} is a prime convex l-subgroup of G.

Lemma 5.3. If λ is a L-fuzzy prime convex sub l-group of G, then λ(0) = 1.

Now the following theorem establishes one to one correspondence between L-
fuzzy prime convex sub l-groups of G and pairs (P, α), where P is a prime convex
l-subgroup and α is an irreducible element in L.

Theorem 5.4. Let λ be a L-fuzzy subset of G. Then, λ is a L-fuzzy prime convex
sub l-group of G if and only if there exists a pair (P, α), where P is a prime convex
l-subgroup and α is an irreducible element of L, such that

λ(x) =

{
1, if x ∈ P
α, otherwise.
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Corollary 5.5. χP is a L-fuzzy prime convex sub l-group of G if and only if P is
a prime convex l-subgroup and 0 is irreducible element in L.

Theorem 5.6. Let λ be a L-fuzzy prime convex sub l-group of G. If µ ⊃ λ and
ν ⊃ λ, where µ and ν are L-fuzzy convex sub l-groups of G, then µ ∩ ν ⊃ λ.

Theorem 5.7. If λ is a L-fuzzy prime convex sub l-group of G, then G
λ is totally

ordered.

Proof. Let λ be a L-fuzzy prime convex sub l-group of G. Then Gλ is a prime convex
l-subgroup of G. Let x + λ, y + λ ∈ G

λ . We know that, in l-groups, G
Gλ

is totally
ordered. Thus x+Gλ ≤ y+Gλ or y+Gλ ≤ x+Gλ, i.e., x+s1 ≤ y or y+s2 ≤ x, for
some s1, s2 ∈ Gλ, i.e., x+ λ ≤ y + λ or y + λ ≤ x+ λ. So G

λ is totally ordered. �

Theorem 5.8. Let λ be a L-fuzzy prime convex sub l-group of G. If x, y ∈ G such
that x ∧ y = 0, then x ∈ Gλ or y ∈ Gλ.

Theorem 5.9. Let λ be a L-fuzzy prime convex sub l-group of G. If x, y ∈ G such
that x ∨ y = 0, then x ∈ Gλ or y ∈ Gλ.

Theorem 5.10. Let λ be a L-fuzzy prime convex sub l-group of G. Then for any
x, y ∈ G, either λ(x ∧ y) = λ(x) or λ(x ∧ y) = λ(y).

Proof. Let x, y ∈ G. By the above theorem, G
λ is totally ordered. Then either

x + λ ≤ y + λ or y + λ ≤ x + λ. Thus x ∧ y + λ = x + λ or x ∧ y + λ = y + λ.
So λ(−x + x ∧ y) = λ(0) or λ(−y + x ∧ y) = λ(0). Hence λ(x) = λ(x ∧ y) or
λ(y) = λ(x ∧ y). Therefore λ(x ∧ y) = λ(x) or λ(x ∧ y) = λ(y). �

Theorem 5.11. Let λ be a L-fuzzy prime convex sub l-group of G. Then for any
x, y ∈ G, either λ(x ∨ y) = λ(x) or λ(x ∨ y) = λ(y).

Proof. λ(x∨y) = λ(−(x∨y)) = λ((−x)∧(−y)) = λ(−x) or λ(−y) =λ(x) or λ(y). �

Theorem 5.12. Let f be a homomorphism of G onto G′. If λ is a L-fuzzy prime
convex sub l-group of G, then f(λ) is a L-fuzzy prime convex sub l-group of G,
provided that λ is f -invariant.

Theorem 5.13. Let f be a homomorphism of G onto G′. If µ is a L-fuzzy prime
convex sub l-group of G′, then f−1(µ) is a L-fuzzy prime convex sub l-group of G,
provided that every L-fuzzy convex sub l-group of G is f -invariant.

From [2], we have each non zero element x of an l-group has at least one value i.e,
there exists a convex l-subgroup of G which is maximal with respect to the property
of not containing x (such a convex l-subgroup is called regular). Consequently
each convex l-subgroup can be obtained as the intersection of regular l-subgroups.
Also each regular convex l-subgroup is prime convex l-subgroup. So, each convex
l-subgroup can be written as intersection of prime convex l-subgroups. Now, we
have the following theorem in fuzzy setting.

Theorem 5.14. Let G be a l-group. Let λ be a L-fuzzy convex sub l-group with
Imλ = {1, c}, where c is irreducible element in L. Then λ can be expressed as the
intersection of L-fuzzy prime convex sub l-groups of G.
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Proof. Since c is irreducible in L and c 6= 1. Since Imλ = {1, c} we have Gλ 6= G,
Gλ is a convex l-subgroup of G. Gλ is the intersection of regular convex l-subgroups
of G and each regular convex l-subgroup is a prime convex l-subgroup. So, Gλ is
the intersection of prime convex l-subgroups of G. So there exists a family {Gi}i∈I
of prime convex l-subgroups of G such that Gλ = ∩i∈IGi.
Let

(λi)(x) =

{
1, if x ∈ Gi
c, otherwise,

for i ∈ I. Each λi, i ∈ I is a L-fuzzy prime convex sub l-group of G. Clearly,
λ = ∩i∈Iλi. �

Corollary 5.15. Each L-fuzzy maximal convex sub l-group is L-fuzzy prime convex
sub l-group.
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