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1. INTRODUCTION

Fixed point of functions and operators are important in many part of classical
mathematics like mathematical analysis, dynamical systems, geometry etc. The Ba-
nach contraction principle is the most celebrated fixed point theorem. Afterward
many authors obtained many important extensions of this principle under different
contractive conditions. Recently Bhaskar and Lakshmikantham [2], Nieto and Lopez
[12, 13], Ran and Reurings [15] and Agarwal et al. [1] presented some new results
for contractions in partially ordered metric spaces. Bhaskar and Lakshmikantham
[2] noted that their theorem can be used to investigate a large class of problems
and have discussed the existence and uniqueness of solution for a periodic boundary
value problem. A few interesting results have been developed in the papers [9, 10]
and that have been generalized in this paper.

Fuzzy set theory, a generalization of crisp set theory, was first introduced by Zadeh
[22] in 1965 to describe situations in which data are imprecise or vague or uncer-
tain. Consequently, the last three decades remained productive for various authors
[3, 1, 6, 17, 18] etc. have extensively developed the theory of fuzzy sets due to a wide
range of application in the field of population dynamics , chaos control, computer
programming , medicine , etc. Kramosil and Michalek [8] introduced the concept
of fuzzy metric spaces ( briefly, FM-spaces ) in 1975, which opened an avenue for
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further development of analysis in such spaces. Later on it is modified that a few
concepts of mathematical analysis have been generalized by George and Veeramani
[4, 5] and also they have generalized the fixed point theorem in fuzzy metric space
[20]. Afterwards many articles have been published on fixed point theorems under
different contractive condition in fuzzy metric spaces.

In this paper, we derive new coupled fixed point theorems for mapping having the
mixed monotone property in partially ordered non-Archimedean complete fuzzy met-
ric spaces.

2. PRELIMINARIES

We quote some definitions and statements of a few theorems which will be needed
in the sequel.

Definition 2.1 ([19]). A binary operation * : [0, 1] x [0, 1] — [0, 1] is
continuous ¢ - norm if * satisfies the following conditions

(i) * is commutative and associative,

(i) * is contlnuous

(iii) a * —aVae[O 1],

(iv)axb < ¢+ d whenever a < ¢,b < danda,b,c,de [0, 1].

Result 2.2 ([7]). (a) For any r1,7r2 € (0,1) with 71 > rg, there exist
r3 € (0,1) suchthat ry * rz > ro.
(b) Forany rs € (0,1), there exist rg € (0,1) such that rg * rg > rs.

Definition 2.3 ([11]). The 3-tuple (X, p, %) is called a non-archimedean fuzzy
metric space if X is an arbitrary non-empty set, * is a continuous t-norm and p is
a fuzzy set in X2 x (0,00) satisfying the following conditions :

(i) p(z,y,t) > 0,

(i) p(z,y,t) =1 ifandonlyif x =y,

(iii) p(z y t) = ply,z,t),

() 1 (x g )« iy ert) < p(a.z. maz{s, t}),

(v (x,y, ) : (0, o) — (0, 1] is continuous, for all x,y,z € X and
t,s > 0.
Note that p(x, y, t)can be thought of as the degree of nearness between x and
y with respect to t.

Remark 2.4. u(z,y, .) is non-decreasing for all z,y € X and p(x,y,t) >
pw(lx,z,t)«pu(z,y, t)forall z,y,z € X and ¢t > 0.
Every non-Archimedean fuzzy metric space is also a fuzzy metric space.

Definition 2.5. A partially ordered set is a set P and a binary relation =<, denoted
by (X =) such that for all a,b,c € P,

(i) a = a(reflexivity),

(i) a < band b = cimplies a X c¢(transitivity ),

(iii) @ < band b =< a implies a = b(anti — symmetry).

Definition 2.6. An element (z,y) € X x X is a called a coupled fixed point of
the mapping F/: X x X — X if z=F(z,y) and y = F(y,x ).
830
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Definition 2.7. Let (X ,=)be a partially ordered set and F : X x X — X.
The mapping F is said to has the mixed monotone property if F(z, y) is monotone
non-decreasing in z and is monotone non-increasing in y, thatis, forany z,y € X
r1,72 € X, 21 222 = F(z1,y) X F(r2,y)
and
Y1,y2 € X, y1 2 y2 = F(x,y1) = F(z,y2).
Definition 2.8 ([16]). Let (X, p, *) be a non-archimedean fuzzy metric space.
A sequence {z, }, in X issaid to converge to x € X if and only if

lim p(x,,2z,t) =1 for each t ¢ 0.

n — oo

A sequence {z,, }, in X is called Cauchy sequence if and only if

lim p(zn, 2n4p,t) =1 for each t j; 0 and p =1,2,3,.--.

n — oo
A non-archimedean fuzzy metric space (X, p, *) is said to be complete if and only
if every Cauchy sequence in X is convergent in X .

Lemma 2.9 ([21]). Let {x, } be a sequence in fuzzy metric space X with txt > t.
If there exist a number k € (0, 1) such that
1(Tng2s Tngprs kt) 2 p(@ni1, oo, t)

forall z,y € X, t > 0and n = 1,2, --- ,then {x,} is a Cauchy sequence in
X.

3. RESULTS AND DISCUSSION

Theorem 3.1. Let (X, =) be a partially ordered set and (X, u, x) is a complete
non-archimedean fuzzy metric space. Let F' : X x X — X be a continuous map-
ping having the mized monotone property on X such that there exist two elements
ro,y0 € X with vo 2 F(xo,y0) and yo = F(yo, zo) and

(3.1) u(F(x,y), F(u,v), kt)
> max{pu(F(z,y),z,t), p(F(u,v),z,t)} *xmax{u(F(2,y),u,t),

forall z,y,u,v € X withx = u ,y v and k € (0, 1). Then F has a
coupled fized point in X .

Proof. Let ¢, yo € X with
(32) zo X F(xo,y0) and yo = F(yo, xo).
Define the sequences {z, } and {y, } in X such that,

(3.3) Tnt1 = F(an,yn) and yni1 = F(yn, z,),
forall n =0,1,2, ---.
We claim that {x, } is monotonic increasing and {y, } is monotonic decreasing,
ie.,
(3.4) Tp 2 Tna1 and Yo = Ynii,
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forall n =0,1,2, ---. From (3.2) and (3.3), we have
zo 2 F(zo,¥0), Y0 = F(yo,zo) and 1 = F(zo,y0),y1 = F(yo, zo).

Thus zo =X 21 , Yo = Y1, i.e., equation (3.4) is true for n = 0. Now suppose
that equation (3.4) hold for some n.

i.e., Tp X ZTpt1 and Yn = Ynt1-
We shall prove that (3.4) is true for n + 1. Now =, < zp+1 and ¥n = Yn41
then by mixed monotone property of F', we have
Ttz = F(@ni1,Yns1) Z F(@n, yns1) = Flon, yn) = Tni1
and
Yn+2 = F(Ynt+1,Tns1) 2 F(Yn, Tng1) 2 F(yn, Tn) = Yng1-
Thus by the mathematical induction principle (4) holds for all n in N . So,
To X xy Z X X DTy D Tpgr D0
and
Yo = Y1 Z Y2 Z 0 Z Yn Z Yntl Z -
Since ,-1 X, and Yy,_1 = Y, , from (1) we have
p(F(zn,yn), F(Tn-1,yn-1), kt)
> max{p(F(zn,yn), Tn, 1), p(F(Tp-1,yn-1),Tn,t)}*
max {p(F(zn,yn), Tn-1,t), p(F(Tpn-1,yn-1), Tn-1,1)}*
max {p (F(zn,yn), Tn-1,t), p(F(Tpn-1,yn-1),Tn,t)}
= p(Tpt1,xn, kt) > max{p(zpni1,Tn,t), p(zp, xn,t)} *
max{ pu(xps1, Tn-1,t), p(Tn, Tn-1,t)} * max{pu(zpnt1,Tn_1,1t),
p(2n, xn,t)}
= p(Tpnt1,xn, kt) > max{p(zpt1,cn,t), 1} x
max{p(xpnt1, Tn_1,t), p(xn, Tpn_1,t)} * max{pu(zrpnt1,Tn-1,%t),1}
= pu(Tpt1,xn,kt) > max{pu(zns1,Cn_1,t), u(xpn, Tn_1,t)}
> max{p(xpns1, Tn, t)xp(xn, Tpn_1,t), p(Tp, Tpn_1,%t)}

t
- ﬂ(xn+17mnat) > 1% <£L’n,$n1, k)

—  lim p(zasr,za,t) = 1.
n — oo

We now verify that {z, }, is a Cauchy sequence. So,

/J'(xnaxn-&-pat) Z H(xnaxn-l—lv t) koo ox /-L(xn-&-p—l;xn-‘rpv t)
= lim p(zp,Tpyp,t) > 1x---x1l =1
n — oo
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= {2 }n is a Cauchy sequence.
Similarly, since y, -1 > y, and x,_1 < x, and from (3.1), we have
P(F(Yyn—1,2n-1), F(yn,zn), kt)
> maX{M(F(ynflamnfl),yn717t)>M(F(ynaxn)ayn717t)} *
maX{M(F(yn—1>xn—l)vynat)v/J'(F(ynaxn)vynat)}*
max {4 (F(Yyn—1,Tn-1),Yn,t), p(F(Yn,Tn), Yn-1,1)}
= 1(Yn, Ynt1,kt) = max{u(yn,yn-1,t), L(Ynt1,Yn—1,t)}*
max {p (Yn, Yn,t), £(Yn+1, Yn, t)} * max{p(yn, yn,t),
PGYnt1, Yn—1,1)}
max {1 (Yn s Yn—1,t), 1 (Yns1, Yn—-1,1)}
max { 4 (Yn, Yn—1,1), W(Yn+1,Yn,t)*
P(Yn,Yn—1,1)}

t t
= p(Yn,Ynt1,t) > u(yn,ynhk) > 2 u(yhyo?M)
= lim :U’(yn7yn+1at) =1

n — o

g limooﬂ(ynvyn+107t) = 1.

n —

= M(ynayn+17kt) Z
>

Therefore, {z,} and {y,} are Cauchy sequences in X . Since Xis a complete
fuzzy metric space, there exist x, y € X such that
lim z, = 2z and lim y, = y.
n — oo n — oo

Thus by taking limit as n — oo in equation (3), we get

x= lim 2, = lim F(Zp_—1,Yn-1) =
n — oo n — oo

F( lim x,_;, lim yn_1> =F(z,y)
n — oo

n — o0
and
y= lim y, = lim F(yn—1,2,-1) =
n — oo n — oo
F( lim y,_1, lim mn,l) = F(y,z).
n — oo n — oo
Therefore ©+ = F(z,y) and y = F(y, 2). Thus Fhas a coupled fixed point.
Hence the theorem. O

Theorem 3.2. Let (X, =) be a partially ordered set and (X, p, x) is a complete
non-archimedean fuzzy metric space. Let F' : X x X — X be a continuous map-
ping having the mized monotone property on X such that there exist two elements
To,yo € X with

o 2 F(xo,y0) and yo = F(yo, xo)-
Suppose that
(85)  w(F(x,y), F(u,v), kt) > max{p(z,u,t), pu(y,v.t)}
forall z,y,u,v € X withxz = u andy < v, k € (0, 1). Also suppose either
(a) Fis a continuous or

(b) X has the following property :
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(i) if a non-decreasing sequence {x,} — x then x, <X x for all n.
(i) if a non-increasing sequence {y,} — y then y X y, for all n.
Then there exist x,y € X such that

x=F(z,y) and y = F(y, z),
that is, F has a coupled fized point in X .
Proof. Let ¢, yg € X be such that
(3.6) zo 2 F(xo,yo) and yo = F(yo, o).
Define the sequences {z, } and {y,} in X such that,
(3.7) Tnt1 = F(zpn,yn) and yp11 = Flyn, zn)
forall n > 0.
We claim that {x, } is monotonic increasing and {y, } is monotonic decreasing,
ie.,
(3.8) Tp = Tpt1 and Yn = Ynpy1 for all n=0,1,2,---.
From (3.6) and (3.7),we have

ro 2 F(zo,v0), Yo = F(yo,xo) and x1 = F(z0,90), y1 = F(yo, z0)-
Thus zg < 1 , Yo = Y1, i.e, (3.8) is true for n = 0. Now suppose that
(3.8) holds for some n. i.e.,
Tp X Tpt1 and  Yn Z Yni1-
We shall prove that (3.8)is true for n + 1. Since z,, < T, +1 and Yy, > Ynit1
, by mixed monotone property of F', we have
Tn+2 = F<xn+layn+1) t F(xn» yn+1) t F(J,’n, yn) = Tn+1

and

Yn+4+2 = F(yn+17l‘n+1) j F(ynvxn-l-l) j F(ynaxn) = Yn+1-

Thus by the mathematical induction we conclude that (3.8)holds for all n > 0.
So,

To X T1 2 Xy 2 0 DTy D Tpgpr D0
and

Yo Z Y1 Z Y2 = 0 Z Yn Z Yntl Z o

Since , -1 =, and Yn—_1 = Yn, from (3.5) we have,
/”'(F(xnvyn)vF(xn—layn—l)akt) Z maX{M(l‘m$n—17t)aﬂ(ynayn—17t)}
- ﬂ(xn+17xnakt) > max{/u'(xnawnflvt)a:u(ynaynflvt)}

t

t
- ,U/(.’L'n+1,1'n,t) > max{ﬂ (xn7‘rn17k> ,y K (ynaynlvk>}

t t
> max{u(xl,mo,kn> ,u<y17yo7kn>}

= lim p(zpt1,2n,t) =1

n — oo
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= lim p(znp,Tpyp,t) = 1.

n — oo

Again, since y,_1 X y, and z,_1 =< z,, from (3.5) we have
H(F(yn—laxn—l)a F(yvul'n)a k't) > max{u(yn—laynat); ,Uf(xn—17zn7t)}

- ,u(ynayn-l-l)kt) Z max{ﬂ(yn—layna 7M($n_17$n,t)}

t)
t t
g :u’(y’n7yn+17t) 2 max M yn717yn7E y M ',I‘.n717xna%

t t
> max{u(yo,th) 7M(£0,$17kn>}

= lim p(Yn,Ynt1,t) =1

n — oo

- lim //'(ynvyn+]ﬂat) = 1.

n — oo
Therefore, {z,} and {y,} are cauchy sequences in X . Since X is a complete
fuzzy metric space, there exist =, y € X such that
lim z, = x and lim y, = vy.
n — o0 n — o0
Now, suppose that assumption (a)holds. Thus by taking limit as n — oo in
equation (3.7), we get

= lim z, = lim F(zn_1,Yn-1) =
n — oo n — oo

F( lim z,_1, lim yn_1> =Flz,y)
n — o0

n — oo
and
y= lim y, = lim F(ypn—1,Tn-1) =

n — o n — oo

F( lim y,_1, lim In—l) =F(y,x).
n — o0

n — oo
Hence, x = F(z,y) and y = F(y, x).
Finally, suppose that (b) holds. Since {z,} is non-decreasing sequence and {z, } —
x and as {y,} is non-increasing sequence and {y, } — y, by assumption (b),
we have z, = z and y <X y, for all n. We have

(3.9) wu(F(xn,yn), F(z,y), kt) > max{p(zn,z,t), p(yn,y,t)}

Taking n — oo in (3.9), weget pu(x, F(z,y), kt) =1 = F(x,y) = =x.
Similarly, we can show that F(y,z) = y. Therefore, it is proved that F has a
coupled fixed point. O

Theorem 3.3. In addition to hypotheses of Theorem 3.2, suppose that for every
(z,y),(2z,1) € X x X, there exists a (u,v) € X x X that is a comparable to
(z,y) and (z,1), then F has a unique coupled fized point.

835
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Proof. From Theorem 3.2, the set of coupled fixed points of F' is non-empty. Sup-
pose (z,y) and (z,1) are coupled fixed point of F, thatis, x = F(z,y),y =
F(y,z),z=F(z,1) and Il = F(I, z). We shall show that x = z and y = [.
By assumption, there exists (u,v) € X x X that is comparable to (x,y) and

(z,1).

We define sequences {u,} , {v,} as follows:
Ug = U, V9 =V, Upnt1 = Fun,vy) and vpp1 = F(up, un).

Since (w, v) is comparable with (z, y), we may assume that (z,y) = (u,v) =
(up, vo). By using the mathematical induction, it is easy to prove that

(3.10) (z,y) = (un,vy).
From (3.5) and (3.10), we have

w(F(z,y), Flun,vn), kt) > max{p(z, un,t), u(y, vn,t)}

t t
= :u('rvun-‘rlvt) 2 ma’X{:u <I7una k) ) B (yavnvk)}

t t
> rnax{,u (x,uo,kn) y b (y,vmk,l)}

(3.11) = lim p(z,upq1,t) = 1.

n — oo

Similarly, we also have

p(F(vn, un), Fly, z), kt) > max{p(vn,y,t), p(un, 2, 1)}

>7/~L<unaxa >}
= X 0,Y, 7~ ) 0y Ly 777
kn kn

(3.12) — lim p(vpt1,y,t) = 1.

n — oo

|+
|+

= :U'('UnJrlay’t) > maX{M (vnaya

Similarly, one can show that

(3.13) nlemp(z,un+1,t) = lim p(l,vpg1,t) = 1.

n — oo

From (3.11), (3.12) and (3.13), we obtain z = z and y = [. O

Theorem 3.4. In addition to hypotheses of Theorem 3.2, if xo and yo are compa-
rable then F has a fized point, that is, there exists x € X such that v = F(x,x).
836
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Proof. Following the proof of Theorem 3.2, F' has a coupled fixed point (z,y).
We only have to show that x = y. Since xy and yo are comparable, we may
assume that z¢ > yo. By using the mathematical induction, one can show that

(3.14) Tp = Yn Vn >0
where {2z, } and {y,} be defined by (3.7). From (3.5) and (3.14), we have
M(F(xn,yn),F(yn,xn),kt) Z maX{/J’(l‘TL7yn7t)a/j/(ynaxn7t)}

g M(mn+1ayn+17kt) > N(xnvynvt)

t
2 <xnayn7 >
k

t t
S :u‘(‘rn-‘rlvyn-i-lat)Zu<xnaynak> Z Zu<x07yOaW>'

v

= p(ZTny1,Ynt1,t)

Thus by taking limit as n — oo in the above inequality, we have
= lim p(z,y,t) =1.

n — oo
Therefore x = y, that is, F has a fixed point. O
Example 3.5. Let X = [0, 1] with fuzzy metric u(z, y, kt) = W for
all x,y € X and k € [% , 1). On the set X, we consider the following relation:
for z,y € X , 2 2y < z,y € [0,1] and z < y where < is the usual
ordering of real numbers, then (X ,=<) is a partially ordered set. Also (X, p, *)
is a complete fuzzy metric. Moreover, X has the property :

(i) if a non-decreasing sequence {x, } — z then z, < z for all n,

(ii) if a non-increasing sequence {y, } — y then y =< y, for all n.

Let FF': X x X — X as F(o,y) = %52 if z,y € [0, 1],z > y and
F(lz,y)=01if z < y.

Then clearly F' is continuous and has the mixed monotone property. Also, there
are g = 0 , yo = 0 in X such that z¢o =0 = F(0,0) = F(zo,yo) and
yo = 0 = F(0,0) = F(yo,xo). Then it is obvious that (0,0) is a coupled
fixed point of F'. We show that the mapping F' satisfies the conditions of Theorem
3.2.

We take =, y,u,v € X such that x > v , y < v or (z,y) = (u,v). We
have the following cases :

Case 1. If (z,y) = (u,v) or (z,y) = (0,0) , (u,v) = (0,1) or
(.T,y) = (17 1) ) (uafv) = (07 1) 7then clearly /L(F($,y)7F(U,U)7 kt) =
1.

Thus (3.5) holds.
Case 2. Now, suppose (z,y) = (1,0) , (u,v) = (0,0). Then

LHS of (3.5) = p(F(x,y), F(u,v), kt)
= w(F(1,0), F(0,0), kt)
1 kit
—p (.0, k)= —
“(2” ) kt + 1
837
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and
RHS of (35)= min{pu(1,0,¢),u(0,0,¢)

)
. t t
=ming ——,1,=——.
{ t+1 } t+ 1
Thus (3.5 )holds.

Case 3. If (z,y) =(1,0), (u,v) = (0,1), Then
LHS of (35)= p(F(z,y), F(u,v), kt)
=u(F(1,0),F(0,1), kt)

1 kt
—u 2, 0k) = 0
“(2 > kt + %
RHS of (35)= min {u(1,0,t),u(0,1,¢)}

. t t t
= min , = .
t+1" t+1 t+1

and

Thus (3.5)holds.
Case 4. (z,y)=1(1,0), (u,v) = (1,1), then
LHS of (35)= p(F(z,y), F(u,v), kt)
=p(F(1,0),F(1,1), kt)
1 kt
= =,0,kt) = —
”(2” ) kt +

and
RHS of (3.5) =min {u(1,1,1), u(0,1,¢)}

. t t
=min § 1, = .
{ t+1 } t+ 1
Thus (3.5)holds and hence all the conditions of theorem (3.2) are satisfied.
Applying theorem (3.2) we can conclude that F has a coupled fixed point in X .

4. CONCLUSION

In the paper [14] , Author Jong Seo Park has used a citation of our paper, entitled
“Coupled fixed point theorems in partially ordered non-Archimedean complete fuzzy
metric spaces”, T. K. Samanta, S. Mohinta, Punjab Univ. J.; (2014), To appear at
serial no.10 in the reference list, but this paper has not been published in Punjab
University Journal. Later on, only changing the order of the author’s name, it is
going to be published in this esteemed journal.

Acknowledgment : Authors are very much grateful to the reviewers for their
suggestions to improve this paper and also thankful to the chief editor for allowing
us to publish this paper.
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