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ABSTRACT. In this paper, the notion of (t1,t2)-intuitionistic fuzzy sub-
ring (normal subring and ideals) are defined and discussed. The homomor-
phic behaviour of (¢1,t2)-intuitionistic fuzzy subring (normal subring and
ideals) and their inverse images has been obtained. Some related results
have been derived.
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1. INTRODUCTION

The concept of the fuzzy set was introduced by Zadeh [13]. Since then, many
papers on fuzzy sets appeared showing the importance of the concept and its appli-
cations to logic, set theory, group theory, real analysis, measure theory, topology etc.
The concept of fuzzy subgroups was introduced by Rosenfeld [6]. The notion of in-
tuitionistic fuzzy sets introduced by Atanassov [1]. Biswas [2] applied the concept of
intuitionistic fuzzy sets to the theory of groups and studied intuitionistic fuzzy sub-
groups of a group. Marashdeh and Salleh [3] introduced the notion of intuitionistic
fuzzy rings based on the notion of fuzzy space. Wang Lin and Yin [12] defined intu-
itionistic fuzzy ideals with thresholds (a, 8) of rings. K. Meena and K.V. Thomas
[4] defined intuitionistic L-fuzzy subring and N. Palaniappan, K. Arjunan and M.
Palanivelrajan [5] defined intuitionistic fuzzy L-subring. P.K. Shaema [7, 8] defined
translates of intuitionistic fuzzy subring and on intuitionistic fuzzy magnified trans-
lation in rings,. The notion of ¢-intuitionistic fuzzy subgroups and t-intuitionistic
fuzzy quotient group has already been introduced by P.K. Sharma [9, 10]. Also he
[11] introduced the notion of ¢-intuitionistic fuzzy subring of a ring. Here we intro-
duce the notion of (1, t3)-intuitionistic fuzzy set and then define (1, t2)-intuitionistic
fuzzy subrings (normal subrings and ideals) of a ring R and study their properties.



B. Anitha et al./Ann. Fuzzy Math. Inform. 11 (2016), No. 6, 905-921

2. PRELIMINARIES

Definition 2.1 ([10]). Let R be a ring. An IFS A = {(z, pa(x),va(x)) : * € R} of
R is said to be intuitionistic fuzzy subring of R (in short IFSR) if

(1) pa(z —y) = min{pa(x), pa(y)},
(i) pa(zy) > min{pa(z), pa(y)},
(ili) va(z —y) < max{va(xz),va(y)},
(iv) va(zy) < max{va(z),va(y)}, for all z,y € R.
Definition 2.2 ([L1]). Let R be a ring. An IFSR of R is said to be intuitionistic
fuzzy normal subring (in short IFNSR) of R if
(i) pa(zy) = paly),
(i) va(zy) = va(yz), for all ,y € R.
Definition 2.3 ([11]). An IFS A = {(x, pa(z),va(z)) : © € R} of a ring R is said
to be
(a) Intuitionistic fuzzy left ideal of R (in short IFLI) if
(i) pa(r—y) >min{pa(z), pa(y)},
(i) pa(zy) > pa(y),
(iif) va(z —y) < max{va(z),va(y)},
(iv) va(zy) <wva(y), for all z,y € R.
(b) Intuitionistic fuzzy right ideal of R (in short IFRI) if
(i) pa(r—y) >min{pa(z), pa(y)},
(i) pa(zy) = pa(z),
(i) va(x —y) < max{va(x),va(y)},
(iv) va(zy) <wva(y), for all z,y € R.
(¢) Intuitionistic fuzzy ideal of R (in short IFI) if
(i) palz —y) = min{pa(z), na(y)},
(ii) pa(zy) > max{pa(z), pa(y)},
(iii) va(z —y) < max{va(z),va(y)},
(iv) va(zy) < min{va(z),va(y)}, for all z,y € R.
Theorem 2.4 ([10]). Let A= {(x,pa(z),va(x)): x € R} be IFSR of ring R. Then
(1) (1) pa(0) > pa(z) and v4(0) < va(z).
(2) pa(—z) = pa(z) and va(—x) = va(x), for all ,y € R.
(3) If R is a ring with unity 1, then pa(l) < pa(x) and va(l) > va(x), for all
T € R.
Definition 2.5 ([12]). Let X and Y be two non-empty sets and f : X — Y be a

mapping. Let A and B be IFS’s of X and Y respectively. Then the image of A
under the map f is denoted by f(A) and is defined as

FA) () = (kpay W), Ve (W),
v{pa(z): xe f(y)}

where Mf(A)(y) = {0 otherwise

and
A pfvalz): ze ()
via(y) = {17 otherwise.
906
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Also the pre-image of B under f is denoted by f~1(B) and is defined as
FHBY@) = (g5 (@), v (7)),

where py-1(p)(2) = pp(f(2)) and vi-1(p)(2) = vp(f(2)).
Definition 2.6 ([13]). The mapping f : Ry — Ry from the ring R; into a ring Rp
is called ring homomorphism if

(i) flz+y) = fl2)+f(v),

(i) f(zy) = f(x)f(y), for all x,y € Ry.
Definition 2.7 ([9]). Let A be a IFS of a ring R. Let t € [0,1]. Then the IFS A* of

R is called the ¢-intuitionistic fuzzy subset (t—IF'S) of R w.r.t. IFS A and is defined
as

At = (MAtayAt>7
where pat(z) = min{ua(z),t} and vae(x) = max{va(x),1 —t}, for all z € R.

3. (t1,12)-INTUITIONISTIC FUZZY SUBRING

Definition 3.1. Let A be a IFS of a ring R. Let t1,¢3 € [0,1] and to < 1—¢;. Then
the IFS A’ of R is called the (t1,t2)-intuitionistic fuzzy subset ((¢1,t2)-IFS) of R
w.r.t. IFS A and is defined as A" = (par,var),

where pa/(x) = min(pa(x),t1) and vas (z) = max(va(x),t2), for all x € R.

Remark 3.2. When ty = 1—t1, then (1, t2)- intuitionistic fuzzy set coincide with ;-
intuitionistic fuzzy set. Thus every t-intuitionistic fuzzy set is (¢,1 — ¢)-intuitionistic
fuzzy sets and vice a versa.

Result 3.3. Let A’ = (par,va) and B’ = (upr,vp/) be two (t1,t2)-IFS of a ring
R. Then (ANB) =A'NB.
Proof. Let x € R be any element. Then
teanBy () = min{panpy(x), t1} = min{min{pua(z), up(v)}, t1}
= min{min{,uA (Jf), tl}a min{:uB (ZC), tl}}
= min{jua(2), g (2)} = parn (2).
Similarly, we can show that v anp) () = vanp ().
Thus (ANB) = A'NnB. O

Result 3.4. Let f: X = Y be a mapping. Let A and B be two IFS of X and Y
respectively. Then

(1) f7H(B) = (fH(B))"-
(2) f(A") = (f(A)), for all ty,ty €]0,1], where ta <1 — ;.

Proof. (1)
1B (x) = B'(f(x))
= (e (f(2)),ve (f(2)))
= (min{pp(f(2)),t:1}, max{vp(f(z)), t2})
= (min{ps-1(p)(x), t1}, max{vp-1(p)(z), t2})
=(f"

H(B)) (@)
907
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(2)
FAN ) = (V{par(2); f(2) = y} Mvar (2); f(2) = y})

= (V{min{pa(z),t:}; f(z) = y},
A max{va(z),t2}; f(z) = y})

= (min{V{pa(z); f(z) =y}, t:},
max{A\{va(z); f(z) = y},t2})

= (min{puf(a)(y), t1}, max{vy a)(y), t2})

= (s (W), virayy (¥)

= (f(A) (y).

Then f(A") = (f(4))". O

Definition 3.5. Let A be a IFS of a ring R. Let t1,t2 € [0,1] and to < 1—1¢;. Then
A is called (¢1,t2)-intuitionistic fuzzy subring (inshort (¢1,¢2)-IFSR) of R if A’ hold
the following conditions :

(i) par(z —y) = min{pa (), pa(y)},

(i) poar(zy) = min{par(2), par(y)},

(ii)) var(z —y) < max{rar(z),var(y)},

(iv) var(zy) < max{va(z),va(y)}, for all z,y € R.

Note 3.1. If A is (t1,t2)- intuitionistic fuzzy subring of R for all #1,t2 € [0,1]
with to < 1 —¢; , then A is t-intuitionistic fuzzy subring for all ¢ € [0,1] (on
taking t = t1,to = 1 — t). However, if A is t-intuitionistic fuzzy subring of R for
some ¢ € [0, 1], then it may not be necessarily that A is (t1,2)- intuitionistic fuzzy
subring of R, when t = ¢; and t3 # 1 — t1, as the following example shows.

Example 3.6. Consider the ring (Z4,®,®), where Z4 = {0,1,2,3}. Define the IFS
A of Zy by

0.6; ifx=0
palxz) =105, ifx=2
0.3, ifr=1,3
and
0.4; ifx=0
va(z) =405, ifx=1,3
0.6, ifz=2.

If we take t; = 0.4, then
~J04; forz=0,2
MN@%_LB,ﬁx:L3
and v4/(x) = 0.6 for all © € Zy. Clearly, A is 0.4-IFSR of Zj.
If we take t; = 0.4 and t9 = 0.45, then
0.4; forz=0,2
0.3, ifz=1,3
908
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and
0.45; forx =0

vy(r) =405 forx=1,3
0.6, ifax=2.
Ais not a (0.4,0.45)-IFSR of Z4 as va/ (1 —3)£ max{va/(1), va(3)} as va (1—3) =
0.6 where as max{v4-(1), va/(3)} =0.5
Thus A is 0.4-IFSR of Z,, but A is not a (0.4, 0.45)-IFSR of Zj.
Proposition 3.7. If A is IFSR of a ring R, then A is also (t1,t2)-IFSR of R where
ty <1—t1 and t1,ts € [0, 1].
Proof. Let x,y € R be any element of the ring R. Then
par(x —y) = min(pa(z —y), t1)
> minfmin{pa(z), 1a(y)} ]
= min[min{p(z),t}, min{pa(y), t1}]
= min{pa (), pa (y)}-
Thus par(z —y) > min{par (), par (y)}-
Similarly, we can show that pa/(ry) > min{pa(x), was(y)}. On the one hand,
var(x —y) = max(va(z — y), t2)
< max[max{va(z),va(y)}, to]
= max{max{v(z), t2}; max{va(y),t2}}
= max{var(z), var(y)}-
Thus va(x — y) < max{va(x),va (y)}.

Similarly, we can show that va/(zy) < max{va:(z),va (y)}.
So A is (t1,t2)-IFSR of R. O

Note 3.2. The converse of the proposition 3.7 need not be true as the following
example shows.
Example 3.8. Consider the ring (Z5, +5, X5), where Z5 = {0,1,2,3,4}. Define the
IFS A of Z5 by
0.7; ifz=0
palz) =405, ifz=1,3
04, ifz=24
and
0.3; ifz=0
va(x) =404, ifz=1,3
0.5, ifz=2,4.
It is easy to verify that A is not IFSR of Z5 as 1(3—1) # u(3)Ap(1) as p(3—1) = 0.4
and p(3) = 0.5, p(l)=0.5.

If we take t1 = 0.3 and ¢t = 0.6, then pa/(z) = 0.3 and v4/(z) = 0.6 for all z € Zs.
Now, it can be easily proved that A’ is IFSR of Z; and thus A is (0.3,0.6)-IFSR of
Zs.
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Proposition 3.9. Let A be a IFS of the ring R. Lett; < min{p, 1—q} andts = 1—ty,
where p = min{ua(x); for all x € R} and ¢ = max{va(x); for all x € R}. Then A
8 (tl,tg)-IFSR Of R.

Proof. Since t; < min{p,1 —q} and t2 =1 —t1, p>t; and ¢ < 1 —t; = t5. Then
min{p(z); for all z € R} > ¢4
and
max{v4(x); for all x € R} <1 —t1 = ta.
Thus pa(z) > t; for all @ € R and va(z) < tg for all z € R. So

par(z —y) > min{pa (x), par(y)}, par(zy) > min{par (z), par(y)}

and

var(x —y) < max{var(z),va (y)}, va(zy) < max{va(z), va(y)}
So A is (t1,t2)-IFSR of R. O
Proposition 3.10. The intersection of two (t1,t2)-intuitionistic fuzzy subring of a
ring R is also (t1,t2)-IFSR of R.
Proof. Let x,y € R be any element of the ring R. Then
M(AmB)’(l’ —y) = min{psnp(x —y), t1}
= min{min{pa(z —y), pp(z —y)}, t1}
= min{min{pa(z — y), &1}, min{pup(z —y), t1}}
= min{ua (z —y), pp (- y)}
> min{min{pa (), par(y), min{pp (), pp(y)}}
= min{min{pa (z), pp (x)}, min{pa (y), pp (y)}
= min{panp (z), parnp (y)}
= min{panp) (%), Lanpy (¥)}-
Thus pianpy (x —y) = min{panp)y (2), tansy (¥)}-
Similarly, we can show that
tansy (xy) > min{panpy (), ansy (y)}-
On the one hand,
vianpy (T —y) = max{vanp(z — y),t2}
= max{max{va(z — y), pp(x —y)},t2}
= max{max{va(z — y),t2}, max{vp(z — y),t2}}
max{va(z — y),vp (z —y)}
max{max{va(x),va (y), max{vp (z),vp (y)}}
max{max{va (z),vp (z)}, max{va (y), ve (y)}
max{vanp (x), vanp (y)}

= maX{V(AmB)’(z)a V(AnB)'(y)}-
910
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So vianpy (z —y) < max{v(anpy (z), v(anpy (¥)}-
Similarly, we can show that
Vangy (zy) < max{v(anp, (), V(anBy (¥)}-
Hence (AN B) is (t1,t2)-IFSR of R. O

Proposition 3.11. Let A be IFNSR of a ring R. Then A is also (t1,t2)-IFNSR of
R, where to <1 —t;.

Proof. Let z,y € R be any element of the ring R. Then

par(ry) = min{pa(zy), t1} = min{pa(yz), t1} = pa(yz).
Similarly,

va(zy) = max{pa(zy), t2} = max{pua(yz),ta} = pa (yz).
Hence A is (t1,t2)-IFNSR of R. O

Definition 3.12. Let A be a IFS of a ring R. Let t1,t2 € [0,1] and t5 < 1 —¢;.
Then A is called
(a) (t1,t2)-Intuitionistic fuzzy left ideal of R (in short (¢1,t2)-IFLI) of R if
(1) par(z —y) > min{pa (@), pa (y)},
(i) par(zy) > par(y),
(ii) v (z — ) < max{var (), var (W)},
(iv) va(zy) <wva(y), for all 2,y € R.
(b) (t1,t2)-Intuitionistic fuzzy right ideal of R (in short (¢1,?2)-IFRI) of R if
(1) par(z —y) >min{pa (@), par(y)},
(i) par(zy) = par (@),
(i) var(z — y) < max{va (), va @),
(iv) va(xy) < wva(y), for all 2,y € R.
(¢) (t1,t2)-Intuitionistic fuzzy ideal of R (in short (t1,?2)-IFI) of R if
(i) par(z —y) = min{pa (), pa (y)},
(i) par(zy) = max{pa (x), pa (y)},
(i) war(z — y) < max{va (2), var ()},
(iv) va(xy) < min{va (x),va (y)}, for all z,y € R.
Proposition 3.13. If A is IFLI of a ring R, then A is also (t1,t2)-IFLI of R.

Proof. In view of Proposition 3.7, we need to prove that for all z,y € R
par(wy) > par(y)
and
va(zy) < wvar(y), hold for all z,y € R,
Let z,y € R. Then
par(zy) = min{pa(zy),t1} > min{pa(y),tr} = par(y)-

Thus par(zy) > par(y).
Similarly, we can show that va/(xy) < va/(y). Thus A is (t1,t2)-IFLI of R. O
911
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Proposition 3.14. If A is IFRI of a ring R, then A is also (t1,t2)-IFRI of R.
Proof. In view of Proposition 3.7, we need to prove that for all z,y € R,
par(zy) = par(z)
and
var(zy) < wvg(zx), hold for all z,y € R.

Let z,y € R. Then

par(zy) = min{pa(zy), t1} = min{pa(r),t1} = par (2).
Thus par(vy) > par ().

Similarly, we can show that va/(xy) < va/(x). So A is (t1,t2)-IFRI of R. O
Proposition 3.15. If A is IFI of a ring R, then A is also (t1,t2)-IFI of R.
Proof. Follows from Proposition 3.13 and Proposition 3.14. g

Remark 3.16. The converse of the Proposition 3.15 need not be true as the fol-
lowing example shows.

Example 3.17. Consider the ring (Zy, +4, X4), where Z, = {0, 1,
IFS A of Z4 by

2,3}. Define the

0.7; ifx=0
palz) =404, ifz=1,3
0.3, ifz=2
and
0.2; ifxz=0
va(z) =405, ifz=1,3
0.6, ifz=2.

It is easy to verify that A is not IFI of Z,. However, if we take t; = 0.2 and
= 0.7, then pa/(x) = 0.2 and vy (z) = 0.7 for all x € Z;. Now, it can be easily
proved that A’ is IFI of Z4 and hence A is (0.2,0.7)-IFI of Zj.

4. HOMOMORPHISM OF (t1,%2)- INTUITIONISTIC FUZZY SUBRINGS

Theorem 4.1. Let f: Ry — Ry be a ring homomorphism from the ring Ry into a
ring Ro. Let B be (t1,t2)-IFSR of Ry. Then f~1(B) is (t1,t2)-IFSR of Ry.

Proof. Let B be (t1,t2)-IFSR of Rs. Let x1, 2 € Ry be any element. Then clearly
FHB) (a1 —x2) =

On the one hand,
pp-r (s (1 — 22)

(/Jf71(B/)($1 — 1‘2), Vf—l(Bl)(x]_ — xg))

= pp (f(21 — 22))

= pp (f(21) — fla2))
> min{pp (f(21)), ps (f(22))}
= min{ps-—1(p(21), pp-1(p)(T2)}
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and
Mf—l(B’)(xlm) = pp (f(z172))

= pp (f(z1)f(22))

= min{pp (f (1)), up (f(22))}

=min{ps-1(p)(@1), pp-1(5)(22)}
Thus

prp-1(pny (21 — @2) = min{pp-r (g (@1), pyp-1(p (22)}

and

py-1(pry(T122) > min{ps-1(py (1), py-1(pr)(T2)}-
On the other hand,
vi-in(T1 — z2) = vp (f(z1 — 22))
=vp (f(r1) — f(z2))
< max{vp (f(21)), vi-1(5)(f(22))}
= max{vs-1(p(T1),Vs-1(p)(T2)}.

Thus vi-1(p (21 — x2) > max{v- (g (1), Vi1 (22)}.
Similarly, we can show that

I/ffl(B/)(ililﬂjg) S max{qu(B/)(xl), l/f—l(B/)(l'Q)}.
So f~Y(B’) = (f~Y(B)) is IFSR of Ry. Hence f~(B) is (t1,t2)-IFSR of Ry. O

Theorem 4.2. Let f: Ry — Ro be a ring homomorphism from the ring Ry into a
ring Ro. Let B be (t1,t2)-IFNSR of Ry. Then f~1(B) is (t1,t2)-IFNSR of R;.

Proof. Let B be (t1,t2)-IFNSR of Ry. Let 21,22 € Ry be any element. Since
FHB ) (@122) = (g1 (T122), V-1 (T122)),
it is enough to show that

py-1(ry(T122) = ppr (f(2122))

and
fol(B')(xwz) = VB/(f(ifzm))-
Now,
pp-1(py(T172) = ppr (f(T172))
= pp (f(z1)f(22))
= /JB’(f(xz)f(iUl))
= pp(f(r271))

= ILLf—l(B/)(fZ:QI'l)
913
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and

l/f—l(B/)(xle) =Vp/ f

Il
<
@
=
8
[~}
g
5

=

= Vf_l(B’) (l’g.’ﬂl).

Thus f~1(B’) = (f~%(B))" is IFNSR of R; So f~1(B’) is (t1,t2)-IFNSR of R;. O

Theorem 4.3. Let f: Ry — Ry be a ring homomorphism from the ring Ry into a
ring Ry. Let B be (t1,t2)-IFLI of Ry. Then f~Y(B) is (t1,t2)-IFLI of Ry.

Proof. Let B be (t1,t2)-IFLI of Ry. Let 21,22 € Ry be any element. Then in view
of Proposition 4.1, we need to prove that

/Jf71(3/)($1.’172) > /J,f—l(B/)(ZL‘Q)

and

Vf—l(B’) (!Ell'g) < Vf—l(B/)(l‘g).
Now,

pp-1(py(T122) = ppr (f(7172))
= pp (f(21) f(22))
> pp(f(z2))
= pp-1(pr(T2).

Thus ,uffl(B/)(xlxg) Z ,uffl(B/)(xg).
Similarly, we can show that vy-1(p/)(z122) < vp-1(p)(22).
So f~Y(B') = (f~Y(B)) is IFLI of R;. Hence f~1(B) is (t1,t2)-IFLI of R;. O

Theorem 4.4. Let f: Ry — Ry be a ring homomorphism from the ring Ry into a
ring Ry. Let B be (t1,t2)-IFRI of Ry. Then f~Y(B) is (t1,t2)-IFRI of R;.

Proof. Tt can be obtained similar to Theorem 4.3. O

Theorem 4.5. Let f: Ry — Ry be a ring homomorphism from the ring Ry into a
ring Ry. Let B be (t1,t2)-IFI of Ry. Then f~Y(B) is (t1,t2)-IFI of R;.

Proof. Tt follows from Theorem 4.3 and Theorem 4.4. g

Theorem 4.6. Let f : Ry — Ry be surjective ring homomorphism and A be (t1,t2)-
IFSR of Ry. Then f(A) is (t1,t2)-IFSR of Ra

Proof. Let y1,y2 € Ro be any element. Then there exist some x1,zo € Ry such that
f(z1) = y1 and f(x2) = yo. Clearly

FA) (y1y2) = (ppcan (Yrye), Vicary (Y1y2))-
914
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On the one hand,
pran (Y1 —y2) = prcayy (Y1 — ye2)
= min{psa)(f(z1) — f(22),t1})
= min{py(a)(f(z1 — 22)), 1}
> min{pa(z; —x2),t1}
= par(z1 — 22)
> min{par (z1), pa(x2)}, for all x1,z0 € Ry
such that f(x1) =y1 and f(x2) = ya
= min{V{pa(z1) : f(z1) =1},
VA{par(@2) : flz2) = y2}}
= min{pgary (Y1), ppar (y2)}
Thus pupan (Y1 — y2) > min{psan (y1), ppary(y2)}-
Similarly we can show that
prean(yry2) > min{ppcan (1), ppcary(y2)
On the other hand,
vican (Y1 —y2) = vga)y (Y1 — y2)
max{vya)(f(z1) — f(22)),t2}
max{vya)(f(z1 — 22)), b2}
max{va(zy — x2),t2}

= VA/(.’El - 3;‘2)

IN

A

max{va(x1),va (z2)}, for all 1,29 € Ry
such that f(x1) =y1 and f(x2) = ya
= max{\{va (1) : f(x1) =1},
NMyar(x2) : f(z2) = y2}}
=max{vyan (Y1), vrar)(y2)}

Thus Vf(A’)(yl — yg) S max{uf(A/)(yl), Vf(A/)(yg)}.
Similarly we can show that

vian (yry2) < max{vyan (W), vecan (v2)}-
So f(A") = (f(A)) is IFSR of Ry. Hence f(A) is (t1,t2)-IFSR of Ra. O

Theorem 4.7. Let f : Ry — Ry be surjective ring homomorphism and A be (t1,t2)-
IFNSR of Ry. Then f(A) is (t1,t2)-IFNSR of Rs

Proof. Let A be (t1,t2)-IFNSR of R; and let y1,y2 € Ry be any element. Then
there exist some x1,z9 € Ry such that f(z1) = y1 and f(z3) = ys2. Clearly

F(A) (y1y2) = (ga)(y1ye), veca)(y1yz))-

In view of Proposition 4.6, we need only to prove that
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ppany(Y1y2) = pycary(y2y1)

and

Vicany(Y1y2) = Vrcary (Y2y1)-
On the none hand,

wrcay (1yz) = pran (f(z1) f(22))
= Hf(AY) (f(z122))
= V{par(z122) : f(2122) = Y192}
= V{pa(z221) : f(z122) = Y192}
= pran(f(zaz1))
= Hfan (f(22) f(21))
= ffeayy (Yay1)

and

1) [ (22))

T172))

Vs (1y2) = vian (f(@

=Vra (f

= Mrar(z122) ( T2) = y1y2}

= Mrar(wax1) @ f(z172) = Y172}
(f(l“ﬂl))

vian (f(z2)f(21))

= V(f(A))/(y2y1)'

(z
(

=Vran

Thus f(A") = (f(A)) is IFNSR of Ry. So f(A) is (t1,t2)-IFNSR of Rs. O

Theorem 4.8. Let f: Ry — Ry be bijective ring homomorphism and A be (t1,t2)-
IFLI Of Rl. Then f(A) 8 (tl,tg)—IFLI Of R2 where t2 S 1-— tl.

Proof. Let A is (t1,t2)-IFLI of Ry and let y1,y2 € R be any element. Then there
exist some x1,z9 € Ry such that f(x1) = y; and f(z2) = yo. Clearly

(f(A) (ry2) = ((rcayy (Wrye), vircayy (11y2))-

In view of Proposition 4.6, we need only to prove that

perayy (yiye) > pipcayy (ye)

and

v(ray 1Y) < vipca)y (y2)-
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On the one hand,

prcayy (Yiye) = min{ppcay(f(z1) f(22)), t1}
= min{ppa)(f(2122)),t1}

= min{pa(z122),t}

= par(wox1)

> par(2)

= min{pa(xs2),t1}
min{pypa)(f(22)), t1}

= min{ps(a)(y2), t1}

(s (ayy (Y2)-

Thus ppay (Yy1y2) > ppcayy (y2)-
Similarly, we can show that

vy (n1y2) < vipcayy (v2)-
So (f(A)) is IFLI of Ry. Hence (f(A)) is (t1,t2)-IFLI of R. 0

Theorem 4.9. Let f: Ry — Ry be bijective ring homomorphism and A be (t1,t2)-
IFRI of Ry. Then f(A) is (t1,t2)-IFRI of Rs.

Proof. It can be obtained similar to Theorem 4.8. g

Theorem 4.10. Let f : Ry — Ra be bijective ring homomorphism and A be (t1,t2)-
IFI of Ry. Then f(A) is (t1,ta)-IFL

Proof. Tt follows from Theorem 4.8 and Theorem 4.9. O

Definition 4.11. Let A’ be (t1,t2)-IFS of R w.r.t IFS A. Then (a, 8)-cut of A’ is
a crisp subset Cy g(A’) of the IFS A’ is given by

Cap(A) ={z € R pa(z) > a,va(z) < B},
where o, € [0,1] with a4+ 8 <1 and a <t1,8 > to.

Theorem 4.12. Let A be intuitionistic fuzzy subset of R. If A is (t1,t2)-IFSR of
R if and only if Co g(A’) is a subring of R. for all o, B € [0,1] such that a4+ <1
and o < ty, B> to.

Proof. Consider A is a (t1,t2)-IFSR of R. Let z,y € Cq g(A’). Then
pa(x), par(y) = o

and
var(z),va(y) < B.

On the one hand,

par(x —y) > par(@) Apar(y) [ Als (t1,t2)-1FSR]
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>ahNa=«

and
va(z —y) <va(x) Vva(y)

<BvVp=p.
Thus  —y € Cy g(A).
On the other hand,

par(zy) = par(@) A par(y) [ Als (t1,t2)-1FSR]

>alhNa=«
and
var(zy) <va(z)Vva(y)

<BVB =5
So zy € Cy p(A"). Hence C, g(A’) is a subring of R.

Conversely, suppose Cy, g(A’) is a subring of R. Let x,y € R and a = pa/ () A
par(y) and B = var(2) V va(y). Then pa(z) > o, va(z) < B and pay) > a
va(y) < B. Thus z,y € Cy g(A’). Since Cy g(A’) is a subring of R such that oo <t
and 3 > ty, . —y € Co 5(4').

So
par(x —y) = a=pa (@) A pa(y)
and
va(z —y) < B =va(x)Vra(y)
Also
par(zy) > o= pa(z) A par(y)
and

var(zy) < B =va(x) Vva(y).
Hence A is a (t1,t2)-IFSR of R. O

Example 4.13. Cousider the ring (Zg, +¢, ©¢) where Zg = {0,1,2,3,4,5}. Define
the IFS A of Zg by

0.7, ifxz=0
pa(z) =406; ifx=1,35
0.4; ifz=24
and
0.3; ifx=0

va(z)=4¢05; ifz=1,3,5
0.6; ifz=2,4.
If we take t; = 0.3 and t; = 0.7, then pa/(xz) = 0.3 and va/(z) = 0.7 for all
x € Zg. Now if we take ¢« = 0.2 and 8 = 0.8 then it can be easily proved that
Co,p(A’) is a subring of Ry but A=< p14,v4 > is not a IFSR of R.
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Theorem 4.14. Let (R,+,-) and (R',+,-) be any two rings. If f : R — R’ is a
surjective ring homomorphism. The homomorphic image of a level set which is a
subring of a (t1,t2)-IFSR of R is again a level set which is a subring of (t1,t2)-IFSR
of R'.

Proof. Let A be a (t1,t2)-IFSR of R. and let x1,22 € R. Then clearly f(A) is a
(t1,t2)-IFSR of R’ and f(z1) = y1, f(z2) = y2 € R'. Let Cy g(A4’) be a level set of
A. Then clearly Cy g(A’) is a subring of R. Suppose z1,z2 € Cq g(A’). Then

tpan(f(z1) = f(@2)) = ppan (f (21 — 22))
= sup{par(z1 — 22) /21 — 23 € [ (y1 — y2)}
> sup{par(21) A par(22)/21 € F (1),
zy € [ (y2)}
= sup{pa, (1) /21 € f (1)}

Asup{pa (z2)/72 € £ (y2)}
>ahNa=«

and
vecan (f(z1) = f(x2)) = vean (f (@1 — 22))
= inf{va (v1 — 22) /21 — 22 € F 1 — 1)}
< inf{va(z1) Vva(ze)/z1 € f 1 (1),
w2 € [N (y2)}
= inf{va, (z1)/z1 € f (1)}
Vinf{va (z2)/z2 € f 1 (y2)}
<BVvVB=p.
Thus
(4.1) ppan(f(x1) — f(z2)) >
and
(4.2) vean(f(@1) — flz2)) < B.

From (4.1) and (4.2), f(z1) — f(22) € f(Cap(A)).
On the one hand,

tpcan (f(@1) f(z2)) = ppan (f(z122))
= sup{pas (2122) /122 € f~ (1192)}
> sup{par (1) A par(e2)/z1 € F7H (),
z2 € [N (y2)}
= sup{pa, (x1)/21 € [~ (1)}

Asup{par(z2)/ze € FH(ya)}
>alhNa=«
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and
Vf(A/)(f(xl)f(xz)) = Vf(A/)(f(flxz))
= inf{va (z122) /2122 € [~ (1192)}
<inf{va(z1) Vvar(x)/z1 € f ),
za € [ (y2)}
=inf{va, (z1)/21 € f (11)}
Vinf{va (z2)/m2 € f1(ya)}
<BVvp=p.
So
(4.3) ppany(f(z1) f(z2)) > @
and
(4.4) vian(f(x1)f(x2)) < B.
From (4.3) and (4.4), f(z1)f(x2) € f(Ca,g(A").
Hence f(Cy 3(A’)) is a subring in R’. O

Theorem 4.15. Let (R,+, ) and R',+,- be any two rings. If f : R — R is a
surjective ring homomorphism. The homomorphic pre-image of a level set which is
a subring of a (t1,t2)-IFSR of R is again a level set which is a subring of (t1,t2)-
IFSR of R.

Proof. Let B be a (t1,ts) intuitionistic fuzzy subring of R’. Then clearly f~!(B) is
a (t1,t2)-IFSR of R. Let f(x1), f(z2) € B. and suppose f(z1), f(z2) € Cu p(B’).
Then pp (f(21)) = o, vp(f(21)) < B and pp/(f(22)) = o, vp(f(22)) < B.

Now,

and
vi-yp) (21 — 22) = vp (f(z1 — 22)) = vp/ (f(21) — f(22))
Svp (f(@1)) Ave (f(z2) SBAB =P
Thus pg-1(py (71 — 22) > a and vi-1 gy (z1 — 22) < B.

On the one hand,
g5y (@132) = ppr (f(@122)) = pp (f(21) f(22))
> pp(f(21)) App (f(22)) 2 aha=a
and
vi-ipy(@122) = vp (f(2122)) = v (f(21) f(22))
<vp(f(x1)) ANve (f(z2)) <BAB=P.
So puj-1(pry(2122) > @ and v-1(pn(z122) < B

Hence f~1(C, 5(B’)) is a subring in R. O
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