Annals of Fuzzy Mathematics and Informatics

Volume 11, No. 6, (June 2016), pp. 885- QFMI
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version) http://www kyungmoon.com

http://www.afmi.or.kr

Reducibility and complete reducibility of
intuitionistic fuzzy G-modules

P. K. SHARMA

Received 19 September 2015; Revised 12 December 2015; Accepted 23 December 2015

ABSTRACT. In this paper, we will study reducibility and complete
reducibility of intuitionistic fuzzy G-modules. A method of constructing
an intuitionistic fuzzy G-module of a given G-module M in terms of
double pinned flags is given. It is proved that for any finite dimensional
G-module M of dimension at least two, there exist infinite many com-
pletely reducible intuitionistic fuzzy G-modules. Moreover, it is shown
that union of intuitionistic fuzzy completely reducible G-modules is an
intuitionistic fuzzy completely reducible G-module but intersection of
intuitionistic fuzzy completely reducible G-modules is not an intuitionistic
fuzzy completely reducible G-module.
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1. INTRODUCTION

Algebraic structures play a vital role in mathematics, and numerous applications
of these structures are seen in many disciplines such as computer sciences, informa-
tion sciences, theoretical physics, control engineering, etc. After the introduction of
fuzzy sets by Zadeh [20], the researchers have been carrying out research in various
concepts of abstract algebra in fuzzy setting. Rosenfeld [12] was the first one to
define the concept of fuzzy subgroups of a group. The literature of various fuzzy
algebraic concepts have been growing rapidly. In particular, Nagoita and Ralescu
[9] introduced and examined the notion of fuzzy submodule of a module. Fernadez
introduce and studied the notion of fuzzy G-modules in [18] and [19]. Abraham and
Sebastian studied the representation of fuzzy G-modules in [1].
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One of the interesting generalisations of the theory of fuzzy sets is the theory of
intuitionistic fuzzy sets introduced by Atanassov in [2, 3, 4]. Using the Atanassov's
idea, Biswas [5] established the intuitionistic fuzzification of the concept of subgroup
of a group. Later on many mathematician work on it and introduced the notion of
intuitionistic fuzzy subring, intuitionistic fuzzy submodule etc. see [7, &, 8, 11, 13,

, 15]. The notion of intuitionistic fuzzy G- modules was introduced and studied by
the author et al. in [16, 17]. In this paper, we will define reducibility and complete
reducibility of intuitionistic fuzzy G-modules and study their properties. A method
of constructing an intuitionistic fuzzy G-module of a given G-module M in terms of
double pinned flags is also given.

2. PRELIMINARIES

In this section, we list some basic concepts and well known results on reducibility
and complete reducibility of G-modules and intuitionistic fuzzy G-modules for the
sake of completeness of the topic under study. Throughout the paper, R and C
denote the field of real numbers and field of complex numbers respectively. Unless
otherwise stated all G-modules are assumed to be taken over the field K, where K
is a subfield of the field of complex numbers.

Definition 2.1 ([6]). Let G be a group and M be a vector space over a field K(a
subfield of C). Then M is called a G-module if for every g€G and meM, 3 a prod-
uct(called the action of G on M), gm €M satisfies the following axioms :

(i) 1gm = m,Vm €M (1¢g being the identity of G),

(ii)(gh)m = g(hm),Vm € M, g,h € G,

(111)g(k1m1 + kgmg) = kl(gml) + kg(g’ﬂlg),Vkl, ko € K;ml,mg €M and g eqG.

Definition 2.2 ([0]). Let G be a group and let M be a G-module over the field K.
Let N be a subspace of the vector space over K. Then N is called a G-submodule of
M if any + bng €N, for all a,b €K and ny,no €N.

Definition 2.3 ([6]). Let M and M* be G-modules. A mapping f: M — M* is a
G-module homomorphism if

(i) f(k1ma 4 kama) = k1 f(m1) + ko f (m2),

(ii) f(gm) = gf (m),Vk1, ko € K;m,m1,ms €M and g €G.

Definition 2.4 ([6]). A non-zero G-module M is said to be irreducible if the only
G-submodules of M are M and {0}. Otherwise M is said to be reducible.

Example 2.5 ([0]). Let G ={1,—1}, M = C is a vector space over Q. Then M is a
G-module having G-submodules @ and R and therefore, it is reducible.

Example 2.6 ([6]). For any prime p, we have M = ( Z, , +, , %X, ) is a field . Let
G =M - {0}. Then under the field operation of M, M is a G-module. Since the only
G-submodules of M are M and {0}. So, M is an irreducible G-module.

Definition 2.7 ([6]). A non-zero G-module M is said to be completely reducible if
for every G-submodule N of M there exists a G-submodule N* such that M = N @
N*,
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Remark 2.8. (i) Any finite dimensional G-module is completely reducible.
(ii) All completely reducible G-submodules of dimension atleast two is reducible, but
all reducible G-modules are not completely reducible. (See the following example)

Example 2.9 ([6]). Let G = {1,—1}, M = C is a vector space over the field Q.
Then M is reducible module (as it has proper G-submodules Q and R). But M is
not completely reducible, for the G-submodule N = Q(y/2) of M, there does not
exist G-submodule N* such that M = N@PN*.(the set N* = C -[Q(+/ 2)-{0}] is not
a G-submodule of M because N* does not contain G)

Definition 2.10 ([16]). Let G be a group and M be a G-module over K, which is a
subfield of C. Then an intuitionistic fuzzy G-module on M is an intuitionistic fuzzy
set A = (ua,va) of M such that following conditions are satisfied :

(i) palax +by) > pa(z) Apa(y) and va(ax + by) <wva(z)Vrva(y),Va,b €K and
x,y €M,

(ii) pa(gm) > pa(m) and va(gm) <wva(m),Vg € G; m €M.
Example 2.11 ([16]). Let G = {1,—1}, M = R" over R. Then M is a G-module.
Define the intuitionistic fuzzy set A = (p14,v4) on M by

o {1 =0 {0 ife=0
xr) = vaAlx) = .
pa 0.5 ifz£0 A 0.25 ifz 40,

where © = (z1, z2, .....,x,) € R™. Then A is an intuitionistic fuzzy G-module on M.

Proposition 2.12 ([16]). Let M be a G-module over K and A be an intuitionistic
fuzzy set of M, then A is an intuitionistic fuzzy G-module on M if and only if either
Cla,p)(A) = T or Cqap)(A), for all o, f € [0,1] such that a+ < 1, is a G-submodule
of M, where Cq 5)(A) ={x € M : pa(x) > a and va(z) < B}

3. FLAGS, DOUBLE KEY CHAIN AND DOUBLE PINNED FLAGS FOR THE
INTUITIONISTIC FUZZY SET

In this section, we first define the notion of double pinned flag for the intuitionistic
fuzzy set and by using this we will construct intuitionistic fuzzy G-modules of a given
G-module M. We shall also define the notion of direct sum of intuitionistic fuzzy
G-modules.

Definition 3.1. A flag is a maximal chain of submodules of G-module M of the
form

Moy C My C My C ........ cM,=M,
in which My = {0} and all M;'s are called the components of the flag.

Definition 3.2. Let A be an intuitionistic fuzzy subset of a G-module M. Put

/\(A) = {(a07ﬁo)) (alaﬂl)v """" ) (Of?uﬁn)}? where ai76i S [0) 1] such that Qg +/BZ S 1
for all i = 1,2, ....,n, then we call the chain («ag, o) > (a1, 51) > eeeeee. > (an, fn) a
double keychain if and only if 1 = ag > a7 > ...... >apand 0= 5y < B < ... , < Bn

and the pair (o, 3;) are called double pins and the set A(A) is called the set of double
pinned flags for the intuitionistic fuzzy set A of M.
887
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Definition 3.3. With the combination of flag and double keychain, we denote the
chain

Méaoﬁo) C Ml(alﬂl) C M2((¥27/32) C o, C M'r(LamBn) ,

as double pinned flags.

The purpose of defining the double pinned flag is to define intuitionistic fuzzy
G-module A = (p4,v4) of M in term of double pinned flags.
Moreover, for any x € M and i,j € {0,1,2,...,n}, we have
pa(z) = o; and va(z) = B; if and only if ¢ = max{j : « € M;} if and only if
x e Mz\Mz—l

1 if x € M, 0 if x € My

(651 if x € Ml\MO 61 ifx e Ml\MQ
pa(z) =< oo if x € Mo\ M, sva(z) = < Bo if © € Mo\ M,

anp if o € M,\M,_1 B if v € M,\M,,_1

The converse of this result is also true. That is, given an intuitionistic fuzzy G-
module A of M, then A can be represented in the form of a double pinned flags. For
this see the following Theorem 3.4.

Theorem 3.4. Consider a mazimal chain of submodules of G-module M over the

field K
My C My C My C ........ cCM,=M,

where C denotes proper inclusion. Then there exists an intuitionistic fuzzy G-module
A of M whose («, B) - cut sets are exactly the G-submodules of M in the above chain.

Proof. Let {(ag, Bo), (1, 81), eevs (ny Bn) }, where a;, 8; € [0, 1] such that o; + 5; <
1foralli=1,2,.....;n, be a double keychain, where the pair («;, 8;) are double pins.
Let the intuitionistic fuzzy set A = (pa,v4) of M defined in term of double pinned
flags is given by pa(x) = a; and va(zr) = §; if and only if ¢ = max{j : * € M;}
if and only if z € M;\M;_; for any x € M and for all 4,5 € {1,2,....,n}, we have

1 if v € My 0 if x € My

(a7} ifzxe Ml\MO ﬁl ifx € Ml\MO
MA(LE) = { Q2 ifx e MQ\Ml ;VA(QT) = 52 ifx € MQ\Ml

n if v € Mp\M,,—1 Bn if x € M,\M,,_1.

We claim that A is an intuitionistic fuzzy G-module of M.
Let z,y € M. If z,y € M;\M;_1 , then z,y € M;, gz,azx + by € M;, for all a,b € K
and g € G. Thus

pa(z) =a; = pa(y)

and

va(r) = Bi = pa(y).
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So

palax +by) > a; = pa(x) A paly)

and
valax +by) < B; = va(x) Vvaly).

Also pa(gx) > a; = pa(x) and va(gz) < B; = va(x).

For ¢ > j, ifx € M; \ M;_1 and Yy < Mj \Mj—h then
pa(x) =o; <o =paly) and va(z) = 6; > B = pa(y). Thus z,y € M,.
Since each M; is G-submodule of M, azx + by, gr € M;,a,b € K, g €G. So

palaz +by) > a; = pa(w) A pa(y)

and
valax +by) < B = va(z) Vva(y)

Also pa(gx) > a; = pa(x) and va(gz) < B; = va(x).

Since (o, o) > (a1, 51) = e > (o, Bn) is a double keychain, it follows that
the (a, 8)-cuts submodules of A are given by the following chain of G-submodules
of M as

O(aoﬁo)(A) C C(a1,,6’1)(A) C C(az,ﬁg)(A) C e C O(%W@")(A) = M.

Obviously, we have C(q,,8,)(A) = {z € M : pa(x) > ap and va(z) < fo} = Mo.
Now, we prove that C(,, 5,)(A4) = M; for 0 <i <n.

Clearly, M; C C(q4,,5,)(A). For other inclusion, let = € C4, g,)(A). Then pa(x) > a;

and v4(z) < B; and x € My, for k > i. Thus pa(z) € {a1, g, .....,a;} and va(z) €

{B1, B2y eeen ,Bi}. So x € Mj for all j <i. Since M; C M;, x € M;. Hence

Clasp)(A) = M; for all 0 < i < n. Therefore the result follows by proposition

2.11. O

Proposition 3.5. Any n-dimensional G-module M over K has an intuitionistic
fuzzy G-module A with | AN(A) |= n+ 1, where | A(A) | = the number of double
pinned flags for the intuitionistic fuzzy set A.

Proof. Let {my, ma, ..., my} be the basis of G-module M. Let M; be the G-submodule
of M span by {mi,ms,...,m;}. Take My = {0}. Then we get a maximal chain of
G-submodules of M as My C M; C My C ........ Cc M, =M.
Let A(A) = {(1,0), (3, 757) (5, £)s - (£, 3), (575 5)} be the set of double pinned
flags for the intuitionistic fuzzy set A = (ua,v4) defined by

1 if m € My 0 it m e My

% ifme Ml\Mo ﬁ if me Ml\MO

i if Mo\M L if My\M
pa(m) =143 if m € Ma\M; v a(m) n if m € Ma\M,

if m € Mn_l\Mn_Q % if me Mn—l\Mn—2
Tt if m € M,\M,_, 1 if m € M,\M,_,
889
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ie,if m=cmi+coms+ ... + ¢ymy, then

1 if ¢; = OVi

% ife; #0,c0=¢c3=.... = ¢, =0

1 .

= if ¢ 0,c3=c4=...=¢, =0
pwalcimy + cama + ... +epmy) =<3 27 0,63 = s n

% ife,1#0,¢, =0

%_H ife, #0

0 if ¢; = OVi

ﬁ ifep #0,c0=c3=.... = ¢, =0

1 .

= if ¢ O,cs=c4=...=¢, =0
va(cimy + camg + ....... Fepmy) =" 27 03 4 "

3 if c,_1#0,¢, =0

i if cn # 0.

Then by Theorem 3.4, A is an intuitionistic fuzzy G-module with | A(A) |=n+1. O

Example 3.6. Let G = {1, -1}, M is the G-module R* over R. Let {e1,e2,¢3,64}
be the standard ordered basis for M. Let My, My, Mo, M3, M4 be G-submodule of
R* spanned by {0}, {e1},{e1,e2},{e1,62,€3} and {e1, 2, 3,64} respectively. Define
an intuitionistic fuzzy set A = (pa,va) of M by

1 ifme My 0 ifme My
1 if me M\ M, +if m e M\ My
pa(m) =<+ ifmeM\M; ;va(m)=<1 ifmeM\M
L it m e M\ M, 1 ifm e M\ M,
L ifm e My\M; L if m e M4\ Ms
i.e., if m = cie1 + coeo + c363 + c4€4 , then
1 ife; =0Vi
% ifcg #£0,c0=c3=c4=0
pa(cier + coga +czes +cags) = Q5 ifca#0,c3=c4=0
1 ifeg#0,c0=0
% if047é0
0 ife¢;=0Vi
% ifcg #£0,c0=c3=c4=0
VA(61€1 + coeg 4+ c3e3 + 0464) = i ifeg 20,3 =0c4=0
$ ifes#0,c4=0
3 ifes #0.

Then by Theorem 3.4, A is an intuitionistic fuzzy G-module, where | A(A) | = 4 +
1 =05.
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Remark 3.7. The above construction can be extended to an infinite dimensional
G-modules also.

Proposition 3.8. Let M be a G-module over K and M = &} M;, where M; s are
G-submodules of M. If Ai's (1 <i<n) are intuitionistic fuzzy G-modules on Mi/s,
then an intuitionistic fuzzy set A of M defined by

pa(m) = ANpa,(m;) :i=1,2,...,n} and va(m) = V{va,(m;) : i =1,2,...,n},
where m = X7 ym; € M, is an intuitionistic fuzzy G-module on M.
Proof. Since each A; is an intuitionistic fuzzy G-modules on M;, for every m;, m; €
M;,g € G and a,b € K, we have

() foa,(am; +bm) > pua,(m) A pa(md) and wa,(am; + bml) < va,(m;) v
va,(m;),Va,b €K and m;, m; € M;,

(i) jua, (gm:) > pa;(mi) and va,(gm;) < va,(mi),¥g € G; m; € M;.
Let m = X m;,m = X m; € M, where m;, m, € M; and a,b € K. Then

’

pa(am +bm') = pa(S(am; + bm,))
= N4, (amz—l—bm/) i=1,2,...,n}
= pa,;(am; + bmj),for some j(1 < j <mn)
> 4, () A i, ()
> pa(m) A pa(m).

Similarly, we have

valam +bm') = va(S(am; + bm,))
=V{va,(am; +bm}) :i=1,2,.....,n}
=wva, (amy + bm,,), for some k(1 < k < n)
< vay (mi) V va, (my)

< wa(m) V pa(m).

Also, for g € G and m = X7 ;m,; € M, we have

a(gm) = pa(E(gm;))
= AN{pa,(gm;) :i=1,2,.....,n}
= pa, (gm;), for some j(1 < j <n)
> A, (mj)
> ,UA(m).
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Similarly, we have
va(gm) = va(X(gmi))
=V{va,(gm;) 11 =1,2,....,n}
=va, (gmy), for some k(1 < k <n)
< v, (mi)
< pa(m).

Therefore, A is an intuitionistic fuzzy G-module. g

Remark 3.9. In the above proposition, if p4,(0) are all equal and vy4,(0) are all
equal, for each (i = 1,2,...,n), then we have p4(0) = AM{pa,(0) :i=1,2,...,n} =
pa,(0) and v4(0) = V{ra,(0) : i =1,2,....,n} = v4,(0).

Definition 3.10. An intuitionistic fuzzy G-module A of M = @7, M;, where M;'s
are G-submodules of M. If A4;'s (1 <4 < n) are intuitionistic fuzzy G-modules on
M;'s, as in the above proposition such that pua(0) = pa,(0) and v4(0) = va,(0) ,
for all 4, then an intuitionistic fuzzy G-module A of M is called the direct sum of A;
and it is written as A = @I, A;.

Example 3.11. Let G ={1, -1} and M = C over R. Then M is G-module. We have
M = My @ M, where M7 = R, My = iR. Define an intuitionistic fuzzy set A =
(ta,va) on M by

1 ifz=y=0 0 ifx=y=0
pale+iy) =93 ifa#0,y=0 svalz+iy)=43 ifz#0,y=0.
: ify#0 i ify#0.

Then A is an intuitionistic fuzzy G-module on M.
Also, the intuitionistic fuzzy sets A; and A; on M; and M, respectively are defined

by
ifx=0 0 ifx=0
FLA1(‘(E):{ ;VAl(x):{
0 ify=0

ifz#0 3 ifz#0,
”Az(iy):{ ify#0 ;”Az(iy):{l ify#0
2

ify=20
are intuitionistic fuzzy G-modules on M; and M, respectively and A = A; & As.

Wi = NI

4. REDUCIBILITY AND COMPLETE REDUCIBILITY OF INTUITIONISTIC FUZZY
(G-MODULE

In this section, we define the notion of reducibility and complete reducibility of
intuitionistic fuzzy G-modules. We show that there exists an infinite number of
completely reducible intuitionistic fuzzy G-modules on any finite dimensional G-
module M of atleast dimension 2. The intuitionistic fuzzy G-modules considered in
this section are assumed to be non-trivial (i.e., non-constant).

Definition 4.1. An intuitionistic fuzzy G-module A of a G-module M is said to be
reducible if M is reducible as a G-module otherwise it is said to be irreducible.
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Example 4.2. Let G = {1,—1} and M = C, regarded as a vector space over Q.
Then by Example 2.5, M is a G-module having proper G-submodule Q and R and
therefore M is reducible. Define an intuitionistic fuzzy set A = (ua,v4) of M by

1 ifm=0 0 ifm=0
pa(m) = ¢ 3 if (m+#0)isreal ;va(m)=q %+ if (m # 0)is real.
i otherwise % otherwise

Then A is an intuitionistic fuzzy G-module on M and hence A is reducible.

Example 4.3. For any prime p, we have M = (Z,,+,, X,) is a field. Let G =
M - {0}. Then under the field operation of M, M is a G-module. Since the only
G-submodule of M are M and {0}, so any intuitionistic fuzzy G-module A on M is
irreducible.

Definition 4.4. An intuitionistic fuzzy G-module A on M is completely reducible
if

(i) M is completely reducible,

(ii) M has atleast one proper G-submodule,

(iii) Corresponding to any proper decomposition M; @ Moy, there exists intuition-
istic fuzzy G-submodules A;'s of M;'s such that A = A; @ A, with N(A1) # AN(Ag)
[i.e., set of double pinned flags for the intuitionistic fuzzy G-module A; # set of
double pinned flags for the intuitionistic fuzzy G-module As].

Example 4.5. Let G = {1, 1} and M = Q(+/2) over Q. Then M is a G-module and
also the only G-submodules of M are {0}, M; = Q, My = v2Q = {by/2: b € Q} and
M = Q(v/2). Therefore the only decompositions of M are M = M @ {0} and M =
My & M5 and hence M is completely reducible. Here the only proper decomposition
is M = M; @ M. Define an intuitionistic fuzzy set A = (ua,v4) on M as

1 ifa=b=0 0 ifa=b=0
pala+v2b) =<4 ifa£0,b=0 ;vala+v20)=4q31 ifa#0,b=0
3 ifb#0 2 ifb#0.

Then A is an intuitionistic fuzzy G-module of M. Also, the intuitionistic fuzzy sets
Ay and Ay on My and Ms respectively are defined by

ifxz=0 0 ifz=0
pa, (v) = { sva, () = {

if 2 # 0 75 ifz#0
1 ify=0 0 ify=0
Vay) = o, (V) =
Clearly, Ay, A are intuitionistic fuzzy G-modules on M; and M; respectively such
that A = A; @ As. Also A(A1) # A(Az) and therefore the intuitionistic fuzzy
G-module A is completely reducible.

(S N

Theorem 4.6. Any finite dimensional G-module with dimension atleast 2, has an
intuitionistic fuzzy completely reducible G-module.
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Proof. Let M be a G-module and let dim M = n. Since M is finite dimensional, it
is completely reducible. Let B = {1, aa, ...,a, } be a basis for M. Then any proper
G-submodule of M is the span of some proper subset of B. Let A = (u4,v4) be an
intuitionistic fuzzy set of M defined by

1 if ¢; = OVi

% ifc; #0,c0=c3=....=¢, =0

1 if 0,c3=C4=...=¢p=0
palcian + caag + ... +cnan) =4 3 if ez 70,05 =4 ¢

1 ifcp_1 #0,¢, =0

n%‘_l ife, #0

0 if ¢; = OVi

ﬁ ifcg #£0,c0=c3=.... = ¢, =0

1 if O,cs=c4=...=cp, =0
va(cior + caas + ... +epan) =K " ifer 70,03 =04 ¢

3 if cpo1 #0,¢, =0

: if ¢, # 0.

Then A is an intuitionistic fuzzy G-module on M. We will prove that A is the required
intuitionistic fuzzy completely reducible G-module.
Let M; be any proper G-submodule of M. Let M; be G-submodule of M spanned

by {ai,, @iy, eee.. ya 3, where 1 <r <nand 1l <14 <is < .. <i <n. Then
M = M; & My, where M, is a G-submodule of M spanned by the remaining base
elements i.e., spanned by {a, Qi p;-eoey @i, b, Where 1 < iy < dpyo < <

in < n. Define the intuitionistic fuzzy sets A1, As of My, M respectively by

1 ifcil = Cijyp = Cig = ennnn ZCZ‘TZO
1 : . _ _
ey ife;, #0,¢i, = Ciy = .. =¢, =0
1 .
- ifei, #0,¢, =ciy = oo =c, =0
o 2 12 ’ ~13 (2 Tr
pay (Ciy iy +Ciy Qg Fovenntci ) = < 1T
1 : _
F— ife;, , #0,¢, =0
1 e
F— if ¢;, #0,
0 ife,, =¢, =c, =....... =c¢, =0
1 . _ _
s ife;; #0,¢i, = Ciy = e =c¢, =0
1 : o _
)i e #0cy =0 = ¢, =0
VA, (Cilai1+ci2ai2+ ....... —Q—c“a”) =
1 : _
T+l if Cip_y # 0, Ci, = 0
1 o
T ife;, #0
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and
KAy (Cir+1ai7‘+l T Cipya Qg e +¢, ain)

1 ifej, ., =¢ip=Cipy =.. =¢;, =0
1 3 — . — o

P ifci ., #0,¢i,,, =Cipyy = . =¢;, =0
1 : o o

)i if e, 70,64, =¢Cipy = . =i, =0

L if ¢; #0,¢;, =0

in—1+1 1 62"71 7C7fn -
1 .

) if ¢;,, #0,

YAy (Cippr Wiy + Cipg iy F v +ec )

0 ifej,, =¢in=Cipy =.. =¢;, =0
1 : . o

P if i, #0,¢i,,, =Cipyy = . =¢;, =0
1 : o o

B m lfCiT+2 #07C7;T+3 —Czr+4—....—czn —O

1 . _

) if Ci,_1 # O,Cin =0
1 .

) ife;, #0.

Then A; and As are intuitionistic fuzzy G-modules on M; and Ms respectively such
that A = Ay @ Ay and A(A1) # A(Az). Thus A is completely reducible and hence
the theorem proved. O

Corollary 4.7. Any intuitionistic fuzzy G-module A on an n-dimensional (n > 2)
G-module M is completely reducible only if | AN(A) |> 3.

Proof. Since M is a completely reducible G-module of dimension n > 2, it has atleast
one proper decomposition M = M; @ M,. If A is an intuitionistic fuzzy completely
reducible G-module on M, 3 an intuitionistic fuzzy G-module A; on M;(i = 1,2)
such that A = A1 D A2 with /\(Al) 7é /\(AQ) and ‘ /\(Az) |2 2 for ¢ = 1,2 This is
possible only if | A(A1) UA(A2) [= 3 Le., only if | A(A) [> 3. O

Example 4.8. Let G = {1, -1} and Q be the field of rational numbers. Let M = Q
(V2,v/3) = {a+b\/§+0\/§+d\/6 sa,b,c,d € Q}. Then M is a G-module such that
dmM=4and B={a; =1,as = V2,08 = V3,4 = \/6} is a basis for M over Q.
Define intuitionistic fuzzy set A on M by

1 ife; =0V

% ifec; £0,c0=c3=¢c4 =0
pa(crar + coas + czas + cqpay) = % ifea £20,c3=c4=0

i if c3 #0,c4 =0

% ifeg #0
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0 if ¢; = 0Vi

% ifey #0,c0 =c3 =c4 =0.
va(crag + coan + czas + caay) = i ifcg#0,c3=c4=0

% if c3 #0,c4 =0

1 oif ey #£0.

Then A is an intuitionistic fuzzy G-module on M. Consider two proper submodules of
M (say) M; spanned by {«a1, a3} and My spanned by {as, ay}. Thus M = M; @ Mo.
Define intuitionistic fuzzy sets A; and As on M7 and Ms respectively by

1 if61163:0 0 if6116310
pa, (crontesaz) =4 ifeg #0,c3 =0 ;va,(crontesas) =41 ifer #0,¢3 =

1 ifer #£0 3 ifer #£0

1 ifeca=c4=0 0 ifeg=e¢4=0
pia, (caaotcaon) = ¢ 5 ifca 0,4 =0  ;va,(coaatcaan) = 1 if ey #0,04 =

toifea #0 3 ifep #£0.

So it is easy to check that A; and Ay are intuitionistic fuzzy G-modules on M; and
Ms respectively such that A = A; & As and A(A;) # A(As).

Proposition 4.9. Every intuitionistic fuzzy completely reducible G-module is intu-
itionistic fuzzy reducible.

Proof. Let A be an intuitionistic fuzzy completely reducible G-module on M. Then M
is a completely reducible G-module of dimension atleast two. Therefore by Remark
2.8, M is reducible and from Corollary 4.7, we have | A(A) |[> 3. Thus A is an
intuitionistic fuzzy reducible G-module on M. O

Proposition 4.10. There exists an infinite number of completely reducible intuition-
istic fuzzy G-modules on any finite dimensional G-module M of atleast dimension
2.

Proof. Let M be a finite dimensional G-module of atleast dimension 2. Then, by
Theorem 4.6, 3 an intuitionistic fuzzy completely reducible G-module A =(pua,v4)
on M.

Let 7 € (0,1]. Then it is easy to check that the intuitionistic fuzzy set A, on M
defined by pa, () = rpa(x) and va, (z) = (1 — r)va(x), Vo € M is an intuitionistic
fuzzy G-module on M.

In the definition of intuitionistic fuzzy G-module A and intuitionistic fuzzy G-
submodules 4;’s in the Theorem 4.6, replace 1 in the numerator by r. Then the
intuitionistic fuzzy G-module A, on M and the intuitionistic fuzzy G-submodules
A; s on My's (pa, (x) =r.pa, (r) and va, () = (1 —7).va, (v), Vo € M;) satisfies
the conditions of the Theorem 4.6. Thus for every r € (0,1], A, is an intuitionistic
fuzzy completely reducible G-module on M. O

Remark 4.11. (1) If r = 0, then A, is the constant intuitionistic fuzzy G-module
pa,(x) =0and va, (z) =1,Vz € M. So A, with r = 0 is not an intuitionistic fuzzy
reducible G-module.
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(2) The intuitionistic fuzzy completely reducible G-module A in Theorem 4.6 is
an intuitionistic fuzzy completely reducible G-module A; in the above Proposition
4.10.

Corollary 4.12. Let M be a finite dimensional G-module of dimension atleast 2.
Then the union of intuitionistic fuzzy completely reducible G-modules A,,r € (0,1] in
the above Proposition 4.10 is an intuitionistic fuzzy completely reducible G-module.
But the intersection of A, s and intuitionistic fuzzy complement of each A, are not
intuitionistic fuzzy completely reducible G-modules.

Proof. Let B be the intuitionistic fuzzy union and C be the intuitionistic fuzzy
intersection of the intuitionistic fuzzy completely reducible G-module A,. Then
For each x € M, we define

pp(x) = Sup{pa, (z) :r €(0,1]}, vp(z) = Inf{vy (x) : r € (0,1]}
and
puc(z) = Inf{pa, (z) :r € (0,1]}, ve(x) = Sup{va,(z) : r € (0,1]}.

Then by the above Remark 4.11, B = A; is an intuitionistic fuzzy completely re-
ducible G-module and C = Ay is not an intuitionistic fuzzy completely reducible
G-module. Let r € (0,1]. Then in the intuitionistic fuzzy completely reducible
G-module A,, we have 4, (0) = r and v4, (0) = 1 is maximal. Thus, in the intu-
itionistic fuzzy complement of A, (say A7), we have u% (0) =1—p4,(0) =1—r and
v4,(0) =1-v4,(0) =1-1=0, ie., Af is minimal among the grades of all m €M.
So A¢ is not an intuitionistic fuzzy completely reducible G-module. [Because in an
intuitionistic fuzzy G-module, the membership grade of the zero element is maximal
1 and non-membership grade of zero element is minimal 0.] O
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