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ABSTRACT. In this paper, we introduce the notion of T-fuzzy ideal, T-
fuzzy bi-ideal, T-fuzzy quasi-ideal, T-fuzzy interior-ideal and generalized
T-fuzzy bi-ideals of a gamma-semigroup. We also introduce the concept of
regular, left regular and strongly regular gamma semigroup and establish
the relationship between these type of regularities. We provide an example
to establish that strong regularity implies regularity whereas the converse
is not true. We characterize regularity of gamma semigroup through T-
fuzzy subset, T-fuzzy ideal, T-fuzzy bi-ideal, T-fuzzy quasi-ideal, T-fuzzy
interior-ideal and generalized T-fuzzy bi-ideal. Finally we obtain some
equivalent condition for gamma semigroup to be regular in terms of these
ideals.
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1. INTRODUCTION

The fundamental concepts of fuzzy set was introduced by Zadeh[12]. Fuzzy
semigroups have been first considered by Kurki. In [2, 3, 4, 5, 6], Kurki has given
some properties of fuzzy ideals and fuzzy bi-ideals in semigroups. Rosenfeld[7] in-
troduced the concept of fuzzy subgroups and give some of its properties. The notion
of quasi-ideals was introduced by Steinfeld[11]. The idea of gamma semigroup was
introduced by Sen[10]. Many fundamental results in semigroup theory have been
extended to gamma semigroup by Sen and Saha[9]. In 1960, Schweizer and Sklar|[3]
introduced the definition of t-norm to generalize the triangular inequality in metric
spaces. T-fuzzy concept is another generalization of fuzzy set theory. In this pa-
per, we introduce the notion of T-fuzzy ideal, T-fuzzy bi-ideal, T-fuzzy quasi-ideal,
T-fuzzy interior-ideal and generalized T-fuzzy bi-ideal of a gamma-semigroup. We
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study the concepts regularity in gamma-semigroup and obtain some characterization
of regular gamma-semigroups using different T-fuzzy ideals. Equivalent conditions
on T-fuzzy ideals, T-fuzzy quasi-ideals and T-fuzzy bi-ideals of regular gamma semi-
group are also obtained.

2. PRELIMINARIES

In this section, we recall some definitions that are necessary for the development
of the concepts studied in this paper.

Definition 2.1. Let S be a semigroup. Let A and B be subsets of .S, the product
of A and B is defined as AB = {ab e S|a € A and b € B}. A nonempty subset A
of S is called a subsemigroup of S if AA C A. A nonempty subset A of S is called a
left (resp. right) ideal of S if SA C A (resp.AS C A). A is called a two-sided ideal
(simply, ideal) of S if it is both a left and a right ideal of S. A nonempty subset A of
S is called an interior ideal of S if SAS C A, and a quasi-ideal of S if ASNSA C A.
A subsemigroup A of S is called a bi-ideal of S if ASA C A. A semigroup S is called
regular if for each element a € S there exists z € S such that a = aza. A function
u from a nonempty set A into the unit interval [0, 1] is called a fuzzy subset of A.

Definition 2.2 ([1]). Let M and I" be any two nonempty sets. M is called a
I'-semigroup if for all a, b, c€ M and z, y € T,

(1) MTM C M and TMT C T,

(2) (axb)yc = a(zby)c = ax(byc).

Notation 2.3 ([1]). For subsets A and B of M, let ATB = {ayb | a € A, b €
B, veT}.

Definition 2.4 ([1]). Let M be a I'-semigroup and A a nonempty subset of M. A
is called a left (resp. right) ideal of M if

(1) ATA C A,

(2) MTA C A (resp. ATM C A).

A is a two-sided ideal (simply, ideal) of a I'-semigroup M if it is both a left ideal
and a right ideal of M.
Throughout the discussion, M denotes I'-semigroup unless otherwise specified.

Definition 2.5 ([1]). A subsemigroup @ of M is called a quasi-ideal of M if
QM NMTQ C Q.

Definition 2.6 ([1]). A subsemigroup B of M is called a bi-ideal of M if
BI'MI'B C B.

Definition 2.7. A subset A of a I'-semigroup M is called an interior ideal if
(1) ATAC A,
(2) MTATM C A.

Definition 2.8 ([1]). Let u and A be any two fuzzy subsets of M. Then pu A A and
o X are fuzzy subsets of M defined by
670
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(1 A A) (@) =min{p(z), M)},

sup {min{u(z), A(y)}},if z can be expressed as z = xyy,
z=xyy
(o X)(z) = where z, y, z € M and vy €T,

0, otherwise.

Definition 2.9. A fuzzy subset u of M is called a fuzzy subsemigroup if for all
a,be M and v €T, p(ayb) >min{u(a), u(b)}.

Definition 2.10. A fuzzy subset p of M is called a fuzzy left (resp. right) ideal of
M ifforalla, be M and vy €T,

(1) p(ayb) =min{u(a), pu(b)},

(2) playb) = p(b) (resp. p(avb) > p(a)).

w1 is called a fuzzy ideal of M if it is both a fuzzy left ideal and a fuzzy right ideal
of M.
The characteristic function of M is denoted by M.

Definition 2.11. A fuzzy subset p of M is called a fuzzy quasi-ideal of M if for all
z,y€ M and v €T,

(1) p(zyy) Z=min(u(@), 1(y)),

(2) (wo M)A (Mo p) < p.

Definition 2.12. A fuzzy subset p of M is called a fuzzy bi-ideal of M if for all
z,y€ M and vy €T,

(1) p(zyy) Z=min{pu(x), p(y)},

(2) poMop < p.

Definition 2.13. A fuzzy subset p of M is called a fuzzy interior ideal of M if for
all a,b,x € M and vy,v,v €T,

(1) plavb) Zzminf p(a), u(b)},

(2) plavy xva b) = p(x).

Definition 2.14 ([8]). A t-norm is a function 7" : [0, 1] x [0, 1] — [0, 1] that
satisfies the following conditions for all z, y, z € [0, 1],

(T1) T(x 1)

(T2) T(2', y') < T(x y) if ' <z and y’ < y (monotonicity),

(T3) T(x, ) T(y, ) (commutative),
(T4) T(z, T(y, 2)) =T(T(z, y), z) (associativity).

Replacing 1 by 0 in condition (T1) we obtain the concept of triangular conorm (t-
conorm). In general for any ¢t-norm T, T(z, y) <min{z, y}, T'(z, 0) =0, T'(0, 0) =
0, and T'(1, 1) = 1 are always true. Now we generalize Definition 2.8 through ¢-norm
T.

Definition 2.15. Let A and p be any two fuzzy subsets of M and T be any t-norm.
Then N A and p * A are fuzzy subsets of M defined by
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(kO A)(2) = T(p(z), A(z))

sup {T'(u(y), A(2))},if = can be expressed as z = yyz,
r=yyz
(o A)(x) = where z, y, 2€ M andy €T,

0, otherwise.

Definition 2.16. A fuzzy subset A of a gamma semigroup M is said to satisfy the
idempotent property if (A * A)(z) = A(z) for all z € M and v € T.

3. T-FUZZY SUBSEMIGROUPS AND T-FUZZY IDEALS OF
REGULAR I'-SEMIGROUPS

In this section, we introduce the concepts of T-fuzzy subsemigroups and different
types of T-fuzzy ideals of a I'-semigroup and regular I'-semigroup and study some
basic properties of these ideals.

Definition 3.1. A fuzzy subset p of M is called a fuzzy subsemigroup of M with
respect to a t-norm T [ briefly, T-fuzzy subsemigroup of M] if for all z, y € M and

yeT, ulxyy) > T(u(x), u(y)).

Definition 3.2. A fuzzy subset p of M is called a T-fuzzy quasi-ideal of M if, for
allxz, ye M and vy €T,

(1) p(avy) = T(p(x), ply)),
(2) (p+M)N (M*p) < p.

Definition 3.3. A fuzzy subset p of M is called a T-fuzzy bi-ideal of M if for all
z,y € M and vy €T,

(1) wlzyy) > T(u(x), py)),
(2) pxM*p < pu.

Definition 3.4. A fuzzy subset p of M is called a fuzzy interior ideal of M with
respect to t-norm 7' (in short, T-fuzzy interior ideal) if

(1) wlavd) = T(u(a), u(d)),

(2) pla vy z vy b) > p(x).

Definition 3.5 ([1]). M is said to be regular if for each element a € M, there exist
m € M and 1,72 € T such that a = ayymysa. M is said to be strongly regular if
for each element a € M and 71,72 € I, there exists m € M such that a = zyymy2y,
where x € R(a) and y € L(a). An element a € M is said to be regular if there exist
x such that axa = a. Here, R(a) and L(a) denote the right and left ideals generated
by the element a respectively.

Clearly, M is regular if and only if a € al'a, for all a € M.

Definition 3.6 ([1]). M is said to be left (right) regular if for each element a € M,
there exist x € M and 71,72 € I such that a = zy;ay2a(a = ayiavyex).

Example 3.7. Let M be the set of all integers of the form 4n 4+ 1 where n is an

integer and I denote the set of all integers of the form 4n+3. If ayb is a+~vy+b, vau

is ¥ + a + p (usual sum of the integers) for all a,b € M and v,u € T, then M is

strongly regular. Set a =4n+ 1,71 = 4ny +3 and 72 =4ny + 3. let x = a,y = b
672
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and m = 4(—n —ny1 —ng — 2) + 1. Then a = ayym~y2a. Thus M is strongly regular,
regular and left (right) regular.

Example 3.8 ([1]). Let M = {0,1,2,3,4,5} and I' = M. If the composition of
any two elements is taken as multiplication modulo six, then M is regular but not
strongly regular. For 2 € M and 3 € I there is no « € R(2) and y € L(2) such that
2 = x3m3y.

If T' = {0, 3}, then 2 is not regular and hence M is not regular.

For the sake of continuity of the subject matter we quote the following results,
the proof of which are available in [1].

Theorem 3.9 ([1]). Let I be a nonempty subset of M. I is left (resp. right) ideal
of M if and only if x5 is a T-fuzzy left (resp. right) ideal of M.
Theorem 3.10 ([]). Let I be any nonempty subset of M and T be any t-norm.
Then

(1) I is a quasi-ideal of M if and only if x1 is a T-fuzzy quasi-ideal of M.

(2) I is a bi-ideal of M if and only if x1 is a T-fuzzy bi-ideal of M.
Lemma 3.11 ([1]). For any nonempty subset A and B of M,

(1) xaNXB = XAnB-

(2) XA * XB = XATB-
Lemma 3.12 ([1]). Any T-fuzzy quasi-ideal of M is a T-fuzzy bi-ideal of M.

Theorem 3.13 ([1]). (1) M is strongly regular if and only if AN B = AyB, where
A and B respectively right and left ideals of M and v € T'. (2) M is regular if and
only if AN B = AyB, where A and B respectively right and left ideals of M.

Lemma 3.14 ([1]). M is regular if and only if QTMTQ = Q for every quasi-ideal
Q of M.

Lemma 3.15 ([1]). M is regular if and only if QU ATQ = ANQ for every quasi-ideal
Q and every ideal A of M.

Lemma 3.16 ([1]). M is left regular if and only if I N B C IT'B for every ideal I
and for every bi-ideal B of M.

Lemma 3.17. If A and p are any two T-fuzzy subsets of M having idempotent
properties, then (p* X) N (p* \) = px A

Proof. Let u and A be any two T-fuzzy subsets of M having idempotent properties.
Let a,b,c € M and v € I'. Consider

(2 11 e # A))(a) = Tl # A)(a). e+ X)(a)]
=7 sup {T(u(b). M)}, sup {T(u(b). M)} ]
= sup {TI0(u(8). 7). T(:0). Me))}
= "sup (T TN T (). M)}
= "sup (TIT(u(8). T(T(u(h). M), M)}
= "sup (T (u(8).T((b). T(Ae). M)}
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= sup {T[T(u(b), T(u(b), \(c)))]},

a=bvc

since A has idempotent property.
= sup {T[T(u(b), n(b)), Ale)]}
= sup {T[u(d), A(c)]}, by the idempotent property of p.

= (1* \)(a).
In case a cannot be expressed as a =bve, (uxA)(a) =0=T[(p*A)(a), (1 X)(a)].
Then (p* A) N (* ) = p* A O

Note 3.18. Using a similar argument, one can show that
(LxOxX)N(px0xAX) =p*x0x X\ for any three T-fuzzy subsets pu, 0, A of M having
idempotent properties.

Now we characterize regularity, strongly regularity and left regularity of M through
T-fuzzy subsets.

Theorem 3.19. The following conditions are equivalent:

(1) M is left regular.
(2) AN < Axp for every T-fuzzy ideal X and T-fuzzy bi-ideal p of M.

Proof. (1)=(2). Let M be left regular and a € M. Then, there exist x € M and
v1,72 € I' such that a = xyia72a. Let A be a T-fuzzy ideal and p be a T-fuzzy
bi-ideal of M. Consider,

(Axp) = sup {T(A(x),pu(y))}

> ;:(i\ny’yla ,u(a)), as x = zy1ay2a
> T(\(a), (@), Mz7,0) > Aa)
= (AN p)(a)

Hence ANp < Ax p.

(2)=-(1). Suppose A and u are respectively any T-fuzzy ideal and any T-fuzzy
bi-ideal of M such that AN < Axpu. Let I be any ideal and B be any bi-ideal of M
and x € I N B. By Theorem 3.9, x; is a T-fuzzy ideal of M and by Theorem 3.10,
xB is a T-fuzzy bi-ideal of M. Now by Lemma 3.11, we have x;np = x; N x5 and
hence,

L = (xrnB)(z)
=(xrNxs)(x) < (xr*x5)()
= (xyrB)(z) (by Lemma 3.11).

Thus it follows that € IT'B and hence I N B C IT'B. Hence by Lemma 3.16, M is
left regular. O

Theorem 3.20. M is regular if and only if X * u = AN u, for every T-fuzzy right
ideal A and every T-fuzzy left ideal 1 of M.

Proof. Let M be regular and let A be a T-fuzzy right ideal, u be a T-fuzzy left ideal
of M and z € M. Consider
674
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(Axp)(z) = sup {T(A(x), u(y))}

E (
sup {T(A\(zvy), w(avy))}

IN

= sup {(ANp)(2)}

z=z vy

(AN p)(2),

and so, we have XA x u < AN pu. Next, let y € M. Since M is regular, there exist
v1,72 € I' and © € M such that y = yyi272y. Now,

(Axp)(y) = sup {T(Aa),u(b))}

y=a~vyb
> T(My), u(y)), since y =y(nmay)y, v=mnry cl,
= (ANpu)(y),

SO A% > AN pu. This shows that A\ x u = AN pu, for every T-fuzzy right ideal \ and
every T-fuzzy left ideal y of M.

Conversely, suppose that A« g = AN p, for any T-fuzzy right ideal A and any
T-fuzzy left ideal p of M. Let A be a right ideal and B be a left ideal of M. By
Theorem 3.9, x4 is a T-fuzzy right ideal and xpg is a T-fuzzy left ideal of M. By
Lemma 3.11, we have
XANB = XA XB = XA * XB = XAI'B-

Thus AN B = AT'B, for any right ideal A and any left ideal B. Hence by Theorem
3.13(2), M is regular. O

Theorem 3.21. The following conditions are equivalent:
(1) M is regular.
(2) ANA < AxMx X < X for every T-fuzzy bi-ideal A of M.
(B) ANA< A« Mx X < A for every T-fuzzy quasi-ideal X of M.

Proof. (1) =(2). Let M be a regular I'-semigroup and A be any T-fuzzy bi-ideal of
M and a € M. Since M is regular, there exist 1,72 € I' and m € M such that
a = ayymysa. Then

(A« M x\)(a) = \ooSp 74y{T[)\(m),T(l\/I(T’h%)\(y))]}
= T[Ma), T(M(m), A(a))]
= T[A(a), Ma)]
= (AN A)(a),

and so AN A < A+ M x X but since A is a T-fuzzy bi-ideal, we have
ANA<Ax«Mx+ X <A Thus (1) implies (2).

(2) = (3). Since every T-fuzzy quasi-ideal is a T-fuzzy bi-ideal, (2) = (3) is
trivial.

(3) = (1). Let Q be any quasi-ideal of M and let @ € Q. Then xg(a) =1 and
by Theorem 3.10(1), x¢ is a T-fuzzy quasi-ideal of M. By (3), we have

(xq@ Nx@)(a) < (xq * M xxq)(a)
< xq(a).
675
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Thus, by Lemma 3.11,

(xen@)(a) < (xqrmre)(a) < xq(a).

So (x@)(a) < (x(@rmre))(a) < xq(a). Hence (xg)(a) = (X(@rurq))(a). It follows
that @ = QI'MTI'Q, for any quasi-ideal @ of M. Therefore, by Lemma 3.14, M is

regular. O

Theorem 3.22. Let u be a fuzzy subset of M having idempotent property. The
following conditions are equivalent:

(1) M is regular.

(2) A=A« M=x X for every T-fuzzy bi-ideal A of M.

(3) A=A« Mx X\ for every T-fuzzy quasi-ideal X\ of M.

Proof. If X\ is a T-fuzzy bi-ideal of M having idempotent property, AN A = A. Then
the result follows from Theorem 3.21. O

Corollary 3.23. The following conditions are equivalent:
(1) M is regular.
(2) A=XoMo X for every fuzzy bi-ideal A of M.
(3) A\=XoMo ) for every fuzzy quasi-ideal A of M.

Taking 7" = min in Theorem 3.21, the result is obtained.

Theorem 3.24. The following conditions are equivalent:

(1) M is regular.

(2) AN = pxX*xp for every T-fuzzy ideal A and every T-fuzzy bi-ideal p of M
having idempotent property.

(3) AN = px Axp for every T-fuzzy ideal A and every T-fuzzy quasi-ideal p of
M having idempotent property.

Proof. (1) = (2). Let X be a T-fuzzy ideal and p be a T-fuzzy bi-ideal of M having
idempotent property, respectively. Then

ook X p < ok Misopp <
and

R AR < Mx s Mk .

Thus px A p < AN p.

Assume that a € M. Since M is regular, there exist 71,72 € I' and m € M such
that a = ayimy2a = ayymya(ayymy2a) = ayaya, where v = yymys € I

Since A is a T-fuzzy ideal of M, A(ayaya) > T(A(a), A(a)) = (AN A)(a).Then,

(mxAxp)a) = sup  {T(u(x), T(A(y), u(2)))}

T(ula), T(\(@), 1()))
T(T(s(a), pla)), A(a)
= T(u(a), AM(a)), by idempotent property of u
> (kN A)(a),
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and hence (u* A% p) > AN . Thus AN p = pw* A p.

(2) = (3). It is clear from Lemma 3.12.

(3) = (1). Assume that (3) holds. Let A and @ be any ideal and any quasi-ideal
of M respectively. By Theorem 3.9 and Theorem 3.10(1) we have x4 is a T—fuzzy
ideal of M and xq is a T-fuzzy quasi-ideal of M. By Lemma 3.11, we have

XANQ = XA XQ = XQ * XA * XQ = X(QTArQ)-
Thus ANQ = QT'AT'Q. By Lemma 3.15, it follows that M is regular. O

Lemma 3.25. Let p be a fuzzy subset of a reqular T'-semigroup M. Then the
following conditions are equivalent:

(1) p is a T-fuzzy ideal of M.

(2) p is a T-fuzzy interior ideal of M.

Proof. (1) = (2) follows directly.

(2) = (1). Let p be a T-fuzzy interior ideal of M. Let a,b € M. Then, since M
is regular, there exist v1,v9,v3,v4 € I and x,y € M such that a = a v1z v5 a and
b = b sy vsb. Consider,

plavd) = plavy xveavbrsyvyb)
=p((avizvaa)vbus (yvgd))
> u(b).

In a similar way, we have

wlavd) = p((avy ) vaa (Vb vs y vy b))
> p(a).

This implies that p is a T-fuzzy ideal of M. O

Theorem 3.26. For a I'-semigroup M, the following conditions are equivalent:
(1) M is regular.
(2) ANA< A« Mx A <\ for every generalized T-fuzzy bi-ideal X of M.
B) ANA < AxMx X < X for every T-fuzzy bi-ideal X of M.
(D) ANA< A« Mx A <\ for every T-fuzzy quasi-ideal X of M.

Proof. (1)=(2). Let M be a regular I'-semigroup and A be any T-fuzzy bi-ideal of
M and a € M. Since M is regular, there exists v, € I' and m € M such that
a=avy mvya. Then

(AxM=xA)(a) = sup  {T(A(z), T(M(m),A(y)))}

> T(Ma), T(M(m), A(a)))
=T(Ma), A\(a))
=ANA)(a)

and so ANA < Ax M A Since X is a generalized T-fuzzy bi-ideal, we have
ANA<Ax«Mx*x A <A Thus (1) implies (2).
(2)=(3). Since every T-fuzzy bi-ideal is a generalized bi-ideal, (2)=-(3) is trivial.
(3)=(4). As every T-fuzzy quasi-ideal is a T-fuzzy bi-ideal, (3)=(4) is trivial.
(4)=(1). Let @ be any quasi-ideal of M and let a € Q. Then xg(a) = 1 and by
677
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Theorem 3.10(1), xq is a T-fuzzy quasi-ideal of M.
By (4), we have

(x@ Nxq)(a) < (xg *M=*xq)(a)
< xq(a).

Thus

(x@ne)(a) < xqrurq(a)
< xq(a)

and so we have xg(a) < xormrg(a) < xo(a).
This shows that xg(a) = xgrmrg(a). It follows that @@ = QI'MT'Q, for any quasi-
ideal Q of M. By Lemma 3.14, M is regular. O

Theorem 3.27. Let A be any fuzzy subset of M having idempotent property. Then
the following conditions are equivalent:

(1) M is regular.

(2) A=A« M= X for every generalized T-fuzzy bi-ideal X\ of M.

(3) A=A« Mx \ for every T-fuzzy bi-ideal A of M.

(4) A=A« Mx X for every T-fuzzy quasi-ideal X of M.

Proof. If X is a generalized T-fuzzy bi-ideal having idempotent property, then ANA =
A. Thus the result follows from Theorem 3.26. O

Corollary 3.28. Let A be any fuzzy subset of M having idempotent property. The
following conditions are equivalent:

(1) M is regular.

(2) A=XoMo ) for every generalized bi-ideal A of M.

(3) A=XoMo X for every bi-ideal X\ of M.

(4) A=A« M=x X for every fuzzy quasi-ideal A of M.

The results follow once we take T =min in Theorem 3.27.

Theorem 3.29. Let A and p be any T-fuzzy subsets of M having idempotent prop-
erty. Then the following conditions are equivalent:

(1) M is regular.

(2) AN = pxAxp for every T-fuzzy ideal A and every generalized T-fuzzy bi-ideal
wof M.

(3) AN p = p*xA*xpu for every T-fuzzy ideal N and every T-fuzzy bi-ideal p of M.

(4) AN = px X p for every T-fuzzy ideal A and every T-fuzzy quasi-ideal p of
M.

Proof. (1)=(2). Let A and p be a T-fuzzy ideal and a generalized T-fuzzy bi-ideal
of M respectively both having the idempotent property. Then

ok Ak pu < ok Mok e < pu
and

R AR < MxAxM <A
678
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Thus pxAsxp < ANp. Assume that a € M. Since M is regular, there exist v4,v5 € T’
and m € M such that a =avy musa =avy mvy (avy mvya) = avmvy a, where
v=vimuvy €. Then

(o Ak p)(a) = S AT (@), T(A), u(2)))}
> T(u(a), T(Na), u(a)))
= T(T(u(a), p(a)), \(a))
=T((nN p)(a), Ma))
=T(p(a), Aa))
= (LN \)(a).

Thus we obtain that AN g = p* A * p.
Hence (1)=(2).

(2)=(3) is clear.

(3)=(4) is trivial by Lemma 3.12.

(4)=(1). Assume that (4) holds. Let A and @ be any ideal and any quasi-ideal
of M respectively. By Theorem 3.9 and Theorem 3.10(1) we have x4 is a T-fuzzy
ideal of M and xq is a T-fuzzy quasi-ideal of M. By Lemma 3.11, we have

XANQ = XAMNXQ
= XQ * XA *XQ
= X(QTrArQ)-

Thus ANQ = QT'AT'Q. By Lemma 3.15, it follows that M is regular. O

Theorem 3.30. Let A and i be any fuzzy subsets of M having idempotent property.
Then, the following conditions are equivalent:

(1) M is regular.

(2) AN = pxX*p for every T-fuzzy ideal A and every T-fuzzy quasi-ideal v of
M.

(3) AN = p* Axpu for every interior ideal A and every T-fuzzy quasi-ideal v of
M.

(4) AN p = pxAxp for every T-fuzzy ideal X and every T-fuzzy bi-ideal  of M.

(5) AN = p*x Axpu for every T-fuzzy interior ideal X and every T-fuzzy bi-ideal
wof M.

(6) AN = pxAxp for every T-fuzzy ideal A and every generalized bi-ideal . of M.

() AN = = X*p for every T-fuzzy interior ideal X and every generalized
bi-ideal p of M.

Proof. (1)=(7). Let A and p be any T-fuzzy interior ideal and generalized T-fuzzy
bi-ideal of M having idempotent properties respectively. Then

pEARp < pxM*xp < p
and

pwr A < M px M <A
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This means that (A p) N (wxAxp) < pNA

By Lemma 3.17, (p* A p) < pnA.

Let a € M. Then, since M is regular, there exist x € M, v1,v5 € I' such that
a=avizvsa(=avyxvyav zvsa). Now

(wxAxp)(a) = sup  {T(u(s), T(A(®), u(u)))}

a=svztvygu

> T(p(a), TNz vz avy x), u(a)))
> T(u(a), T(MNa), p(a)))

[Since Mz ve avq x) > Aa)]
=T(p(a), T(p(a), \a)))
= T(T(p(a), pl(a), A(a)))
= T(u(a), Ma))
= (N A)(a).
Thus p* A% g = pNAand so (1)=(7).

It is clear that (7)=(5)=(3)=(2) and (7)=(6)=(4)=(2).

(2)=(1). Let u be any idempotent T-fuzzy quasi-ideal of M. We have
w=puNM=pu*xMsxpu. Itfollows from the fact M itself is an ideal and from
Theorem 3.26 that M is regular and hence (2)=-(1). O
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