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ABSTRACT. A right ternary N-group (RTNG) over a right ternary
near-ring N is a generalization of its binary counterpart and fuzzy soft
sets are generalization of soft sets which are parameterized family of sub-
sets of a universal set. In this paper fuzzy soft N-subgroups and N-ideals
over right ternary N-groups are defined and their basic algebraic proper-
ties are studied. Fuzzy soft N-subgroups and N-ideals are characterized in
terms of their level sets. The homomorphic image and inverse homomor-
phic image of a fuzzy soft N-subgroup (N-ideal) are proved to be fuzzy
soft N-subgroup (N-ideal). The basic structural properties of fuzzy soft
congruence over a right ternary N-group are studied. The main result of
this paper is that a normal fuzzy soft ideal can be obtained from a fuzzy
soft congruence relation and vice versa. Lattice structure of the set of all
fuzzy soft congruence relation over an RTNG is given.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [18] in 1965. In 1999,
Molodtsov [11] introduced the soft set to deal with the uncertainties present in most
of our real life situations. In 2001, Maji et al [10] expanded soft set theory to fuzzy
soft set theory. In [3] Celik et al. studied about fuzzy soft rings. An encyclopaedic
account of the algebraic theory of near-rings is provided by Pilz in [12]. The concept
of fuzzy subnear-ring, fuzzy left and right ideals was introduced by Abou-Zaid [1].
Fuzzy R-subgroups and normal fuzzy subgroups in near-rings were introduced by
Kim and Jun in [8, 9]. Dutta and Biswas introduced fuzzy congruences of a near-ring
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module and obtained the correspondence between fuzzy congruences and fuzzy sub-
modules in [5]. Hur et al. introduced the notion of intuitionistic fuzzy submodules
and intuitionistic fuzzy weak congruences on a near-ring module [6]. Srinivas et al.
discussed anti fuzzy ideals and T-fuzzy ideals in T-near-rings in [13, 14]. The con-
cept of fuzzy congruences of hemirings is discussed in [19] by Zhu et al. Fuzzy soft
similarity relations over a set were studied in [15, 17]. In [16] the authors introduced
the notion of right ternary N-groups and their substructures.

In this paper fuzzy soft right ternary N-groups and their ideals are defined and
their basic algebraic properties are studied. Fuzzy soft N-subgroups and N-ideals
are characterized in terms of their level sets. The homomorphic image and inverse
homomorphic image of a fuzzy soft N-subgroup (N-ideal) are shown to be a fuzzy
soft N-subgroup (N-ideal). Moreover fuzzy soft congruences over right ternary N-
groups are defined and their structural properties are studied. A normal fuzzy soft
ideal is obtained from a fuzzy soft congruence relation and vice versa.

2. PRELIMINARIES

In this section the basic definitions that are necessary for the following sections
of this paper are given.

Definition 2.1 ([4]). Let N be a non-empty set together with a binary operation
+ and a ternary operation []: N x N x N — N. Then (N, +,[]) is a right ternary
near-ring (RTNR) if

(i) (N, +) is a group

(i) [ry 2zl uv]=[r [y zu]v]=[zy[zuv]=[ryzuv]

(iii) [(x +y) zu] =[x z u] + [y z u] for every z,y,z,u,v € N.

An RTNR is an abelian RTNR if (N, +) is abelian.

Definition 2.2 ([16]). Let (V,+,[]) be an RTNR and (T',+) be a group. Then
I is said to be a right ternary N-group (RTNG) if there exists a mapping [ |r :
N x N x I = T satisfying the conditions :

(RING-1) [n+m x vr = [n z v]r + [m = ¥]r,

(RTNG-2) [n mu] z v|r = [n [mu x] ¥]r = [n m [u z v]r]r for all v € T' and
n,m,u,x € N.

An RTNG pT is an abelian RTNG if T' is abelian under +.

A subgroup A of yT is said to be an N-subgroup of yI'if [N N Alr C A. A
subgroup A of T' is called a normal subgroup of 'if Vy eI, 6 € A, v+ —~ € A.
A normal subgroup A of I" is called an N-ideal of yT'if [n z(y+d)|r —[n z 7]r € A,
VyeTl,de Aandn,x € N. If NI and yI' are any two right ternary N-groups
then h: NI — yI" is an N-homomorphism if h(y+ ) = h(y) + h(0) V v,6 € I and
hlz y Ar) =[x y h(V)]r ¥V 2,y € N.

Definition 2.3 ([18]). If X is a universal set then a fuzzy subset of X is a map
p: X —[0,1] which is denoted by u = {(x, u(x))|z € X}.

Definition 2.4 ([10]). Let U be a universal set and let A be a subset of a set of
parameters E. Let IV (where I = [0,1]) be the set of fuzzy subsets of U. Then
(f, A) is called a fuzzy soft set over U where f: A — IV and f(a) = f, : U — I is
a fuzzy subset of U.
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Definition 2.5 ([10]). Let U be a universal set and let A and B any two non-empty
subsets of the set of parameters E of U. Let (f, A) and (g, B) be any two fuzzy soft
sets over U. Then

(i) (f, A) is a fuzzy soft subset of (g, B), i.e., (f,A)C(g, B) if A C B and f,(z) <
ga(z) for every a € A and z € U.

(ii) (f,A) AND (g, B) denoted by (f, A)A(g, B) = (h,C) where C = A x B is
defined by h(q ) (x) = min{ fo(z), go(2)} for every 2 € U and (a,b) € A x B.

(iii) (f,A) OR (g, B) denoted by (f, A)V(g, B) is defined by (f, A)V(g,B) =
(h,C), where C = A x B and h(q)(z) = max{fe(x),gs(x)} for every x € U and
(a,b) € A x B.

(iv) The union of (f, A) and (g, B) denoted by (f, A)U(g, B) = (h,C),

£, ifce A—B
where C = AU B and h(c) = h. =< g, ifce B—A
feVge ifce ANB.

(v) The intersection of (f, A) and (g, B) such that AN B # & is defined to be the
fuzzy soft set (h,C), where C' = AN B and h(c) = h. = fc N g, for all ¢ € C and is
denoted by (h,C) = (f, A)N(g, B).

Definition 2.6 ([10]). Let U and V be any two non-empty universal sets. Let E;
and Fs be parameter sets for U and V respectively. Let A C Ey, B C Fy. Let
(f,A) and (g, B) be any two non-empty fuzzy soft sets over U and V respectively.
Then their cartesian product over U x V is defined by (f, A) x (¢,B) = (h,C),
where C' = A x B and hqp)(u,v) = min{ f4(u), gs(v)} for every (u,v) € U x V and
(a,b) € A x B.

Definition 2.7 ([7]). Let X and Y be any two non-empty sets and E; and Es be
their parameter sets. Let A C Ey, B C Es. Let (f, A) and (g, B) be any two non-
empty fuzzy soft sets over X and Y respectively. Let ¢ : X — Y and ¢ : A — B.
Then (¢,v) : (f,A) — (g,B) is called a fuzzy soft function and the image set
(¢(f), B) of (f, A) under (¢,v) is defined as follows.

For every y€ Y and be B

\/ (Vaep-1mynafa(@)), if 71 (y) # @,b € Y(A)
(6(f))o(y) = { zeo1(v)

0, otherwise.

Definition 2.8 ([7]). Inverse image of fuzzy soft set (g,B) is defined by
(¢,¥)7 (9, B)) = (671 (9),¥~(B)), where (¢7'(9))a(x) = gy(a)(d(x)) for every
a€y H(B)and z € X.

Definition 2.9 ([2]). Let (¢,4¢) be a fuzzy soft function from X to Y. If ¢ is a
homomorphism from X to Y then (¢,) is said to be a fuzzy soft homomorphism.

Definition 2.10 ([2]). Let U be a universal set. Let A be a subset of the parameter
set E of U. Let (f, A) be a fuzzy soft set over U. Then for each f,, the level subset
(fa)t, t € (0,1] is defined as (fq): = {x € U|fa(z) > t}.
Definition 2.11. A relation R on a set X which is a subset of X x X is (i) reflexive if
(x,x) € R (ii) symmetric if (z,y) € R implies (y,z) € R (iii) transitive if (x,y) € R,
(y,2) € R implies (z,z) € R, for all z,y,z € X.
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Definition 2.12 ([18]). Let X and Y be any two non-empty sets. Then R is called
a fuzzy relation from X to Y if R is a fuzzy subset of X x Y,

e, BR={((2,y), nr(z,y))|(z,y) € X x Y}.

Definition 2.13 ([15]). Fuzzy soft relations from X to Y are defined as fuzzy soft
sets over X X Y ie., if X and Y are any two non-empty sets and E is a set of
parameters of X x Y and C C E. Then (p,C) is defined as a fuzzy soft relation
where p is a mapping from C to IX*Y,

Definition 2.14 ([15]). Let X be a universal set and C' be a subset of a set of
parameters E of X x X and let C C E. Then a fuzzy soft relation (p, C') over X x X
is a fuzzy soft similarity relation if

(i) Fuzzy soft reflexive i.e., p.(z,x) =1,

(ii) Fuzzy soft symmetric i.e., p.(x,y) = pc(y, )

(iii) Fuzzy soft transitive i.e., p. o p. C pe,
where (p. o p.)(z,2) = \/ (pe(x,y) A pe(y, 2)) for each ¢ € C and z,y,z € X.

yeX

Definition 2.15 ([17]). Let X,Y and Z be any three non-empty sets. Let E and
I be parameter sets of X x Y and Y x Z respectively. Let C C E and D C F.
Let (p,C) and (v, D) be fuzzy soft relations over X X Y and Y x Z respectively.
Then fuzzy soft max-min composition is denoted by (p,C)d(y,D) = (h,K) and
is defined by (h,K) = {hilk € K} where K = C N D with hy = p.oyq =
{((z, 2), maxycy{min{p.(z,y), va(y, 2)} }P)|(z,2) € X x Z} forall k € K, c € C
and d € D.

Definition 2.16 ([17]). Let X and Y be any two non-empty sets. Let E be a set of
parameters of X x Y. Let (p, A) and (v, B) where A, B C E be fuzzy soft relations
over X x Y. Then their intersection is (p, A)N(~y, B) = (h,C) where C = AN B and

(h,C) ={pec Nvelc € C} and pe Aye = {((x,y), pa(z,y) Aoz, y))|(z,y) € X X Y}

Notation 2.17 ([17]). Let X =Y = Z and F be a parameter set of X x X. Let C' C
E and (p, C) be fuzzy soft relation over X x X. Then (p, C)3(p, C) = {pcopc|c € C}.

Proposition 2.18 ([17]). Let X be a universal set and A and C be subsets of a set
of parameters E of X x X. If (p,C) and (v, A) are fuzzy soft similarity relations
over X x X, then

(i) (p, C)D\(~, A) is a fuzzy soft similarity relation over X x X.

(i) (p, C)o(v, A) is a fuzzy soft similarity relation over X x X,
if (P, 0)6(7’ A) = (7’ A)a(p, O)

Theorem 2.19 ([17]). Let X be a universal set and C be a subset of set of parameters
of X x X. Let (pc)a be the a-level set of a fuzzy soft similarity relation (p,C). Then
(p,C) is a fuzzy soft similarity relation iff for a € (0,1], (pe)a @S an equivalence
relation on X.

Theorem 2.20 ([17]). Let X be a universal set and E be a set of parameters of
X x X. Then a relation R is an equivalence relation on X iff (Vg, E) is a fuzzy soft

similarity relation over X x X.
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Lemma 2.21 ([17]). Let (p,C) be a fuzzy soft similarity relation over X x X.
Let p71(1) = {(z,y) € X x X|pe(x,y) = 1}. Then for each c € C, p*(1) is an
equivalence relation on X.

Proposition 2.22 ([17]). Let X be a universal set and let A and C' be subsets of a
set of parameters E of X x X. If (p,C) and (v, A) are fuzzy soft similarity relations
over X x X and if (p,C)5(v,A) = (v, A)3(p,C) then (p,C)3(v, A) is generated by
(p, C)0(v, A).

Lemma 2.23 ([17]). If FSSR(X) is the set of all fuzzy soft similarity relations
then (FSSR(X),+,.) is a lattice where + and . are defined by (p,C) + (v, A) =
(p, C)3(v, A) and (p,C).(v, A) = (p, C)ﬁ(77 A) and (p,C)o(v,A4) = (v, A)s(p,C).

Definition 2.24. A lattice (L, +,.) is called modular if (z +y).z < z 4+ (y.2) for all
z,y,z € L with < z.

Theorem 2.25 ([17]). (FSSR(X),+,.) with (p,C)o(v,A) = (v,A)3(p,C) for all
(p,C), (v,A) € FSSR(X) is a modular lattice.

3. Fuzzy SOFT N-SUBGROUPS AND IN-IDEALS

In this section fuzzy soft N-subgroups and fuzzy soft N-ideal over a right ternary
N-group are defined and their basic algebraic properties are studied.

Throughout this section xI" denotes a right ternary N-group and E denotes a set
of parameters associated with yT', A is a subset of E and (f, A) denotes a fuzzy soft
set over yI'. The zero element in I' is denoted as Or.

Definition 3.1. (f, A) is a fuzzy soft N-subgroup if

) fuly+9) 2 min{fo(), (O},
(i) fa(=7) = fa(7),
(iil) fo([z v ¥]r) > fa(7y) for every a € A, v €T z,y € N.
Remark 3.2. By combining (i) and (ii), fo(v —¢) > min{f,(y), fa(5)}.

Example 3.3. Let N = {0,z,y,z} = I'. Define + on I' as in Table 1 and the
ternary operation [ |r on yT" by [z y z]r = (x.y).z for every z,y,z € N where ‘.’ is
defined as in Table 2. Then (yT,+,[ ]r) is a right ternary N-group. Let A = {0, z}

TABLE 1. TABLE 2.
+10 x y z 0 x y z
0]0 x y =z 00 0 0 O
x|x 0 z y x|0 0 0 x
v|iy z 0 x vyvi0 x y vy
z|lz y x 0 z|0 x y 2z

and f: A — INT be defined by
1 ifte {0,z
(fa)(t):{ 0.}

0.6 otherwise

for every a € A. Then (f, A) is a fuzzy soft N-subgroup over yT.
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Definition 3.4. (f, A) is a fuzzy soft N-ideal over yI if

(i) faly —9) = min{fa(7), fa(0)}

(i) fa(y+06—7) = fa(d)

(iil) fo([zry (Y +I)]r — [z y v]r) = fu(9) for every a € A z,y € N, 7,0 € T.
Example 3.5. Let N = {0,2,y,2} = I'. Define + as in Table 3 and [ |r by
[z y 2] = (x.y).z for every x,y,2z € N where . is defined as in Table 4. Then
(nT,+,[ ]r) is a right ternary N-group and {0,z} and {0,y} are N-ideals of yT.
Let B={0,z} and f : B — I™T be defined by

TABLE 3. TABLE 4.
+ ‘ 0 x y =z 0 x y =z
0]0 x y z 0j0 0 0 O
x|x 0 z vy x|0 0 0 O
yly z 0 x y|0 0 0 0
z |z y x 0 z|0 x vy x

0.7 otherwise

() (®) = {1 if t € {0,2}

for every b € B then (g, B) is a fuzzy soft N-ideal over yT.

Lemma 3.6. If (f, A) is a fuzzy soft N-subgroup over yT', then
(1) fa(_’y) = fa(’y)
(2) fa(OF) > fa('y)a
(3) Zf fa(ry - 6) = fa(OF)7 then fa(’)/) = fa(é); fO’I“ every a € A and ’)/,(5 el

Proof. Let (f, A) be a fuzzy soft N-subgroup over yI" and let 7,0 € " and a € A.
Then (1) fa(y) = fa(=(=7)) = fa(=7) = fa(7).

(2) fa(OF) = fa(’y - '7) > min{fa(7)7fa(_’7)} > fa(’}/)'

(3) fa(v) = fa(y = 0+ 6) = min{ fa(y — 0), fa(6)} = min{fa(Or), fa(6)} = fa(0).
Similarly it can be proved that f,(d) > f.(v) and hence (3). O

Theorem 3.7. Let (f, A) is a fuzzy soft set over NI and let for a € A,

A ={yeTl|fa(y) = fa(Or)}. Then
(1) A is an N-subgroup of NT if (f,A) is a fuzzy soft N-subgroup over nT.
(2) A is an N-ideal of NT if (f, A) is a fuzzy soft N-ideal over yT.

Proof. (1) Let v,6 € A and a € A. Then f,(y—3) > min{f.(7), fa(d)} = fa(Or) by
hypothesis. Thus, by (2) of the above lemma, f,(v—0) = f,(0Or) which implies that
v—30 € A. Nowlet § € A and z,y € N. Then f,([x y d]r) > fu(6) = fo(Or). So,
using (2) of the above lemma, f,([z y 0]r) = f.(0Or) which implies that [z y d]r € A.
Hence [N N Alr C T showing that A is an N-subgroup of yT.

(2)Let 6 € A,y €T anda € A. Then f,(y+5—7) > f.() and thus f,(y+d—v) >
fa(Or). So fo(y+ 9 — ) = fo(Or) which implies that v + ¢ — v € A. Now let
5€ Ay el andayeN. Then fulle y (v + 0l — [ 4 1)) > fald) = fulOr).
Thus, by (2) of Lemma 3.6, f,([z y (v + d)]r — [ ¥ 7]r) = fo(Or) which implies
[Ty (y+)r— [z y~]r € A. Hence A is an N-ideal of yT. O
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Corollary 3.8. Let (f,A) be a fuzzy soft set over NT' and A" = {y € T'|fo(v) = 1}.
Then A’ is an N-subgroup (N-ideal) of NT if (f,A) is a fuzzy soft N-subgroup
(N-ideal) over NT.

Proof. By taking f,(0Or) =1 in A in the above theorem the proof follows. O

Remark 3.9. In general the converse of the above corollary is not true. For example,
let N and I' be as in Example 3.5. Then {0,z} is an N-ideal and N-subgroup of
NI

1 ift=0,z
Let A={0,2} and f: A — INT be defined as f,(t) =< 0.7 ift=y
0.3 ift==z

for every a € A. Then fo(x —y) = fa(z) = 0.3 and min{f,(z), fo(y)} = 0.7. Thus
falz —y) < min{f,(z), fo(y)} which implies that (f, A) is not a fuzzy soft N-ideal
and N-subgroup over yI'. The converse holds if |[Im f,| = 2 which is established in
the following theorem.

Theorem 3.10. If (f, A) is a fuzzy soft set over NT, |[Im f,| = 2 where a € A and if
A" = {y € T|fu(y) = 1} is an N-subgroup (N-ideal) of NT' then (f,A) is a fuzzy
soft N-subgroup (N-ideal) over yT.
Proof. Let (f, A) be a fuzzy soft set over yI', v, € T'and a € A. Let Im f, = {«a, 1}
where a € [0,1). Then we have the following three cases: (i) v, € A/, (ii) v € A/,
6 A, (iii) 7,0 € A,

Case (i) : Let ,0 € A’. Suppose fo(v—0) < min{fo(7), fo(9)}. Then f,(v—9) <
1 which implies that y—¢& ¢ A’, a contradiction. Thus f,(y—4) > min{f.(v), fa(6)}.

Case (ii) : Let y € A’, § € A’. Then v —§ ¢ A’. This implies that f,(y —0) =
o= fa((s) = min{fa(rwv fa((s)}

Case (i) : Let 7,0 € A’. Then v — § ¢ A’. This implies that

fa(7 - 5) =a= min{fa(’}/)afa(a)}'

Now let 2,y € N and y € . If y € A/, then f,(y) =1= fo([z y ¥]r). Uy & A’

then f,(v) = a = fo([x ¥y 7]r). Thus in both the cases f,([x ¥ ¥]r) > fu(7). So
(f,A) is a fuzzy soft N-subgroup over yT.

By arguing in the same manner it can be proved that if A’ = {y € T'|f,(v) = 1}
is an N-ideal of yT', then (f, A) is a fuzzy soft N-ideal over yT'. O

Proposition 3.11. The intersection of two non-empty fuzzy soft N-subgroups is a
fuzzy soft N-subgroup. Similarly the intersection of two non-empty fuzzy soft N -
ideals over NI is a fuzzy soft N-ideal over yT'.

Proof. Let yI' be a right ternary N-group and A, B be two subsets of the
parameter set E of yI'. Let (f, A) and (g, B) be any two non-empty fuzzy soft
N-subgroups over yI'. Let (f, A)N(g, B) = (h,C). Then for v, € T

he(y = 6) = min{ fe(y — 0), 9.(v — 0)}
> min{min{f.(v), fc(0)}, min{gc(7), g.(d) }}
= min{min{ fc(7), g(7) }, min{ fc(6), g.(9) } }
= min{h.(v), he(d)}.
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Now

he([z y 7]r) = min{fc([z y 7Ir), ge([z ¥ 7Ir)}
= min{fe(7), ge(7)}
= hC('V)
for c € C and z,y € N, v € I'. This implies that (h,C) is also a fuzzy soft N-

subgroup over yI.
Let (f, A) and (g, B) be any two non-empty fuzzy soft N-ideals over yI". Consider

he(y+6 =) =min{fe(y +6 = 7),9.(v + 6 =)}
> min{fﬂ(6)790(6)}

= h¢(0).
Now
he([z y yIr) = min{fc(([z ¥ 7Ir), 9.(([z y 7Ir)}
> min{ fe(7), gc(7)}
Also

he(lz y (v+6)lr — [z y 7]r)
=min{f([z y (v +)|r — [z y Y, ge([x y (v +0)Ir — [z y 7]r)}
> min{ fc(9), g.(9)}
= he(9).

Thus (h, C) is a fuzzy soft N-ideal over yT. O

Proposition 3.12. (1) The A intersection of any two non-empty fuzzy soft N-
subgroups is fuzzy soft N-subgroups over yI .

(2) The A intersection of any two non-empty fuzzy soft N-ideals is a fuzzy soft
N-ideal over NyT'.

Proof. (1) Let NI be an RTNG and A, B be two subsets of the parameter set E of
~I. Let (f, A) and (g, B) be any two non-empty fuzzy soft N-subgroups over yT.
Let (f, A)A(g, B) = (h,C), where C = A x B and h : C — I¥T. Consider

he(vy — 0) = min{fa(y — 8), go(v — 6)}
> min{min{fa(7), fa(6)}, min{gs(7), 9(6)} }
= min{min{fa(7), ()}, min{ fo(6), 95(6) } }
= min{he(7), he(6)}-
Now he(z y ~]r) = min{fa([z ¥ 7Ir), gs([z ¥ ~r)} = min{fa(7), g(7)} = he(7),
for every c € C, x,y € N and v € T'. Hence (h,C) is a fuzzy soft N-subgroup over

~T.
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(2) Let (f,A) and (g,B) be any two non-empty fuzzy soft N-ideals over yT.
Consider

he(y+6 —v) =min{fa(vy+ 5 —7),9(v +6 =)}
> min{fa(d)vgb(a)} = hc(é)

Also
he([z y (v +0)lr — [z y 7]r)
=min{fo([z y (v + )0 — [z y 7]r), g(([z y (v + O)lr — [z y ~r)}
> mln{fa( )791)(5)} = hC(é)
Thus (h, C) is a fuzzy soft N-ideal over yT. O

Proposition 3.13. (1) The cartesian product of any two non-empty fuzzy soft N -
subgroups over NI' and NI is a fuzzy soft N-subgroup over yI' x yIV.

(2) The cartesian product of any two non-empty fuzzy soft N-ideals over NI and
NIV is a fuzzy soft N-ideal over yT' x NIV.

Proof. (1) Let nT' and nyI” be any two non-empty right ternary N-groups. Let
E1, E> be parameter sets of yI' and nyI” respectively. Let A C E;, B C E3 and
(f,A) and (g, B) be any two non-empty fuzzy soft N-subgroups over yI' and NI’
respectively. Then (f, A) x (g,B) = (h,C) where C = A x B is a fuzzy soft N-
subgroup over yI' x yI”. Now

Mapy (7)) = (8,8")) = hapy (v = 8), (7" = )
= min{fo(((y = 9)), g((v" = "))}
> min{min{ f,(7), fa(6)}, min{gs(v'), 95(6") } }
= min{min{f,(7), g(7)}, min{ fa(9), g»(9")} }
= min{hc(7,7")), he(d,9)}

for v,6 € N and +/,6’ € M. Also

heapy ([ y (7,7 )]rxr) = by ([ y Alr, [z v )

= min{fa([z y 7]r), go([z ¥ ¥]r")}
> min{fa(7)}, 90(7)}
= N(ap)(7:7)

for z,y,u,v € N and v € T, 4/ € IV. Hence (h,C) is a fuzzy soft N-subgroup over

NI x yIV.

(2) Now consider
he((7:7) 4 (0,0") = (7,9)) = he((y + 0 = 7,7 + 6" = 7))
=min{fo(v+6—7), 00+ +6" =)}
> min{fa(0), g5(6")} = he((6,0")).
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Now

he(lzy (v + 6,7 +8)]rxr — [z y (7,7)]rxr)
=h(([ry (Y + e, [z y (Y +)]r) = ([z y Alr, [z y 7))
=(hellzy Y+ )r —[zy e[z y (Y + ) — [z y )
=min{fa(([r y (Y +)lr — [z y 7Ir), 9(([z y (' + ) — [z y ')}
> min{ fo(0), go(6")} = he((9,0")).

Thus (h, C) is a fuzzy soft N-ideal over yI' x yI". O

Proposition 3.14. Let (¢,v) be a fuzzy soft onto homomorphism from nT to yI7.
Then

(1) (@, ¥)(f,A) is a fuzzy soft N-subgroup over NI if (f,A) is a fuzzy soft N-
subgroup over yI.

(2) (p,¥)(f,A) is a fuzzy soft N-ideal over yT" if (f,A) is a fuzzy soft N-ideal
over yI'.

Proof. Let ¢ : yNI' — NI’ be an onto N-homomorphism. Let F; and Fy be param-
eter sets for yI" and yI respectively. Let ¢ : A — B where A C E1, B C E5 be a
mapping such that ¥ (a) = b, where a € A, b € B.

Let 7/,0" € TV. Since ¢ is onto there exists 7,d respectively in T' such that

o(v) =4, ¢(8) =4§'. Also
oy —9) = 9(y) — () =+ = ¢

and

[z yr) =z y oY) =[xy +]r-

(1) Consider

GO =)=\ '\ f0)

0ep—1(y'=8") ecyp=1(b)NA

VAR A ()

0€p=1(v'—4")
> fa(’y - 5)
> min{ fo (), fa(0)}-

Then (¢(f))p((v" = ¢")) = min{(¢(f))(), (6(f))(6")}. Also
(@(No(lz v YIr) = Vaco (i@ y 1)) fa(N) = fallz y ) = fa(),

Y

for every z,y € N, v € T.

Thus (6(f))e([z y 7'Ir') = &(f))s(7') proving that (¢,¢)(f, A) is a fuzzy soft N-
subgroup over yI".
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(2) Consider
@M+ =YD=\ \  f0)
0ep=1 (/46" =) eeyp=1(b)NA

Z \/ fa(e)Zfa(fYWLé*ﬂy)

bed=" (7' +5' =)

> fa(9).
Then (¢(f))p(y' + 6" =7") = (6(f))s(6"). Also for z,y € N,
@(Ne(lzy (V' + ) = [2y +Tr) = V (VL)

0ep=1([z y (v'+6)]r) eeyp—1(b)NA

> \/ (fa(0))
0cop=1([x y (v'+0")]rr)

> follzy (v+6)|r — [z y7Ir)

> fa(6).

Thus (¢(f)s([zy (¥ + ) — [z vy V') > (6(f))s(6") which completes the proof.
U

Proposition 3.15. Let (¢,) be an onto fuzzy soft N-homomorphism from T to
~NI'. Then

(1) (¢,%) (g, B) is a fuzzy soft N-subgroup over yU if (g,B) is a fuzzy soft
N -subgroup over NIV,

(2) (¢,v) (g, B) is a fuzzy soft N-ideal over NT if (g, B) is a fuzzy soft N -ideal
over nIV.

Proof. Let ¢ : yI' — NIV be an onto N-homomorphism. Let F; and Fy be
parameter sets for yI' and nI” respectively. Let ¢ : A — B where A C Ej,
B C E,. Let (g,B) be a fuzzy soft set over yI'. To prove that (¢,%) (g, B) =
(¢~ 1(g),v 1 (B)) is a fuzzy soft N-subgroup over yI let ¢~1(g) = h, v~ *(B) = C.
Then h: C — INT and h. : nT — I.

(1) Consider

he(v = 8) = gy (o) (@(7) — ¢(0))
> min{gy() ((7)), gu(e) (4(6))}
= min{h.(y), he(6)}.

Also for z,y € N, he([z y v]r) = gy (o) (@([x ¥ YID)]) = gy(e) (¢(1))} = he(7)-
Thus (¢,%) (g, B) is a fuzzy soft N-subgroup fuzzy soft over yT.

(2) Consider
he(Y 46 =) = gy(e)(d(v + 6 = 7))
= Gy(e) (A(7) + &(5) — 9(7))

(
(
> Gy(e) (6(9))-
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Also for z,y € N,

he([z y (v +0)lr — [ ¥ YIr) = gy @[z y (v + )lr — [z y ¥]r)
= gy ([z y (6(7) + 6(0))Ir — [z y ¢(V)]r
> Gu(e) (#(9)
= he(9).

Thus (¢,%) (g, B) is a fuzzy soft N-ideal over yT. O

Definition 3.16. If A is a non-empty subset of yI' then the characteristic function
(Ua, E) is defined by

1 ifyeA

0 iy gA’ for every e € E.

(Ta)e(y) = {

Next we consider a subset A of yI" and define a fuzzy soft set (f, A) as

if A
(fa)(v) = roie . where r > t,a € A
t otherwise

and prove a necessary and sufficient condition for A to be an N-subgroup (/N-ideal)
of NF.

Theorem 3.17. (1) A non-empty subset A of NI' is an N-subgroup (N-ideal) of
NI iff (f, A) is a fuzzy soft N-subgroup (N-ideal) over NT.

(2) In particular a non-empty subset A of NT' is an N-subgroup (N-ideal) of yT
iff the characteristic function (U, E) is a fuzzy soft N-subgroup (N-ideal) over nT.

Proof. (1) Let A be an N-subgroup of yI" and v, € I'. Then we have the following
three cases: (i) v,0 € A, (ii) 6 € I', v € A, (iii) v,d € A.

Case (i): Since A is an N-subgroup of yI', v —0 € A. Thus f,(y —9) =
min{ fo(7), fa(d)}.

Case (ii): Let 6 € I', v ¢ A. Then f,(y—9) =t and min{fo (), fo(6)} = ¢. Thus
fa(y = 0)) = min{fa(7), fa(0)}.

Case (iii): Let 7,0 ¢ A. Then fo(y —9)) = ¢, min{fa(7y), fu(d)} = t. Thus
fa(’y - 5) = min{fa(')/)a fa(a)}

Similarly it can be shown that f.,([z y ¥]r) > fa(y)}. Thus (f, A) is a fuzzy soft
N-subgroup over yI.

Let A be an N-ideal and v, € I'. If § € A, then v+ — v € A. Thus
fa(y+6—7)=r=fa(y), as 6 € A.

If§ & A, then v+ —~ ¢ A. Thus fo(y+d—7) =t = fo(J). Again arguing in the
same manner it can be established that for z,y € N, fo([x y (v+)|r — [z vy v]r) >
fa(6). Thus (f, A) is a fuzzy soft N-ideal over yT.

Conversely let v, € A. Then f,(v) = r, fo(d) = r and hence min{ f, (), fo(6)} =
rand f,(y—98)} =1 as (f, A) is a fuzzy soft N-ideal over NyT'. Thus v —§ € A.

Now let 6 € A and v € . Then f,(y+ 0 — ) > r which implies v+ § — v € A;
otherwise if v+ —~v & A, then f,(y+0 —~) =t and we get ¢t > r, a contradiction.

A similar argument holds to establish that A is an N-ideal of yT.

(2) The proof follows from (1) by takingr =1,t =0, A = F and f, = (¥a)e. O
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The following theorem characterizes a fuzzy soft N-subgroup (N-ideal) in terms
of its level sets.

Theorem 3.18. Let yI' be a right ternary N-group. Let A be a subset of the
parameter set E of NT'. Then (f,A) is a fuzzy soft N-subgroup (N-ideal) over yT
iff for each f,, each non-empty level subset (fq):, t € (0,1] is an N-subgroup (N -
ideal) of NT.

Proof. Let (f,A) be a fuzzy soft N-subgroup over yI'. Let ¢t € (0,1] be such
that (fo): # @. Let 7,0 € (fa)r- Then fo(y) > t, fo(6) > t. Since fo(vy —
5) > min{ fa(r), fa(0)}, we have fu(y — 6) > & and for o,y € N, fullz y 2lr) >
fa(7v), we have f,([z y ¥]r) > t, and therefore v — § € (f,): and [z y ¥]r € (fa)t-
Let 6 € (fa)i- Since fo(y +d—7) > fu(6) > t, v+ —v € (fa):- Also for
v,y € Ny el,de (fa) and fo([z y (v +0)|r — [z y 7]r) = fa(6) = t. Thus
[Ty (y+0)r—[zy~r € (fa)i- So (fa): is an N-ideal of T

Conversely let 7,0 € T'. Suppose fo(y — ¢) < min{f,(v), fo(6)}. Let s =
min{ f,(7), fa(6)}. Then v € (fa)s, 0 € (fa)s- Thus v—48 € (f,)s which implies that
fa(y —0) > min{f,(7), fu()}, a contradiction.

Now suppose fo([x ¥ ¥]r) < fa(y). Let 7 = fo(y). Then v € (fs)r. Thus
[y vr € (fa)r- So fo([z y ¥]r) > fu(7), a contradiction. Hence for each a € A

and ¢ € (0,1}, fa(y —0) = min{fa(7), fa(0)} and fa([z y 7]r) = fa(7). Therefore
(f,A) is a fuzzy soft N-subgroup over yT.

Now for 7,8 € T'if fo(y+ 0 — ) < fa(d6). Let 7 = f,(6). Then § € (f,), which
implies v+ — 7 € (fa)r and thus fo(y+ 3 —7) > r = f,(9), a contradiction. So

fa(’y +4— ’Y) > fa((s)
A similar argument holds to prove that f,([x y (v + )]r — [z ¥ ]r) > fu(6) for
xz,y € N and 7,6 € T'. Thus (f, A) is a fuzzy soft N-ideal over yT. O

Proposition 3.19. Let (f, A) be a fuzzy soft set over NT'. Let ¢ : NI' = T be an
N-homomorphism and define f¢(v) = fa(é(7)) for every v € NI and a € A. Then
(1) If (f,A) is a fuzzy soft N-subgroup over NI then (f®,A) is a fuzzy soft N-
subgroup over yI.
(2) If (f,A) is a fuzzy soft N-ideal over NT then (f®, A) is a fuzzy soft N-ideal
over nyI.

Proof. (1) Consider for 7,6 € yT,

[0y =6) = fa(d(y = 9))

= fa(6(7) — ¢(5))

> min{fa(¢(7)), fa(¢(6))}

= min{f(7), f2(5)}.

Now for z,y € N, v € nyT,
f2(z y r) = fa(8([z y AIr))

= fa([z y #(7)]r)
> fa(8(7)),

by hypothesis. Thus (f, A) is a fuzzy soft N-subgroup over yT.
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(2) Consider for v,6 € T,

fEy+6=7) = fa(dly +6 =)
= fa(o(7) + 6(0) — 6(7))
> fa(6(9) = f£(0).
Moreover for z,y € N and v, € T,
felzy (v+0)r — ey Ar) = fa(d(lz y (v +O)lr — [z y 7]r)
= fa(([z y (¢(v) + ¢(3))Ir — [z y ¢(7)]r)
> fa(9(9).
Thus (f?, A) is a fuzzy soft N-ideal over yT. O

Definition 3.20. A fuzzy soft N-subgroup (N-ideal) (f, A) over yT is said to be
normal if f,(Or) =1 for every a € A.

Proposition 3.21. Let (f, A) be a fuzzy soft N-subgroup over NT' and (fT,A) be a
fuzzy soft set over NT' where f¥(v) = fo(v) +1— fo(Or) for everya € A and v € T.
Then

(1) (fT,A) is a normal fuzzy soft N-subgroup over nT.
(2) (fT,A) is a normal fuzzy soft N-ideal over NT. Moreover (f+,A) C (f, A).

Proof. (1) Consider
f&tv=08) = fa(y =) + 1~ fa(Or)
> min{fo(7), fa(0)} +1 = fa(Or)
> min{ f,(v) + 1 — fa(Or), fa(6) + 1 — fa(Or)}
— min{f; (+), £ (0)}.

Now, fr([z y 7lr) = fallz y 7Ir) + 1 = fa(Or) > fa(y) + 1 = fu(Or) = £ (7), as
(f, A) be a fuzzy soft right N-subgroup over N. Also, f;(Or) = 1. Thus (f*, A) is
a normal fuzzy soft N-subgroup over yI'. This completes the proof of (1).

(2) Consider

fd(y+0 -7 =faly+0—-7) +1— fa(Or)
> fa(8) +1 = fa(Or) = £ (9).
Now for z,y € N, v,6 € T,
fi(lzy (v +0)r =z ylr) = fallz y (v +0)]r — [z y 7lr) + 1 — fa(Or)
> fa(0) +1— fa(Or)
= fa (9).
Thus (fT, A) is a normal fuzzy soft N-ideal over yI'. Moreover, since f.F(v) < f.(7)

for alla € A, (f*,A) C (f,A). O

Theorem 3.22. Let (f, A) be a fuzzy soft N-subgroup (N-ideal) over yT'. Let
(f*,A) be a fuzzy soft set over NI' where fi(v) = fo(v)/fa(Or). Then (f*, A) is
a normal fuzzy soft N-subgroup (N-ideal) over yT'. Moreover (f*, A) = (f, A) iff
(f, A) is a normal fuzzy soft N-subgroup (N-ideal) over yT'.
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Proof. Consider

fa(y =96) = fa(y = 6)/fa(Or)

> min{fa(7), fa(6)}/ fa(Or)

= min{fa(v)/fa(0r), fa(6)/fa(Or)}

= min{f; (7), f2(5)}.
Now

fa(lz y yr) = fa(lz y 7]r)/ fa(Or)
> fa(v)/fa( r)
fa()-
Also f¥(0p) = 1. Thus (f*, A) is a normal fuzzy soft N-subgroup over yT.
Consider for v, € T,

fa(y+0—7) = faly+3d—7)/fa(Or)
> fa(6)/ fa(Or)
= fa(0).
Now for z,y € N and v,§ € T,

fallzy (v +0)lr = [z yvlr) = fallz y (v + )] — [z y ¥]r)/fa(Or)
> fa(é)/ (Or)
fa ().

Also f¥(0p) = 1. Thus (f*, A) is a normal fuzzy soft N-ideal over yT.

Moreover it is obvious that (f*, A) = (f, A) if (f, A) is a normal fuzzy soft N-
subgroup (N-ideal). Conversely if fZ(y) = fu(7) then f,(0Or) = 1 which implies that
(f,A) is a normal fuzzy soft N-subgroup (N-ideal) over yT'. O

4. Fuzzy SOFT CONGRUENCES OVER AN RTNG

In this section congruences and fuzzy soft congruences over an RTNG are defined.
The set of all fuzzy soft congruence relations is proved to be a modular lattice. A
fuzzy soft set defined via fuzzy soft congruence relation is shown to be a normal
fuzzy soft N-ideal.

Definition 4.1. Let 5I' be an RTNG and R be an equivalence relation on yI.
Then R is a congruence relation if

(i) (v,9), (A, 0) € R implies (y+ A, d +6) € R and

(i) (v,0) € R implies ([z y ¥]r, [z y 0]r) € R for every x,y € N.

Definition 4.2. Let yI" be an RTNG. Let E be a set of parameters of yI' x yI’
and C C E. If (p,C) is a fuzzy soft similarity relation over yI' x T, then (p, C) is
fuzzy soft congruence if
(i) pe(y +A,6 +0) = min{pc(7,9), pe(, 0)},
(i) pe([z ¥ ¥]r, [z ¥ O]r) > pe(y,9) where c € C, x,y € N and ~,6 € T.
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Example 4.3. Let (yT,+,[ Jr) be the right ternary N-group as in Example 3.5.
Now let E = {0,z,y,z} and C = E. Define

(Pe)((u,v)) = {

1 if(u,v)elxTandu=vw
0.4 if (u,v) €T xT" and u # v.

Then (p, C) is a fuzzy soft congruence relation over yI' x yT.

Proposition 4.4. Let yI' be an right ternary N-group and A and B be subsets of
set of parameters E of NT x yT. Let (p, A)N(v, B) = (h,C) where C = AN B. If
(p, A) and (v, B) are fuzzy soft congruences over NI' x NI then (h,C) is also a fuzzy
soft congruence over yI" x yT.

Proof. By Proposition 2.18 (1) (h,C) is a fuzzy soft similarity relation. Now for
ceC,v,6,\60cTl. Consider

min{he(7,9), he(A, 0)} = min{{pa(7,) A (7, 6)}, {pa(X 0) A (X, 0)}}
= min{pq(7,0), pa(A, 0)} Amin{ys(7,6), (A, 0)}
< pa(Y+AS+O) Ap(y+A,0+0)
=he(y+ A 0+0).
Now for z,y € N and v,§ € I, consider
he(7,8) = pa(7:6) A (79)
< pa([z y e, [z y 6]r) Aw([z y ]r, [z y or)
= he([z y Y, [ y d]r).
Thus (h, C) is fuzzy soft congruence over yI' x yT. O

Proposition 4.5. Let yT" be an RTNG and A and B be subsets of set of parameters
E of NI'x NT. Let (p, A)3(y, B) = (h,C) where C = ANB. If (p, A) and (v, B) are
fuzzy soft congruences over yI' x yT'. Then (h,C) is also a fuzzy soft congruence
over NT'x NT"if (p, A)3(y, B) = (v, B)3(p, A).

Proof. By Proposition 2.18 (2), (h,C) is a fuzzy soft similarity relation. For ¢ € C
v,6,A,0,& € ', consider

he(v+ 0,6 +0) = \/ (pa(y + A.6) A (€6 +6))
fer
> pa(V+ NI+ O) AW +6,5+6)
=pa(Y+ A, 0+6)
> min{pa(7,6), pa(A, 0)}.
Also
he(v+ A0+ 0) = \/ (pa(y+ X\ &) A (&6 +0))
el
2 pa(Y+ AT+ A) Aw(y+ A6+ 0)
= (Y + A\ 0+6)
= min{7,(7,6), (A, 0)}-
878



C. Meera et al. /Ann. Fuzzy Math. Inform. 11 (2016), No. 6, 863-884

This implies that

he(v+ A, 6+ 6) > max{min{p, (7, 6), pa(A, 0) }, min{y, (7, 9), 7(A, 0)}
> min{min{pa(7,0), pa(A, 0)}, min{y (7, 0), 1(A, 0) }.
Thus
he(v + A0 +0) = min{pa(7,6) Av6(7,9), pa(A, 0) Ay (A, 0)}
= min{h¢(v,6), he(A, 0)}.
Now for z,y € N and ~,d € I, consider

he([z y Yr, [z y 8]r) = \/ (pa([z y AIr, &) A (€, [ y 6]r))
ger

> pa([z y v, [2 v Slr) A (@ y 6], [z y d]r)
= pa([r v vr, [z y d]r)
> pa(7,9).

Similarly it can be proved that h.([z ¥ ¥]r, [x v d]r) = (7, 9).
Thus h.([z y ¥]r, [z ¥ d]r) = pa(7,0) AYp(7,8) = he(y,9). So (h,C) is a fuzzy soft
congruence over yI' x yI'. O

Theorem 4.6. If FSCR(NT) is the set of all fuzzy soft congruence relations such
that (p, A)o(~,B) = (v,B)d(p,A) for all (p,A), (v,B) € FSCR(NT) then
(FSCR(NT),+,.) is a lattice where + and . are defined by (p,A) + (v,B) =
(p7 A)(S(’y,B) and (p,A).(’}/,B) = (p7 A)ﬁ(fY’B)

Proof. The proof of the theorem follows from Proposition 4.4, Proposition 4.5 and
Lemma 2.23. O

Corollary 4.7. If (FSCR(NT),+,.) is such that (p, A)3(7, B) = (v, B)3(p, A) for
all (p, A)(v, B) € FSCR(NT) then FSCR(NT) is a modular lattice.

Proof. The proof follows from Theorem 4.6 and Theorem 2.25. O

Theorem 4.8. Let yI' be an RTNG. Let E be a set of parameters of NI' X yI'. Let
C C E. Then (p,C) is a fuzzy soft congruence relation over NT' X NT iff (pc)a is a
congruence relation on yI', for each ¢ € C' and o € (0, 1].

Proof. Let (p, C) be a fuzzy soft congruence relation over yI'x yT'. Let (v, d), (A, 0) €
(pe)a- Then p.(v+ A 6 +60) > «, by hypothesis. Thus (y+ X, 0 +0) € (p¢)a-

Similarly, pe([z y 9], [z y d]r) > a, if (7,0) € (pc)a- Thus ([z y ylr, [z y d]r) €
(Pc)a- S0 (pe)a is a congruence relation on yT.

Conversely, let (p.)o be a congruence relation on yI'. Then (v + A, 6 +0) €
(pc)ws whenever (v,6),(A,0) € (pc)a. Choosing o = min{p.(y,9), pc(A,0)}. Since
pe(7,0) = a and pe(X,0) > ay pe(v+ A5+ 6) > min{p.(7,0), pc(A, 0)}. Similarly
it can be easily proved that p.([x y v]r, [z y d]r) > pc(7,0). Thus (p,C) is a fuzzy
soft congruence relation over yI' x yT. O

Theorem 4.9. Let NyI' be an RTNG. Let E be a set of parameters of yI' x yI.
Then R is a congruence relation on T iff (Ug, E) is fuzzy soft congruence over
NF X NF
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Proof. Let R be a congruence relation on yI". Let (v,9), (A, 6) € R. Then (y+ A, 0+
0) € R. Thus (Wr)o((y + A0+ 0)) = 1 = min{(Wx).(7,0), (Wr)c(\,8)}. If (7,9) €
R, then ([z y 7]r, [z y 6]r) € R. So (Vr)e((7,6)) =1 = (¥Yr)e(([z y 7]r: [z y 0]r)),
for each e € E. Hence (Vg, F) is a fuzzy soft congruence relation.

Conversely let (Ug, E) be fuzzy soft congruence relation over yI' x yI'. Then
(Wa)e((7+ X6+ 0)) = min{(Wr). (7,8), (Vr).(X,0)}. Now if (+,8), (A,0) € R, then
(TR)e((y+A,64+0)) = 1 and thus (y+A,0+6) € R. Also (Ug).(([z yY]r, [y d]r)) >
(TR)e(y,9)}, for each e € E and z,y € N. Now if (y,6) € R, then
(Yr)e(([x y ¥, [z v d]r)) = 1. So ([xr y ¥]r, [z y d]r) € R. Hence R is a con-
gruence relation on yI'. 0

Lemma 4.10. Let p;1(1) = {(7,8) € T x Tlp.(v,d) = 1}. Then p;*(1) is a
congruence relation on NI if (p, C) is fuzzy soft congruence over yT' x yT.

(,
Proof. Let (v,6),(\,0) € p71(1). Then p.(y+ A\, 6 +6) =1, as p.(y + A, 6 + 6) >
min{p.(7,9), pe(A, 0)} Thus (v + A, 6 +0) € p.1(1). Now let (v,d) € po1(1). Then
pe([z y I [z y d]r) = pe(v,0) = 1. This implies that ([z y 4]r, [z y d]r) € po'(1)
So p-1(1) is a congruence relation on T O

Proposition 4.11. If N is an RTNR, E is a set of parameters of NI x NI, C C E
and if (p,C) is a fuzzy soft congruence over NyI' X NI then for each ¢ € C and
~v,0 €T,

(1) pe(y = 6,0) = pe(v,6) = pe(0,v = 0),
(2) pe(=7,=0) = pe(v,6)-

Proof. (1) Since
pe(y = 6,0r) = pe(y — 6,6 = 6)
2 pe(7,96)
= pe(y—3646,0r +9)
(7 —

we have pe(y —8,0r) = pe(7v,0).
(2) Since (p, C) is fuzzy soft symmetric, by (1),

pe(=7,=6) < pe(y =77 = 6) = pe(Or,7 = 8) = pe(7,9).
Also, by (1),
pe(7,0) < pe(=7 + (=7), =7+ 6) = pe(Or, =7 = (=0)) = pe(—7, —0)
Thus pe(—7, =0) = pe(7,0). O

Lemma 4.12. If NI is an RTNG, E is a set of parameters of NI' x yI' as well
as NI, C C E and if (p,C) is a fuzzy soft congruence over yI' x NI then (pop.,C)
where (por)e(7) = pe(Or,7) for everyy € T and ¢ € C is a normal fuzzy soft N-ideal
over NI
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Proof. Consider for every v,6 € " and ¢ € C,

(por)e(y = 6) = pe(Or,y = 9)
= pe(7,6) = (pe o pe)(,0)
= \/ (pe(1, }) A pe(), 8))

A€l
> pe(7,0r) A pe(Or, )
= pe(0r,7) A (Or, 5)
= min{(por )e(7) (Por)c(6)}-

Consider

(por)e(v+6 =) = pe(Or, v+ =)
=pc(y =77 +6—7)
> pe(v,7 +9)
> pe(Or, 6)
= (por)c(0).

Now for z,y € N and (v,d) € T,

(por)e([z y (v+0)lr — [z y 7Ir) = pe(fz y Ar — [z y vIr, [z y (v + I)r — [z y 4]r)
> pelr y A, ([ y v+ d]r))

> pe(7,7 +9)

= pe(Or, 6)

= (Por)e(9)-
Also (pop)e(0r) = pe(Op,0r) = 1. Hence (po.,C) is a normal fuzzy soft ideal over
~nT. O

Proposition 4.13. Let (f, A) be a normal fuzzy soft normal N-subgroup over an
RTNG. Then for every ~,0 €' and a € A,

(1) fa(y +0) = min{fa(7), fa(8)}, if fa(y) # fa(0).

(2) fa(7+5) = fa(5+7)

Proof. (1) Suppose fa(7) < fo(6). Then fo(y +06) > min{fa(7), fa(0)} = fa(7), as
(f, A) is a fuzzy soft additive subgroup. Also min{f, (), fa(6)} = fu(y) = fa(y+5—
8) > min{ fo(y+9), fa(0)} = fa(y + 9), otherwise it will contradict the assumption.
Thus fo (v + 6) = min{f,(7), fa(6)}. The case that f,(6) < fo(vy) will also lead to
the same conclusion.

(2) faly+0) = fa(=6+6+7+0) = fa(6+7) = fa(=v+7++7) = faly +9).
Then fa(7+5):fa(5+7)' O

Lemma 4.14. If NI is an RTNG, E is a set of parameters of NI’ X yI' as well as yT,
C C FE and (f,C) is a normal fuzzy soft N-ideal over NI then a fuzzy soft relation
(p,C) over NT x NT is a fuzzy soft congruence relation where p.(,6) = feo(y — )
for every v,6 € and c € C.
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Proof. Consider p.(v,v) = f.(Or) = 1, proving that (p,C) is fuzzy soft reflexive.

) =
Since for any v € I', f.(—v) = }: (7) it follows that (p,C) is fuzzy soft symmetric.
Consider (. © pc)(1:€) = \/ (9e(7.8) 7 (6. ) = \/ (foly = ) A 15 = ). Since

ser ser
fely =8 =fe(y =6+6—=8) = fe(vy = 0) A fe(6 = &) for each 6 € T, fe(y — &) =
(pecope)(,€). Then p.o p. C p.. Thus (p,C) is a fuzzy soft similarity relation over
NF X NF.
We now proceed to show that (p, C) is a fuzzy soft congruence relation. Consider,

pc(7+A7§+ ) fc'7+)\_(6+y))

=fe((y +A—v)—9)

fe(=0 + v+ X —v), using Proposition 4.13
= min{fe(=0 +7), fe(A = v)}

= min{fc(y = 9), fe(A —v)}

= min{pc(7,9), pe(A, v)}

Now
pe(lz y A, [z y d]r) = fe([z y 7lr — [z y d]r)
=fe(lzy (6 =d+7)]r =[xy dr)
> fo(=6+7), as (f,C) is a fuzzy soft N-ideal
= fe(y —0)
= pe(7,9)-
Thus (p, C) is a fuzzy soft congruence relation over yI' x yT. O

Lemma 4.15. If NI is an abelian RTNG, E is a set of parameters of yI' X yT'
as well as NI, C C E and (f,C) is a normal fuzzy soft N-ideal over NT' then a
fuzzy soft relation (p,C) over NI' x NI is a fuzzy soft congruence relation where
pe(7,0) = Sup  fo(A) A fo(v) for every v,0,\,v €T and c € C.

YHA=6+v

P?"OOf, Consider pa(’)/a’)/) = Sup fC(A) A fc(l/) > fc(OF) A fC(OF) = 1. Then
YHA=YFY

pe(7:7) = 1. Obviously pe(v,6) = pe(d,7).

Also

pc(’y,5) = Sup fc()‘) A fc(’l)))

YHA=6+v

> Sup ( Sup {{fc(>\)Afc(f)}A{fc(ﬁ)Afc(V)}}>

YHA=0+E \ 0+E=5+
> mm{WSA’up {fe(N) A fe(©)} Sygg V{f”( O N fe(v)}

= mln{pc(V7 ),Pc(ea(s)}
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Thus p. 0 p. € pe. So (p,C) is a fuzzy soft similarity relation.
Consider

pe(y+ Ay +0) = Sup  (fe(&) A fe(0))
YHA+E=7+0+0

Sup  (fe(€§) A fe(0))

A+E=5+6
= pe(A, 9).

As T is abelian, pc(A + 7,9 + ) = pc(A, 9).
Since (p, C) is fuzzy soft transitive,

Pe(Y+ A0 +v) = pe(y+ A v+ V) Ape(y + 1,0 +v)
= pe(A V) A pe(7, ).
Given v and J there exists £ and 6 such that v — 9§ =& — 0.

Consider
pe([z y Ar; [z y d]r) = Sup Je(N) A fe(v)
[z y ylr+A=[z y Slr+v
2 fellzy (v +0)r — [z yvlr) Afellzy 0+ )]0 — [z y 6]r)
> fe(0) A Je(8)-
Then pe([z y Ylr, [z y d]r) > 7J:Zitgr&(fc(@) A fe(€)) = pe(7,6). Thus (p,C) is a
fuzzy soft congruence relation over yI" x yT. O

5. CONCLUSION

In this paper fuzzy soft N-subgroups and fuzzy soft N-ideals over right ternary
N-groups were defined and their basic algebraic properties were studied. A normal
fuzzy soft ideal was obtained from a fuzzy soft congruence relation. Lattice structure
of the set of all fuzzy soft congruence relations on a right ternary N-group was given.
A fuzzy soft quotient RTNG over its fuzzy soft N-ideals may further be defined
and its structural properties may be studied. Fuzzy soft congruences on fuzzy soft
quotient RTNG may also be explored.
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