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ABSTRACT. In this paper, we introduce four notions of Ro—property
in fuzzy bitopological spaces by using quasi-coincident sense. We show
that all these notions satisfy good extension property. Also hereditary and
productive properties are satisfied by these concepts. We observe that all
these concepts are preserved under one-one, onto and continuous mappings.
Finally, we show that initial and final fuzzy bitopological spaces are Rp.
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1. INTRODUCTION

Fuzzy topology, as an important research field in fuzzy set theory, has been
established by Chang [6] in 1968 based on Zadeh’s [33] concept of fuzzy sets. Since

then much attention [24, 28, 29, 10] has been paid to generalize the basic concepts of
general topology in fuzzy settings. In classical topology the concept of Ry-property
first defined in 1943 by Shanin [30]. After then Dude [8], Naimpally [23], Dorsett

[7], Caldas et al. [5], Ekici [9], Keskin and Nori [19] and Roy and Mukherjee [26]
defined and studied many characterizations of Rg-properties. The concepts of fuzzy
Ry- type axioms for fuzzy topology was first introduced by Hutton and Reilly [13]

in 1980. In 1990, Ali et al. [4] introduced some other definitions of fuzzy Ry-
axioms. Srivastava et al. [31], Hossain and Ali [11], Khedr et al. [20], Jun and Lee
[14], Ali and Azam [3], Zhou and Zhao [12] and Zhang et al. [34] also gave some

new concepts of Ry-property in fuzzy topology. In 1989, Kandil and El-Shafee [15]
introduced the concept of fuzzy bitopological spaces (fbts, in short) as an extension
of fuzzy topological space and as a generalization of bitopological spaces which was
introduced by Kelly [18]. After then in 1991, Kandil and El-Shafee [10] first defined
Ry-property in fuzzy bitopological spaces. Then after Abu Safiya et al. [1], Kandil
et al. [17] and Nouh [25] defined several types of Ro-properties. The objective of this
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paper is to introduce a set of new notions of Rg-properties of fbts each of which is
shown as the good extension of bitopological Ry-property. We have also shown that
these notions are preserved under one-one, onto and continuous mappings. Finally
we have established that initial and final properties of fuzzy bitopological spaces
hold the Ryp-properties.

2. PRELIMINARIES

In this section, we give some elementary concepts and results which will be used
in the sequel. Throughout this paper, X will be a non-empty set, I = [0,1], Iy =
(0,1], I; = [0,1) and FP(resp P) stands for fuzzy pairwise (resp pairwise). The
class of all fuzzy sets on a universe X will be denoted by IX and fuzzy sets on X
will be denoted by u, v, w, etc. Crisp subset of X will be denoted by capital letters
U,V,W etc. In this paper (X, t) and (X, s, ) will be denoted fuzzy topological space
and fuzzy bitopological space respectively. x,.qu denotes x, is quasi-coincident with
u and z,-qu denotes that x, is not quasi-coincident with u throughout this paper.

Definition 2.1 ([33]). A fuzzy set p in a set X is a function from X into the closed
unit interval I = [0,1]. For every x € X, u(x) € I is called the grade of membership
of x. A member of IX may also be called fuzzy subset of X.

Definition 2.2 ([33]). Let f be a mapping from a set X into a set Y and u be a
fuzzy set in X. Then the image of u, written as f(u), is a fuzzy set in Y whose
membership function is given by

F)(y) = { supfu(@)}, if f{y)] £ @, 2 € X,

0, otherwise.

Definition 2.3 ([33]). Let f be a mapping from a set X into a set ¥ and v be a
fuzzy set in Y. Then the inverse of v denoted as f~1(v) is a fuzzy set in X defined
by

) (x) = v(f(x)), for all z € X.

Definition 2.4 ([32]). A fuzzy set p in X is called a fuzzy singleton if and only if
wx)=r, (0 <r <1) for a certain x € X and u(y) = 0 for all points y of X except
x. The fuzzy singleton is denoted by x, and =z is its support. We call z, is a fuzzy
point if 0 < r < 1. The class of all fuzzy singletons in X will be denoted by S(X).

Definition 2.5 ([6]). A fuzzy topology t on X is a collection of members of I which
is closed under arbitrary suprema and finite infima and which contains constant fuzzy
sets 1 and 0. The pair (X,t) is called a fuzzy topological space (fts, in short) and
members of ¢ are called t-open (or simply open) fuzzy sets. A fuzzy set u is called
t- closed (or simply closed ) fuzzy set if 1 — u € ¢.

Definition 2.6 ([27]). Let f be a real valued function on a topological space. If
{z: f(z) > a} is open for every real o € I, then f is called lower semi continuous
function.

Definition 2.7 ([6]). A function f from a fuzzy topological space (X,t) into a
fuzzy topological space (Y, s) is called fuzzy continuous if and only if for every u € s,

() et
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Definition 2.8 ([4]). Let X be a nonempty set and T' be a topology on X. Let
t = w(T) be the set of all lower semi continuous (Isc, in short) functions from (X, T)
to I (with usual topology). Thus w(T) = {u € I : p~Y(a, 1] € T} for each a € I;.
It can be shown that w(T) is a fuzzy topology on X.

Let P be a property of topological spaces and F'P be its fuzzy topological ana-
logue. Then FP is called a ‘good extension’ of P if and only if “the statement
(X,T) has P if and only if (X, w(T)) has FP” holds good for every topological
space (X, T).

Definition 2.9 ([16]). A fuzzy singleton z, is said to be quasi-coincident with a
fuzzy set p, denoted by z.qu iff » + p(x) > 1. If z, is not quasi-coincident with p,
we write x,qu.

Definition 2.10 ([11]). A fuzzy topological space (X,t) is called

(i) FRy(i) iff for any pair z,, ys in S(X) with  # y, whenever Ju € ¢ with
Trqu, Ysqu, then Jv € t such that ysqu, x,-qv.

(ii) FRo(i%) iff for any pair z,, ys in S(X) with  # y, whenever Ju € t with
T, € u, Ysqu, then Jv € ¢ such that ys € v, z,.qu.

(i) FRo(4i7) iff for any pair z,, ys in S(X) with x # y, whenever Ju € ¢ with
Trqu, ys Nu = 0 then Jv € t such that ysqu, z, Nv = 0.

(iv) FRy(iv) iff for any pair z,, y, in S(X) with z # y, whenever Ju € ¢ with
Ty € u, Yys € u® then Jv € t such that y, € v, z, C v°.

(v) FRo(v) iff for any pair z,, ys in S(X) with  # y, whenever Ju € ¢ with
T, € u, ys Nu = 0 then v € t such that ys € v, z,. Nv = 0.

Definition 2.11 ([18]). Let X be any non empty set and S and T be any two
general topologies on X. Then the triple (X, S,T) is called a bitopological space.

Definition 2.12 ([16]). A fuzzy bitopological space (fbts, in short) is a triple
(X, s,t), where s and t are arbitrary fuzzy topologies on X.

Definition 2.13 ([16]). A fuzzy bitopological space (X, t1,t2) is called F PRy if and
only if z:qt;.cl(y,) implies ysqt;.cl(xs) (1,7 € {1,2}, © # j).
Definition 2.14 ([2]). A fbts (X, t1,t2) is said to be PFRy if and only if for any

distinct fuzzy points p and ¢ in X, whenever there exists p € t; such that p € p and
g N p =0, then there exists v € ¢; such that pNy=0and g € v(3, j = 1,2, i # j).

Definition 2.15 ([2]). A fbts (X, t1,t2) is said to be PF Ry, if for any z,y € X, x #
y, whenever there exists p € ¢; such that p(z) =1, p(y) = 0, then there exists v € ¢;
such thaty(z) =0, v(y) = 1. (4,5 = 1,2,i # 7).

Further, let A C X and sg4 = {u/A : u € s}, ta = {v/A : v € t} denoted the
subspace topology on A induced by s4, ta respectively. Then (A, sa,t4) is called
subspace of (X s,t) with the underlying set A.

A fuzzy bitopological property P is called hereditary if each subspace of a fbts
with property P, also has property P.

Definition 2.16 ([22]). A function f from a fuzzy bitopological space (X, s,t)
into a fuzzy bitopological space (Y, s1,t1) is called FP-continuous if and only if
f:(X,s) = (Y,s1) and f: (X,t) — (Y, t1) are both fuzzy continuous.
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Definition 2.17 ([32]). Let {(X;, s, %), € A} be a family of fuzzy bitopological
space. Then the space ([ X;,[]s:, [[%:) is called product fuzzy bitopological space
of the family {(X;,s;,t),i € A}, where []s;, [[#: respectively denote the usual
product fuzzy topologies of the families {[]s; : i € A} and {[]¢; : ¢ € A} of the
fuzzy topologies on X;, i € A.

A fuzzy topological property P is called productive if the product of a family of
fbts, each having property P, has property P.

Definition 2.18 ([18]). A bitopological space (X, S, T) is called pairwise-Ry (P Ro,
in short) if for all z,y € X, ¢ # y, whenever 3U € S with € U,y ¢ U, then
dV e T such that y € V, x € V.

Definition 2.19 ([21]). The initial fuzzy topology on a set X for the family of fts
{(Xi,t;) }ies and the family of functions {f; : X — (X;,t;)}ics is smallest fuzzy
topology on X making each f; fuzzy continuous. It is easily seen that it is generated
by the family {f; " (u;) @ u; € ti}iey.

Definition 2.20 ([21]). The final fuzzy topology on a set X for the family of fts
{(Xi,ti) bies and the family of functions {f; : (Xi,t;) — X}ies is finest fuzzy
topology on X making each f; fuzzy continuous.

3. Fuzzy PAIRWISE Ry-SPACES

The goal of this section is to introduce a set of new notions of fuzzy pairwise
Ry-type axioms in fuzzy bitopological spaces. These new concepts are generated by
using quasi-coincidence sense.

Definition 3.1. A fuzzy bitopological space (X, s,t) is called

(i) FPRy(i) iff for every pair of fuzzy singletons z,., ys in X with z # y, whenever
du € s with x,.qu, ysqu, then I\ € ¢ such that y.q\, z,.gA.

(ii) F PRy (i) iff for every pair of fuzzy singletons x,., ys in X with x # y, whenever
Ju € s with =, € u, ysqu, then I\ € t such that ys € A\, z,.g\.

(iii) FPRy(ii1) iff for every pair of fuzzy singletons z,, ys in X with x # y,
whenever Ju € s with x,.qu, ys N =0 then 3\ € t such that ysq\, . N A =0.

(iv) FPRo(iv) iff for every pair of fuzzy singletons z,, ys in X with = # y,
whenever Jp € s with x, € p, ys C p€ then I\ € ¢ such that ys € A, z, C A°.

(v) ([1]). FPRy(v) iff for every pair of fuzzy singletons x,, ys in X with a # y,
whenever Ju € s with x, € u, ys N =0 then I\ € ¢t such that y; € A\, x- N A =0.

In general, it is true that union of fuzzy topologies is not a fuzzy topology. But if
union of two fuzzy topologies is again a fuzzy topology, then we have the following
theorem.

Theorem 3.2. Let (X, s,t) be a fuzzy bitopological space and (X,sUt) be a fuzzy
topological space. Then the followings hold :
(1) (X,s,t) is FPRy(i) = (X,sUt) is FRy(7).
(2) (X,s,t) is FPRy(ii) = (X,sUt) is FRy(i).
(3) (X, s,t) is FPRy(iii) = (X, s Ut) is FRy(iii).
(4) (X,s,t) is FPRy(iv) = (X,sUt) is FRy(iv).
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Proof. First suppose that (X, s,t) is FPRy(i). We have to prove that (X,sUt) is
FRy(7). Let x,,ys be two distinct fuzzy singletons in X and p € s Ut such that
Trqit, Ysqu, that is, either p € s or p € t. Suppose p € s with z,.qu, ysGu. Since
(X,s,t) is FPRy(i), there exists A € t such that ysq\, z.gA. But if A € ¢, then
A € sUt with ysgX and x,.gA. Thus the topological space (X, sUt) is FRy(i).
Similarly, (2), (3) and (4) can be proved. O

For non-implications, the following examples will serve the purpose.

Example 3.3. Let X = {x,y} and s be a fuzzy topology on X generated by
{z1,y1 }U{constant}. Again t be the indiscrete fuzzy topology on X. Then (X, sUt)
is FRy(i), FRy(ii), FRy(ii1), FRo(iv) and FRy(v). On the other hand, (X, s,t) is
none of the FPRy(i), FPRy(it), FPRy(iii), FPRy(iv) and FPRy(v).

Remark: Let (X, s) and (X, t) be two fuzzy topological spaces and (X, s,t) be its
corresponding fuzzy bitopological space. Then “(X, s,t) is FPRy(j)” does not imply
(X,s) and (X,t) are FRy(j) in general, where j = 4, 44, 4ii, iv, v.

Example 3.4. Let X = {x,y} and s be a fuzzy topology on X generated by
{z1}U{constant}. Again ¢ be a fuzzy topology on X generated by {y; }U{constant}.
Then (X, s,t) is FPRy(i), FPRo(ii), FPRy(iii), FPRy(iv) and FPRy(v). On the
other hand, (X,s) and (X,t) are none of the F'Ry(i), FRo(ii), FRo(iii), FRo(iv)
and FRy(v).

Remark: Let (X, s) and (X,t) be two fuzzy topological spaces and (X s,t) be its
corresponding fuzzy bitopological space. Then “(X,s) and (X, t) are both FRy(j)”
does not imply (X, s,t) is FPRo(j) in general, where j = i, i1, i, iv, v.

Example 3.5. Let X = {z,y} and s be a fuzzy topology on X generated by
{z1,y1} U{constant}. Again t be a fuzzy topology on X generated by {constant}.
Then it is clear that (X, s) and (X,t) are both FRy(i), FRo(ii), FRy(iii), FRy(iv)
and F'Ro(v). But on the other hand, the fuzzy bitopological space (X, s,t) is none
of FPRy(i), FPRy(ii), FPRo(iii), FPRo(iv) and FPRy(v).

Now we discuss hereditary property of FPRy(j) concepts, where (j = i, ii, iii, iv, v)
in the following theorem.

Theorem 3.6. Let (X, s,t) be a fuzzy bitopological space, A C X and s4 = {u/A :
u € s}, ta={v/A: vet}. Then the followings hold :

(1) (X,s,t) is FPRy(i) = (A, sa,ta) is FPRy(3).

(2) (X,s,t) is FPRy(it) = (A,sa,ta) is FPR(i7).

(3) (X,s,t) is FPRy(iii) = (A, sa,ta) is FPRy(ii1).

(4) (X,s,t) is FPRy(iv) = (A,sa,ta) is FPRy(iv).

(5) (X,s,t) is FPRy(v) = (A, sa,ta) is FPRy(v).

Proof. First suppose that (X, s,t) is FPRy(i). We have to prove that (A,s4,t4)

is FPRy(i). Let x, and ys be two distinct fuzzy singletons in A and u € s4 such

that x,.qu and ysqu. Clearly x, and ys are two distinct fuzzy singletons in X. Let

uw=v/A, where v € s with z,.qy and ysgy. Since (X, s,t) is FPRy(i), there exists

A € t such that ysg\ and z,.g\. But by the definition, A\/A € t4 as A € ¢t and thus

ysq(A/A) and z.q(\/A). So the topological subspace (A, sa,t4) is FPRy(7).
Similarly, (2), (3), (4) and (5) can be proved. O
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In the following theorem, we observe that all the F'PRy(j) properties are good
extension of their bitopological counter parts, where j = i, i1, i1, v, v.

Theorem 3.7. Let (X,S,T) be a bitopological space. Then (X,S,T) is PRy iff
(X,w(S),w(T)) is FPRy(j), where j = 4,4i, i1, iv, v.

Proof. Suppose that (X,S,T) is PRy. We have to show that (X,w(S),w(T)) is
FPRy(3). Let x,,y, € S(X) with z # y and p € w(S) such that x.qu and y,qu.
Then p(z) +r > 1 and p(y) +r < 1, ie, p(r) > 1 —r and p(y) < 1 —r. Thus
r€pt(1-r1]andy ¢ p~t(1—r,1]. Since (X, S,T) is PRy, there exists U € T such
that y € U and z ¢ U. So 1y € w(T) and y,qly, z,Gly. Hence (X, w(S),w(T)) is
FPRy(d).

Conversely, suppose that (X, w(S),w(T)) is FPRy(i). We have to show that
(X,5,T) is PRy. Let z,y € X withx #y and let V € S withz € Vandy € V.
Then z,.qly and y.Gly. Since z, and y, € S(X) with  # y and 1y € w(S)
with z,.qly and y,.qly, there exists A € w(T') such that y,.¢\ and z,.g\. That is,
AMy)+r > 1 and Az) +r < 1, that is, My) > 1 —r and A(z) < 1 —r. Thus
yeX 1 —r1]and 2 € A1 —r,1]. So (X, S,T) is PRy.

We can prove similar way for j = 4, 4%, tv, v. O
In the following theorem, we show that all the F'P Ry-type axioms are productive.

Theorem 3.8. Given that {(X;,s:,t;) : i € N} is a family of fuzzy bitopological
spaces. Then the product fbts (I Xi, [ si, [[ti) is FPRo(j) if each coordinate space
(Xi, 8i,ti) is FPRo(j),where j = i,1i, i, iv,v.

Proof. Suppose (X;, s;,t;) : ¢ € \ be FPRy(i). We claim that ([T X, [] s:, [[ i) is
FPRy(i). Let zp,y, € S(I[X;) with  # y and u € []s; such that z,qu and y,qu.
That is, u(x) +p > 1 and u(z) +r < 1, that is, u(z) > 1 —p and u(z) <1 —r.
But u(z) = min{u;(z;) : i € A} and u(y) = min{u,(y;) : i € A}. Thus

we can find an u; € s; and x; # y; such that u;(z;) > 1—p and u;(y;) < 1—r. Since
(Xi, 8i,t;) is FPRy(i), there exists v; € t; such that v;(z;) < 1—pand v;(y;) > 1—7.
But we have [],(xz) = x; and [[,(y) = v; and thus

vi([Li(@) < 1=p, vi[L;(y) > 1 =7

and
o[ (@) +p < 1, vi([L ) +7 > 1.

So xpq(vi o I1;), yrq(vs o T1;). Hence ([T X5, [1s4, [[ti) is FPRo(1).
We can prove similar way for j = i, 4%, iv, v. O

In following two theorems, we observe here that FPRy(j),(j = 4,11, iii, iv,v)
concepts are preserved under continuous, one-one, onto and open mappings.

Theorem 3.9. Let (X, s,t) and (Y, s1,t1) be two fuzzy bitopological spaces and let
f:+ X =Y be bijective, FP-continuous and FP-open. If (X,s,t) is FPRy(j), then
(Y, s1,t1) is FPRo(j), where j = i, 1i,4ii, iv, v.
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Proof. Suppose that (X, s,t)is FPRy(i). We have to show that (Y, s1,t1) is FPR(i).

Let a,,b, € S(Y) with a # b and let w € s; with a,quw and byqw. That is,
w(a) +r > 1 and w(b) + p < 1. Since f is bijective, there exist ¢,, d, € S(X)
such that f(c¢) = a, f(d) = b and ¢ # d. Again since f is continuous and w € s1,
/71 (w) € s. On the one hand,

fYHw)(e) +r=w(f(c) +r=w(a) +r > 1.

Thus ¢.qf ' (w). Similarly, d,qf ~*(w). Since ¢,, d, are two distinct fuzzy singletons
in X and f~!(w) € s with ¢,qf ~Y(w) and d.qf ~*(w), there exists u € t such that
dpqu and c,qu, that is, u(d)+p > 1 and u(c)+r < 1. Now f(u)(b)+p = sup u(d)+p =
u(d)+p>1as f(d) =band f is bijective. So bpgf(u). Similarly, a,gf(u). Since f
is FP-open, f(u) € t;. Now it is clear that, there exists f(u) € ¢; such that byqf(u)
and a,qf(u). Hence (Y, s1,t1) is FPRy(4).

The proofs are similar for j = i, i3, iv, v. O

Theorem 3.10. Let (X,s,t) and (Y, s1,t1) be two fuzzy bitopological spaces and
f: X =Y be bijective, FP-continuous and FP-open. If (Y, s1,t1) is FPRy(j), then
(X, s,t) is FPRy(j), where j = 4,11, iii, v, v.

Proof. Suppose that (Y, s1,t1)is FPRy(i). We have to show that (X, s,t) is FPR(i).
Let ¢, dp, € S(X) with ¢ # d and let u € s with ¢,qu, d,gu. That is, u(c) +r > 1
and u(d) +p < 1. Now put f(¢) = a and f(d) = b. Then a # b as f is one-
one. Since f is FP-open, f(u) € s;. Since f is bijective and f~!(a) = {c},
f(u)(a) = supu(c) = u(c). Thus f(u)(a) +r = ulc) +r > 1. So arqf(uw). Simi-
larly, bp,gf(u). Since (Y, s1,t1) is FPRy(?) and f(u) € s1 with a,qf(u) and b,Gf (u),
there exists a fuzzy set v € t; such that b,qv and a,quv. Thus v(b) +p > 1 and
v(a) +r < 1. Now f~1(v)(c) = v(f(c)) = v(a). Similarly, f~1(v)(d) = v(b). So
7*)(e)+r=wv(a)+r <1and f~'(v)(d) +p=v(b)+p > 1. Hence dpqf'(v)
and ¢,.qf ~!(v). Since f is FP-continuous, f~*(v) € t. Therefore there exists a fuzzy
set f~1(v) € t such that d,qf~'(v) and ¢,¢f ! (v). Hence (X, s,t) is FPRy(i).
The proofs are similar for j = ii, i3, iv, v. O

Definition 3.11. The initial fuzzy bitopology on a set X for the family of fbts
{(Xi,si,t;) }ics and the family of functions {f; : X — (X, si, %)} ies is smallest
fuzzy bitopology on X making each f; F' P-continuous.

Definition 3.12. The final fuzzy bitopology on a set X for the family of fbts
{(Xi, 8i,ti) }ics and the family of functions {f; : (X, s;,t;) — X }iey is finest fuzzy
bitopology on X making each f; F'P-continuous.

Theorem 3.13. If {(X;,si,ti) ey is family of FPRy(j) fbts and {f; : X —
(Xi, 8isti) Yies, a family of functions, then the initial fuzzy bitopology on X for the
family {f:}ics is FPRy(j), where j = 1,41, i1, 9v,v.

Proof. We shall prove the theorem for j = 4 only. Let s and ¢ be the initial

topologies on X. Let z,, ys € S(X) with  # y and let a fuzzy set u € s with

xrqu, uNys = 0. That is, u(z)+r > 1 and u(y) = 0. For any o € (0,1 —7), consider

the fuzzy point x,. Then x, € u and thus it is possible to find a basic fuzzy s-open
951
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set, say

ffl(uiﬁ)ﬁfgl(ui)ﬂ NSt s, uf (1< k<n)

in in
being s;,-open fuzzy set such that
Zo € inf f;l(uf;) C u. (1)

Thus for all « € (0,1 — 1),

o < inf f;l(uf;)(x) < u(x)

or

a <infuf (fi, (x)) (for all « € (0,1 —71)).
SoThus

1 —r = supinfug (fi, (x)).
Now as for all « € (0,1 — 1),
ug, (fir () < supu, (fiy (),
inf ug, (fs),(x)) < infsupus (fi, (2)).

Hence

1 —r =supinfuf (fi, (z)) < infsupug, (fi, ().
This implies that
supug, (fi, (z)) >1—r
for all k, 1 < k < n. In particular,
supug, (fi, (z)) > 1—r.
Now let u; = supuf. Then u; € s;, and ui(f;,(z)) > 1 —7. Also as u(y) = 0,
from (1), uio‘l(fil(y)) =0Va € (0,1 —7). Thus ui(f;, (x)) = 0. Since (X;,, si,,t;,) is

FPRy(iii), then for every two fuzzy points (fi, (2))r, (fi, (¥))s of X;,, there exists
fuzzy set v1 € t;, such that

(fir (¥))squ1 and (fi, (2))r Nv1 = 0.

Now, let v, = f;l(vl). Then ysqv,., for this, since (f;, (y))sqv1 we have vy (f;, (y))+
s > 1, that is f; '(v1)(y) + s > 1, that is, v,(y) + s > 1. Hence y,qv,. Now, we have
to show that z, Nv, = 0. Suppose z, N v, # 0. Then v,.(z) > 0.
But v, (z) = f;,'(v1)(z) = vi(fi, (z)) > 0 which contradicts that (f;, (2)), Nvy = 0.

Therefore (X, s,t) is must FPRg(iii).
Similarly, we can prove for j = 4,4, iv, v. O

Theorem 3.14. If {(X;, s;,t:) }ies s family of FPRy(j) fbts and {f; : (X5, si,t;) —
X}ics, a family of FP-open and bijective, then the final fuzzy bitopology on X for
the family {fi}ics is FPRy(j), where j = i,ii,tii, iv,v.

Proof. We shall prove the above theorem for j=iii only. Let s and ¢ be the final
topologies on X for the family {fi}ics. Let z,, ys € S(X) with = # y and let a
fuzzy set u € s with z,qu, u Ny, = 0. That is, u(x) +r > 1 and u(y) = 0. That is,
u(z) > 1 —r and u(y) = 0.
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For any a € (0,1 — r), consider the fuzzy point z,. Then z, € w and so it is
possible to find a basic fuzzy s-open set, say
Jio (ug ) O fap () -0 f, (g ), (e (1<k<n)
being s;,-open fuzzy set such that
To € inf f;, (uf)) C u.

But for all & € (0,1 — 1),

a < inf f;, (uf )(z) < u(x)
or

1 —r = supinf f;, (uf )(z).
On one hand, as Va € (0,1 — ),

fin(ug, ) (@) < sup fi, (ug) )(),
we have Vo € (0,1 — r),
inf f;, (uf;)(x) <infsup f;, (ui)(x)
Thus
1 —r =supinf f;, (uf )(x) <infsup fi, (ug) )(z).
This implies that
supfik(uf;)(x) >1—r k(1<k<n)

or

sup(ug, )(w4,) > 1 -,
where f;, (z;,) =z, as f;, is bijective. In particular

sup(ug: ) (@i, ) > 1—1.

Now let u; = supug. Then u; € s;, and ui(2;,) > 1 —r. This implies that

(x4, )rqui. Also as u(y) = 0, from (1), we get
Ji, (uf)(y) =0, Ya € (0,1 —7).
Thus
sup fi, (uf,)(y) =0, Ya € (0,1 —r).
or
sup(ug, ) (yi,) =0
where f;, (yi,) =y, since f;, is bijective. Hence u(y;,) = 0.

Since (X, Si,,tiy) is FPRo(i4), then for every two fuzzy points (xi, )r, (ys,)s of
X, , there exists fuzzy set vy € t;, such that (y;,)squ1 and (z;,), Nv3 = 0. That is,
v1(yi,) > 1 — s and vy(x;,) = 0.
Now let v = f;, (v1). Then

o(y) = fi, (01)(y) = v1(y;,) > 1=,
where f; (y;,) = vy, since f;, is bijective. so, v(y) +s > 1. Hence ysqu. Also
z,. Nv =0, since
v(@) = fi,(v1)(2z) = vi(@i,) = 0.

Therefore (X, s,t) is FPR(#ii).

Similarly, we can prove for j = 4,4, iv, v.
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4. CONCLUSIONS

The concepts of fuzzy pairwise Ro-type axioms of fuzzy bitopological spaces are
introduced and studied. We observed that all of our concepts are good extension of
their bitopological counter parts. Further, it is clear that all notions are preserved
under one-one, onto and continuous mappings. Finally initial and final properties
are introduced and studied in fuzzy bitopological spaces.

Acknowledgements. The authors express their sincere thanks to the referees
for their valuable and constructive suggestions which have improved the presenta-
tion.

(1
2]
(3]

REFERENCES

A. S. Abu Safiya, A. A. For a and M. W. Warner, Higher Separation axioms in bifuzzy
topological spaces, Fuzzy Sets and Systems 79 (1996) 367-372.

A. S. Abu Safiya, A. A. For a and M. W. Warner, Fuzzy separation axioms and fuzzy continuity
in fuzzy bitopological spaces, Fuzzy sets and system 62 (1994) 367-73.

D. M. Ali and F. A. Azam, On Some R;—Properties in Fuzzy Topological Spaces, Journal of
Scientific Research 4 (1) (2012) 21-32.

D. M. Ali, P. Wuyts and A. K. Srivastava, On the Rg-property in fuzzy topology, Fuzzy Sets
and Systems 38 (1) (1990) 97-113.

M. Caldas, S. Jafari and T. Noiri, Characterization of pre Ry and R; topological spaces,
Topology proceeding 25 (2000) 17-30.

C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968) 182-192.

C. Dorsett, Ro and R; topological spaces, Math. Venik 15 (30) (1978) 112-117.

K. K. Dude, A note on Rp- topological spaces, Math. Vesnik 11 (36) (1974) 203-208.

E. Ekici, On R spaces, International Journal of Pure and Applied Mathematics 25 (2) (2005)
163-172.

A. C. Guler, Goknur Kale, Regularity and normality on soft ideal topological spaces, Ann.
Fuzzy Math. Inform. 9 (3) (2015) 373-383.

M. S. Hossain and D. M. Ali, On Rg and R fuzzy topological spaces, R. U. Studies part —
B j. Sci 33 (2005) 51-63.

Hongjun Zhou and Bin Zhao, Stone-likerepresentationtheoremsandthree-valuedfiltersin Ro—
algebras, Fuzzy Sets and Systems 162 (2011) 1-26.

B. Hutton and I. Reilly, Separation axioms in fuzzy topological spaces, Fuzzy Sets and Systems
3 (1980) 93-104.

Young Bee Jun and Kyoung Ja Lee, Redefined Fuzzy Filters of Rop—Algebras, Applied Mathe-
matical Science 5 (26) (2011) 1287-1294.

A. Kandil and M. E. El-Shafee, Biproximities and fuzzy bitopological spaces, Simon Stevin
63 (1) (1989) 45-66.

A. Kandil and M. E. El-Shafee, Separation axioms for fuzzy bitopological space, Journal of
Institute of Mathematics and Computer Sciences 4 (3) (1991) 373-383.

A. Kandil, A. A. Nouh and S. A. El-Sheikkh, On fuzzy bitopological spaces, Fuzzy sets and
systems 74 (1995) 353-363.

J. C. Kelly, Bitopological Spaces, Proc. London math. Soc. 13 (3) (1963) 71-89.

A. Keskin and T. Nori, On v — Rp and v — R; spaces, Miskole Mathematics Notes 10 (2)
(2009) 137-143.

F.M. Khedr, F. M. Zeyada and Sayed, On separation axioms in fuzzyfing topology, Fuzzy
Sets and Systems 119 (2001) 439-458.

R. Lowen, Initial and final fuzzy topologies and the fuzzy Tyconoff theorem, Journal of
Mathematical Analysis and Applications 58 (1977) 11-21.

954



M. R. Amin et al./Ann. Fuzzy Math. Inform. 11 (2016), No. 6, 945-955

[22] A. Mukherjee, Completely induced bifuzzy topological spaces, Indian Journal of Pure and
Applied Mathematics 33 (6) (2002) 911-916.

[23] S. A. Naimpally, On Ro—topological spaces; Annales Universitatis Scientiarum Budapestinen-
sis de Rolando Eotvos Nominatae. Sectio Mathematica. Eotvos Lorand Univ., Budapest 10
(1967) 53-54.

[24] A. A. Nasef, R. Mareay On induced fuzzy supra-topological spaces, Ann. Fuzzy Math. Inform.
7 (2) (2014) 281-287.

[25] A. A. Nouh, On separation axioms in fuzzy bitopological spaces, Fuzzy sets and systems 80
(1996) 225-236.

[26] B. Roy and M. N. Mukherjee, A unified theory for Rp, Ri and certain other separation
properties and their variant form, Bol. Soc. Paran. Mat. 28 (2) (2010) 15-24.

[27] W. Rudin, Real and complex analysis, Copyright (c) 1966, 1974, by McGraw —Hill Inc. 33-59.

[28] Seema Mishra, Rekha Srivastava, Hausdorff fuzzy soft topological spaces, Ann. Fuzzy Math.
Inform. 9 (2) (2015) 247-260.

[29] Seema Mishra, Rekha Srivastava, On Ty and T3 fuzzy soft topological spaces, Ann. Fuzzy
Math. Inform. 10 (4) (2015) 591-605.

[30] N. A. Shanin, On separation in topological spaces, C. R. (Doklady) Acad. Sci. URSS(N. S.)
38 (1943) 110-113.

[31] R. Srivastava, S. N. Lal and A. K. Srivastava, On fuzzy Tp and Rp topological spaces, J.
Math. Anal. Appl. 136 (1988) 66-73.

[32] C, K. Wong , Fuzzy points and local properties of Fuzzy topology, J. Math. Anal. Appl. 46
(1974) 316-328.

[33] L. A. Zadeh, Fuzzy sets, Information and control 8 (1965) 338-353.

[34] J. Zhang, W. Wang, M. Hu, Topology on the set of Ry semantics for R algebra, Soft Comput.
12 (2008) 585-591.

M. R. AMIN (ruhulbrul611@gmail.com)
Assistant Professor, Department of Mathematics, Begum Rokeya University, Rang-
pur. Rangpur-5400, Bangladesh

M. S. HOSSAIN (sahadat@ru.ac.bd)
Associate Professor, Department of Mathematics, University of Rajshahi, Rajshahi-
6205, Bangladesh

955



	 R0 concepts in fuzzy bitopological spaces. By 

