Annals of Fuzzy Mathematics and Informatics

Volume 11, No. 6, (June 2016), pp. 855862 Q@M
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version) http:/ /www.kyungmoon.com

http://www.afmi.or.kr

An extension of the concept of n-level sets to
multisets

A. M. IBRAHIM, J. A. AWOLOLA, A. J. ALKALI

Received 8 March 2015; Revised 14 June 2015; Accepted 28 September 2015

ABSTRACT. In this paper the concept of n-level sets is extended to
n-upper level sets, n-level multisets and n-upper level multisets, and some
related results are obtained.

2010 AMS Classification: 54A40, 03E72, 20N25, 06D72
Keywords: n-level set, n-upper level set, n-level multiset, n-upper level multiset.

Corresponding Author:  A. M. Ibrahim (amibrahim@abu.edu.ng)

1. INTRODUCTION

An important generalization of set known as Multiset, emerged as a result of
violating a basic underlying set condition. Multiset is an unordered collection of
elements in which elements can occur more than once. The term multiset (mset
in short) as Knuth [11] notes was first suggested by N.G. de Bruijn in a private
communication to him. In literature, variety of terms viz. list, heap, bunch, bag,
sample, weighted set, occurrence set and fire set (finitely repeated element set) are
used in different contexts but conveying the same meaning with mset. A compre-
hensive account of fundamentals of multiset and its applications in various forms can

be found in [1, 8, 9, 11, 13, 14] and applications of cardinality bounded multisets
can be found in [2, 3, 4, 5, 6].
In [12], concept of n-level sets was introduced and some results were obtained. We

extend this n-level sets to n-upper level sets, n-level multisets, and n-upper level
multisets, and prove some related results.
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2. PRELIMINARIES

Definition 2.1. Let X be a set. A multiset (mset) M drawn from X is represented
by a count function C}y, defined as

Cu X = NU{0}.

For each z € X, Cp(x) denotes the number of occurrences of the element x in the

mset M. The representation of the mset M drawn from X = {z1,z,...,2,} wil
be as M = [z1™,29™2,...,x,™] where m; is the number of occurrences of the
element x;, i =1,2,...,n in the mset M.

Also, for any positive integer w, [X]" is the set of all msets drawn from X such that
no element in the mset occurs more than w times and [X]™ is the set of all msets
drawn from X such that there is no limit on the number of occurrences of an object
in an mset. [X]" and [X]™ are referred to as mset spaces. [0, 10]

Definition 2.2. Let M; and M5 be two msets drawn from a set X. An mset M; is
a submset of My (My C M) if Cpp, (z) < Chp,(z), V 2 € X. Whereas, M;is said to
be equal to My (M = My) if Cyy, () = Chp,(2),V o € X.

Definition 2.3. Let {M; : ¢ € I} be a nonempty family of msets drawn from a set
X. Then
(i) Their Intersection, denoted by N;crM;, is defined as
CﬁieIMi (l‘) = /\iEICMi (33) ,V z € X,
where A is the minimum operation.
(ii) Their Union, denoted by U;er M; is defined as
Clicim; () = VierCuy, (2), Yz € X,
where V is the maximum operation.
(iii) The Complement of any mset M; € [X]", denoted by MF is defined as
CMf (.T) :waMi (lL’),Vl’ e X.
Definition 2.4 ([12]). Let M be an mset over a set X. Then the sets of the form
M, ={zeX :Cy(z)>n, neN}
are called n-level sets of M.

Proposition 2.5 ([12]). Let A, B be msets over X and m,n € N.
(1) If AC B, then A,, C B,.
(2) If m < n, then A, 2 A,.
(3) (AnB), =A,NB, .
(4) (AuB),=A,UB, .
(5) A=Biff A,=B, ,YyneN.
Theorem 2.6 (First Decomposition Theorem [12]). If A, n € N be the level sets

of an mset A over X, then Ca (z) = ), cn XA, (¥), where x 4, is the characteristics
function of A, .

Theorem 2.7 (Second Decomposition Theorem [12]). If A,, n € N be the level
sets of an mset A over X, then A = Upen nA,, where U denotes the standard mset
UNLOMN.
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3. n-UPPER LEVEL SET

In this section, we define n-upper level set of an mset and some related properties
are investigated.

Definition 3.1. Let M be an mset over a set X. Then we define a set
M'"={zxeX:Cpy(x)<n, nec N},
called n-upper level set of M.

Definition 3.2. Let A” C X. Then for each n € N, the mset nA" is defined over
X such that Cpan(z) = n, Vo € X.

Proposition 3.3. Let A, B be msets over X and m,n € N.
(1) If AC B, then B C A™.
(2) If m <n, then A™ C A".
(3) A"NB"C (ANB)".
(4) (AUB)" C AU B"™.
(5) A=B iff A» =B", YVneN.
Proof. The proofs are straightforward. O

Proposition 3.4. The first and second decomposition theorems do not hold for n-
upper level set of A over X.

Example 3.5. Counter example (First Decomposition Theorem)
. lif x € A™
_ _ 4 73 _

Let X = {a,b,c,d} with A = [a,b*, d’] and xan(z) = { 0if o ¢ A
Then A! = {a}, A?> = {a}. Thus

>nmi Xan(2) = xar (@) + xaz(a) = 1+1=2#1=Cala).
Example 3.6. Counter example (Second Decomposition Theorem)
Let X = {a,b,c,d} and A = [a,b*,d?]. Then

Al = {a}a A? = {CL}, A3 = {avd}a A = {aabad}a n > 4.
Thus

1A' = {a},24% = {a,a} ,34° = {a,a,a,d,d, d} ,4A* = {a,a,a,a,b,b,b,b,d, d,d, d}.
So 1A' V242V 3A3 Vv 44ty ... # A
Definition 3.7. (Difference of multisets) If B C A, the difference A — B is defined
by

Ca—p(x)=Ca(x)—Cp(z), Vz € X.
Definition 3.8. (Symmetric Difference)

Let A and B be two multisets, then the symmetric difference of A and B is the
multiset A A B such that

Ca n B(2) =Caup (z) = Canp (z) = |Ca (z) — Cp(z)[,V z € X.

Definition 3.9. (Symmetric Difference of n-level sets of A and B)
Let A and B be multisets over X. Then
An A By = (A \Bn) U (B \A,) = (AUB), —(ANB), =(AUB) \(ANnB),.
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Proposition 3.10. Let A and B be msets over X. Then
(1) (AuB),\A, = B,\A,.
(2) (AU B),\B, = A,\B,.
(3) A, AB,=A,UB, iff ANB=g.

Proof. (1) Let x € (AU B),\A,. Then
re(AUB), Nx ¢ A,
& (x€eA, Ve eB,) Nz ¢ A,
&S [(Ca(zx)2nVzeX)V(Cp(z)>nVzeX)|ACa(zx)<nVzeX)
< [(Ca(z)zn Ve X)AN(Cy(x)<n,VzeX)|V
[(Ce(x) >n,VaxeX)N(Ca(z) < n,VzeX)
S oV[(Cz)>nVYreX)AN(Ca(z)<n,VzeX)
S [(Cex)>n, Ve e X)N(Ca(z) <n,VzeX)
Sr€eB, Nxé¢ A,
< x € By\A,.
Thus (AU B),\A, = B,\4,.
(2) Let x € (AU B),,\By,. Then
re(AUB), Nx ¢ B,
S (reA,VreB,) Nz ¢ B,
< [(Ca(z) >2n,VzeX)V(Cp(x)2nVaeX)|A
S [(Cy(x)>2nVaeeX)N(Cp(z)<nVaeX)|V
[(Cg(x) >n,VaxeX)N(Cp(x) <n,VzxeX)
S[(Calz) >n,Ve e X)N(Cp(z)<n,VzeX)|VD
< [(Ca(x) >nVaee X)N(Cg(z)<n,¥VzeX)
sred, Nz ¢ B,
<z € Ay\Bny.
Thus (AU B),\B, = 4,\B,.
(3) By definition,
A, AB,=(AUB),—(ANB),
={zeX:Cauplx)>n}-0if ANB=g
={x € X :Cy(x)vVCp(z) > n}
={zeX:Cy(x)>n}Vv{zre X:Cp(z)>n}
= A, UB,,. O

(Cp(z) <n,VaxeX)

4. n-LEVEL MULTISET AND n-UPPER LEVEL MULTISET

In this section, we introduce the concepts of m-level multiset and n-upper level
multiset, and some of their properties are discussed.

Definition 4.1. Let X be a set, then the n-level multisets of A C [X]*, denoted
A, is defined as A, ={A€[X]Y:Ca(z) >n, neN}VzrelX.

Example 4.2. Let X = {a,b} and

A= {[a*b],[a%,0], [a*, %], [a,5°], [0”], [0°]} € [X].
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A= A{[a® 07, [d®, 8], [a%, 0%, [a, 7], @], [07]}
Ay = {[a® 0%, [a®, 0%, [0%], [b%]}

Az = {[a® 0%, [a’], [a%], 0]},

A, = {9}, n>4.

Definition 4.3. Let X = {a,b} and A, B C [X]¥. Then

(i) AUB = {[a;,maz C(bj)],[mazC((a);),b;] : [aib;] € A or [a;,b;] € B},
i, j € N, where U is called multiset space union.

(i) ANB = {[ai, min C(b;)], [min C(a;) ,b;] : [a; bj] € A, [a;,b;] € B}, i, j €N,
where N is called multiset space intersection.

(iii) ACBifVAe A3 B € B such that A C B.

Remark 4.4. Let A, B C [X]". Then
(1) ACB=Cys(z)<Cp(x), Vz eX.
2)A=B=Cs(x)=Cg(z), Ve X.
B)A°=w— Cy(z), VzeX.

Example 4.5. Let X = {a,b} and A, B C [X]3, given by

A= {[a3, bS]’ [ag’b]’ [a27 bz]}
and
B = {[a,t°], [a’], [b°]}.
By Definition 4.3(i) and 4.3(ii)

AUB = {[a’, 0%, [a* 6], [a,0°], [a®, B], [a”], [b°]}

and

ANB = {[a,b%]}.
Note: In (i) and (ii) mset as an element of multiset space is not allowed to repeat.

Proposition 4.6. Let A, B C [X]¥ and m,n € N.
(1) Ac B iff A, C B,.
(2) If m < n, then A,, D A,.
(3) (AN B), C A, NB,.

(4) (AuB), =A,UB,.

(5) A=Biff A, =B,, VneN.

Proof. (1) Let A € A,. Then Cy (z) > n, Vo € X. Thus n < Cy (z) < Cp (),
since A C B. So A € B, ie, A, CB,, VreX.

Conversely, let A € A,, C B,,. Then Cy(z) > n. Thus Cp(x) > n,Vax € X. Since
A, B C X% and A,, and B,, are the level multisets of A and B, A C B.

(2) By definition, if A € A, then C4 (z) > n,Vz € X and if A € A,,, then
Ca(x) >m, V2 e X. Since myn € Nand m < n, {Ca(z) >n} < {Ca(zx) > m},
VzeX. Thus 4,, O A,.

(3) By the definition of mset space intersection, ANB C A and ANB C B. Then
(AN B), C A, and (ANB), C B,. Thus (ANB), C A, NB,.

The converse is not true in general, we consider the following counter
example: Let X = {a,b}, then A = {[a?, V], [a3, V], [a?,b?]} and
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B = {[a*,0%],[a?b°], [a a,] b?]}.
By definition, Ay = {[a? b3] [a?,b%]} and By = {[a®,b%], [a®, 03]},

A2 N By = {[ag’bz]a [ ’b ] [a27b3]}’

ANB = {[ag,b], [ ? 2] [a b3]7 [avbQ]}v

(AN B); = {[a% 1], [a2 1]},
Thus As N By € (AN B)s. So (ANB), CA,NB

(4) Since A C AUB and B C AU B, by definition of mset space union, A, C
(AUB), and B, C (AUB),. Then A, UB, C (AUB),.

Conversely, let A € (AU B),,. Then A € A, or A € B,.

If Ca(x) > n, then A € A,,. Also, if Cp (z) > n, then A € B,,. Thus
A € A, U B, [By Definition 4.3(i)]. So (AU B), C A, UB,. Hence (AUDB), =
A, UB,.

(5) Suppose A,, = B,,. Then A,, C B,, and B, C A,,. Thus AC B and B C A.
So A=EB. O

Remark 4.7. If A,,, n € N be the class of multisets A C [X]%, then A = UpenAn,
where U denotes mset space union.

Example 4.8. Let A be any subclass of [X]3, given by

A= {[a®0°], [a%,8], [a,07] , [0, 0], [a®] , [D*] },
where A, = {A € [X]* CA()>n neN} ,VzelX.
Now Al—g[?’b:” [0%,0] [% 7], o, 7], [0°], [B°]},
{ 3

[a ] [*]3,

A, ={2},n>4.
Thus Ay UAUAsU{@}U{@}U... So A =U2_,A, [ By Definition 4.3(i)].
In general, A = U,enA,.
Definition 4.9. Let X be a set, then the n- upper level multisets of A C [X]*,
denoted A", is defined as A" ={A € [X]|¥:Ca(z)<n, neN}VzeX.
Example 4.10. Let X = {a,b} and A = {[a®,b%],[a®, 0], [a?, V], [a, b?], [a®], [b]} C
X3,
Al = {Q}’
-’42 = {[aza b2]7 [a7b2]} ;
A" = {[a?’, b3, [a®,b], [a2,b?], [a, b?], [®], [b3]} , n>3.
Proposition 4.11. Let A, B C [X]¥ and m,n € N.
(1) If m < n, then A™ C A"
(2) A"nB" C (ANnB)".
(3) (AuB)™ C A" u B™.
Proof. (1) By definition, A € A™. Then Cy4 () < n,V 2 € X and
A e A™. Thus Cy () <m, Vx € X. Since m,n € N, if m < n,, then
{Ca(z) <m} <{Ca(z) <n}, VzelX.

So A™ C A",
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(2) Let A € A" N B™. Then, by the definition of intersection of mset space,

Ae A" A e B" Thus Cy(z) < nand Cp(x) < n. So Canp(z) < n, ie.,
Ae (ANB)". Hence A"NB* C (ANB)".

The converse is not true. Let X = {a,b}, A = {[a®,b*], [a3,b] , [a?,b?]} and B =
{[a3, b2] , [a2, b?’] , [a,bQ] } . Then, by definition, A% = {[aQ, bQ]} and B? = {[a,bQ]}.
Thus A? N B* = {[a,b*]} [By Definition 4.3(i)],

ANB = {[a%b],[a?,b?], [a?,b%] , [a,0%]}, (AN B)? = {[a®b?], [a,b?]}.
So (ANB)* ¢ A2 N B2 Hence A" NB™ C (AN B)".

(3) Let A€ (AUB)™. Then A€ A" or A € B".

If Ca (x) <mn,then A € A™. Also, if Cg () < n, then A € B". Thus A € A"UB"
[By Definition 4.3(i)]. So (AUB)™ C A™U B".

The converse is not true. Let X = {a,b}, A= {[a®,b%], [a3,b] ,[a® b?]} and B =
{[a3,b?], [a®,b%] , [a,b%] } . Then, by definition, A? = {[aQ,bﬂ} and 82 = {[a, b*]}.
Thus A? U B* = {[a?,b%], [a, bz]} [ By Definition 4. 3(1)],

AUB = {[a®,b?], [a*,0%] , [a,b%] , [a®,0?] , [a®,b]}, (AUB)? = {[a,b?]}.
So A2UB* ¢ (AUB)2. Hence (AUB)"Q.A"UB” O

Remark 4.12. If A", n € N be the class of multisets A C [X]¥, then A = U, enA",
where U denotes mset space union.

Example 4.13. Let A be any subclass of [X]?, given by
A= {07, 0], [ 7] [, 7] ) 9] .
A" = {A e [X]Y:Calz) <n, neN}
Now A! = {o}.
2 = {[d,7], 0,7}
= ([ [ 8] [0, 7] [0 92), (6] [6]} 2 3
Then A'UA2UA3UA3U... Thus A = U3_; A" [ By Definition 4.3(i)]. In general,
A= UpenA™.

5. CONCLUSIONS

In this paper, the concept of n-level multiset was introduced, some of its properties
described and some related results outlined. In addition, n-upper level sets and
n-upper level multisets were introduced and some related results were obtained.
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