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ABSTRACT. Molodtsov’s first initiate soft set theory which provides a
general mathematical framework for handling with uncertainty. The aim
of this paper is to lay a foundation for providing a new soft algebraic tool
in considering many problems that contain uncertainties. In this paper,
first we introduced the notion of (a, 8)-soft intersection set and given sev-
eral examples. Based on this notion a new kind of soft group structure,
called (a, 8)-SI group is developed which was made on some results of soft
sets and intersection operations on sets. The main purpose of this paper is
to introduce the concepts of (a, 8)-SI group, from which we define («, 3)-
SI subgroup and («, 3)-SI normal subgroup and illustrated by examples.
Some properties of group theory are presented based on («, 8)-soft inter-
section sense and its application in group structures, and also established
the relationship between SI-group and (c, 8)-SI group. Finally, soft inter-
section product and soft characteristic function are introduced and given
some characterization of their properties in details by means of («, §)-SI
group theory.
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1. INTRODUCTION

Theory of algebraic structure has a vital role in applications of many disciplines
such as automata theory, graph theory, computer science, signal processing, quantum
physics, control engineering, discrete mathematics and so on. From algebraic point
of view, soft algebraic theory is a very useful mathematical tool in many applied
fields. Bhowmik et al. [5], Jana et al. [16, 17, 18, 19], Bej and Pal [6] and Senapati
et al. [35, 36, 37, 38, 39, 40, 41] have done lot of works on BCK/BCI-algebras and
B/BG/G-algebras which are related to these algebras.
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The classical methods are unsuitable to dealt with modeling of uncertain data in
economics, engineering, environmental science, sociology and information sciences
successfully, because some classical methods have inherent difficulties and that make
usual theoretical approaches troublesome. In 1999, to overcome these difficulties,
Molodtsov [31] introduced the concept of soft set theory as a new mathematical
tool for dealing with uncertainties which is free from difficulties and also, pointed
out for the applications of soft sets in several directions. Maji et al. [28, 29] de-
scribed the application of soft set theory in a decision making problem and studied
several operations on the theory of soft sets. Now a days, based on these theory
and operations of soft sets which have a huge applications in wide variety of real
life situation. We draw the attention of some selected works as, theory of soft sets
[2, 7,8, 14, 25, 27, 30, 43, 44], theory of soft sets applied in decision making prob-
lem [12, 13, 26, 32, 49], soft sets theory applied in fuzzy sets [4, 9, 20, 24, 45] and
soft rough set theory [11, 15]. On the definition of soft set theory, that is parame-
terized family of subsets of the universal set many authors developed different soft
algebraic structure. In 2007, Aktag and Cagman [3] gave the notions of soft group
which is a parameterized family of subgroups of a group. Based on this concept

some researchers [1, 21, 22, 23, 33, 34, 42, 46, 47, 48] studied different soft algebraic
properties.
To extend the soft set in group theory, Cagman et al. [10] introduced the notions

of soft int-group and investigated its applications in group theory. Using their defi-
nition, in this paper, first defined («, 8)-soft intersection set and then introduced a
new type of soft group on soft set, which we called («, 8)-soft intersectional group
(abbreviated as («, 3)-SI group). This concept is based on soft set theory, inter-
sections of sets and group theory together bring a development of new soft group
structure. Moreover, (a, $)-SI group shows how soft set effects on a group in the
sense of intersection. On basis of the definition of («, 8)-SI group, we introduced
(a, B8)-SI subgroup, («, 3)-SI normal subgroup. Finally, we then study abalian soft
set, left soft coset, soft image, soft pre-image, soft intersection product and soft
characteristic function on the basis of («, 8)-SI group.

2. PRELIMINARIES

In this section, we define elementary definition and results of soft sets which are
necessary for this paper taken from [7, 28, 29, 31].

Through this paper, we take U as an initial universal sets and E be the set of
parameters, P(U) is the power sets of U. Take A, B,C C E.

Definition 2.1 ([31]). A pair (F, E) is called a soft set over U if F is a mapping
given by
F:E—=PU).

Definition 2.2. For a non-empty subset A of E, a soft set (F, E) over U satisfying
the following condition:

F(z) =0 forall © & A,
(@ is a null set) is called A-soft set over U and is denoted by F4 so, an A-soft set

Fa over U is a function F4 : E — P(U) such that Fa(z) = @ for all z ¢ A.
924
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A soft set over U can be represented by the set of ordered pair:
Fa={(x,Fa(zx)): 2z € E,Falx) € P(U)}.

It is noted to see that a soft set is a parameterized family of subsets of the set U. A
soft set Fa(z) may be arbitrary. Some of them may be empty, and some may have
nonempty intersection. We denote the set of all soft sets over U by S(U).

Definition 2.3. Let F4 € S(U). If Fa(x) = @ for all z € E, then F4 is called an
empty soft set and denoted by ®4. If Fua(x) = U for all x € A, then Fj4 is called
an A-universal soft set and denoted by 3. If Fa(z) =U and A= E for all x € E,
then F 3 is called a universal soft set and denoted by F.

Definition 2.4 ([8]). Let Fa,Fp € S(U) be two soft sets over U. Then F4 is soft
subset of Fp and is denoted by .7-",4@7-'3, if Fa(z) C Fp(x) for all z € X. Fu is
called a proper subset of Fg, denoted by FaACFp if Fa(x) C Fp(z) for all z € E.
Fa(z) # Fp(zx) for at least one x € E. F4 and Fp are soft equal, denoted by
Fa = Fpif and only if Fu(z) = Fg(z) for all x € E.

Definition 2.5 ([8]). Let Fa,Fp € S(U). Then intersection of two soft sets Fa
and Fp is defined by FANFs = Fang, where Fanp(z) = Fa(z) N Fg(z) for all
2 € X. The union of two soft sets F4 and Fz is defined by F4UFs = F qus, where
Faup(x) = Falzx) U Fp(x) for all x € X.

Proposition 2.6 ([7]). Let F4 € S(U). Then
(1) ]:ALJ}-A = Fa, ]:AD]:A = Fa.
(2) FaU®a = Fa, Fa[1Pa = Qa.
(3) ]:ALJ}—E = -FE; .FAD]:E = fA.
(4) FaAUF; = Fe, FSUF; = @a.

Proposition 2.7 ([7]). Let Fa, Fp,Fc € S(U). Then

(5) FallFp = FpUFa, FaNFe = FeUFa._

(6) (FAUF5) = F5NF, (Fa\Fn)® = F075. L

(7) (FaUFp)UFc = FaU(FsUFc), (FaNFp)VFe = FaN(FeFe)-

(8) FaU(FsNFe) = (FaUFp)NN(FalUFe),

FaN(FsUFe) = (FaNFe)U(FaFe)-

Definition 2.8 ([10]). Let Fa,Fp € S(U). Then A-product of F4 and Fp is
defined by Fanp(z,y) = Fa(x) N Fp(y), denoted by Fa A Fg. The V-product of

Fa and Fp is defined by Favp(z,y) = Fa(z)V Fp(y), denoted by Fa V Fp for all
z,y € F.

Proposition 2.9. Let Fa, Fp,Fc € S(U). Then
(9) (FANFB)VFo=FaV (FpVFo).
(10) (.7:,4 \/]:B) VFc=FaV (]:B \/]:C').

Definition 2.10 ([10]). Let G be a group and Fg € S(U). Then Fg is called soft

intersection groupoid over U if

Fa(zy) 2 Fa(r) N Faly),
925
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for all xz,y € G. If Fg is soft intersection group over U if the soft intersection
groupoid satisfied Fg(z~!) = Fg(z), for all x € G. For simplicity, soft intersection
group as soft int-group.

Definition 2.11 ([10]). Let H be a subgroup of the group G, F¢ be a soft int-group
over U and Fy be nonempty soft subset of Fg over U. If Fp is an soft int-group over
U, then Fpg is called soft int-subgroup of Fg over U, which is denoted by Fg < Fg.

Definition 2.12 ([10]). Let Fg be a soft int-group over U and Fy be a soft int-
subgroup of Fg over U. Then, Fy is called normal soft int-subgroup of F¢g over U,
denoted by FnyOFg, it is an abelian soft subset of Fg over U.

Definition 2.13 ([10]). Let G be a group and soft set Fg be not necessarily a soft
int-group over U. Let IV be a subgroup of G and Fx be a nonempty soft subset of Fg
over U. Then, Fy is called an abelian soft subset of F¢g over U if Fy(zy) = Fn(yz)
for all z,y € G.

Definition 2.14 ([10]). Let F¢ be a soft set over U. The e-soft set of F is defined
by
Fa(e) = {r € G|Fg(z) = Fe(e)}

3. (e, B)-SOFT INTERSECTIONAL SET

In this section, let U be the initial universe set and E be the set of parameters,
and “ %7 be the binary operation. We take S(U) be the set of all soft sets. From
now let, g CaC S CU.

Definition 3.1. For any non-empty subset A of E, the soft set F4 € S(U). Then,
for all z,y € A, the soft set F4 is called an («, §)-soft intersectional set over U if it
satisfies the condition:

Falxxy)Ua D Falx)NFaly)Nps.

Example 3.2. We consider five houses in the initial universal set U which is given
by
U - {hb h27 h’3a h’4a h5}

Let the set of parameters set E = {n1,12,7n3,74} be the status of the set of houses
which follows for the parameters “cheap”, “expensive”, “in the flooded area” and
“in urban area” respectively, with following binary operation

* ‘ m 2 3 N4
m|m 2 13 Na
n2 | N2 m N4 73
n3 | M3 T4 3 N4
N4 | N4 n3 M4 13

(1) For a subset A = {n1,n3,n4} of E, consider a soft set (Fa, A) over U defined
as follows:
fA(nl) = {hl,hg,h4,h5}, fA(ng) = {hl,hg,h5} and fA(?M) = {h17h27h47h5}.
Then it is examine that (Fa, A) is an (o, §)-soft intersectional set over U for § =
{hl, hg, h3, h5} and o = {hl, hg, h3}
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(2) Let B = {n1,n2,n3}, then soft set (Fp,B) over U is defined as Fg(m) =
{h1,ha, h3, ha, hs}, Fe(n2) = {h2,hs}, Fp(ns) = {h1,ha, hs} and Fp(n) = @ is an
(c, B)-soft intersectional set over U for 8 = {hy, ha, h3, hs} and o = {hq, ho, hs}.

(3) The soft set (Fpu,H), where H = {n1,m2,m3} is a subset of E defined by
]'—H(Ul) = {hla h23 h3a h4a h5}7 ‘FH(UQ) = {h27 h’37 h’5}7 ‘FH(UB’) = {h17 h37 h47 h5} and
Fa(na) = @ is not an («, B)-soft intersectional set over U, where 5 = {hg, hs, ha, hs}
and o = {ho, ha, hs}, because Fr(n2) N Fu(ns) N B = {hs,hs} € {ho,ha, hs} =
]:H(’I72 3 773) Ua

4. APPLICATIONS OF (v, 3)-SOFT INTERSECTION SET ON GROUP

In this section, we first define («, 5)-SI group and then («, 3)-SI subgroup, («, 3)-
SI normal subgroup and characterized their basic properties. Through out this
paper, let G be a arbitrary group and e be the identity element.

Definition 4.1. Let G be a group and F¢ € S(U). Then Fg is called a (a, §)-soft
intersection groupoid over U if

Felzy) UadFa(z) N Faly) N B,

for all x,y € G. If Fg is an (a,ﬁ)—soft intersection group over U if the (a, §)-soft
intersection groupoid satisfied Fg(z71) = Fg(x), for all x € G. For simplicity, we
take (v, B)-soft intersection group as («, 3)-SI group.

We consider the order relation “é(a75)” on S(U) as a manner: for any
Fr,Ge € S(U) and @ C o C B C U. we define fEé(aﬁ)QE & FpNBCGr Ua.
We define a relation “ =(a.8) " suchas Fp =48 Gr & FEé(aﬁ)gE and gEé(aﬁ)}"E.
Using the above notion, («, 8)- SI group defined as follows.

Definition 4.2. Let G be a group and Fg € S(U). Then Fg is called a («, 5)-SI
group over U if

Fa(wy)2a.mFa(r) N Fa(y),
for all z,y € G.
Example 4.3. Assume that U = Z (set of integers) is the universal set and G = Zg
is the subset of set of parameters. Let a = {0, 1,3,6,7} and 5 = {0,1,3,6,7,10,11}.

We define the soft set Fg over U as follows:
Fg( )f{O 1,2,3,4,5,6,7,8,9,10,11, 12},

can easﬂy check that F¢ is an («, 8)-SI group of G over U.

Theorem 4.4. Let Fg be (o, 8)-SI group over U. Then fg(e)i(aﬁ)fg(x), for all
zeq.
927
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Proof. Since F¢ is an (a, §)-SI group over U,
Fale)Na = Fglzz™ ) Ua

2 Falz) N Fa(z™h)Np
= Fa(z )ﬂfc( )np
=Fa(z)N
Thus fg(x)i(a,ﬁ)}"g(e) for all z € G. O

Theorem 4.5. If a soft F4 over U is an («, 8)-SI group, then
(Fale)NP)Ua 2 (Fa(z) N ) Ua,
forallz € G.
Proof. The proof of the theorem is obvious. O

Theorem 4.6. A soft set Fg is an («, §)-SI group over U if and only if
Fa(@) N Fe®)CapFalzy™),
forall x,y € G.
Proof. Let us assume that F¢ is an («, $)-SI group over U. Then
Folry HUa D Fa(z)NFaly™H) N B = Falx) N Faly) N B,

for all z,y € G.

Conversely, suppose that Fg(zy ) Ua D Fg(z)NFg(y)NB for all 2,y € G. Let
us choose x = e which produced Fg(y~!)Ua D Fa(y) NB. Again, Fe(y) Ua =
Fo(ly™H ™ HYua D Fe(y 1) N B. Thus Fa(y) = Fe(y~?) is hold only when o = 3.
So Fa(ry) Ua = Fa(z(y™") ") Ua 2 Fa(z) N Fa(y™') N B = Falz) N Faly) N B.
Hence Fg () N Fa(y)C (a8 Fa(zy™t) for all z,y € G. O
Theorem 4.7. Let Fg be an (o, 3)-SI group over U and x € G. Then

Faly ) a.p)Fal(zy) for ally € G if and only if Fa(x) = F(e).
Proof. Let Fg(xy) Ua 2 Fg(y) for all y € G. We choose y = e. Then produced
Fo(z)Ua 2 Fg(e). thus, from Theorem 4.4, Fg(x) = Fe(e) hold only when oo = .
Conversely, let Fg(x) = Fe(e). Then
Falzy) Ua D Fa(z) N Faly) NG
=Fale)NFaly)np
=Faly)Np.
g

Theorem 4.8. Let Fg be an («, 3)-SI group over U. Then, for n € N, Fg(z™)U
aDFg(z)N B forallz € X.

Proof. Tt is obvious by the method of induction and Definition 4.1. O

Theorem 4.9. Let F¢ be an (o, 3)-SI group over U. If Fo(zy™') = Fe(e), then
Fa(x) =(a,p) Fa(y) for all z,y € G over U.
928
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Proof. Let x,y € G. Then

Fa(z)Ua Fellzy " y) Va
Falzy™ )N Faly)np
= (Fale)NFay)np

Faly)np

U

and

Faly HUa
= Folz Hzy H)Ua
(Falz ) NnFalzyH))Np
= Fel@)nFale)np
= Falz)np.
Thus Fg(z) =(a,s) Fa(y) holds over U. O

Theorem 4.10. If F¢ is an («, 8)-SI group over U and H < G, then restriction
Fam is an (o, B)-SI group over the parameter set H.

Proof. As H < G and Fg(zy ) Ua 2 Fe(z) N Fa(y) N B for z,y € H. Let us
define Fp(z) = Fg(z) for all x € H. Since H is a group, then xy~! € H for all
z,y€ H. If x,y € H, then Fy(zy ) Ua =Fglzy ) Ua D Falx) N Faly) N B =
Fu(z) N Fu(y) N B. Thus Fp is an («, 8)-SI group over the parameter set H. O

Theorem 4.11. Let Fg and Fg be two («, 8)-SI group over U. Then Fg N Fg is
an (a, B)-SI group over U.

Proof. Let (z1,y1), (x2,y2) € G x H. Then
Fana((z1,91)(x2,52) ") U

Faly)Ua

I

Faru(zizy ' y1ys ) Ua
{Fo(rraz ) N Fulyiys )} Ua
{Fa(mrzg ) Ua} N {Fu(yny; ) Ua}
{Fa(zr) N Folzy ) N BY N {Fu(y) N Fuly; 1) N B}
{Falz) N Fa(ze)} N {Fu(y1) N Fu(y2)} N B

= {Felz) N Fulz2)} N{Fa(z2) N Fulyz)} N B

= {Fanu(z1,22) N Farr(22,92)} N 6.
Thus Fg A Fg is an (a, 8)-SI group over U. O

o

Example 4.12. Let U = S5 (symmetric 3-group) be the universal set. Let G = Zg
and H = {1, —1,4, —i} be the subsets of set of parameters. For 8 = {(1), (12), (13), (123)}
and o = {(13), (123)} are permutation.

We define (a, 8)-SI group F¢ as follows:

]:G( ) =S,

Fa(l) ={(12),(13), (132)},
Fa(2) ={(12), (13), (123), (132)},
Fa(3) ={(1),(12),(13),(132)},
70(4) {( )7( ) ( )7(132)7(123)}a

929
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Fa(5) = {(1),((12), (13), (132)}.
And we define (a, 8)-SI group Fg as follows:

Fu(l) = Ss,
fH(—l) ={(12),(23), (123), (132)},
Fu(i) ={(1), (12), (23), (132)},

Fu(—i) ={(12),(23), (132)}.
It is easily verify that Fg A Fg is an («, 8)-SI group over U.
But, it is JU.Stlﬁed that Fg V Fp is not an (a, B)-SI group over U, because

Fovn((2,0)(5,~1)) UaB(Fova(2,i) N Favu(5,—1)) N 6.

Definition 4.13. Let Fg,, Fg, be two («, 3)-SI groups over U. Then, the prod-
uct of (a,)-SI groups Fg,, Fa, is defined by Fg, x Fg, = Feyxa,- Then
fGlXG2(x7y) = fGl(x) X sz(y) for all (xvy) € Gl X G2'

Proposition 4.14. If Fq,, Fa, are (a, §)-SI groups over U, then Fg, X Fg, s $0
over U x U.

Proof. For all (x1,y1), (x2,y2) € G1 X G2 and by using the Definition 4.13

Farxc,((x1,91)(m2,92) N Ua = Forxa,(@ioy L yiys )
]:Gl (xlygl) X ]:Gz(nygl)) Ua

U

(
(
(Fai (x1) N Fg, (22)) X Fa, (y1) N Fa, (y2)) N B
(

= (Fa1xGs (21, 22) N Fayx65 (Y1,y2)) N B
Thus Fg, X Fa, = Fa,xaG, 18 an («, 3)-SI group over U x U. O

Theorem 4.15. Let Fg and Hg be two (a, 3)-SI groups over U. Then, FoNHg is
an (a, 8)-SI group over U.

Proof. Let x,y € G. Then
(fgﬁ’}'[c)(xy_l) Ua

~ ~ —~

Falzy™) Ua) N (He(zy ™' Ua)

Fa(@) N Faly™) N B) N (Ha(x) N Haly™') N p)
(Fa(z) N Faly) N (Ha(z) NHa(y)) N B

(Fa(z) NHe(x) N (Faly) N Haly)) N B

= (FaMHe)(x) N (FeNHe)(y) N B

Thus FgNHg is an (a, §)-SI group. But FoUH¢ is not an (a, 3)-SI group. O

U

The above theorem is verified in the following example.

Example 4.16. Let U = Z (set of integers) be the universal set and G = Zg is the
subset of set of parameters.
Let 8 = {0,1,4,6,7,10,13,14}, a = {0,4,6,10} where,  Ca c B C U.
Define («, 8)-SI group F¢ as follows:

Fa(0)=2Z
Fa(1)
Fa(2)

930

(Fey (1) N Fa, (231)) X Fa (y1) N Fey (52 1)) N

B

(Fa (1) X Fay (22)) N (Fau (1) X Fa,(2)) N B
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Fa(3) ={0,4,5,12,13},
Fo(4) ={0,1,4,11},
Fa(5) = {0,1,4,5}.
Now, define («, 3)-SI group H¢ as follows
He(0) = Z,
Fa(1) =A{6,7},
Fa(2) = {6,7,10,13},
Fa(3)={6,7,8,9},
Fo(4) = {6,7,10,13},

It is clearly proved that FoNHg is an (a, 3)-SI group of G over U. But, FoUH¢ is
not an (e, 3)-SI group of G over U, because FeUHg)(2 +3) Ua B (FeUHa)(2) N
FeUHs)(3)) N B.

Theorem 4.17. Let G; < G for alli € I, (I, is an index set) and {Fg,|i € I} be

a family of (e, B)-SI groups over U. Then, (| Fg, is an («, 3)-SI group over U.
icl,

Proof. We prove in Theorem 4.15 that the intersection of two («, 8)-SI groups over

U is an («, 8)-SI group over U. Now, we prove general case, let x,y € G. Then, by

using Definition 4.1,

ﬂ Fa,(zy ™ HUa

(W Fe.(zy Mli€ I} ua

i€l,
> (WFea(@)nFalie,}np
= (" Fe.@)n () Fe.w) N B.
iel, iel,
Thus the proof of the theorem is completed. O

Lemma 4.18. Let Fg be an (a, 8)-SI group over U such that either Fg(z) C Fa(y)

or Fa(r) 2 Faly) for any v,y € G. If Fa(x) # Faly), then Fg(wy) =(ap)
Fao(x) N Faly) for any x,y € G.

Proof. If Fg(x) # Fa(y), then either Fo(x) C Fa(y) or Fa(z) D Faly).
Suppose that

(A) Fa(z) C Fe(y).

Then

Fe(@)Ua=Fa((zy)y ") Ua 2 (Fa(zy) N Fely™')) N B = Falzy) N Faly) N B
Thus

(B) Fa(x)Ua 2 Fa(zy) N Faly) NB.

From (A) and (B),

Fao(x)Ua 2 Falry) N Faly)NB 2 Falry)N B = Fa(r) N Fa(y) N B = Fa(z)NpB.
931
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That is
(©) Fo(z)Ua D Fa(x)NpB.

So, all expression are equal by (C). Hence Fg(xy) =(a,5) Fa(x) N Fa(y). The proof
is similar to other case. 0

Theorem 4.19. FEvery SI-group of G over U is an («, 8)-SI group of G over U for
arbitrary @ C o C B C U, but converse is not true.

The proof of the Theorem 4.19 is established by the following example.
Example 4.20. Let K4 = {e,a,b,c} ( Klein four-group) be the universal set and

G = Zg is the subset of set of parameters. Let § = {e,a,c} and o = {e,c} Now,
define soft set as follows:

Fa(0) = {e,a},

FG(l) - {G,C},

]:G(Q) = {av b, C}a

Fa(3) ={a,b},

'FG(4) = {a7b7 C}
and

Fc(5) = {a,c}. Tt is justified that F¢ is an (a, §)-SI group of G over U, but it is
not an SI-group of G over U because F(2+4) = {e,a} 2 {a,b,c} = Fa(2)NFa(4).

5. (a, 8)-SI SUBGROUPS

In this section, we define («, 8)-SI subgroups, («, 3)-SI normal subgroups and
characterized some of their properties, and also study e-soft set, soft left coset by
means of (a, 8)-SI group.

Definition 5.1. Let H be a subgroup of the group G, F¢ be a («, 3)-SI group over
U and Fg be nonempty soft subset of Fg over U. If Fg is an («, 8)-SI group over
U, Fpg is called («, 8)-SI subgroup of F¢ over U, which is denoted by Fy < Fg.

Example 5.2. Let us consider the («, 3)-SI group Fg over U given in Example
4.12, and let H = {0,2,4} be the subset of set of parameters. Now define soft set
Fy as

Fr(0) = Ss,

Fu(2) = {((12),123), (132)},

Fu(4) = {(13), (123), (132)}.
Now, for g = {(1),(12), (13),(123)} and « = {(13), (123)}.
It is easily check that Fp is an («, 3)-SI subgroup of F¢g over U.

Theorem 5.3. Let Fg be an («, 8)-SI group over U, and Frg, Far be two (a, 8)-ST
subgroups of Fo over U. Then FgNFur is an (o, B)-SI subgroup of Fo over U.
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Proof. Let x,y € G. Then

(Fuam(ey™ N Ua = (Fyamley™ ) Ua) N (Fyap(zy ' Ua)
Fr(z) N Fu(y™) N B) N (Far(z) N Fu(y™ )N p)
Fu(z) N Fu(y) N (Fu(z) N Fu(y))) N B
Fu(x) N Fur(x) N (Fu(y) N Fu(y)) NS
Frran (@) N Fgan(y)) N B.

Thus Fymas is an (o, 8)-SI subgroup of Fg over U. O

I

(
(
=
(
=

The following example shows that Fp,, is not an (a, 5)-SI subgroup of Fg over
U

Example 5.4. Let us consider the (a, 8)-SI group Fg over U = Ss given in Example
4.12, and (e, §)-SI subgroup Fp of F¢ over U given in Example 5.2. Let M = {0, 3}
be the subset of G. Now define (a, 3)-SI subgroup Fs as follows:

Fm(0) = Ss

Fu(3) ={(1),(12), (13), (132)}.
Assume that 8 = {(1), (12),(13),(123)} and o = {(13),(123)} such that & C o C
B CU. Tt is easy to clear that Fpq,, is not an (a, 8)-SI subgroup of Fg over U,
because Fyop(2+3) Ua 2 (Fyuon(2) N Fruou(3)) N A

Definition 5.5. Let F¢ be an («, 8)-SI group over U and Fy be a (a, 8)-SI sub-
group of Fg over U. Then, Fy is called an (a, 8)-SI normal subgroup of Fg over
U, denoted by Fny<{Fq, it is an abelian soft subset of Fg over U.

Example 5.6. We assume that U = Z (set of integers) is the universal set and
G = S3 is the symmetric group, and M = Aj is the alternating group, are the
subsets of set of parameters. Define the soft set Fg as follows:

fG(l) - Z7

Fe(12) ={3,5,6,7,11},

Fo(13) ={2,3,5,6,12},

Fa(23) ={3,5,6,7,9},

Fe(123) = {1,3,5,6,8,10},

Fa(132) = {1,3,5,6,8,10}.
Deﬁne soft set Fur by

Fu(l) =
Far(123) = {1 3,5,6},
Fa(132) ={1,3,5,6}.
Letﬂ—{135689}anda—{1356} where @ C o C § C U. Then, it is
verify that Fys is an («, 8)-SI normal subgroup of F¢ over U.

Theorem 5.7. Let G be a group and Fg be a soft set over U, and Fy be a nonempty
soft subset of Fg over U. Then, the following conditions are holds:
(1) Fn(zy) =(a,8) Fn(yx) for all 2,y € G.
(2) Fn(zyz™') =0, Fn(y) for all z,y € G.
(3) Fn(y) S(a,p) Fy(zyx=t) for all z,y € G.
(4) Fn(zyz~1) Ca,p) Fn(y) for all z,y € G.
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Definition 5.8 ([10]). Let F4 be a soft set U and m C U. Then, y-inclusion of the
soft set Fa, denoted by F7}, is defined as

={z € A|Fa(x) D7}
Theorem~5.9. Let Fp and Fg ge two soft sets over U. Then
(1) FACFp, a € PU) = FiC(apFp-
(2) 11 €72, 11,72 € P(U) = FRCrapFAr-
(3) Fa=Fp & F) =(a,p) Fp for ally € P(U).

Theorem 5.10. Let the family of soft set {Fa,|i € I} over U, where I, is the
index set. Then, for any v C U,

(1) U (73, )~ ) U Fa,)7.

i€ly
(2) N (FA) ! ﬂ Fa)
i€ly i€ly

Theorem 5.11. Let Fg be a soft set over« C U. Fory € U, we define a non-empty
set U(Fg;7y) and is defined by

U(Fc;v) =1{r € G|Fg(x) 2 yN B}

where « D . Then, Fg is an («, 8)-SI group of G over U if and only if the non-
empty set U(Fg;v) is a subgroups of G.

Proof. Let F¢g be an (a, §)-SI group of G over U such that Fg(x) 2 a forevery x € G
and z,y € U(Fg;7). Then Fg(zy™t) = Folzy HUa 2 Felz)NFely™H)NB =
Fa(x) N Fa(y) N B D~y N B which indicate that zy~! € U(Fg;7). Thus U(Fg;7) is
a subgroups of G.

Conversely, assume that each non-empty subset U(F¢;7y) is a subgroups of G.
Then, by our assumption on Fg, for z,y € G there exists a O 71,72 such that
Fa(r) =y and Fg(y) = 72. Thus v =71 Ny C o, Fe(z) 2 v and Fe(y) 2 7.
Since U(Fg;7) is a subgroups, z,y € U(Fg;v). So zy~' € U(Fg;7). Hence
Fo(zy ) Ua D v and Fg(z) N Faly) N B =y Ny N B =N A3, which provides,
Fo(zy ) Ua D Fa(z)NFa(y~t) N B. Therefore Fg is an (o, B)-SI group of G over
U. O

Theorem 5.12. LetT C G be a non-empty subgroups of G if and only if soft subset
Fr defined by

o if zeT
fT(‘T){ v, if 2€G\T.

where « Cpu Cv C B CU, is an («a, 8)-SI group of G over U.

Proof. Suppose that T is a subgroups of G and z,y € G. Then 2y~' € T and
Fr(zy™t) = Fr(z) = Fr(y) = p. Thus Fr(zy ) Ua = pUa = g and Fr(z) N
Fr(y)Np = puNn B = p, which produces, Fr(zy~')Ua D Fr(x)NFr(y)NB. Again,
ifx ¢ TorydT, then either zy=* € T or xy~* € T. So Fr(zy HUa=pUa=p
or Fr(zy™')Ua =vUa =v. But, Fr(z) N Fr(y) N B =vN B = v, which imply
Fr(zy= ) Ua 2 Fr(z) N Fr(y) N B. HenceTherefore Fris an (o, B)- SI subgroup of
G over U.
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Conversely, assumed that Fr is an (¢, 8)-SI subgroups of G over U. If z,y € T,
then Fr(zy V) Ua 2 Fr(z)NFry)NB=unB=p Buta CpuCv C B. Thus
Fr(zy™') = p. So xy~! € T. Hence T is a subgroups of G. O

Theorem 5.13. Let Fg be an (o, 3)-SI group of G over U. Then Fgye) is a subgroup
if and only if Fa(ay™") =(,p) Fee).

Proof. Tt is seen that Fg) # @. Let x,y € Fg). Then Fg(z) = Fg(e) and
Fa(y) = Fo(x) = Fa(e), and there exists @ C o C 8 C U such that
Felay™HUa 2 Fele)nFely™)Np
= Fel@)NFay)np
= fc(e) n }'G(e) np
Fale)N

It is also seen that Fg(e) Ua O Fg(xy~!). Thus ]fg(xy’l) =(a,8) Fale). O

Definition 5.14. [10] Let Fg be a soft int-group of G over U and a € G. Then,
soft left coset of Fg, denoted by aFg, is defined by the function

(aFg)(z) = Fala 'z)
for all x € G.
Theorem 5.15. Let F¢ be a («, B)-SI group over U. Then, for all a,b € G
aFg =(a,) bFG-

Proof. We assume that aFg = bFg. Then aFg(z) = bFg(x) which indicate
that fg(a_ x) Fa(b~tx) for all z € G. Let x = b which yields Fg(a™1b) =
Fa(bb™1) = Fg(e) which implies that a=1b € Fa(e)-

Conversely, suppose that aFg) = bFg(e). Then alz, b7z € Fa(ey- Thus, for
g CaCpBCU, we get

Faola'z)Ua = Fgla b '2)Ua

Fala o) N Fg(btz)np
= Fele)NFeb tz)np
= FgNpBforallx € G.

U

Similarly, we show that Fg(b~'z) Ua 2 Fg(a tz) for all z € G.
So Fa(b™'z) =(ap Fala™'z) for all z € G. Hence aFg =(a,5) bFe hold over
U. O

Theorem 5.16. Let Fg be an («,8)-SI group over U and Hy be an («,)-SI
normal subgroup of Fg over U. If aFg =(a,p) Fa, then Hy(a) =(,p) Hn (D) for all
a,be N.

Proof. Assume that aFg = bFg. Then, by Theorem 5.15, a~'b,b~'a € Fa(e)- Since
Hy be an («, 8)-SI normal subgroup of Fg over U. It is following from Theorem
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5.7 that
Hy(a)Ua = Hy (b~ 1ab)
2> Hn(b! )ﬂHN()ﬂﬁ
= HN(e) n HN( ) 6
= Hy()N
Similarly, it can be shown that Hx (b)Ua 2 ’HN (a)ﬂﬁ. Thus Hy(a) =(a,5) Hn(b)
hold over U, for all a,b € N. O

Theorem 5.17. Let G be a cyclic group of prime order and H C G. Then, soft set
Fr is defined by
Fy = { 9, }f T=e

v, if x#e.
where, ¥ D v, 9,v € S(U) is an («, B)-SI group over U.
Proof. We have to prove the four conditions for any z,y € G,
(1) If zy # e, then = # e and y # e. Thus
Frulay)Ua 2 Fy(z) N Fu(y) N ps
=@wnuv)Nng
=vNpB=vy
= Fu(x) N Fu(y) NpB.
Since # # e, 7t #e. So Fy(z) = Fu(z~?t) =v.
(2) If zy # e, then either z = e or y = e. Let © = e. Then
Fu(zy) Ua=Fyley) Ua=vUa
2@WNu)NpB=38=Fu(z)NFu(y)Np.
For the second condition will be («, 8)-SI group, if z = e, then
Fu(x)=Fgle) =9 = Fyle™t) = Fy(x™t).
Since y # e, y~' # e. Thus Fu(y) =v = Fg(y™!).
(3) If zy = e, then neither © = e nor y = e. Thus
Fulzy)Ua=9Ua 2D (vnNu)NB=vnNp=v=Fg(z)NFuly)Np.
and Fy(z) =v = Fg(z~t),sincex #e= a1 #e.
(4) If x = y = e, which satisfied all the conditions as well. O

6. HOMOMORPHISM OF (a, §)-SI GROUP

In this section, we study homomorphism of a soft intersection group on the basis
of (o, ) intersection.

Definition 6.1 ([10]). Let Fx, Fy € S(U) be the soft sets over the common universe
U and V is a function from X to Y.
(i) Then soft image of Fx under ¥, denoted by ¥(Fx) is a soft set over U defined
by
U(Fx) ={(y, ¥(Fx)(w) : y € Y, W (Fx)(y) € P(U)},
936



Chiranjibe Jana et al. /Ann. Fuzzy Math. Inform. 11 (2016), No. 6, 923-944

where

otherwise.

\If(fx)(y){ g{}—x(ﬂcﬂweX,\I/(x):y} it Ul(y) £ @

(ii) The soft set
) = {@, v (Fy)(@) e € X, 0T (Fy)(x) € P(U)},
where U1 (Fy)(z) = Fy (¥(x)), is called anti soft image of Fy under W.

Theorem 6.2. Let ¥ be function from X toY and I, be an index set. For alli € I,
, Xi CX and Fx, € S(U), then

U(Uier, Fx:) =(ap) Uier, Y (Fx,)-

Theorem 6.3. Let ¥ be a function from X toY and X1, Xs C X, Fx,,Fx, € S(U).
Then _ _
Fx,CFx, = \I/(fxl)g(aﬁ)}-xr

Proof. For all y € Y,

U(Fx )W) NE = U{Fx,(x)lr e X1, ¥(z) =y}np
= U{Fx, (@) Nple e Xy, ¥(x) =y}
C U{Fx,(2)U 04\1‘ € Xo,¥(x) =y}
Then \I/(]-'Xl) (a,8)F X, holds for Fx, CFx, over U. O

Theorem 6.4. Let ¥ be a function from X to Y and J, be a nonempty index set.
Forallj€ Jy, Y; CY and Fy, € S(U),

(1)(7,) \I/_j(LNJjng.Fy ) =(a ’B) Ojejj _1(]:yj).
(2) = (Njes, Fy;) =(ap) Njes, ¥ (Fy;)-
Theorem 6.5. Let U be a function from X to Y. For all Fx € S(U),
HU(Fx))2Fx
for a particular case, if VU is an injective function, then $=1(¥(Fx)) = Fx.

Proof. For all z € X,

TU(Fx)@) Ua = U(Fx)(¥(z)Ua
= WFx@@)Ualr' € X,¥(2") = ¥(z)}
2 Fx(z)np.

Thus ¥ ( (fx)) (v, B)]:X
From which it is clear that if ¥ is an injective function, then U=} (¥(Fy)) = Fx. O

Theorem 6.6. Let Fi be an (o, §)-SI group over U and ¥ be an isomorphism from
the groups G to H, then U(Fg) is an («, B)-SI group over U.
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Proof. Since ¥ is surjective function, for z,y € G, there exist u,v € H such that
u=¥(zx) and v = ¥(y). Then, it follows that

U(Fe)w)Ua = WFa(z)lz € G,¥(z) =uv}Ua
U{Fa(zy) Ualz,y € G,¥(z) = u, U(y) = v}

2 U{Fa(@)NFaly) NBle,y € G, ¥(x) =u, ¥(y) = v}

= U({Fe(a)lz € G, ¥(z) =u}N{Fey)ly € G,¥(y) =v}) NP

= (V(Fe)(u) N¥(Fe)(v)Np
and

V(Fo)u™) = (apU{Fa(2)|z€ H,¥(z) =u"}
(a,8) U {Falz Yz e H,U(zY) =u}
= (a8 (¥(Fc))(u).

Thus soft image ¥(Fg) is an (o, 3)-SI group over U. O

Theorem 6.7. Let Fy be an (a, B)-SI group over U and ¥ be a homomorphism

from G to H. Then, $=1(Fy) is an («, 8)-SI group over U.

Proof. For x,y € G, we have
U Fy)(zy) Ua Fu(P(xy))Ua

Fu(¥(z)¥(y)) Ua

(Fu(¥(x) N Fu(¥(y)) N B

(U (Fr () N e~ (Fr(y) N s

ol

and
VN Fr) ™) = @pnFr(¥ET)
= (aFu(¥@E)
= (a5 (Fu(¥(z))
= (@8 (Fr(2)).
Thus anti soft image 1 ~!(Fp) is an (a, 8)-SI group over U. O

7. SOFT INTERSECTION PRODUCT AND SOFT CHARACTERISTIC FUNCTION

In this section, soft intersection product and soft characteristic function are de-
fined and prove some properties.

Definition 7.1. Let G be a group and Fg, Hg be two soft groups over U. Then,
(o, B)-SI product F¢ * He over U is defined by

(FoxMHa)@)Ua 2 | {Faly) nHa(2)} NP
T=yz
for all x € G such that yz =x € G.
By using the order relation in Section 4, then above Definition 7.1 is equivalent

to the following.
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Definition 7.2. Let G be a group and Fg, Hg be two soft groups over U. Then,
(o, B)-SI product Fg * Hg over U is defined by

(FaxHa)(2) 2, U {Faly) NHa(2)}

T=yz

for all x € G such that yz = x € G.

Theorem 7.3. Let Fi,Ga,Ha € S(U). Then
(1) (Fa *Ga) * Ha =(a,p) Fa * (Ga * Ha).
(2) Fa *Ga =(a,p) Ga * Fa if G is commutative.
(3) Fa * (GaUHG) 2(a,p) (Fa * Ga)U(Fa * Ha) and (FeUGa) * Ha2(a,p)(Fa *

He)U(Ge *He). _

(4) Fa * (GaNHe)2(a,p) (Fa * Ga)N(Fa * Ha) and (FeNGa) * Ha2(a,p)(Fa *
Ha)N(Ga * Ha). N -

(5) If FaCGa, then Fg * HaC(a,p)9c * Ha and Ha * FaC(a,pHa * Ga-

(6) If Ta. Li € S(U) such that ToCFe and LaCGq, then Ta*L6)C (0.5 Fc*Ga-

Proof. (1) and (2) can be proved from the Definition 7.1.
Since proofs of (3) and (4)[resp. (5) and (6)] are similar, we will show that (3) and
(5) hold.

(3) Let z € G. If there is no y, 2 € G such that z = yz, then Fg* (HgUHg)(z) =
J.

Similarly, (Fg * Go)U(Fao * Ha)(x) = (Fa * Ga)(2)0(Fg *Hg)(z) =0 U D = @.
Now, let there exists y, z € G such that z = yz. Then

(Fa * (GaTHa) () Ua 2 | (Faly) N (GeUte)(2) N B

= U Fey)n(Ga(z) uHa()) N B
= U {(Few)nGa(2) n By U{(Faly) NHa(z) N B)}
= Few)ngaz)nplul | (Faly) nHa(2) N5l

= [(Fe *Ga)(z) U (Fg *Hg)(x)| N B
= [(Fo * Go)U(Fg * Ha)|(z) N B.
Thus (Fg * (GcUHG))D(ap)(Fe * Ga)U(Fa * Ha).

S0 (FoUSa) * HaD (a8 (Fa + Ha)U(Ga + Ha)-
(5) Let € G. If z is not expressed as © = yz, then

(Fo *Ha)(x) = (Ga * Ha)(x) = .

Otherwise,
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(FoxHa)@)nB= | (Faly) nHa(2) N B

=Yz

C U (Ga(y) NHa(2) NS

T=yz

< U Gely)nHaz)ua

T=yYz

= ((Ga(y) * Ha(2)) U

Thus (Fo * Ha)C(ap) (Ga () * Ha(2). N
Similarly, one can proved that (Hg * Fa)C(a,8)(Ha(y) * Ga(2). O

Definition 7.4. Let G be group and X C G. Then, soft characteristic function of
X on G is denoted by Gx, and is defined by

U if zeX
GX(““”)—{ o, if 1¢X.

The soft characteristic function is a soft set over U for

Gx : G — P(U).

Theorem 7.5. Let G be a group and X,Y C G. Then, the following properties
hold: (1) If X CY, then GG\yg(a,g)Gg\X.

(2) GG\XﬁGG\Y =(a,B) GG\XnY and GG\XUGG\Y =(a,pB) GG\XUY-

(3) Ganx * Ga\y =(a.p) Garxv-

Proof. (1) We consider three different cases: (a) 2 € X CY C G, (b) z € Y\ X and
(c)xeG\Y.

In the first and third cases, (G x (2)NB)Ua = (Ga\y (2)NB)Ua and in the second
case, (Go\y(z)NP)Ua=(@NPUa=aCB=UNHUa=(Gax(z)NA)Ua.
Then, for any case, Gg\yi(awg)GG\X.

(2)Ifze (G\X)N(G\Y), then x €

(Ganx NGevy)(x)NB)Ua =

G\ X) and z € (G\Y), from which
(Gox () NGy (z)) NB)Ua
UnpB)Ua
(Gew) NGy (x)NB)Ua.
Ifx g (G\X)N(G\Y), then z € X and x € Y. Thus
(G xNGe\y) (@) N B) U = ((Gex (2) N Gy () N ) U
=@NH) U«
aCp
Unp)Ua

= (Gaw) NG (@) NP ua.
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So Ge\xNGa\y =(a,8) Garxny -
Again, If z € (G\ X)U(G\Y), then z € (G\ X) and = € (G\Y), from which

(Ga\x UGa\y)(z) NB)Ua = ((Ga\x(z) UGay(z)) NB)Ua
=Unp)Ua
= ((Gia\v) UG\v))(x) N B)Ua.
Ifx g (G\X)N(G\Y), then z € X and x € Y. Thus
(Ganx UGa\y)(@)Np)Ua = ((Gax(z) UGy (2)) N B) U
=(@nNp)Ua
cp
=Unp)Ua
= ((Ge\y) NGa\yy)(z) N B) Ua.

So Ga\xUGa\y =(a,8) G\ xny-
(3) If x € G\ XY, then Ge\ xy (z) = U. Thus

Gox *Gay(x)NBUa = (Gaxy(z)NB)Ua
=Unp)Ua
= (Ga\xy(z)NB)Ua.
If 2 ¢ G\ XY, then G\ xy(v) = @. Thus
Gox *Gay(x) NP Ua = (Gaxy(z)NB)Ua
=(@Np)Ua
=aCp
Unp)Ua
Govxy(z)NB)Ua.
So Ga\x * Gavy = (o, )G xv - O

Corollary 7.6. Let H C G, then H is a subgroup of G if and only if the soft
characteristic function Ge\g is an (o, 3)-SI subgroups of G over U.

~(
= (

8. CONCLUSIONS

Soft set theory proposed by Molodstov [31] is an important mathematical tool for
dealing with uncertainties and vagueness. After the introduction of soft set, it has
rapidly applied in mathematics and real life situations. Soft algebraic mathematics
is an important one. In this paper, first we defined («, 3)-soft intersection set, and
then based on this notion define («a, $)-SI group which is a new type of soft group
theory and developed a new theoretical studies of («a, §)-SI group theory. Then we
defined (a, 8)-SI subgroups, («, 3)-SI normal subgroups and study e-soft set, soft
left coset, soft image, and anti soft image by means of («, 3)-SI group. Lastly, we
study soft intersection product and characteristic function with respect to («, 8)-SI
group.

We hope that this work will give a deep impact on the upcoming research in
this field and other soft algebraic study to open up a new horizons of interest and
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innovations. It is our hope that this work will serve as a foundation for further study
of the theory of group structures. One may be applied this concept to study some
application fields like decision making, knowledge base system, data analysis, etc.
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