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1. INTRODUCTION

The theory of fuzzy sets was introduced by Zadeh [28] in 1965. This theory has
provided a useful mathematical tool for describing the behaviour of systems that
are too complex or ill-defined to admits precise mathematical analysis by classical
methods and tools. Extensive applications of the fuzzy set theory have been found
in various field. Since Rosenfeld [20] applied the notion of fuzzy sets to algebra and
introduced the notion of fuzzy subgroups, the literature of various fuzzy algebraic
concepts has been growing very rapidly. Kuroki initiated the theory of fuzzy semi-
groups in his paper [15]. The monograph by Mordeson et al [18] deals with the
theory of fuzzy semigroups and their use in fuzzy codes, fuzzy finite state machines
and fuzzy languages. Due to their possibilities of applications, semigroups and re-
lated structure are presently extensively investigated in fuzzy settings. Kehayopulu
in [9] characterized regular, left regular and right regular ordered semigroups by
means of fuzzy left ideals, right ideals and bi-ideals. Murali [19] defined the concept
of belongingness of a fuzzy point to a fuzzy subset under a natural equivalence on a
fuzzy subset. The idea of quasi-coincidence of a fuzzy point with a fuzzy set played a
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vital role in generating different types of fuzzy subgroups. Using these ideas, Bhakat
and Das ([1], [2], [3]) introduced the concept of («, 8)-fuzzy subgroups by using the
“belong to” (€) relation and “quasi-coincident with” (g) relation between a fuzzy
point and a fuzzy subgroup and introduced the concept of (€, € Vq)-fuzzy subgroup.
Kazanci and Yamak [3] studied (€, € Vq)-fuzzy bi-ideals of a semigroup. Zhan and
Jun introduced the concept of (€, € V §)-fuzzy interior ideals of a semigroup (see
[30]) and gave some properties of prime (€, € Vq)-fuzzy interior ideals. Following
the terminology given by Zadeh, fuzzy sets in an ordered semigroup S were first
considered by Kehayopulu and Tsingelis in [10]. They defined fuzzy analogous for
several notions, which have proven useful in the theory of ordered semigroups. The
theory of fuzzy sets on ordered semigroups has been recently developed. For more
details, the reader is referred to ([5], [6], [9], [L1], [12], [L7], [22], [23], [20]).

In 1975, Zadeh [29] introduced the concept of interval valued fuzzy subsets, where
the values of the membership functions are intervals of numbers instead of numbers.
In [4], Biswas defined interval valued fuzzy subgroups of the same nature of Rosen-
feld’s fuzzy subgroups. In [7], kar et al, defined and studied the interval valued prime
fuzzy ideals of semigroups. In [16], Ma and Zhan introduced the concept of interval-
valued (€, € Vq)-fuzzy h-ideals in hemirings and developed some basic results using
these ideals. In [21], Shabir and Khan investigated the interval valued fuzzy ideals
generated by an interval valued fuzzy subset in ordered semigroups. Since then,
Khan et al defined and studied interval valued fuzzy generalized bi-ideals of ordered
semigroups (see [13]). In [25], Tang et al characterized ordered semigroups by new
type of interval valued fuzzy quasi-ideals.

In this paper, we first introduce the notion of (k*, ¢)-quasi-coincident in ordered
semigroups. Then, using the idea of (k*, ¢)-quasi-coincident of a fuzzy point with a
fuzzy set, we also introduce the notions of interval valued (€, € \/(k~*, q;.))-fuzzy bi-
ideals and interval valued (€, € \/(kN*7 q;.))-fuzzy quasi-ideals of ordered semigroups,
and study their related properties. Finally, we characterize different classes of or-
dered semigroups by using the properties of these interval valued fuzzy ideals.

2. PRELIMINARIES AND SOME NOTATIONS

A partially ordered semigroup (briefly ordered semigroup) is a pair (.5,-) com-
prising of a semigroup S and a partial order < (on S) that is compatible with the
binary operation, i.e. for all a,b,s € S, a < b implies that sa < sb and as < bs.

For any nonempty subset A of an ordered semigroup S, we define

(A]={a€S|a<bforsomebdec A}.

For any two nonempty subsets A, B of S, we have (1)A C (4]; (2) If A C B, then
(A] € (BJ; (3) (Al(B] € (AB] [21].

Let A be a nonempty subset of an ordered semigroup S. Then A is called a
subsemigroup of S if A2 C A. A is called a bi-ideal of S if (1) for any a € S and
be A ifa<b,thenac A, (2)foralla,bc A=abe Aand (3) ASACA[. Ais
called a quasi-ideal of S if (AS]N (SA] C A [25].

By an interval number @, we mean an interval [a~, a*], where 0 < a~ <at < 1.
The set of all intervals numbers is denoted by D[0,1]. The interval [a,a] can be
identified by the number a € [0,1]. For the interval numbers a; = [a; ,a)], b =
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[b;,b]] € D[0,1], € I, we define

? ~

1) min{a;, b;} = [min(a; ,b; ), min(a;", b;)],
) max{di7 bz} = [max(aﬂ b;)7 max(ai+7 b;r)]’
) @y < Gy < ay <ay and af < af,
) @1 = a2 < aj =ay and af = aj,
)

e TR 7 2 S
[ay —ay,af —a3], ifay —ay <af —ay,

a—az= laf —af,a] —ay], ifay —ay; >af —aj.
(6) ka = [ka™,ka™|, whenever 0 < k <1,
(7) k* = [k*, k*T], whenever 0 < k* < 1.
Then, it is clear that (D[0,1], <, A, V) forms a complete lattice with 0 = [0,0] as its
least element and 1 = [1,1] as its greatest element. The interval valued fuzzy sets
provide a more adequate description of uncertainty than the traditional fuzzy sets.
Let S be an ordered semigroup. A mapping f : S — DJ0,1] is called an interval
valued fuzzy subset of S, where f(z) = [f~(z), f*(z)] for all z € S, f~ and f+ are
two fuzzy sets of S such that f~(z) < f(x) for all z € S. The set of all interval
valued fuzzy sets of S is denoted by IVF(S).
For any ordered semigroup (5,-, <) and x € S, we define

Ay ={(y,2) € Sx S|z <yz}
Then product f o g of any fuzzy subsets f and g of S is defined by
; v min{fw).a(2)} A £,
- .0 4=,

for all z € S [25].

Definition 2.1 ([25]). Let f be an interval valued fuzzy subset of an ordered semi-
group S and @ € D[0,1]. Then the crisp set

 fi={zeS| i@z
is called a level subset of f.
Definition 2.2 ([27]). Let A be a nonempty subset of S. We denote by fa, the

interval valued characteristic function of A, that is the mapping of S into D[0,1]
defined by

. 1,1, if 2 €A,
Fata) = LA
[0,0], if z¢ A.
Clearly fy4 is a fuzzy subset of S.

Definition 2.3 ([25]). Let S be an ordered semigroup, a € S and 4 € D(0,1]. An
interval valued ordered fuzzy point agz of S is defined by

N a, if =€ (al,
as(z) = i
[0,0], if z ¢ (a].
Then ag is a mapping from S into D[0,1]. For any interval valued fuzzy subset f of
785
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S, we shall also denote az C f by az € f in the sequel. Then az € f if and only if
f(a) > a.

Deﬁrjition 2.4. An interval valued fuzzy subset f of S is called comparable if f (x)
and f(y) are comparable for all z,y € S;

f(@) = f(y) or flz) < fy).

Throughout the paper, we consider that f is a comparable interval valued fuzzy
subset of S unless otherwise specified.

3. INTERVAL VALUED (€, € V(k*, q;))-FUZZY BI-IDEALS

In this section, we first define (k*, ¢)-quasi-coincident and investigate mainly the
properties of interval valued (€, € V(k*, g3 ))-fuzzy bi-ideals of an ordered semigroup.

Definition 3.1. An interval valued ordered fuzzy point ag of an ordered semigroup
S, for any k* € D(0, 1], is said to be (k*, ¢)-quasi-coincident with an interval valued
fuzzy subset f of S, written as aq(k ,q)f, if

fla) +a > k*.

Let (S, -, <) be an ordered semigroup and 0 < k< k* < 1. For an ordered interval
valued fuzzy point zz, we say that
(k: ,qk)f 1ff( )+u+k> k*;
Ty € \/(k*,qk)f if zgz € f or zg(k ,qk)f,
zgaf if zzaf does not hold for a € {(k*, qz), € V(K*, q;)}-

Definition 3.2. An interval valued fuzzy subset f of an ordered semigroup S is
called an interval valued (€, € \/(k*,qk)) fuzzy subsemigroup of S if z; € f and
ys € f imply (TY)min{a,5} € \/(k’ﬂqk)f for all 4,0 € D(0,1] and z,y € S.

Definition 3.3. An interval valued fuzzy subset f of an ordered semigroup S is
called an interval valued (€, € \/(k*, q;.))-fuzzy bi-ideal of S if

(1) @ <y, ya € f imply za € V(k*, ) f; i

(2) Ty € fv Ys € f imply (my)mm{u o) € \/( 7qk)f

(3) za € fv zp € f imply (xyz)mm{u,’u} € V(k* )
for all z,y,z € S and @,0 € D(0,1].

Theorem 3.4. An interval valued fuzzy subset f of an ordered semigroup S is an
interval valued (€, € V(k*,q;))-fuzzy bi-ideal of S if

(1) & <y = f() 2 min{ fly), [, 0]
(2) f(zy) = min{f(2), f(y), [ "1

(3) flzyz) > min{ f(z), f(z), [Fgh, Bk
forall x,y,z € S.

Proof. Let f be an interval valued (€, € \/(k?*,q,;))—fuzzy bi-ideal of S. Suppose

condition (1) is not true, i.e., f(z) < min{f(y), [E A= = E'1V for some x,y €

S. Choose @ € D(0,%5%] such that f(z) < @ < min{f(y ),[ h;”,#}}.
786




Jian Tang et al. /Ann. Fuzzy Math. Inform. 11 (2016), No. 5, 783-798

Then z € S and yz € f, but zz€ \/(k~*,q,;)f, which is a contradiction. Thus

f(z) > min{f(y), [k*fgk m]} Next suppose that condition (2) is not true,

ie., f(zy) < min{f(x), f(y), [& — ,k*+ 2 |} for some z,y € S. Choose @ €
D(0, 55 such that f(zy) < @ < min{f(z), f(y), 5%, k*g 71}, Then z; € f,
ya € f, but (xy)a€ \/(k;*,q;c), which is not possible. Thus we have shown that
Fay) = min{F(@), Fly), [Et, S50,
In a similar way, we may show that f(zyz) > min{f(z), f(z), [ S M]}
Conversely, suppose that conditions (1), (2) and (3) hold. Let x y € S and x <y
be such that yz € f. Then f(z) > 4. So

Flz) > min{ f(y), [Egh, BNy > minfa, (B oh Bk )y

Now if @ < [WT*’(,’“H;W], then f(x) > @ implying that zz € f. If @ >

R R
[%7u} then f( ) [%,u] Thus

f(a:) + 4> [k *;k*7 k**;k*} + [k*’;k” k**;k*} _ [k;** — k-, Bt — k+].

This implies that xg(k*, k)f So ra € V(k*, qk)f
Let f(xy) > min{f(z), f(y), [& _’( k*+ LAl ]} for all 2,y € S. Let zz € f and
ys € f for all @,% € D(0,1]. Then flx )Zu and f(y) > . Thus

A N

flzy) = min{f(z), f(y), I}

2 ’ 2
e
> in{u, v .
> min{a, 7, | 5 ) 5 }
Now if min{a, 9} < [WT_’(, kH s ], then f(xy) > min{a, o}, which implies that

(TY)min{a,5} € f.af min{a, 0} > [k*fgkf, k*+2 kT ], then f(xy) > [%7 #],
and we have
B — k= Bt -kt kT -k kT — kT
2 ’ 2 I+l 2 ’ 2
= [k*’ — kBT — KT

This implieb that (xy)mm{u 'u}( an)f Hence (xy)mm{u v} € \/(k an).f

Similarly we may show that (2y2)min{a,5} € \/(k‘ ,qk)f Therefore, f is an interval
valued (€, € V(k*, q;,))-fuzzy bi-ideal of S. O

f(wy) + min{a, 5} > |

As a consequence of the so-called Transfer Principle for Fuzzy Sets in [14], we
have the following theorem.

Theorem 3.5. Let f be an interval valued fuzzy subset of an ordered semigroup S.
Then f is an interval valued (E e V(k*, qi.))-fuzzy bi-ideal of S if and only if for all
@€ D(0, & =k the crisp set fa (# @) is a bi-ideal of S.

Definition 3.6. Let f be an interval valued fuzzy subset of an ordered semigroup
S. The set B . }
(fla={xeS|xzeV(k* q;)f} whereu € (0,1]
787
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is called an (€ V(k*, q;.))-level subset of f

Theorem 3.7. Let f be an interval valued fuzzy subset of an ordered semigroup S.
Then f is an interval valued (€,€ V(k*,q;))-fuzzy bi-ideal of S if and only if the
(€ V(k*,qz))-level subset [fla of f is a bi-ideal of S for all @ € D(0,1].

Proof. Suppose f is an interval valued (€, € V(k*, g;))-fuzzy bi-ideal of S. To show
that [f]z is a bi-ideal of S, take any y € [f]z and 2 < y. As y € [f]a, we have yz €

V(k*,q)f, that is f(y) > @ or f(y) +a > [k*~ —k~,k*" — k*]. Now, by Theorem
3.4, f(x) > f(y) > @or f(x) > fy) = [F*~ =k, k** —k7], that is wg € V(k*, ;) f.
Then = € [f]a. Next, take any z,y € [f] for @ € D(0,1]. Thus 2 € V(k*,g;) f and
ya € V(k*,qp) f, that is f(z) > @ or f(z) +a > [k* " — k=, k*T —k*] and f(y) > @
or f(y)+a> [k~ —k™,k*" —k*]. Since f is an (€, € V(k*, q3))-fuzzy bi-ideal of
S, by Theorem 3.4, f(xy) > min{f(z), f(y), [%, k*+§k+]}-

Case (i). Let f(z) > @ and f(y) > @ If @ > [Eh Bk then

*— _ l.— *+ _ 1.+

fey) > wingf), fw), (C

k* — k™ k‘*Jr Et o — k= kT — kTt
D) ) ]} _[ D) ’ D) ]a

> min{a, [

and thus (zy)a(k*, qp) f. If 0 < [E52—, M] then

B 5 5 - _ L— *+ _ 1.+
fey) = wingf), fw), (F

> min{a, [ 5 ) 5 I} =uq,

and so (zy)g € f. Hence (zy)g € \/(k* i
Case (ii). Let f(x) > @ and f(z) +a > [k*_ — kBT — k.
If G > (B ok KTk then

flxy) = min{f(z), f(y), |

> min{((k*" — k7, k" — k7] — @), [
=k -k KT - k] -4,
*— * 3 ~ Tk R
Le., f(ay)+a > [k* "=k, k*T—kT] and thus (zy)q(k* ) f o< [ Bk
then
e A

flay) > min{ f(2), fv), [=—5—— ———1}

> min{a, (k*~ — k=, k*" — kT —a),[

Il
_ﬁz

So (zy)a € f. Hence (xy)a € \/(k;*,q,;)f.
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Case (iii). Let f(z) 4@ > [k*~ —k—,k*" —k*] and f(y) > @. The proof in this
case is similar to the proof of case (ii).

Case (iv). Let f(z)+a > [k* "=k~ k* Tk and f(y)+a > [k* " —k—, E*T—k1].
The proof in this case is similar to the proof of cases (ii) and (iii).
Thus, in any case, we have (zy)z € v(l&*,q,;)f, and so xy € [f}ﬂ Furthermore, we
may show that (zyz)g € V(k*, q,;)f On the lines similar to the above proof. Hence
2y € [fla ] ]

Conversely, let [f]g is a bi-ideal of S for all @ € D(0,1]. If possible, let f(z) <
min{ f(y), [k*f_kf u]} for some z,y € S with < y and y € fz. Then there
exists @ € D(0, & %] such that f(z) < @ <min{f(y), [%’“ u]} Now y €
[f]a, which implies that z € [f]s. Thus f(z) > @ or f(z)+a > [k* ™ —k~, k*T — k7],
which is not possible. So f(z) > min{f(y), [k*_;k_ , k*+2’k+]}.

Next we have to show that f(zy) > min{f(z), f(y), [E— =k k*+ AT 1}. Suppose
to the contrary that f(zy) < min{f(z), f(y), [F—E—, u]} for some z,y € S.

P
Then there exists @ € D(0, k;k] such that

Flay) <@ < min{f@), f(y), 5, £

Thus we have z,y € [f]a, which implies that zy € [f]a. So f(xy) > @ or f(xy)+a >
[k*~ — k~,k*" — k*]. This is a contradiction. Hence

flay) > min{ f(x), fy), 52—, B0 for all 2,y € S.

k* " —k~ k*+7k+]}
~ A 2 0 2
for all z,y, z € S. Therefore f is an interval valued (€, € V(k*, ¢;))-fuzzy bi-ideal of

S. O

In a similar way, we may show that f(zyz) > min{f(z), f(2),]

4. INTERVAL VALUED (€, € \/(kN*,q,;))—FUZZY QUASI-IDEALS

In this section, we study mainly the interval valued (€, € \/(k;*, q;.))-fuzzy quasi-
ideals of ordered semigroups, and investigate its related properties.

Definition 4.1. An interval valued fuzzy subset f of an ordered semigroup S is
called an interval valued (€, € \/(k . qz))-fuzzy quasi-ideal of S, if

Hz<y,ye€ f imply = € \/(k*,qk)

(2) 2 < yp, z < qz and yg, 25 € f imply Tmin{a,o} € \/(k S q3),
for all ,y,2,p,q € S and 4,0 € D(0, 1].

Theorem 4.2. Let f be an interval valued fuzzy subset of S. Then f is an interval
valued (€, € V(k*,q;))-fuzzy quasi-ideal of S if and only if

(1) z <y = fla) > min{f(y), [, B2,

(2) f(z) > min{(f o 8)(x), (S o f) (), [Fgh—, KT},
forallz,y € S.

Proof. Suppose that f is an interval valued (g,€ \/(k;*7 q;,))-fuzzy quasi-ideal of S.
Let 2,y € S and = < y. If possible, let f(z) < min{f(y), [k*fgk kH BT 251} for
some xz,y € S. Then there exists u € D(0, k*;k] such that
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~ - L w— 1= x_p+
f(:L‘) <u S mln{f(y)a [%a %]}
This implies that yz € f but z5¢ \/(k;*,q,;). Thus

Fl@) > min{f(y), [E5h 2
Furthermore,
F(@) > min{(f 0 §)(x), (5 o (@), [ 5%, K55} for all 2 € 5.
Indeed, if

f(@) < min{(f o §)(x), (S o f)(x), [E—t=, EZ=ET]} for some z € S.

Then there exists @ € D(0, k*;k] such that

f(w) <@ < min{(f o §)(x), (8 o f)(w), [E52, EZFE
It min{(f o §)(x), ($ o f)(w)} < [E5E=, E7ET), then

f(z) < @ < min{(f o S)(x),(S o f)(x)}.
Since (f o S)(z) > @ > [0,0], (S o f)(z) > @ > [0,0], there exist y, z,p,q € S such
that x < yp, ¢ < qz,

a< \V min{f(y).S(p)} = f(y)

z<yp

and

Then yg € f and zz € f but 25 € f. This is a contradiction. Thus

f(x) 2 min{(f 0 §)(x), (S o f)(x)}.

chrlc+

Now, if min{(f o S)(z)and(S o f)(z)} > [F—5t, ], then

f(.f) +a< [k*—;k_7 k*+2,k+} + [k*—;k_’ k*+2,k+} _ [k;** _ k_, k*Jr _ k+]

This implies that zg (k;*, q;.), which is a contradiction. So
~ . ~ = ~ o~ — = et
f(@) > min{(f 0 5)(2), (S o f)(x), [F—5"—, =]}
Conversely, suppose that the conditions (1) and (2) hold. Let z,y € S and
u € D(0, 1] be such that z < y. If yz € f, then f(y) > @, and we have f(z) >
min{a, [F—*- u]} Now, if & < [£° o M] then f(z) > @. It implies
that 25 € f. If 4 > [%’“7, %], then f(z) > [%7#] So

x . == Rt gt = _ = prt_pt — ~ ok
flo) +a > (b Bkt (R ohs BTk o [k L kT — kL
790
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This implies that :cu( ,qk)f Hence zg € \/(k ,qk)f. Next suppose that z,y, z,p,q €
S and @, € D(0,1] be such that < yp and x < gz and yg, 25 € f. Then

F(@) = min{(f o §)(x), (5 o f(a), [Fgt=, 6]y
= min V Inil’l{f:(y)7 S(p)}, V min{g(Q)7 f(z)}v [W%7 k*+2k+]}

(¥:p)€As (a,2)€ Az
> min{ f(y), £(2), [, K725} = minda, 5, (K4, £545 )
Now if min{a, 0} < [k*7;k7 k”"“ ], then f(z) > min{i, 0}. Therefore, Tmin{a,s} €
f. If min{a, v} > [J, k” i ], then f(z) > [k*f%,%] Thus
f(@) +min{a, 5} > [, k*g BT) [k SR o T — ke — k],

Therefore, Tminfa,sy € \/(k ,qk)f Hence f is an interval valued (g, € \/(k J45))-
fuzzy quasi-ideal of S.

In the above theorem, we characterize the interval valued (€, € \/(kN*, q;.))-fuzzy
quasi-ideal in terms of the multiplications foS and So f. A natural question is if an
interval valued (€, € V(k* . q3))-fuzzy quasi-ideal f can be characterize only in terms
of interval valued fuzzy subset f itself. The following theorems give the answer. [

Thfeorem 4.3. Let f be an interval valued fuzzy subset of S. Then f is an (€, €
V(k*, q;))-fuzzy quasi-ideal of S if and only if

(1) 2 <y = flo) = min{f(y), [FA, KTy,

(2) # < yp and x < gz = f(z) > min{(f(y), f(=), [Fgt=, Eogho]),
for all x,y,z,p,q € S.

Proof. Suppose f is an interval valued (g,€ \/(15*7 q;.))-fuzzy quasi-ideal of S. The
proof of first part of the theorem is similar as the proof of first part of Theorem 4.2.
So we omit it. Next we have to show that condition (2) hold. By Theorem 4.2(2),
we have f(z) > min{(f o S)(z), (S o f)(x), [k*fgkf, k*+2_k+]}. Let z,y,2,p,q € S
and @, v € D(0, 1] be such that < yp and x < gz and yg, 25 € f Then
~ . < ~ W = ot _p+
f(l‘) > mln{(f o S)(x)ﬂ (S © f)(x)v [k D) k s %]}
—uind V(). 500V min(S). Fon S,
(y,p)€AL (g,2)€A,
~ *— - * 4 +
> min{ f(y), f(2), (2=, =
Conversely, suppose that the conditions (1) and (2) hold. Let z € S. Then
= gt
f(z) = min{(f 0 8)(x), (S o f)(x), =52, Er2=])
Indeed, if A, = @, then min{(f o $)(z), (S o f)(z)} = [0,0]. Thus we have
AL N AR -
min{(f o §)(@), (S o f)(x), [F—5*=, 521} = [0,0] < f(x).
Let A, # @. Since f is comparable, we consider the following cases.
Case (i). If f(z) > min{(f o S)(x), [F—5~-, ’“*+2_"“+]}7 then
= . P = gt
f(@) = min{(f o 5)(x), (5o f)(z ),[%,k =1}
Case (ii). Let f(z) < min{(f o S)(x),[® 2"“ , k*Jr L2 ]} Then there exists

(y,p) € Ay such that (fo S)(z) = ( \)/GA min{ f(y), S(p )} = f(y). So, we have
fa) < min{ f(y), [, ) (A1)
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So we can show that f(z) > min{g(q),f(z),[w%, k*Jr LAl I} for any (¢,2) €
A,. Since there exist z,y,z,p,q € S such that x < yp and T < gz, by condition

(2), we have f(z) > min{f(y),f(z),lkh;k ,M]} Since f is comparable,

we have min{f( ); ~gi)} = fly) or f(z). U min{f(y), f(z)} = f(y), then f(z) >
min{ f(y), [£ Sh—, B=+"1}, which is not p~ossible by equation (A1). Hence f(z) >
e [T_K’ B — min{S(a). F(), KA BT for any (0,2) €

B B N *— _ l.— *+ _ .+
f) = minfS(). f), [ )

[ Ty ey
2 0 2

o x— _ L— *+ _ L+
> min{(f o S)(x), (Sof)(x),[k 9 . ’k 2 :

Y

= min{(S o f)(2),

I}

Therefore, f is an interval valued (€, € V(k*, ¢z ))-fuzzy quasi-ideal of S by Theorem
4.2. 0

Similar to the proof of Theorem 4.3, we have the following theorem.

Theorem 4.4. Let f be an interval valued fuzzy subset of S. Then f is an interval
valued (€, € V(k*,q;))-fuzzy quasi-ideal of S if and only if

Mz<y= f(x) > Inill{fgy)a [k*ig_ki, k*+2_~k+]},~ ) .
(2) z < yp and x < gz = f(z) > max{min(f(y), f(2)), min(f(p), f(q)), [k*_%k_’
k= k+]} for all x,y,z,p,q € S.

Theorem 4.5. Let S be an ordej“ed semigroup. If 1217/;:2 € D(0,1) and ky > 12:2,
then each interval valued (€, € V(k*, gz, ))-fuzzy quasi-ideal of S is an interval valued

(g, € \/(kN*,q,}Z))—fuzzy quasi-ideal of S

Proof. The proof is straightforward O

Theorem 4.6. Let f be an interval valued fuzzy subset of S. Then f is an interval
valued (€, € v(k*, qi.))-fuzzy quasi-ideal of S if and only if the crisp set fy (# @) of
f is a quasi-ideal of S for all @ € D(0, % _k]

Proof. Tt is clear by the Transfer Principle for Fuzzy Sets in [14]. O

Lemma 4.7. Let A be a nonempty subset of S. Then A is a quasi-ideal of S if
and only if the interval valued characteristic function fa of A is an interval valued
(€, € V(k*, qp))-fuzzy quasi-ideal of S.

Proof. Straightforward. O

Definition 4.8. An interval valued (&, € V(k*, qk)) -fuzzy quasi-ideal f of an ordered
semigroup S is called prime if for all z,y € S and 4 € D(0, 1}

(xy)a € f=age \/(k:*,qk)f or yg € \/(k: L q5)-
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Theorem 4.9. Let f be an interval valued (€, € \/(k~*7qk)) -fuzzy quasi-ideal of S.
Then f is prime if and only if min{ f(z), f(y)} > min{f(xy), [7_’f kT~ k+]} for
allz,y € S.
Proof. Let f be a prime interval valued (g, € \/(k ,q;.))-fuzzy quasi-ideal of S and
z,y € S. Let (zy)g € f. If possible, let
min{f(2), f(y)} < min{f(ay), [E—4, EFE))
for some z,y € S. Then there exists & € D(0, k*;k] such that
min{f(z), f(y)} < @ < min{f(ay), [Fg2, oG]
Then (zy)s € f but neither zze \/(k;*,qk)f nor yue \/(k;*,q,;)f, which is a contra-
diction. Thus, min{f(z), f(y)} > min{ f(zy), [t ,k*+;’f+]}.
Conversely, suppose that min{f(z), f(y)} > rmn{f(xy) e k*+ L2 £ =1} for all
z,y € S. Let (zy)z € f and @ € D(0,1]. Then we have
min{ f(z), f(y)} > min{a, [E—A, EEE)
Now if @ < [W%k, kw .24 ], then min{f(z), f(y)} > @ implying that 3 € f or
ya € f. Ifa> [k k** E2], then min{f(z), f(y)} > [F—5%, E5557), which
implies that zz(k*, q;c)f or yu( 7qk)f. Therefore, f is prime. O

Theorem 4.10. Let f interval valued fuzzy subset of S. Then f is a prime interval
valued (€, € V(k*, q;))-fuzzy quasi-ideal of S if and only if the crisp set fz (# @) of
f is a prime quasi-ideal of S for all @ € D(0, %]

Proof. The proof is easy by Theorems 4.6 and 4.9, and thus we omit the details. O
5. CHARACTERIZATIONS OF SOME TYPES OF ORDERED SEMIGROUPS

In this section, we study the properties of (15*, /;:)—lower parts of (€, € \/(15*, qi))-
fuzzy quasi-ideals of an ordered semigroup S. Also, we characterize the regular,
intra-regular and bi-regular ordered semigroup in terms of interval valued (€, €
\/(k;*, q;.))-fuzzy quasi-ideals of S.

Definition 5.1. Let f be an interval valued fuzzy subset of S. Then
e |z B~ —k~ kT -kt
7 (@) = min{ fo), | F 2 ]

forall z € S and 0 < k < k* < 1, is called a (15*, %)—lower part of f.

Clearly, fg is a interval valued fuzzy subset of S.
For any two interval valued fuzzy subsets f and § of S, we define f(N (N )lfj and
f (O)g* g as follows:
Pl B~ . 5o = = gt gt
GO o) =mind (7). | £, 5
R . 5 . Sk gt
(T D) =mind (o g)(o). | ot 10587 |
for all x € S.

The following two lemmas can be easily obtained.
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Lemma 5.2. Let f and g be two interval valued fuzzy subsets of an ordered semi-
group S. Then

(1) (FE)E = & and 7 C .

(2) If f € g and h € IVF(S), then f(o) h C §(o)% h, h(o)" f C h(0)E'g
(3) f(M)Eg= i“ .

(4) fo)F g =fF o gt

(5) f(o)}fg f’c oS and S(o )’“*fzéof;:*,

Lemma 5.3. Let A and B be any two nonempty subsets of an ordered semigroup
S. Then

(1) Fal)E f5 = (FF)ans.

(2) fA(O)’;z fs= (ch)(ABy
Theorem 5.4. Let f be an interval valued (€,€ V(k*,q;.))-fuzzy quasi-ideal of S.

Then the (l<:~*, l%)—lower part ff& of f is an interval valued fuzzy quasi-ideal of S.

Proof. Let f be an interval valued (€, € V(k*,q;))-fuzzy quasi-ideal of S and x,y € S
with z < y. By Theorem 4.2(1), we have f(z) > min{f(y), [%‘k, LA k+]} Thus
B —k bt -kt
LR i
B — kT Bt -kt kBT -k BT -k
2 ’ 2 ’ 2 ’ 2
N k*+ kT -
= minff(o). [ =7 )
Let z,y € S. By Theorem 4.2(2), we have
- P - = g gt
f@) = min{(f 0 5)(2), (S o f)(x), [F—5"=, =52},

BTk kT -kt
2 0 2

¥ @) = min{f(z),]

> min{f(y),[ I}

and thus

@ = min{f(),]

I}

L *— _ 1.— *+ _ .+
> mm{( S)(x),(SOf)($)7[k 5 i ’k 5 i I+
;

= min{(f ~(O)§~* S’)(m), (S(O)k*f)(x)}
= min{(f ~*OS)($),SOE(5E)}~

Hence fg* is an interval valued fuzzy quasi-ideal of S. g

Theorem 5.5. Let f be an interval valued fuzzy subset of S. Then f is an interval

valued (€, € \/(kN*,q,;))-fuzzy quasi-ideal of S if and only if
E*t gt

(1) & <y = f(z) > min{f(y), 5", 5}
(2) f(o)g*SﬂS(o)g*f gfi*, forallx,y € S.

Proof. The proof is obvious by Lemma 5.2 and Theorem 4.2. O
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Definition 5.6 ([26]). An ordered semigroup S is called regular ordered semigroup
if for each a € S, there exists an element x € S such that a < aza, or equivalently
AC(ASA], VACS.

Definition 5.7 ([26]). An ordered semigroup S is called intra-regular ordered semi-
group if for each a € S, there exist x,y € S such that a < wa?y, or equivalently
a € (Sa?S)], Ya € S.

Definition 5.8 ([25]). An ordered semigroup S is called left (resp. right) regular
if for each a € S there exists z € S such that a < xa? (resp. a < a?z), that is,
a € (Sa?] (resp. a € (aS]). An ordered semigroup S is called a bi-regular if it is
both left and right regular.

Clearly, an ordered semigroup S is bi-regular if and only if a € (Sa?] N (a?S] for
each a € S.

Lemma 5.9 ([27]). An ordered semigroup S is regular and intra-reqular ordered
semigroup if and only if A = (A?] for each quasi-ideal A of S.

Theorem 5.10. Let S be an ordered semigroup. Then the following statements are
equivalent:
(1) S is regular and intra regular.

(2) f(m)g*g C (f(o)’i*g)ﬁ(g(o)g*f) for each interval valued (€, € V(k*, q;.))-fuzzy
quasé-ideglf aricég of S. . .
(3) f(o)’f:*f = fg* for each interval valued (€, € V(k*, q;))-fuzzy quasi-ideal f of

S.

Proof. (1) = (2) Let f and § be two interval valued (€, € V(k*,q;))-fuzzy quasi-
ideals of S and a € S. Since S is regular and intra-regular, there exists x € S such
that @ < aza and there exist y, z € S such that a < ya?z. Thus a < aza < arazra <
ax(ya®z)za = (azya)(azza), that is (axya,azra) € A,. Since f is an interval
valued (€, € V(k*,q;))-fuzzy quasi-ideal of S and arya < a(zya),arya < (azy)a,
by Theorem 4.3, we have

K-k kT -kt

f (azya) = min{f(azya),[*—5—— 51}
B B x— _ 1.— *+ _ 1+
> winf (o), fla), [ AR
_ *= _ l.— *+ _ 1.+ -
= min{f(a),[k 5 F ,k 5 i ]}ZE(G).

In a similar way, we can get fg* (azzwa) > fg* (a). Thus we have
(FF 9 @) = (/F ogt @) = \/ wmin{fF ()5 (o)}
(b,c)EA,
> win{7¥ (arya), 3 (azea)} = minf 7 (a), 35 ()} = (F()
In a similar way, we can show that f(n)g*g - g(o)g* f. Hence f(N)*§ C (f(o)¥§)N

G(o)¥" ).
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(2) = (3) Take f = §, we get f(o)g*f 2 f(N )’S;f: fg ﬂflfj* = f}j On the other
hand, by Lemma 5.2(2) and Theorem 5.5, we have f(o )kf - (f(O)g* S)Q(S(O)g* fc
FE. Thus f(o)¥" f = f&".

(3) = (1) Let A be a quasi-ideal of S. By Lemma 4.7, the interval valued
characteristic function f4 of A4 is an interval valued (€, € \/(k‘*, qk)) fuzzy quasi-ideal

of S. Then, by Lemma 5.3, we have (f’“ )(az) = fa(o )% “fa= (fk )4, which implies
that (A?] = A. By Lemma 5.9, S is regular and intra-regular ordered semigroup. O

Definition 5.11. Let S be an ordered semigroup and f an interval valued (€,
)

S
v (k*, q;.))-fuzzy quasi-ideal of S. Then f is called completely semiprime if fg* (a) >

f(a?) for any a € S.

Theorem 5.12. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is bi-regular.

(2) fg*(a) = f;: (a2) for each interval valued (€, € V(k* . q;))-fuzzy quasi-ideal f
of S. i

(3) f;:*(a") = fi’“*(a"“) for each interval valued (€, € V/(k*, q;))-fuzzy quasi-ideal
fofS,neZ* (set of all positive mt~egers). .

(4) Each interval valued (€,€ V(k*,q;))-fuzzy quasi-ideal f of S is completely
semiprime.

Proof. (1) = (2~) Let S be a bi-regular ordered semigroup and f is an interval
valued (€,€ V(k*,q;))-fuzzy quasi-ideal of S. Since S is bi-regular, a € S there
exist z,y € S such that a < a?z and a < ya®. Then, by Theorem 4.3, we have

A A

(@ = min{f(a),[*—5—— 51
> mindf(a?), fat), (2 E Ry
— min(fe), [ ARy
> min{(Fo §)(a?). (50 pla®), [ F Ky,

k*~ — k™ k*+ k*
2 b

= min{f(a), f~(a)v [

Therefore fg (a) = fg* (a?).
(2) = (3) Let a € S and n € Z*. Then, by Lemma 5.2, we have
FEESE™ = (FFedE™ =\ min{f©®) 5w}
(b,C)EAa4n

min{f" ("), $(a™ 1)} = fE (@),
796

I} = 7F (a).
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In a similar way, we can show that (S(o)]ij* fa*) > f]fj (a™*1). Thus, by hypothesis

and Theorem 5.5, we have
) = @) =¥ @)
min{(f(0)" 9)(a™), (S(o)%" F)(a*")}
> min{f} (@), fF (@)} = fF (@),
Similarly, we can show that f;j (a™t1) > fg*(a”). Hence fllj (a™) = f]fj (a™t1).
(3) = (2) and (2) = (4) are obvious.

(4) = (1) Let a € S. We consider the quasi-ideal A(a~2) of S generated by a®. By
Lemma 4.7, the interval valued characteristic function f4(42) of A(a?) is an interval

valued (€, € V(k*, q;.))-fuzzy quasi-ideal of S. So (f;:*)A(az)(a) > fA(az)(a2) =[1,1].
But (fg*)A(az)(a) < [1,1] for all @ € S. Thus (fg*)A(az)(a) = [1,1], and we obtain
that a € A(a2) = (a2U((a2S]N(Sa2])]. Then a < b for some b € (a2U((a2S]N(Sa2])].
If b = a? then a < a®> = aa < d?aa® € a®Sa®> C (a®S] N (Sa?], that is, a €
(a®S]N(Sa?]. If b € (a®S]N(Sa?], then a € (a*S]N(Sa?]. Hence, S is bi-regular. [
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