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1. INTRODUCTION

T'he notion of fuzzy subset of a set was introduced by Zadeh[22]. Rosenfeld [19]
applied this concept to the theory of groups and groupoids. Since then these ideas so
many have been applied to various algebraic structures. Swamy and Swamy studied
Fuzzy Prime ideals of rings[21] and Naseem Ajmal studied Fuzzy lattices[!8].For
further study see [3, 10, 11, 12, 13, 14, 15, 17, 23]. Goguen [8]initiated a more
abstract study of fuzzy sets by replacing the values set [0, 1], by a complete lattice
in an attempt to make a generalized study of fuzzy set theory by studying L-fuzzy
sets. Most of the authors considered fuzzy subsets by taking values in a complete
lattice. Fuzzy algebra is now a well developed part of algebra. Partially ordered
algebraic systems play an important role in algebra. Especially l-groups, [-rings,
Vector lattices, and f-rings are important concepts in algebra [5, 1, 2, 4, 6, 7, 9, 16].
We introduced the concepts of L-fuzzy sub [-groups and L-fuzzy l-ideals of [-group
in [20]. The objective of this paper is to study L-fuzzy convex sub l-groups which
assume values in a complete lattice that satisfies the infinite meet distributive law.

In this paper, we introduce the concepts of L-fuzzy convex sub l-groups, L-fuzzy
prime convex sub [-groups and L-fuzzy maximal convex sub [-groups and ordering
between two L-fuzzy cosets of a L-fuzzy convex sub [-group, of I-group G. With
this ordering, we prove that the set of L-fuzzy cosets % form a distributive lattice,
if A is a L-fuzzy convex sub [-group. We obtain one to one correspondence between
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L-fuzzy prime convex sub I-groups of G and pairs (P, «), where P is a prime convex
l-subgroup and « is an irreducible element in L. We prove that % is totally ordered,
if A is a L-fuzzy prime convex sub [l-group and a particular L-fuzzy convex sub
l-group can be expressed as the intersection of L-fuzzy prime convex sub [-groups
under certain conditions.

Throughout this paper, let G # 0 be an [-group and L stands for a nontrivial
complete lattice in which the infinite meet distributive law a A (Vsess) = Vses(aAs)
for any S C L and a € L, holds and we consider meet irreducible elements of L only.

2. PRELIMINARIES

Definition 2.1 ([5]). A lattice ordered group is a system G = (G, +, <), where

(i) (G,+) is a group,

(ii) (G, <) is a lattice and

(iii) the inclusion is invariant under all translations z — a+z + b ie, © <y =
a+zx+b<a+y+b, forall abed.

Definition 2.2 ([5]). If a is an element of I-group G, then a V (—a) is called the
absolute value of a and is denoted by |a|. Any element a of an I-group G can be
written asa =aV0+aA0,ie., a=a" +a", where a™ is called positive part of a
and a~ is called negative part of a.

Theorem 2.3 ([5]). In any l-group G, for all a € G,
(1) |a|] > 0, moreover |a| > 0 unless a =0,
(2) at A (=a™) =0,
(3) la] =a™ —a".

Theorem 2.4 ([5]). For all x,y in any l-group G, the absolute value satisfies :
(1) |nz| = |n||z| for any integer n.
(2) |z —yl=aVvy—zAy.
3) |levy—2' Vy| <|x— 2’| and dually.
(4) [(zVz) = (V)| +l@nz) —(yAz)|=(zVy) - (zAy).
() |z +yl < [z + [y[ + [x].

Theorem 2.5 ([5]). For all z,y,a in any l-group G, addition is distributive on
meets and joins, i.e.,
1) a+(zVy) =(a+z)V(at+y), (xVy)+b=(x+b)V(y+0),
(2)a+(zAy)=(a+z)A(a+y), (@Ay)+b=(x+b)A(y+D).

Theorem 2.6 ([5]). In any l-group G, a — (a Ab) +b=">bVa, for all a,b € G.

Definition 2.7 ([2]). A l-subgroup C of G is called convex if 0 < g < ¢ € C and
g € Gimply g € C.

The set of all convex l-subgroups is denoted by C(G). It is closed with respect
to arbitrary intersections and it is a distributive sublattice of the lattice of all I-
subgroups of G.

Definition 2.8 ([2]). Let C' be a convex l-subgroup of G. For z,y € G, define
C+ 2 <C+yifand only if ¢ + z < y for some ¢ € C.
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Theorem 2.9 ([2]). The set R(C) of right cosets in G is a lattice with the above
ordering.

Definition 2.10 ([2]). A convex l-subgroup M of G is called regular if M is maximal
without some g € G and in this case M is called a value of g.

Theorem 2.11 ([2]). Let P € C(G). Then, P is meet irreducible in C(G) if and
only if P is mazimal in C(G) with respect to not containing some g € G.

Theorem 2.12 ([2]). Every non zero element of an l-group G has at least one value.
Consequently, each convex l-subgroup can be obtained as the intersection of regular
l-subgroups.

Theorem 2.13 ([2]). If G is an l-group and M € C(G) then the following are
equivalent :

(1) M is regular.

2y McM*=n{C|MCCeC(G)}.

(3) M is meet irreducible in C(G).

Corollary 2.14 ([2]). If M is a regular convex l-subgroups of G and a,b € G — M,
then a Abe GT — M.

Theorem 2.15 ([2]). If G is an l-group and M € C(G), then the following are
equivalent :

(1) If A,BeC(G) and M D AN B, then M 2 A or M D B.

(2) IfA,BeC(G), ADM and BD M, then ANB D M.

(3) Ifa,be Gt — M, thenaANbe GT — M.

(4) If a,be Gt — M, then a Ab > 0.

(5) The lattice of right cosets of M is totally ordered.

(6) {C €C(Q)| C D> M} is chain.

(7) M is the intersection of a chain of reqular convex l-subgroups.

Definition 2.16 ([2]). A convex l-subgroup that satisfies any one of the conditions
of above theorem will be called prime.

Each regular [-subgroup is a prime convex [-subgroup. Each maximal convex
l-subgroup of G is a value of some element of GG, so maximal convex [-subgroup is
prime. In special case that R(C) becomes linearly ordered with the above ordering,
we call C' is a prime convex [-subgroup of G.

Theorem 2.17 ([2]). Let S # @ be a subset of an l-group of G. Then
(S) ={zeG|la| <[si]+[s2] + - +sn|, ss € 5,1 =1,2,---n}
is the convez [-subgroup of G generated by S.
Let G be an I-group and g € G. Let C; be the set of all convex [-subgroups of G

that contain g. Then N{c | ¢ € C,} contains g and is contained in every element of
Cgy. It is the smallest convex l-subgroup of G containing g, and will be denoted by

(9)-
Lemma 2.18 ([7]). If G is a l-group and g € G, then

(9) ={feG|Ifl <nlgl,neZt}.
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Corollary 2.19. [7] If G is a l-group and f,g € G, then
(fng)=(f) N {g) and (fV g) = (f)V (9)-
Corollary 2.20. [7] Let g € G. Then, {|g]) = (g).

Definition 2.21. [7] Let e € G be called a strong unit if for any a € G, |a| < nle|,
for some n € Z*.

Clearly (e) = G.

Definition 2.22 ([17]). Let X be a non empty set. A L-Fuzzy subset A of X is a
mapping from X into L, where L is a complete lattice satisfying the infinite meet
distributive law.

Definition 2.23 ([17]). Let A : X — L be a L-fuzzy sub set of X. Then the set
{A(z) | x € X} is called the image of A and is denoted by A(x) or I'm(X). The set
{z |z € X, \(z) > 0} is called the support of A and is denoted by Supp(X). The set
Xa={zeX | Xz)=X0)}. Fort € L, \y = {x € X | M«) >t} is called a t-cut or
t-level set of A.

Definition 2.24 ([17]). Let A, u be two L-fuzzy subsets of X. If A(z) < u(z) for
all z € X, then we say that A is contained in p and we write A C p. Define AU p
and A N g are L-fuzzy subsets of X by for all z € X, (AU p)(x) = A=) V p(x),
(ANp)(z) = Ma) Ap(x). Then AU p and ANy are called the union and intersection
of A\ and pu, respectively.

Definition 2.25 ([17]). Let f be a mapping from X into Y, and let A\ and p be
L-fuzzy subsets of X and Y respectively. The L-fuzzy subsets f()\) of Y and f~!(p)
of X, defined by

o = { Y@ Iz EX IR =0} i) 2o

0 otherwise,

where y € Y, and f~1(u)(x) = u(f(z)), for all z € X, are called the image of A
under f and the pre-image of p under f, respectively.

Definition 2.26 ([17]). A L-fuzzy subset X of X is said to have sup property if, for
any subset A of X, there exists ag € A such that A(ag) = VeeaA(a).

Definition 2.27 ([17]). Let f be any function from a set X to a set Y, and let
A be any L-fuzzy subset of X. Then A is called f-invariant if f(z) = f(y) implies
A(x) = Ay), where z,y € X.

Definition 2.28 ([17]). Let X be nonempty set. Let Y C X and a € Y. We define,
a L-fuzzy set ay is defined as follows:

()_ a ifzeY
W'=Y 0 ifreX -V

In particular, if Y is a singleton, say, {y}, then a, is called as L-fuzzy point.

Definition 2.29 ([20]). Let G = (G, +,V,A) be an I-group with 0 as the additive
identity in G. A L-fuzzy subset A of GG is said to be a L-fuzzy sub [-group of G, if
() Az + 1) > M) A W),
992
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(i) A(~2) = A(@),

(i) Az Vy) = A(@) A Ay),

(V) Az A g) > Mz) A ()
for all z,y € G.

)

Theorem 2.30 ([20]). Let A\ be a L-fuzzy subset of an l-group G. X\ is a L-fuzzy
sub l-group of G if and only if for all z,y € G,

Mz —y) > Mz) AXy) and Mx Ay) AXzVy) > Xz) AAy).

Theorem 2.31 ([20]). If A is a L-fuzzy sub l-group of G, then

(1) A(0) > A(x) for all z € G,

(2) Mxt) > Mx),Mz7) > Xz) and X(|z|) > N(z) for all x € G,

(3) Supp(A) is a l-subgroup of G, if Supp(\) # @ and L is regular, i.e.,
ifa#0,b#0, then a ANb# 0 where a,b e L.

Definition 2.32 ([20]). A L-fuzzy sub Il-group A of a I-group G is said to be a
L-fuzzy l-ideal of G if

(i) Mz +y) =AMy +2x) for all z,y € G and

(ii) z,a € G,|z| < |a| = A(x) > A a).

3. L-FUZZY CONVEX SUB [-GROUPS

Definition 3.1. A L-fuzzy sub l-group A of G is said to be a L-fuzzy convex sub
l-group of G if x,a € G, 0 <z < a= A(x) > Aa) (Convexity condition).

Theorem 3.2. Let A be a L-fuzzy sub l-group of G. Then X\ is a L-fuzzy convex sub
l-group of G if and only if 0 < x < a implies A\(0) > A(x) > Aa), for all z,a € G.

Lemma 3.3. Let A be a L-fuzzy convex sub l-group. Then |x| < |a| implies A\(x) >
Aa), for x, a € G.

Theorem 3.4. A L-fuzzy sub l-group A of a l-group G is a L-fuzzy convex sub I-
group of G if and only if for each l-subgroup M, t € A(G)U{t € L | AX(0) >t} is a
convez I-subgroup of G.(In fact, for each t € L, A\ is empty or a convex l-subgroup

of G).

Example 3.5. Let L = [0,1]. Let G=Z x Z, where Z be the set all integers. By
ordering lexicographically (a,b) > (0,0) if and only if @ > 0 or a = 0 and b > 0.
Let + be usual addition. (G,+,V,A) is an l-group with above ordering. Define a
L-fuzzy subset p: G — L, by

Lo if (z,y) €
p(x) =4 0.5 lf () € (
0.25, otherwise.
Clearly the level sets p; = {(0,0)}, if 0.5 <t <1, ;1 ={(0,0)} x Z, if 0.25 < t < 0.5
and p;=G for 0 <t < 0.25, are convex [-subgroups of G. Therefore, u is a L-fuzzy
convex sub [-group of I-group G.

(0,0)}
{(0,0)} x Z) = {(0,0)}

Example 3.6. Let L={1,a,b,0}, where 1 > a > 0,1 > b > 0 and a || b be the
lattice.
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Let G=Z x Z, where Z be the set all integers. Clearly (G,+,V,A) is an [-group
with point wise ordering. Clearly I1=Z x {0}, I,={0} x Z are l-subgroups of G.
Define a L-fuzzy subset p: G — L, by

1, if (z,y) = (0,0)
_J a, if(x,y) e —{(0,0)}
HEV=N b it () € 1~ {(0,0))
0, otherwise.

Clearly, the level sets 11={(0,0)}, po=1I1, pp=1I2, and po=G are convex l-subgroups
of G. Therefore, i is a L-fuzzy convex sub I-group of I-group G.

Example 3.7. Let L=[0,1]. Let G=C(X) be the set of all continuous real valued
functions on X, where X is a Hausdroff space. If all the operations defined pointwise
ie, for f,g € C(X) and for each z € X, (f + g)(x) = f(z) + g(x), (f Vg)(z) =
flz) Vv glz), (f Ng)(z) = f(z) A g(x), then C(X) becomes an I-group. With each
point x of X and a neighborhood U of x there are two [-subgroups defined by,
O,={f € C(X) | f(U) ={0}} and M,={f € C(X) | f(x) =0}. Let z € X and a
neighborhood U of x. Define p : C(X) — L as follows:

1, iff=0

75, if fe 0, — {0}

b5, it feM,—-0,

0, otherwise.

w(f) =

Clearly the level sets pu; = {6} for 0.75 <t <1, up = O, for 0.5 <t < 0.75, ur = M,
for 0 <t < 0.5 and pg = G are all convex [-subgroups of G. Then p is a L-fuzzy
convex sub [-group of C(X).

Theorem 3.8. If \ is a L-fuzzy convex sub l-group of G, then Supp(A) = {z € G |
Az) > 0} is a convex l-subgroup of G if Supp(\) # @ and L is regular.

Theorem 3.9. The intersection of any non empty family of L-fuzzy convex sub
l-groups of G is a L-fuzzy convex sub l-group.

Theorem 3.10. If A is a L-fuzzy convex sub l-group of G, then Gy = {x € G |
Az) = N0)} is a convex l-subgroup of G.

Theorem 3.11. If A is any convez l-subgroup of G, then the L-fuzzy subset A of G

defined by
| s dfzeA
M@—{t ifad A
where s,t € L and t < s, is a L-fuzzy convex sub l-group of G.

Theorem 3.12. A nonempty subset A of an l-group of G is a convex l-subgroup of
G if and only if x4 is a L-fuzzy convex sub l-group of G.

Theorem 3.13. Let G and G’ be two l-groups. Let A\ and p be L-fuzzy convex sub
l-groups of G and G’ respectively. If f : G — G’ be a epimorphism, then
(1) f(N) is a L-fuzzy convex sub l-group of G', provided that X is f-invariant.
(2) f~Y(w) is a L-fuzzy convex sub l-group of G.
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Theorem 3.14. Let [ be a homomorphism of G onto G'. If X and u are L-fuzzy
convez sub l-groups of G, then f(AN ) = f(A) N f(u), provided that if at least one
of X\ or p is f-invariant.

Theorem 3.15. For any, L-fuzzy subset X of G, there exists smallest L-fuzzy convex
sub I-group of G containing A.

Definition 3.16. Let A be a L-fuzzy subset of an I-group GG. The smallest L-fuzzy
convex sub [-group of G which contains A is called the L-fuzzy convex sub I[-group
of G, generated by A and is denoted by ().

Theorem 3.17. Let p be a L-fuzzy subset of an l-group G. Define v: G — L be a
L-fuzzy subset as follows:

v(z) = V{Ayeap(y) [ AC G, 1 <JA| < oo, z € (A)}z €C),

where (A) denotes convex l-subgroup generated by A. Then v = {u), L-fuzzy convex
sub l-group generated by .

Theorem 3.18. The set C(G) of all L-fuzzy convex sub l-groups of an l-group G is
a complete lattice under the relation C . The Sup and Inf of any family {\; | i € A}
of L-fuzzy convex sub l-groups are (U{X\; | i € A}) and N{\; | i € A} respectively.
The greatest and the least elements are xg and xg where, xg(z) =1, for allz € G,
Xe(x) =0, for all z € G.

We note that C(G) is a sublattice of the lattice of all L-fuzzy sub I-groups. Now,
we close this section with some results of L-fuzzy points. Here (x,) is a L-fuzzy
convex sub l-group generated by L-fuzzy point x, and (x) denotes the convex I-
subgroup of G generated by x.

Lemma 3.19. Let x € G and a € L — {0}. Then (x,) = a(y).

Theorem 3.20. Let z,y € G and a,b € L — {0}. Then
Q(z) N b<y> = (a A\ b)(m}ﬁ(y}; i.e., <:L'a> N <yb> = (<:17> N <y>)a/\b-

Theorem 3.21. Ifz, y € Gt and a, b € L — {0}, then (x4) N {yp) = ( A Y)ans-
Lemma 3.22. Let z,y € G and a,b € L —{0}. Then

(1) a<b=ap) Cby).

(2) (z) C(y) = a@) C agy,.

(3) aga) Vb S (a V) @yviy)-
Proof. (i) and (ii) are clear.

(iii) Clearly, a < a V b. Then argy © (aVv b)<w> C(aV b)(a:)\/(y)~

Similarly, b, C (aV b)<y> C(aV b)<$>v<y>. Thus ay V b,y € (aV b)<$>v<y>. U

Theorem 3.23. Ifx, y € Gt and a, b € L — {0}, then (za) U (y) < (xV Y)ave-

4. L-FUZZY COSETS

Definition 4.1. Let A : G — L be a L-fuzzy convex sub [-group of G and = € G.

The L-fuzzy subset . + A : G — L defined by (x+\)(y) = AM(—x+y),for all y € G is

called a L-fuzzy left coset of the L-fuzzy convex sub l-group A corresponding to x.
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Definition 4.2. Let A : G — L be a L-fuzzy convex sub [-group of G and = € G.
The L-fuzzy subset A+ 2 : G — L defined by (A +z)(y) = My — ), for all y € G is
called a L-fuzzy right coset of the L-fuzzy convex sub [-group A corresponding to x.

Theorem 4.3. If A\ : G — L is a L-fuzzy convex sub l-group of G, then x4+ = y+ A
if and only if A(—x +y) = A(0) = AM(—y + z).

Theorem 4.4. If A\ : G — L is a L-fuzzy convex sub l-group of G, then A\+x = A+y
if and only if My —x) = M0) = Az — y).

Theorem 4.5. Let A be a L-fuzzy convex sub l-group of G. If x + A =y + X i.e,
A=z +y) = A0), then A(z) = \(y).

Theorem 4.6. Let A be a L-fuzzy convex sub l-group of G. If \+x = A+ y i.e,
Ay — x) = A(0), then A(z) = A(y).

Theorem 4.7. Let )\ be a L-fuzzy convex sub l-group of G. Then, for any x,y € G,
c+A=y+Aifand only if v + Gy =y + G,.

Theorem 4.8. Let )\ be a L-fuzzy convex sub l-group of G. Then, for any x,y € G,
Adz=A+yifand only if Gy + =G\ +y.

Definition 4.9. Let A\ be a L-fuzzy convex sub [-group of G. For z,y € G, define
x4+ A <y+ X\if and only if x + ¢ < y for some ¢ € Gj.

Remark 4.10. (1) We note that the above definition z + A < y + A is equivalent
to z < y + ¢ for some ¢ € G.
2)Ifr<yinG thenz+A<y+A(assz+0<y, 0€qG)).

Definition 4.11. Let X be a L-fuzzy convex sub [-group of G. For z,y € G, define
A+ 1z < A+yif and only if ¢ + z < y for some ¢ € Gj.

Remark 4.12. (1) We note that the above definition A + z < A + y is equivalent
to z < ¢+ y for some ¢ € Gj.

2)Ifr<yin G, then A+ <A+y(ass0+z <y, 0 € G,).
Theorem 4.13. The set of all L-fuzzy left cosets of \ i.e, % ={z+N|zeG}is
a distributive lattice with the ordering mentioned in Definition 4.9.

Proof. (1) ordering is well defined : Let z,y,2’,y’ € G such that
z+A=2"+ XN y+A=9+Xand z < y+ c for some c € G,.
Then —x + 2’ € Gy, —y + ¥y’ € G. On the one hand,
¥=r—-x+a
<y+c—z+a
=y -y +yt+c—a+a
=y +(—(-y+y)) +ct(-z+2)
=y +s,
where s = (—=(—y+y'))+c+ (—x+2') € Gx. Thus 2’ + X <y’ + A. So the ordering

< is well defined.
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1) < isreflexive : Let x + A € 5. Clearly, t + 0 =z an € G . By definition,
i) < is reflexive : L A€ §. Clearl 0 d 0 € G. By definiti
r+A<z+ A forall zeG.

(i) < is anti-symmetric : Let z,y € G such that t+ A <y+dand y+ A <z + A
Then

T+ A< y+ A=+ s <y for some 51 € Gy
and
y+ A<+ A= y+ s <z for some sy € G,.
Thus y +s2+ 81 <x+51 <y. So s2+51 <—y+zx+s; <0. Hence
so+s1<—y+ax+s5 <0< —(—y+ax+s1) < —(s24s1).

Since A\ is a L-fuzzy convex sub I-group of G, we have
A=s1 —z+y) 2 A(—(s2+ 51))
= A(s2+ $1)
> A(s2) A A(s1)
=X(0)
> AM=s1 —x+vy).

Since s1 € Gy, (—s1 —x+y) € Gy, i.e., —x +y € Gy. Therefore z + A =y + \.
(iii) < Transitive : Let z,y,z € G such that z + A <y+Aand y + A < z 4+ A.
Then

r+s1 <yand y+ s <z for some s; € Gy, s2 € Gy.

Thus z+s1+s2 < y+s3 < z. Sox+s < z, where s = s1 + so € G). Hence
z+ X< z+ A and thus < is transitive.

Therefore, by (i), (i) and (iii), < is a partial order on §.

(II) § is Lattice : Let 24+, y+A € §. We prove that (z+A)V (y+A) = (zVy)+A,
ie,lubof {z+ A\ y+ A}

Clearly, t <zVyand z <xVy. Thenz+A<zVy+landy+A<zVy+ A
Thus =V y+ X is an upper bound of x + A and y+ \. Let z + A be any upper bound
ofz+Xdandy+ A ie,z+A<z+Aand y+ X< z+ A Then

r<z4+s; and y < z+ s for some s, 82 € G.
Thus
xVy<(z+s5)V(z+82) =24+ (s1V$2).

Clearly, s1 V so € Gy and G, is l-subgroup of G. So zVy+ A < z+ A. Hence
4+ AN V(y+A)=(xVy)+ A

Similarly, we can show that (z +A) A (y + A) = (x Ay) + A. Therefore
lattice.

(I11) % distributive lattice : % is a distributive lattice, since l-group G is a
distributive lattice. O

997

is a

>Q



G. S. V. Satya Saibaba /Ann. Fuzzy Math. Inform. 11 (2016), No. 6, 989-1001

Theorem 4.14. The set of all L-fuzzy right cosets of X i.e, § = {\+ 2z |z € G},
is a distributive lattice with the ordering mentioned in Definition 4.11.

Theorem 4.15. Let A be a L-fuzzy convex sub l- group of G. Then the following
are equivalent :

(1) z,y € G,z Vy =0 impliesx € Gy ory € Gy.

(2) xz, y€ G, x ANy =0 impliesx € Gy ory € Gy.

(3) & is totally ordered.

If X is a L-fuzzy convex sub l-group, then G is a convex [-subgroup of G. Thus
the set c% of left cosets of )\, is a distributive lattice.

Theorem 4.16. Let )\ be a L-fuzzy convex sub l-group of G. Then there is an order
isomorphism between % and (%

Now we can easily observe that, the above theorem can holds for right cosets also.

Definition 4.17. Let A\ be a L-fuzzy convex sub l-group of G. Then A is called a
L-fuzzy maximal convex sub [-group of G, if X is a maximal element in the set of all
non constant L-fuzzy convex sub [-groups of G under point wise partial ordering.

Now we close this section with the characterization of L-fuzzy maximal convex
sub [-groups of G.

Theorem 4.18. Let \ be a L-fuzzy subset of an l-group G. Then X\ is a L-fuzzy
mazimal convexr sub l-group of G if and only if there exist, a mazimal convex I-
subgroup M of G and mazimal element a in L such that

)\(x):{ 1, ifxeM

«, otherwise.

5. L-FUZZY PRIME CONVEX SUB [-GROUP

Definition 5.1. A non constant L-fuzzy convex sub I-group of an [-group G is called
L-fuzzy prime convex sub [-group if and only if for any L-fuzzy convex sub [-groups
pand v, pNv C A= either u CAorv CA

Clearly, L-fuzzy prime convex sub [-group of G are precisely the prime elements
in the complete lattice C(G) of all L-fuzzy convex sub I-group of G.

Theorem 5.2. If \ is a L-fuzzy prime convex sub l-group of G, then Gy = {z €
G | X(z) = A(0)} is a prime convex l-subgroup of G.

Lemma 5.3. If A is a L-fuzzy prime convex sub l-group of G, then A(0) = 1.

Now the following theorem establishes one to one correspondence between L-
fuzzy prime convex sub l-groups of G and pairs (P, «), where P is a prime convex
l-subgroup and « is an irreducible element in L.

Theorem 5.4. Let X be a L-fuzzy subset of G. Then, X\ is a L-fuzzy prime convex
sub l-group of G if and only if there exists a pair (P, «), where P is a prime convex
l-subgroup and o is an irreducible element of L, such that
|1, ifzxeP
Alx) = { «, otherwise.
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Corollary 5.5. xp is a L-fuzzy prime convex sub l-group of G if and only if P is
a prime convex l-subgroup and 0 is irreducible element in L.

Theorem 5.6. Let A be a L-fuzzy prime convex sub l-group of G. If u DO X\ and
v D A, where u and v are L-fuzzy convex sub I-groups of G, then uNv D A.

Theorem 5.7. If \ is a L-fuzzy prime convex sub l-group of G, then % is totally
ordered.

Proof. Let X be a L-fuzzy prime convex sub [-group of G. Then G, is a prime convex
l-subgroup of G. Let x + A,y + A € % We know that, in [-groups, (% is totally
ordered. Thus t+Gy) < y+Grory+Gy <x+Gy, ie,r+s3 <yory+sy <z, for
some S1,82 € Gy, le, z+A<y+Aory+A<z+ A So % is totally ordered. [

Theorem 5.8. Let A be a L-fuzzy prime convexr sub l-group of G. If x,y € G such
that xt Ny =0, then x € G\ ory € Gx.

Theorem 5.9. Let A be a L-fuzzy prime convex sub l-group of G. If x,y € G such
that xt Vy =0, then x € G\ ory € Gy.

Theorem 5.10. Let A be a L-fuzzy prime convex sub l-group of G. Then for any
z,y € G, either A(z Ay) = A(z) or A(z Ay) = A(y).

Proof. Let z,y € G. By the above theorem, % is totally ordered. Then either
r+A<y+Adory+A<z+ A ThuszAy+ A=+ orzAy+A=y+ A\
So A(—z+x Ay) = A0) or A(—y +x Ay) = A(0). Hence A(z) = A(z Ay) or
Ay) = Az A y). Therefore A(z Ay) = A(z) or Az Ay) = A(y). O

Theorem 5.11. Let A be a L-fuzzy prime convex sub I-group of G. Then for any
z,y € G, either A(z Vy) = A(z) or A(z Vy) = A(y).

Proof. AM(xVy) = A(—(zVy)) = AM((—2)A(—y)) = M=) or AM(—y) =A(z) or A(y). O

Theorem 5.12. Let f be a homomorphism of G onto G'. If X is a L-fuzzy prime
convex sub l-group of G, then f(X\) is a L-fuzzy prime convex sub l-group of G,
provided that \ is f-invariant.

Theorem 5.13. Let f be a homomorphism of G onto G'. If u is a L-fuzzy prime
convez sub l-group of G', then f~1(u) is a L-fuzzy prime convex sub l-group of G,
provided that every L-fuzzy convex sub l-group of G is f-invariant.

From [2], we have each non zero element z of an I-group has at least one value i.e,
there exists a convex [-subgroup of G which is maximal with respect to the property
of not containing z (such a convex I-subgroup is called regular). Consequently
each convex [-subgroup can be obtained as the intersection of regular [-subgroups.
Also each regular convex [-subgroup is prime convex [-subgroup. So, each convex
l[-subgroup can be written as intersection of prime convex Il-subgroups. Now, we
have the following theorem in fuzzy setting.

Theorem 5.14. Let G be a l-group. Let X\ be a L-fuzzy convex sub l-group with
ImX = {1,c}, where c is irreducible element in L. Then \ can be expressed as the
intersection of L-fuzzy prime convex sub l-groups of G.
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Proof. Since c is irreducible in L and ¢ # 1. Since ImA = {1,¢} we have Gy # G,
G, is a convex [-subgroup of G. G is the intersection of regular convex [-subgroups
of G and each regular convex [-subgroup is a prime convex [-subgroup. So, G is
the intersection of prime convex [-subgroups of G. So there exists a family {G;}icr
of prime convex [-subgroups of G such that Gy = N;¢rG;.

Let

1, if v € G;

¢, otherwise,

(@) = {

for i € I. Each \;,i € I is a L-fuzzy prime convex sub l-group of G. Clearly,
A= Nier;. O

Corollary 5.15. Each L-fuzzy maximal convex sub l-group is L-fuzzy prime convex
sub [-group.
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