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1. INTRODUCTION

Zadeh[ ] initiated the concept of fuzzy sets in 1965. Abou-Zaid[1] first made the
study of fuzzy subnear-rings and ideals of near-rings. The concept of bi-ideals was
applied to near-rings in [3]. The idea of fuzzy ideals of near-rings was first proposed
by Kim et al.[3]. Jun et al.[4] defined the concept of fuzzy R-subgroups of near-rings.
Moreover, Manikantan[5] introduced the notion of fuzzy bi-ideals of near-rings and
discussed some of its properties. Yong Uk Cho et al.[9] introduced the concept
of weak bi-ideals applied to near-rings. Narayanan[0, 7] has discussed the idea of
(€, € Vq)-fuzzy subnear-rings and (€, € Vq)-fuzzy ideals which is a generalization
of fuzzy subnear-rings and fuzzy ideals. In this paper, we define a new notion of
fuzzy weak bi-ideals of near-rings, which is a generalized concept of fuzzy bi-ideals
of near-rings. We also investigate some of its properties with examples.

2. PRELIMINARIES

In this section, we listed some basic definitions. Throughout this paper R denotes
a left near-ring.

Definition 2.1 ([2]). A near-ring is an algebraic system (R, +, ) consisting of a non
empty set R together with two binary operations called + and - such that (R, +) is
a group not necessarily abelian and (R, -) is a semigroup connected by the following
distributive law: 2z - (y + z) = - y + « - z valid for all z,y,z € R. We use the word
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‘near-ring 'to mean ‘left near-ring ’. We denote xy instead of x - y.
(1) An ideal I of a near-ring R is a subset of R such that

(i) (I,+) is a normal subgroup of (R, +),

(ii) RI C I,

(ii) (x +a)y —zy € I, for any a € I and z,y € R.
(2) A R-subgroup H of a near-ring R is the subset of R such that

(i) (H,+) is a subgroup of (R, +),

(i) RH C H,

(ii) HR C H.

Note that H is a left R-subgroup of R if H satisfies (i) and (ii) and a right
R-subgroup of R if H satisfies (i) and (iii).

Definition 2.2 ([5]). Let R be a near-ring. Given two subsets A and B of R, we
define the following products
AB = {abla € A,b € B}
and
AxB={(d+b)a—dala, o’ € A, be B}.

Definition 2.3 ([3]). A subgroup B of (R, +) is said to be a bi-ideal of R if BRBN
B+ RB C B.

Definition 2.4 ([9]). A subgroup B of (R,+) is said to be a weak bi-ideal of R if
BBB C B.

Through out this paper, f; is the characteristic function of the subset I of R
and the characteristic function of R is denoted by R, that means, R : R — [0, 1]
mapping every element of R to 1.

Definition 2.5 ([6]). A function u from a nonempty set R to the unit interval [0, 1]
is called a fuzzy subset of R. Let u be any fuzzy subset of R, for ¢ € [0, 1] the set
pe = {x € Rlu(x) >t} is called a level subset of p.

Definition 2.6 ([0]). Let u and A be any two fuzzy subsets of R. Then pN A, pU
A, g+ A, pand px A are fuzzy subsets of R defined by:

(11 X)) = min{p(z), A(x)}.
(U A)(2) = max{p(z), A(z)}.
sup min{u(y), A(z)} if x can be expressed as ¢ =y + z

(1 M) = § =t
0 otherwise.

sup min{u(y), A(z)} if z can be expressed as z = yz

(1)) = { #=v:
0 otherwise.

sup  min{u(c), A(b)} if z can be expressed as
z=(a+c)b—ab

(ko A)(z) = x = (a+c)b— ab.
0 otherwise.
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A fuzzy subset p of R is called a fuzzy subgroup of R, if p(x—y) > min{u(x), u(y)}
for all z,y € R.

Definition 2.7 ([5]). A fuzzy subgroup u of (R, +) is said to be a fuzzy bi-ideal of
Rif pRunpuxRu C pu.

Definition 2.8 ([1]). Let R be a near-ring and p be a fuzzy subset of R. Then p is
a fuzzy ideal of R if

(i) w(z —y) = min{u(z), u(y)}, for all 7,y € R,

(i) uly +z —y) > p(z), for all z,y € R,

(ii) p(y) > ply), for all 2,y € R,

(iv) p((x + 2)y — zy) > p(z), for all z,y, z € R.

A fuzzy subset with (i)-(iii) is called a fuzzy left ideal of R, whereas a fuzzy subset
with (i), (i) and (iv) is called a fuzzy right ideal of R.

Definition 2.9 ([4]). A fuzzy subset u of a near-ring R is called a fuzzy R-subgroup
of R if

(i) p is a fuzzy subgroup of (R, +),

(i) p(zy) = p(y),

(iii) p(zy) > p(x), for all z,y € R.

A fuzzy subset with (i) and (ii) is called a fuzzy left R-subgroup of R, whereas a
fuzzy subset with (i) and (iii) is called a fuzzy right R-subgroup of R.

Definition 2.10. Let I be a subset of a near-ring R. Define a function f; : R — [0, 1]

by
fr(z) = {1 it GI.

0 otherwise
for all x € R. Clearly f; is a fuzzy subset of R and is called the characteristic
function of 1.

3. Fuzzy WEAK BI-IDEALS OF NEAR-RINGS

In this section, we introduce the notion of fuzzy weak bi-ideal of R and discuss
some of its properties.

Definition 3.1. A fuzzy subgroup u of R is called a fuzzy weak bi-ideal of R, if
p(xyz) = min{u(z), u(y), p(2)}-

Example 3.2. Let R = {0, a,b,c} be near-ring with two binary operations + and -
is defined as follws:

+10]a|b|c -10]lal|b]|c
0 |0fal|b]|c 0|0|a|0]a
a |a|l0]c|b a|0]|al0]a
b |blc|0]a bl0|lal|b|c
clc|lblalO c|0lalb|ec
Let p: R — [0,1] be a fuzzy subset defined by u(0) = 0.7, u(a) = 0.2 = u(b) and

p(c) = 0.6. Then p is a fuzzy weak bi-ideal of R.

Proposition 3.3. Let u be a fuzzy subgroup of R. Then p is a fuzzy weak bi-ideal

of R if and only if pup C u.
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Proof. Assume that p is a fuzzy weak bi-ideal of R. Let x,vy, z,y1,y2 € R such that
r=yz and y = y1y2. Then

(pppe) (z) = sup {min{(pup)(y), u(2)}}

= fffz{min{yfj% min{p(y1), u(y2)}, p(2)}}

Sup_ sup {min{min{u(y.), u(y2)}, n(2)}}

= sup {min{u(y1),u(y2), u(2)}}

T=Y1Y22z

Since p is a fuzzy weak bi-ideal of X, u(zyz) > min{u(z), u(y), u(2)}
sup  pu(y1y22)

T=Y1Y22

().

IN

If z can not be expressed as @ = yz, then (uup)(x) = (0) < u(x). In both cases
pipige C po.

Conversely, assume that pupu C . For o', x,y,z € R, let 2’ be such that 2’ = zyz.
Then

w(xyz) = p(z’) > (ppp) (')
= zsllzlgq{min{(w)(p), n(a)}t}
f/iﬁq{min{pi% min{yi(p1), u(p2)}, 1(q)}}

= sup {min{u(p1), u(p2),u(q)}}

z'=p1p2q

> min{pu(x), u(y), u(2)}

Hence pu(zyz) = min{u(z), u(y), u(2)}- O

Lemma 3.4. Let p and A be fuzzy weak bi-ideals of R. Then the products p\ and
AW are also fuzzy weak bi-ideals of R.

Proof. Let p and X be fuzzy weak bi-ideals of R. Then

(pA)(z —y) = sup min{u(a),A(b)}

r—y=ab

> sup min{u(a; — az), A(by — ba)}

z—y=a1b1—azb2<(a1—az) (b1 —b2)

sup min{min{x(ay ), p(az)}, min{A(b1), A(b2)}}
sup min{min{ (a1 ), A(b1)}, min{u(as), A(b2)}}
min{ sup min{u(ay),A(b1)}, sup min{u(az), A(b2)}}

z=aiby y=azbz
= min{(uA)(2), (#A)(y)}-
802
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It follows that pA is a fuzzy subgroup of R. Further,
(LA (A) (LX) = pA(pAR)A
C XA A, since A is a fuzzy weak bi-ideal of R
C u(AAN), since A is a fuzzy weak bi-ideal of R
C pA.
Therefore pA is a fuzzy weak bi-ideal of R. Similarly Ay is a fuzzy weak bi-ideal of
R. O
Theorem 3.5. Every fuzzy bi-ideal of R is a fuzzy weak bi-ideal of R.

Proof. Assume that p is a fuzzy bi-ideal of R. Then uRp N p* Ry C p. We have
pppe € pRp and ppp € pox Ru. This implies that ppup € pRp N px Ry C p.
Therefore p is a fuzzy weak bi-ideal of R. O

However the converse of the Theorem 3.5 is not true in general which is demon-
strated by the following Example.

Example 3.6. Let R = {0,a,b,c} be near-ring with two binary operations + and -
is defined as follws:

+10|a|b]|ec Olalb]|c
0|0]jal|lb]|c 0/0]0|0]O0
a |al0]c|bd al0l0]0|O0
b |b]|c a b{O|lalc|b
c|lc|blal|O c|0jalb]|c

Let p: R — [0, 1] be a fuzzy subset defined by p(0) = 0.8, u(a) = 0.5 = p(b) and
w(c) =0.7. Then p is a fuzzy weak bi-ideal of R. But y is not a fuzzy bi-ideal of R,

since min{(uRpu)(b), (v Rpu)(b)} = 0.7 £ u(b).
Theorem 3.7. Every fuzzy ideal of R is a fuzzy weak bi-ideal of R.

Proof. We know that every fuzzy ideal of R is a fuzzy bi-ideal of R by Theorem
3.14[5]. By Theorem 3.5, every fuzzy bi-ideal of R is a fuzzy weak bi-ideal of R.
Thus p is a fuzzy weak bi-ideal of R. O

Theorem 3.8. Fvery fuzzy R-subgroup of R is a fuzzy weak bi-ideal of R.

Proof. We know that every fuzzy R-subgroup of R is a fuzzy bi-ideal of R by The-
orem 3.11[5]. By Theorem 3.5, every fuzzy bi-ideal of R is a fuzzy weak bi-ideal of
R. Thus p is a fuzzy weak bi-ideal of R. O

The converse of the Theorem 3.7 and 3.8 are not true in general as shown in
following Example.

Example 3.9. In Example 3.2, p is a fuzzy weak bi-ideal of R. But p is not a
fuzzy ideal of R, because u(0c) = pu(a) = 0.2 # 0.6 = p(c). Also p is not a fuzzy
R-subgroup of R, because u(0c) = pu(a) = 0.2 # 0.6 = p(c) and p(ca) = p(a) =
0.2 2 0.6 = p(c).

Example 3.10. In Example 3.6, p is a fuzzy weak bi-ideal of R. But p is not a
fuzzy ideal of R, u is not a fuzzy R-subgroup of R and p is not a fuzzy bi-ideal of
R.
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Theorem 3.11. Let {u;|i € Q} be family of fuzzy weak bi-ideals of a near-ring R,

then ﬂpi is also a fuzzy weak bi-ideal of R, where Q is any index set.

i€Q
Proof. Let {p;}ica be a family of fuzzy weak bi-ideals of R. Let x,y,z € R and
= (s Then, a) = (sl = (it ) (0) = inf (o)

i€Q ieQ

pla —y) = inf piz —y)
> inf min{p;(2), pi(y)}
1€Q

= min { inf pi(=), inf m(y)}

= min { m i), m Mi(y)}

1€Q) 1€
= min{u(x), p(y)}-
And
playz) = inf pi(zyz)

> }&fz min{p; (), wi(y), pi(2)}

= min { inf yi;(2), inf pi(y), inf ui(Z)}

= min { m pi(z), m i (y), m Nz(z)}

i€Q 1€Q 1€Q
= min{u(z), u(y), u(2)}-
0

Theorem 3.12. Let p be a fuzzy subset of R. Then i is a fuzzy weak bi-ideal of R
if and only if s is a weak bi-ideal of R, for all t € [0, 1].

Proof. Assume that p is a fuzzy weak bi-ideal of R. Let ¢ € [0, 1] such that z,y € ;.
Then p(x —y) > min{p(z), u(y)} > min{t, ¢t} =t. Thus x —y € pq. Let z,y, 2 € py.
This implies that p(xyz) > min{u(x), u(y), u(z)} > min{t, t,t} = t. Thus zyz € .
So p; is a weak bi-ideal of R.

Conversely, assume that p; is a weak bi-ideal of R, for all t € [0,1]. Let x,y €
R. Suppose p(z —y) < min{p(z),n(y)}. Choose t such that pu(z —y) < ¢t <
min{p(z), u(y)}. This implies that p(z) > t,u(y) > ¢t and p(z —y) < t. Then
we have z,y € s but  —y ¢ py a contradiction. Thus pu(x —y) > min{u(x), u(y)}.
If there exist z,y,z € R such that p(ryz) < min{u(z), u(y), u(2)}. Choose t such
that p(zyz) < t < min{w(x), p(y), u(z)}. So p(x) > t,u(y) > t,u(z) > ¢t and
w(xyz) < t. Thus x,y,z € pp but xyz ¢ g which is a contradiction. Hence
w(xyz) > min{p(z), u(y), u(z)}. Therefore u is a fuzzy weak bi-ideal of R. O
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Theorem 3.13. Let W be a nonempty subset of R and p be a fuzzy subset of R

defined by
(z) = s ifeeW
a )t otherwise

for some x € R, s,t € [0,1] and s > t. Then W is a weak bi-ideal of R if and only
if uis a fuzzy weak bi-ideal of R.

Proof. Assume that W is a weak bi-ideal of R. Let z,y € R. We consider four cases

(IH)zeWandy e W.
(2)zeWandy ¢ W.
B)x¢Wandy e W.
(4)x¢Wandy ¢ W.

Case (1): If z € W and y € W, then u(x) = s = u(y). Since W is a weak bi-ideal
of R, x —y € W. Thus pu(z —y) = s = min{s, s} = min{u(x), u(y)}.

Case (2): If z € W and y ¢ W, then u(z) = s and u(y) = ¢t. Thus min{pu(z), u(y)} =
t. Now, p(z —y) = s or t according as  —y € W or x — y ¢ W. By assumption,
s > t, we have p(x —y) > min{u(z), u(y)}.

Similarly, we prove case (3).

Case (4): If z,y ¢ W, then p(z) =t = p(y). Thus min{u(z), u(y)} = t. Next,
u(x—y) = sortaccordingasx—y € Worax—y ¢ W. So pu(x—y) > min{pu(x), u(y)}.
Now let z,y,z € R. Then we have the following eight cases :

(LH)zeW,yec Wand z € W.

)

YrxeW,y¢ W and z € W.
JxeW,ye Wand z ¢ W.
Jx g W,y¢ Wand z € W.
YxeW,y¢ W and z ¢ W.
)z g W,y e W and z ¢ W.

These cases can be proved by arguments similar to the fuzzy cases above. Hence
p(zyz) > min{p(x), u(y), pu(z)}. Therefore p is a fuzzy weak bi-ideal of R.
Conversely, assume that u is a fuzzy weak bi-ideal of R. Let x,y,z € W be such
that p(z) = p(y) = p(z) = s. Since p is a fuzzy weak bi-ideal of R, we have
p(x —y) = min{u(z), u(y)} = s

and

p(wyz) = min{u(z), p(y), p(z)} = s.
Thus = — y,zyz € W. So W is a weak bi-ideal of R. O

Theorem 3.14. A nonempty subset W of R is a weak bi-ideal of R if and only if
the characteristic function fy is a fuzzy weak bi-ideal of R.

Proof. Straightforward from Theorem 3.13. d

Theorem 3.15. Let p be fuzzy weak bi-ideal of R, then the set R, = {x € R| p(x) =
1(0)} is a weak bi-ideal of R.
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Proof. Let u be fuzzy weak bi-ideal of R. Let z,y € R,,. Then

| () = p(0), u(y) = p(0)

p(x —y) > min{u(z), p(y)}
= min{x(0), u(0)} = p(0).
Thus p(x — y) = u(0). So x —y € R,,. For every z,y,z € R,,, we have
p(zyz) = min{p(z), p(y), p(z)}
= min{x(0), 1(0), 1(0)} = 1(0)

Hence zyz € R,,. Therefore R, is a weak bi-ideal of R. Il

4. HOMOMORPHISM OF FUZZY WEAK BI-IDEALS OF NEAR-RINGS
In this section, we characterize fuzzy weak bi-ideals using homomorphism.

Definition 4.1 ([3]). Let f be a mapping from a set R to a set S. Let p and v be
fuzzy subsets of R and S, respectively. Then f(u), the image of p under f, is a fuzzy
subset of S defined by

sup p(x) if f(y) # 9
f()(y) = =e/ @)
0 otherwise

and the pre-image of v under f is a fuzzy subset of R defined by
[~ v(@)) = v(f(2)), for all 2 € R and f~'(y) = {2 € R|f(x) = y}.

Definition 4.2 ([3]). Let R and S be near-rings. A map 6 : R — S is called a
(near-ring)homomorphism if §(z + y) = 6(z) + 6(y) and O(xy) = O(x)0(y) for all
z,y € R.

Theorem 4.3. Let f: R — S be a homomorphism between near-rings R and S. If
v is a fuzzy weak bi-ideal of S, then f~1(v) is a fuzzy weak bi-ideal of R.

Proof. Let v be a fuzzy weak bi-ideal of S. Let x,y, 2 € R. Then
F )@ —y) = v(f(z —y))
v(f(x) = f(y))
min{v(f(z)),v(f(y))}
min{f ™" (v(2)), f 7 (v(y))}.
W) (wyz) = v(f(ayz))
v(f(2)f(y)f(2))
= min{v(f(x)), v(f(y)), v(f(2))}
= min{f ' (v(2)), T (v(y)), F 7 (¥(2))}-
Therefore f~1(v) is a fuzzy weak bi-ideal of R. O

v

V

We can also state the converse of the Theorem 4.3 by strengthening the condition
on f as follows.
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Theorem 4.4. Let f : R — S be an onto homomorphism of near-rings R and S.
Let v be a fuzzy subset of S. If f~1(v) is a fuzzy weak bi-ideal of R, then v is a fuzzy
weak bi-ideal of S.

Proof. Let x,y,z € S. Then f(a) =z, f(b) =y and f(¢) = z for some a,b,c € R. It
follows that

v(e —y) = v(f

I
=
=
—~
=
8
:_/
N
—
S
-

And

v(zyz) = v(f(a) f(b)f(c))

V(f(abc))

= f~H(v)(abe)

mm{f L) (a), fH@)(0), ) ()}
min{v(f(a)),v(f(b),v(f(c))}
min{v(x),v(y),v(z)}.

Y

Hence v is a fuzzy weak bi-ideal of R. d

Theorem 4.5. Let f: R — S be an onto near-ring homomorphism. If u is a fuzzy
weak bi-ideal of R, then f(u) is a fuzzy weak bi-ideal of S.

Proof. Let u be a fuzzy weak bi-ideal of R. Since f(u)(z') = sup (u(z)), forz’ € S,
F@)=a"

f(p) is nonempty. Let 2,3’ € S. Then we have

{zlz € f71 (@' —y)} 2{z —ylz € f~1(2)) and ye f1(y)}

and {z]z € f~1(2'y)} 2 {zylz € f71(2') and y € f71(y)}

fw)(@ =y )= sup {u(2)}
f2)=a/—y'

> sup {u(z —y)}
flz)=2',f(y)=y’

> sup {min{p(z), u(y)} }

f(@)=z'.f(y)=y’

=min{ sup {u(x)}, sup {u(y)}}
f(z)=a fly)=y’

= min{f(u)(z"), f(1)(y)}.
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Next,
fwE'y2)=sup  {p(w)}

flw)=a'y'=’

> sup {u(zyz)}
Fl@)=a' f(y) =y’ f(z)=2"

> sup {min{p(x), u(y), n(2)}}
Fl@)=a' f(y) =y’ f(z)=2"

=min{ sup {u(z)}, sup {u(y)}, sup {wu(z)}}

f(z)=a’ Fly)=y’ f(z)=2'

= min{f (1) (), f()(¥"), f (1) (=)}
Therefore f(u) is a fuzzy weak bi-ideal of S. O
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