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ABSTRACT. The concept of soft ideal was first introduced by Kandil et
al. [16]. The notion of generalized closed soft sets in soft topological spaces
was introduced by Kannan [23] in 2012, which is generalized in [22, 24, 31].
In this paper, we generalize the notions of soft strongly g-closed sets and
soft strongly g-open sets [24] by using the soft ideals notion [10] in soft
topological spaces and study their basic properties. Here we used the con-
cept of soft ideals, soft closure, soft interior and soft open sets to define soft
strongly I g-closed sets. The relationship between soft strongly I g-closed
sets and other existing soft sets have been investigated. Furthermore, the
union and intersection of two soft strongly Ig-closed (resp. open) sets have
been obtained.
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1. INTRODUCTION

In real life situation, the problems in economics, engineering, social sciences,
medical science etc. do not always involve crisp data. So, we cannot successfully
use the traditional classical methods because of various types of uncertainties pre-
sented in these problems. To exceed these uncertainties, some kinds of theories were
given like theory of fuzzy set, intuitionistic fuzzy set, rough set, bipolar fuzzy set,
i.e. which we can use as mathematical tools for dealings with uncertainties. But,
all these theories have their inherent difficulties. The reason for these difficulties
Molodtsov [30] initiated the concept of soft set theory as a new mathematical tool
for dealing with uncertainties which is free from the above difficulties. In [30, 29],
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Molodtsov successfully applied the soft theory in several directions, such as smooth-
ness of functions, game theory, operations research, Riemann integration, Perron
integration, probability, theory of measurement, and so on. After presentation of
the operations of soft sets [28], the properties and applications of soft set theory
have been studied increasingly [5, 25, 29]. In [13], Kandil et al. introduced some
soft operations such as semi open soft, pre open soft, a-open soft and [-open soft
and investigated their properties in detail. Kandil et al. [20] introduced the notion
of soft semi separation axioms, which is extended by Abd-El-latif et al. in [3] . Maji
et al. [27] initiated the study involving both fuzzy sets and soft sets. In [4], Karal
and Ahmed defined the notion of a mapping on classes of fuzzy soft sets, which is
a fundamental important in fuzzy soft set theory, to improve this work and they
studied properties of fuzzy soft images and fuzzy soft inverse images of fuzzy soft
sets. Some fuzzy soft topological properties were introduced in [1, 2, 11, 12, 21].

In 1970, Levine [26] introduced the notion of g-closed sets in topological spaces
as a generalization of closed sets. Indeed ideals are very important tools in general
topology. It was the works of Newcomb [32], Rancin [33], Samuels [34] and Ham-
let Jankovic [8, 9] which motivated the research in applying topological ideals to
generalize the most basic properties in general Topology. S. Jafari and N. Rajesh
introduced the concept of g-closed sets with respect to an ideal which is a extension
of the concept of g-closed sets. The notion of soft ideal was initiated for the first
time by Kandil et al. [16]. They also introduced the concept of soft local function.
These concepts are discussed with a view to find new soft topologies from the orig-
inal one, called soft topological spaces with soft ideal (X, T, E, I ). Applications to
various fields were further investigated in [10, 14, 15, 17, 18, 19, 22]. Recently, K.
Kannan [23] introduced the concept of g-closed soft sets in a soft topological spaces,
which is generalized in [22, 24, 31].

In this paper, we introduce and study the concept of soft strongly g-closed sets
with respect to an ideal, which is the extension of the concept of soft strongly g-
closed set. Also, we study the relationship between soft strongly Ig-closed sets and
other existing soft sets have been investigated.

2. PRELIMINARIES

In this section, we present the basic definitions and results of soft set theory.

Definition 2.1 ([30]). Let X be an initial universe and E be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A pair
(F, A) denoted by F4 is called a soft set over X , where F' is a mapping given by
F:A— P(X). In other words, a soft set over X is a parametrized family of subsets
of the universe X. For a particular e € A , F(e) may be considered the set of
e-approximate elements of the soft set F4 and if e € A, then F(e) = ¢ i.e
Fo={F(e):ec ACE, F: A— P(X)}. The family of all these soft sets denoted
by SS(X)a.

Definition 2.2 ([28]). Let Fa, Gp € SS(X)g. Then, Fy4 is soft subset of Gp,
denoted by FAQGB, if
(1) AC B and
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(2) F(e) € G(e), Ve € A.
In this case, F4 is said to be a soft subset of Gg, and G g is said to be a soft superset
of FA, GB QFA.

Definition 2.3 ([28]). Two soft subset F4 and G over a common universe set X
are said to be soft equal if F4 is soft subset of G and Gp is soft subset of F4.

Definition 2.4 ([5]). The complement of a soft set Fl4, denoted by F¢, is defined
by F§ = (F¢,A), F°: A — P(X) is mapping given by F(e) = X — F(e), Ve € A
and F¢ is called the soft complement function of F.

Clearly (F°)¢ is the same as F and (F'§)¢ = Fja.

Definition 2.5 ([35]). The difference of two soft sets Fg and Gg over the common
universe X, denoted by Fr — Gg is the soft set Hg where for all e € E, H(e) =
F(e) — G(e).

Definition 2.6 ([35]). Let F be a soft set over X and x € X. We say that « € Fg
read as x belongs to the soft set Fr whenever x € F(e) for all e € E.

Definition 2.7 ([25]). A soft set Fiy over X is said to be a null soft set denoted by
¢por ¢uifforalle e A, F(e) = ¢ (null set).

Definition 2.8 ([23]). A soft set F)4 over X is said to be an absolute soft set denoted
by Aor X, if for all e € A, F(e) = X. Clearly, we have X = ¢4 and ¢ = X 4.

Definition 2.9 ([28]). The union of two soft sets F4 and Gp over the common
universe X is the soft set (H,C'), where C = AU B and for all e € C,
F(e), ee A— B,
H(e)=4¢ Gle), e€ B—A,
F(e)UG(e), eec ANB

Definition 2.10 ([28]). The intersection of two soft sets F4 and Gp over the
common universe X is the soft set (H,C), where C = AN B and for all e € C,
H(e) = F(e) N G(e). Note that, in order to efficiently discuss, we consider only soft
sets Fg over a universe X in which all the parameter set E are same. We denote
the family of these soft sets by SS(X)g.

Definition 2.11 ([35]). Let 7 be a collection of soft sets over a universe X with a
fixed set of parameters F, then 7 C SS(X)g is called a soft topology on X if

(1) X, € 7, where ¢(e) = ¢ and X(e) = X, Ve € E,

(2) the union of any number of soft sets in 7 belongs to 7,

(3) the intersection of any two soft sets in 7 belongs to 7.
The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.12 ([35]). Let (X, 7, E) be a soft topological space. A soft set F4 over
X is said to be closed soft set in X, if its relative complement F'§ is open soft set.

Definition 2.13 ([35]). Let(X, 7, E) be a soft topological space. The members of 7
are said to be open soft sets in X. We denote the set of all open soft sets over X by
OS(X, 1, E), or when there can be no confusion by OS(X) and the set of all closed
soft sets by CS(X, 1, E), or CS(X).
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Definition 2.14 ([6]). Let (X, 7, E) be a soft topological space and x,y € X such
that x # y. Then, (X, 7, E) is called a soft Hausdorff space or soft 75 space if there
exist open soft sets Iy and Gp such that x € F4, y € Gg and FyNGp = ¢.

Definition 2.15 ([35]). Let (X, 7, E) be a soft topological space, Fg € SS(X)g
and Y be a non-null subset of X. Then, the sub soft set of F'g over Y denoted by
(Fy, E), is defined as follows:

Fy(e)=Y NF(e) Ve € E.
In other words (Fy, E) = YOFg.

Definition 2.16 ([35]). Let (X, 7, E) be a soft topological space and Y be a non-null
subset of X. Then,

Ty Z{(Fy,E):FE ET}

is said to be the soft relative topology on Y and (Y, 7y, E) is called a soft subspace
of (X, 7, E).

Definition 2.17 ([13]). Let (X, 7, E) be a soft topological space and Fg € SS(X)E.
Then Fg is said to be semi open soft set if FgCcl(intFg). The set of all semi open
soft sets is denoted by SOS(X) and the set of all semi closed soft sets is denoted by
SCS(X).

Definition 2.18 ([36]). Let (X, 71, A) and (Y, 72, B) be soft topological spaces and
fpu 1 9S8(X)a — SS(Y)p be a function. Then,

(1) The function fp, is called continuous soft (cts-soft) if f,,} (G, B) € 1 ¥ (G, B) €
T9.

(2) The function fp, is called open soft if f,,(G,A) € 2V (G, A) € 1.

(3) The function f,, is called closed soft if f,, (G, A) € 7,V (G, A) € 7.

Theorem 2.1 ([1]). Let SS(X)a and SS(Y)p be families of soft sets. For the soft
function fu, : SS(X)a — SS(Y)g, the following statements hold :

(a) fru' (G, B)Y) = (f3, (G, B))V (G, B) € SS(Y)B

(b) fpu(fp (G, B)))C(G,B)V (G,B) € SS(Y)p. If fpu is surjective, then the
equality holds.

(¢) (F, A)Cf Yfpu(F, AV (F,A) € SS(X)a. If fpu is injective, then the
equality holds.

(d) fpu( )CY If fpu is surjective, then the equality holds.
(e) ( )= X and fpu(¢A) ¢B
(f) If (F AC (G,A) then fpu(F A)Cfpu(G A).
(g) If (F, B)S(G, B), then f,, L(F, B)Cf YG,B)Y (F,B),(G,B) € SS(Y)5.
(b) ¥ (F, B), (G, B) € SS(Y ),
f@l[(FvB)O(G,B)] = [,. (F,B)Uf,./ (G, B)
and
fod (F, B)A(G, B)] = f,./(F, B)Nf,./(G, B).
(i) V (F,A), (G, A) € S5(X)a,
fpu[(F A)O( ,A)] = fPU(F7 A)Ofpu(Ga A)
and
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If fpu is injective, then the equality holds.

Definition 2.19 ([23]). A soft set Fp € SS(X, E) is called soft generalized closed
in a soft topological space (X, 7, F) if cl(Fg)CGg whenever FECGE and Gg € T.

Definition 2.20 ([16]). Let I be a non-null collection of soft sets over a universe X
with the same set of parameters E. Then, I C SS (X)E is called a soft ideal on X
with the same set F if

(1) Fg efand Gg € I~=>FEOGE € i,

(2) Fg € fand GEQFE = (Gg € j,

i.e., I is closed under finite soft unions and soft subsets.

Definition 2.21 ([31]). A soft set Iy € SS(X, E) is called soft generalized closed
set with respect to soft ideal I (soft Ig-closed set) in a soft topological space (X, 7, E)
if cl(Fg) \ Gg € I whenever FpCGp and G € 7.

3. SOFT STRONGLY GENERALIZED CLOSED SETS WITH RESPECT TO SOFT IDEAL

Kannan et al. [24] introduced the notion of soft strongly generalized closed sets
in soft topological spaces. In this section, we generalize this notion by using the soft
ideal notion.

Definition 3.1. A soft set Fr € SS(X, E) is called soft strongly generalized closed
set with respect to soft ideal I (soft strongly Ig-closed set) in a soft topological space
(X,7,E) if cl(int(Fg)) \ Gg € I whenever FgCGp and G € 7.

Example 3.1. Let X = {a,b} be the set of two phones under consideration and,
E = {ei(costly), es(Luzurious)}. Let Ag, Bg,Cg be three soft sets representing
the attractiveness of the phone which Mr. X, Mr. Y and M. Z are going to buy,
where

Aer) = ¢ Ales) = {a},

B(e1) ={b} Ble2) =,

Cler) ={b} Cl(e2) ={a}.
Then Ag, Bg and Cg are soft sets over X and

T=1{X,9,Ap, Bg,Cr}

is the soft topology over X. Let I = {¢, Fg,Gg, Hg} be a soft ideal on X, where
Fler) ={b} F(ez) =0,
G(er) ={b} G(ez) ={a},
H(e1)=¢ H(e2) = {a}.
The soft sets Mg, Ng, Lg are soft strongly I g-closed, where
M(e1)=¢ M(e2) =X,
N(e;) =X N(e2) ={a},
L(e1) = {b} L(e2) = {b}. N
On the other hand, the soft set Sg is not soft strongly Ig-closed, where
S(er) =¢ S(ez) = {a}.

Theorem 3.1. Every soft g-closed set is soft strongly Ig-closed.
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Proof. Let FgCGp and Gg € 7. Since Fg is s~oft g-closed, then cl(FE)QGE and
gl(int(FE))ch(FE). Hence, cl(int(Fg))\Gg = ¢ € I. Therefore, Fg is soft strongly
I g-closed. O

Remark 3.1. The converse of the above theorem is not true in general. The fol-
lowing example supports our claim.

Example 3.2. Suppose that there are two dresses in the universe X given by
X = {a,b}. Let E = {e1(cotton),es(woollen)} be the set of parameters showing
the material of the dresses.
Let Ag, Bg,Cg, Dg be four soft sets over the common universe X, which describe
the composition of the dresses, where

Aler) ={a} Ale2) =X,

Bler) = {a} Bles) = 6,

Cler) = {a}  Clea) = {b},
D(e1) = {a} D(ez) = {a}.
Then, 7 = {¢,X,AE,BE,CE7DE} is the soft topology over X. Let

I ={¢,Fp,Gg,Hp}

be a soft ideal on X, where

Fer) ={a} F(e2) =,

Gler) = {a} Glea) = {a},

H(er) = ¢ H(eg) ={a}.
The soft set Mg is soft strongly Ig-closed but not soft g-closed, where
M(er) = ¢ M(ez) = {b}.
Theorem 3.2. Every closed soft set is soft strongly fg—closed.

Proof. Let FrCGE and Gy € 7. Since Fg is closed soft, then cl(int(FE))Ccl(FE) =
FeCGg. Hence, cl(int(Fg)) \ Gg = ¢ € I. Therefore, Fg is soft strongly Ig-
closed. O

Remark 3.2. The converse of the above theorem is not true in general as shall
shown in the following example.

Example 3.3. In Example 3.1, the soft set Ng is soft strongly Ig-closed but not
closed soft set, where
N(e;) = X and N(ez) = {a}.

Theorem 3.3. Every soft Ig-closed set is soft strongly Ig-closed.

Proof. Let FpCHp and Hg € 7. Then, cl(int(Fg)) \ IgCcl(Fg) \ I € I for some
Igel. Therefore, F is strongly I g-closed. O

Remark 3.3. The converse of the above theorem is not true in general, as shown
in the following example.

Example 3.4. In Example 3.2, the soft set Mg is soft strongly Ig-closed but not
closed soft, where M (e1) = ¢ and M (es) = {b}.

Theorem 3.4. If a soft subset Fi of a soft topological space (X,7,E) is open soft,

then it is soft strongly Ig-closed if and only if it is soft Ig-closed.
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Proof. 1t is clear. O

Theorem 3.5. A soft set Ag is soft strongly Ig-closed in a soft topological space
(X, 7,E) if and only if FgCel(int(Ag)) \ Ag and Fg is closed soft implies Fp € I.

Proof. (=) Let FpCcl(int(Ag)) \ Ag and Fg is closed soft. Then, AgCFg. By
hypothesis, cl(int(Ag)) \ Fg € I. But, FgCel(int(Ag))NFg = c(int(Ag)) \ F&.
Thus, F € I from Definition 2.20.

(«=) Assume that ApCGp and Gg € 7. Then, cl(int(Ag))\Gr = cl(int(Ag))NGS
is a closed soft set and cl(int(Ag)) \GECcl(mt(AE)) \ Gg. By assumption,
cl(int(Ag)) \ Gg € I. So, Ag is soft strongly Ig-closed. O

Theorem 3.6. If Fi is soft strongly Ig-closed in a soft topological space (X, 7, E)
and FrCGrCcl(int(Fg)), then Gg is soft strongly Ig-closed.

Proof. Let GgCHp and Hg € 7. Then, FgCHp. Since Fg is soft strongly fg—
closed, then cl(int(Fg)) \ Hp € I. Now, GgCcl(int(Fg)) implies that

c(Gg)Cel(int(Fg)). Thus, cl(int(Gg)) \ HeCcl(GEg) \ HECcl(mt(FE)) \ Hg. So,
cl(int(Gg))\ Hg € I from Definition 2.20. Hence, G is soft strongly Ig-closed. [

Remark 3.4. The soft intersection of two soft strongly / [g-closed sets need not be
a soft strongly Ig-closed as shown by the following example.

Example 3.5. In Example 3.1, the soft sets Mg, Ng are soft strongly T g-closed.
But, Pr = MgNNg is not soft strongly Ig-closed, where P(e;) = ¢ and P(e2) = {a}.
Theorem 3.7. If Ag is soft strongly Ig-closed and Fg_is closed soft in a soft
topological space (X, 7, E). Then, AgNFg is soft strongly Ig-closed.
Proof. Assume that ApNFrCGp and G € 7. Then, ApCGpUFg. Since Ap is
soft strongly Ig-closed, so cl(int(Ag)) \ (GgUFg) € I. Now,
cl(int((ApNFg)))Cel(int(Ag))Acl(int(Fg))

cl(Fr)
Thus,

cl(int((ApNFg))) \ GeClel(int(Ap))NFg] \ [FEUGE]

Cel(int(Ap)) \ [GeUFE] € I.

So, ApNF is soft strongly Ig-closed. O

Theorem 3.8. Let (Y, 7y, E) be a soft subspace of a soft topological space (X T, F),

FpCYg and Fg is strongly Ig closed in (X, 7,E). Then, Fg is strongly Iyg closed
in (Y,7v,E).

Proof. Assume that FECBEQYE and Bg € 7. Then, BgNYy € 7y and FrCBg.
Since Fp is soft strongly Ig-closed in (X, 7, E), then ¢l(int(Fg)) \BE e I. Now,
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Thus, Fg is soft strongly Iy g-closed in Y, 7y, E). O

Theorem 3.9. Let (X1,71,E), (Xa,72,K) be soft topological spaces. Let fp, :
SS(X1)g — SS(Xs)k be a closed and continuous soft function. If Ap € SS(X, E)
is both a soft stmngly Ig-closed and semi open soft in (X, 7, E), then fou(AEg) is
a soft strongly fou(I)g-closed in (Xa, 79, K).

Proof. Let A € SS(X)g be asoft strongly Ig—closed in (X1, 7, FE) and fpu(AE)éGK
for some G € 1o. Then, AEQf;ul(GK). It follow that, clr, (int,, (Ag))\ fr. (Gk) €
I from Definition 3.1. Thus, foy(cly, (int,, (Ag))) \ Gx € fpu(I) from Theorem 2.1.
Since fp,, is a closed soft function, then fp,(cl;, (int;, (Ag))) is a closed soft in 7
from Definition 2.18. Since A is semi open soft in (X;, 71, E), then

clr, (ints, (fpu(AE)))éd‘rz [fpu(clr (intr, (AR)))] = fpu(clr (intr, (AR))).

This implies that, [cl,, (intr, (fou(AE)))]\ Gx C[fpulcly (int, (AR))\ Gk € fou(l ).
So, fou(Ag) is a soft strongly f,(I)g-closed in (Xs, 72, K). O

4. SOFT GENERALIZED OPEN SETS WITH RESPECT TO SOFT IDEAL

Definition 4.1. A soft set Fp € SS(X, E) is called soft strongly generalized open set
with respect to soft ideal I (soft strongly Ig-open)in a soft topological space (X, 7, E)
if and only if its relative complement F'§ is soft strongly Ig-closed in (X, T, E).

Example 4.1. In Example 3.1, The soft sets My, Nf,, L, are soft strongly fg—open
where My, N, LS, are defined by

Me(er) = X Mc(e2) = ¢,

Ne(er) =¢ Ne(e2) = {b},

Lf(er) = {a} Lf(e2) = {a}.
Theorem 4.1. A soft set Ag is soft strongly Ig-open in a soft topological space
(X,7,E) if and only if F \ BpCint(cl(Ag)) for some By € I, whenever FyCAg
and Fg is closed soft in (X, 7, E).

Proof. (=) Suppose that FrCAp and Fg is closed soft. We have A4 CFg, A5 is
soft strongly Ig-closed and F; € 7. By assumption, c(int((A%))) \ Fg € I. Then,
cl(int((A%))) \ Fg = Bg for some By € I. Thus,

Aint((A5)) \ Fg = cl(int((A3)))\Fs = By € 1.
So, [cl(int((AS)))NFg|UFg = BgUF§. This implies that,
cl(int((A3))) Eel(int((A5)))0Fg = BrOF.
Hence, cl(int((A$)))CF5UBg for some By € I. Furthermore,
(FEUBp)Clel(int((AF)))]° = int(cl(Ap)).

Therefore, Fp \ Bg = FgNB$,Cint(cl(Ag)).
(<) We want to prove that Ag is soft strongly Ig-open. It is sufficient to prove
that, A% is soft strongly I g-closed.
Let A%QGE such that Gg € 7. Then, G%éAE. By assumption,
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c\ IpCint(cl(Ag)) = [cl(cl(Ag))°]° for some I € I.
Thus,
cl(int(AS)) = cl(cl(Ag))°ClG4 \ 5] = GpUIE.
So,
c(int((Ap)) \ GeClGpUIE]\ Gp = [GpUIE)NGS = [pNGS,CIg € 1.
This shows that, cl(int(A%)) \ Gk € I. Therefore, A$, is soft strongly Ig-closed and
hence Ag is soft strongly Ig-open. This completes the proof. O
Theorem 4.2. Every open soft set is soft strongly Ig-open.

Proof. Immediate from Theorem 3.2. O

Remark 4.1. The converse of the above theorem is not true in general as shall
shown in the following example.

Example 4.2. In Example 3.1, the soft set Sg is soft strongly Ig-open but not
open soft set, where S(e;) = ¢ and S(es) = {b}.

Theorem 4.3. Every soft Ig-open set is soft strongly Ig-open.
Proof. Immediate from Theorem 3.3. O

Remark 4.2. The converse of the above theorem is not true in general, as shown
in the following example.

Example 4.3. In Example 3.2, the soft set Zg is soft strongly Ig-open but not soft
Ig-open, where Z(e;) = X and Z(es) = {a}.

Remark 4.3. The soft intersection (resp. union) of two soft strongly Ig-open sets
need not be a soft strongly Ig-open as shown by the following example.

Example 4.4. In Example 3.1, the soft sets Mg, Ng, L are soft strongly Ig-
open. But, Hp = MEUNE is not soft strongly Ig-open, where H(e;) = X and
H(ez) = {b}. Also, K = UgAV§ is not soft strongly Ig-open, where K (e;) = {b}
and K(es) = {a}.

Theorem 4.4. If Fg is soft strongly Ig-open in a soft topological space (X,7,E)
and int(cl(Fg))CGpCFg, then Gg is soft strongly Ig-open.
Proof. Let HpCGgand Hy € €. Then, HpCFg. Since Fg is soft strongly fg—open,

then Gg \ int(cl(HE))QFp; \int(cl(Hg)) € I. Tt follows that, Gg \ int(cl(Hg)) € I.
Thus G is soft strongly Ig-open. O

Theorem 4.5. If a soft subset Fg of a soft topological space (X, T, E) is closed soft,
then it is soft strongly Ig-open if and only if it is soft Ig-open.
Proof. Tt is clear. O

Theorem 4.6. A soft set Ag is soft strongly I:g—closedjn a soft topological space
(X, 7, E) if and only if cl(int(Ag)) \ Ag is soft strongly Ig-open.
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Proof. (=) Let FpCel(int(Ag)) \ Ag and Fg be a closed soft set. Then, Fr € T
from Theorem 3.5. Thus, there exists Iy € I such that Fi \Ig = 45 So, Fg \ Ig =
Cint(cllcl(int(Ap))\ Ag]). Hence, cl(int(Ag))\ Ag is a soft strongly Ig-open from
Theorem 4.1.

(<) Let ApCGp such that G € 7. Then, cl(int(Ag))NG$Cel(int(Ag))NAS =
cl(int(Ag))\ Ag. By hypothesis, [cl(int(Ar))NAG)\ IgCint(cllcl(int(Ag))\ Ag]) =
¢, for some I € I from Theorem 4.1. This implies that, cl(int(Ag))NG4CIE € 1.
Thus, cl(int(Ag)) \ Gg € I. So, Ag is a soft strongly Ig-closed. O

5. CONCLUSION

Therefore, the notions of soft strongly Ig-closed sets and soft strongly Ig-open
sets have been introduced and investigated. In future, the generalization of these
concepts to supra soft topological spaces [7] will be introduced and the future re-
search will be undertaken in this direction.
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