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1. INTRODUCTION

In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations
was introduced by L.A.Zadeh in his classical paper [22] in the year 1965. This
inspired mathematicians to fuzzify Mathematical Structures. The first notion of
fuzzy topological space had been defined by C.L.Chang [5] in 1968. Since then
much attention has been paid to generalize the basic concepts of general topology
in fuzzy setting and thus a modern theory of fuzzy topology has been developed.
The concepts of Volterra spaces have been studied extensively in classical topology
in [6, 7, 8, 9, 10]. The concepts of fuzzy Volterra spaces and fuzzy weakly Volterra
spaces in fuzzy topological spaces are introduced and studied by the authors in [21].

In classical topology, the concept of generalized Volterra spaces was introduced
and studied by Milan Matejdes in [11] and [12]. Motivated on these lines, the concept
of generalized Volterra spaces in fuzzy setting is introduced and studied in this paper.
A general concept of classification of fuzzy sets of a fuzzy topological space (X, T)
with respect to a given non-empty system e consisting of fuzzy residual sets, fuzzy
second category sets and fuzzy pre-open sets, is considered for defining generalized
fuzzy Volterra spaces.
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2. PRELIMINARIES

Now we introduce some basic notions and results used in the sequel. In this work
by (X,T) or simply by X, we will denote a fuzzy topological space due to Chang.

Definition 2.1. A fuzzy set A in a set X is a function from X to [0, 1], that is,
A X — [0,1].
Definition 2.2. Let A and p be fuzzy sets in X. Then for all z € X,
(). A=p & Mz) = p(z).
(ii). A<p & ANz) < p(z).
(iii). ¥ = AV p < YP(z) = max{A(z), p(x)}.
(iv). 0 =AAp < é(x) =min{A(z), p(x)}.
(V). n =X & nz)=1-Ax).
For a family {\;/i € I'} of fuzzy sets in (X, T), the union ¢ = V;\; and intersection
§ = N A; are defined respectively as
(vi). Y(z) = sup;{\i(z) / x € X}.
(vii). 0(z) = infi{\i(z) / z € X}.

Definition 2.3 ([1]). Let (X,T) be a fuzzy topological space. For a fuzzy set A
of X, the interior int(\) and the closure cl()\) are defined respectively as int(\) =
V{p/pn <X\ peT}and cd(N) = AM{p/A<pl—peT}.

Lemma 2.4 ([1]). Let A be any fuzzy set in a fuzzy topological space (X,T). Then
1—cl(A) =int(1 —A) and 1 —int(\) = cl(1 — N).

Lemma 2.5 ([l]). For a family A = {\o} of fuzzy sets of a fuzzy space X,
V(cd(Xa)) < c(V (Aa)). In case A is a finite set, V(cl(Aa)) = cl(V (A\a)). Also
V(int(Aa)) < int(V (Aa)).

Definition 2.6 ([19]). A fuzzy set A in a fuzzy topological space (X, T) is called a
fuzzy dense set if there exists no fuzzy closed set p in (X,T') such that A < p < 1.

Definition 2.7 ([19]). A fuzzy set X in a fuzzy topological space (X, T) is called a
fuzzy nowhere dense set if there exists no non-zero fuzzy open set p in (X,T) such
that p < c¢l(N). That is, intcl(A) = 0.

Definition 2.8 ([2]). A fuzzy set A in a fuzzy topological space (X, T) is called a
fuzzy Gs-set in (X, T) if A = A2, ()\;) where \; € T, for i € I.

Definition 2.9 ([2]). A fuzzy set A in a fuzzy topological space (X,T) is called a
fuzzy Fy-set in (X,T) if A = V2, (\;) where 1 — X\; € T, for i € I.

Definition 2.10 ([19]). A fuzzy set A in a fuzzy topological space (X, T) is called
a fuzzy first category set if A = V2, (\;), where \;’s are fuzzy nowhere dense sets in
(X,T). Any other fuzzy set in (X,T) is said to be of fuzzy second category.

Definition 2.11 ([19]). Let A be a fuzzy first category set in a fuzzy topological
space (X,T). Then 1 — X is called a fuzzy residual set in (X, T).

Definition 2.12 ([20]). Let (X,T) be fuzzy topological space. A fuzzy set A in
(X,T) is called a fuzzy o-nowhere dense set if A is a fuzzy F-set in (X, T) such that
int(A) = 0.
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Definition 2.13 ([21]). Let (X,T) be a fuzzy topological space. Then (X,T) is
called a fuzzy Volterra space if cl( AY_, (A\g)) = 1, where (\;)’s are fuzzy dense and
fuzzy Gs-sets in (X, T).

Definition 2.14 ([16]). A fuzzy topological space (X,T) is called a fuzzy nodec
space if every non-zero fuzzy nowhere dense set A is fuzzy closed in (X, T"). That is,
if X is a fuzzy nowhere dense set in (X,T'), then 1 — X\ € T.

Definition 2.15 ([2]). A fuzzy topological space (X, T) is called a fuzzy submaximal
space if for each fuzzy set A\ in (X, T) such that cl/(A) =1, then A € T in (X, T).

Definition 2.16 ([14]). Let (X,T) be a fuzzy topological space. Then (X,T) is
called a fuzzy Baire space if int(V$2,()\;)) = 0, where ();)’s are fuzzy nowhere dense
sets in (X, T).

Definition 2.17 ([18]). A fuzzy topological space (X,T) is called a fuzzy D-Baire
space if every fuzzy first category set in (X, T') is a fuzzy nowhere dense set in (X, T).
That is, (X,T) is a fuzzy D-Baire space if int cl(\) = 0, for each fuzzy first category
set Ain (X, T).

Definition 2.18. A fuzzy set A in a fuzzy topological space X is called a fuzzy
pre-open if A < intcl(\) and fuzzy pre-closed if clint(M\) < A [4].

Lemma 2.19. Let (X,T) be any fuzzy topological space and A be any fuzzy set in
(X, T). The fuzzy pre-closure and the fuzzy pre-interior of A, are defined as follows:

(1) pcl(N) = A{u/X < p,pis a fuzzy pre-closed set of X} [13].
(2) pint(A) = V{p/p < A\ u is a fuzzy pre-open set of X} [13].

Definition 2.20 ([17]). Let (X,T) be a fuzzy topological space. A fuzzy set A
in (X,T) is called a fuzzy pre-nowhere dense set if there exists no non-zero fuzzy
pre-open set p in (X, T) such that u < pcl(X). That is, pint pcl(A) =

3. FUZZY €,.-VOLTERRA SPACES

Definition 3.1. A fuzzy topological space (X, T) is said to be a fuzzy e,-Volterra
space if cl( AL, (\;)) = 1, where ()\;)’s are fuzzy dense and fuzzy residual sets in
(X, 7).

Example 3.2. Let X = {a,b,c}. The fuzzy sets A\,u and v are defined on X as
follows :

A: X — [0,1] is defined as A(a) = 0.8; A(b) =0.6; A(c) =0.7,

p: X —[0,1] is defined as p(a) = 0.6; u(b) =0.9; pu(c) =0.8,

v:X —[0,1] is defined as v(a) = 0.7; v(b) =0.5; v(c) =0.9.

Clearly T = {0, A, t, U, AV i, AV U, u VU ANy, ANV AV AN (WAV), AN (V) pV
AAV), u ANAVY), vV AAR),VAAV @), AV uVu, XA pAv, 1} is a fuzzy topology
on X.

Now the fuzzy sets 1 — [A A (u\/ V]=0-NV[I-AVvp)]VA-[AV(upAV))V
L= (uv)]VvI-QAVvevr),1-AApAv)=0-p)V[I-AAL]V[I=(uA
IVA=[pAAVy))and1—AAv)=1—-v)V[1=(pVv)]VA=[vAAV )]V
I=[uVAAVY)]) V(A —=[AA(uVV)]) are fuzzy first category sets in (X,7T) and
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hence A A (uV V)], (AApAv) and (AAv) are fuzzy residual sets in (X, 7). Also,
dAAN(pVvy)] =1, dAApAv) =1and cl(AAv) = 1. Thus, [AA (V)]
(AN pAv)and (AAv) are fuzzy dense and fuzzy residual sets in (X,T). Then
A (AN V)IANAApAV)AN(AAY)) = 1. Hence (X,T) is a fuzzy e.-Volterra
space.

Proposition 3.3. If (X,T) is a fuzzy e,.-Volterra space, then int [\/ij\il(pi)] =0,
where (p;)’s are fuzzy first category sets such that int(p;) =0 in (X, T).

Proof. Let (u;)’s (i = 1 to N) be fuzzy first category sets such that int(y;) = 0 in
(X,T). Then (1 — p;)’s are fuzzy residual sets such that cl(1 — p;) =1 in (X, T).
That is, (1 — p;)’s are fuzzy residual and fuzzy dense sets in (X, 7). Since (X,T)
is a fuzzy e,-Volterra space, cl [AXL; (1 — p;)] = 1. Then ¢l [1 — VX, (p;)] = 1 and
hence 1 — int [VI, (;)] = 1. Therefore, we have int [V, (u;)] = 0, where (11;)’s
are fuzzy first category sets in (X, T') such that int(u;) = 0. O

Theorem 3.4 ([15]). If A is a fuzzy dense and fuzzy Gs-set in a fuzzy topological
space (X, T), then X is a fuzzy residual set.

Proposition 3.5. Let (X,T) be a fuzzy e.-Volterra space. Then (X,T) is a fuzzy
Volterra space.

Proof. Let (X\;)’s (i =1 to N) be fuzzy dense and fuzzy Gs-sets in (X,T'). Then,
by theorem 3.4, (\;)’s are fuzzy residual sets in (X, T"). This implies that (\;)’s are
fuzzy dense and fuzzy residual sets in (X,T). Since (X,T) is a fuzzy e,-Volterra
space, cl( AN, (\;)) = 1. Hence cl( AL} (X)) =1, where (\;)’s are fuzzy dense and
fuzzy Gs-sets in (X, T). Therefore (X, T) a fuzzy Volterra space. O

Remark 3.6. The converse of the above proposition need not be true. That is,
a fuzzy Volterra space need not be a fuzzy e,.-Volterra space. For, consider the
following example:

Example 3.7. Let X = {a,b,c}. The fuzzy sets A\,u and v are defined on X as
follows :

A: X — [0,1] is defined as A(a) = A(b) =0.5; A(e) =0.7,

p: X —[0,1] is defined as p(a) = w(b) =0.9; wu(c) =04,

v:X —[0,1] isdeﬁnedasz/(a):04 v(b) =0.7; v(c)=0.38.

Clearly T = {0, A\, i, U, AV p, AV U, u VU AN i, ANV p AV AV (WAV), AN (V) pV
AAV), u AAVY), vV AAL),VAAV @), AV uVu, XA pAv, 1} is a fuzzy topology
on X.

Now the fuzzy sets « = AA AV u) A (pAV) AV (AAV)]AAA (nVv)] and
B=vAAVV)A(UVV)ANLY (AAR]A AV V) are fuzzy dense and fuzzy Gs—sets
n (X,T). Also, cl(a A B) = 1. Hence the fuzzy topological space (X,T) is a fuzzy
Volterra space.

Now the fuzzy sets 1=\, 1—p, 1—v, 1—(AVu), 1—(AVr), 1—(uVr), 1—(AAY),
L=(pAv), 1=AV(pAV), 1=[vVAAR)L 1= AQAV R, 1=[pVAAV),
1-PAA(uVY),1=AVuVvry),1—[uA(AVv)] are fuzzy nowhere dense sets in
(X, 7).

Now the fuzzy sets 1 —[vA(AVp)]=(1—-v)V[I=AVVY)]VA —-[AV(LAV)
A=(uvy)vVA=[pvAAr))), 1-AAv) =1 =QAVu)]VI -V (@A)
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QI-=AA(pvy))VI-AVuVvy)Vv(A-pAAVvu)]) and 1—-(uAv) =
A= AAVLD VI = @A) VA =p) V(@ —[pVAAV) VA =[pAAVY))
are fuzzy first category sets in (X, T') and hence [v A (AV p)], (AAv) and (uAv) are
fuzzy residual sets in (X, T). Also, cl[vA(AVp)] =1, cd(AAv) =1 and cd(pAv) = 1.
Thus, [v A (AV u)], (AAv) and (u A v) are fuzzy dense and fuzzy residual sets in
(X, 7). Bt cdl ([ ANAV ) AAAV)A (pAY)) =1—(AAp) # 1. Hence (X,T) is
not a fuzzy e,-Volterra space.

The following propositions give conditions for fuzzy Volterra spaces to be fuzzy
e.-Volterra spaces.

Proposition 3.8. If each fuzzy nowhere dense set is a fuzzy closed set in a fuzzy
Volterra space (X,T), then (X,T) is a fuzzy €,- Volterra space.

Proof. Let (A\;)’s (i = 1 to N) be fuzzy dense and fuzzy residual sets in (X,T).
Since ()\;)’s are fuzzy residual sets, (1 — \;)’s are fuzzy first category sets in (X, T).
Now 1 — A; = V32, (piz), where (p5)’s are fuzzy nowhere dense sets in (X, 7). By
hypothesis, the fuzzy nowhere dense sets (u;;)’s are fuzzy closed sets and hence
(1 = \;)’s are fuzzy Fy-sets in (X,T). This implies that ()\;)’s are fuzzy Gs-sets in
(X,T). Hence (\;)’s are fuzzy dense and fuzzy Gs-sets in (X,T'). Since (X,T) is
a fuzzy Volterra space, cl( AN, (A;)) = 1. Hence cl( AL (X;)) = 1, where (A;)’s
are fuzzy dense and fuzzy residual sets in (X,T) implies that (X,T) is a fuzzy
e,-Volterra space. O

Proposition 3.9. If a fuzzy topological space (X,T) is a fuzzy Volterra space
and fuzzy nodec space, then (X,T) is a fuzzy e,-Volterra space.

Proof. Let (X, T) be a fuzzy Volterra and fuzzy nodec space and (\;)’s (i = 1 to N)
be fuzzy dense and fuzzy residual sets in (X, T). Since (\;)’s are fuzzy residual sets,
(1 = Ai)’s are fuzzy first category sets in (X,T). Now 1 — \; = V§2,(ui;), where
(pij)’s are fuzzy nowhere dense sets in (X, T'). Since (X, T) is a fuzzy nodec space,
[by definition 2.14] fuzzy nowhere dense sets (p;;)’s are fuzzy closed sets in (X, T).
Then by proposition 3.8, (X, T) is a fuzzy e,-Volterra space. O

Theorem 3.10 ([14]). If A is a fuzzy dense and fuzzy open set in a fuzzy topological
space, then 1 — X is a fuzzy nowhere dense set in (X,T).

Proposition 3.11. If a fuzzy topological space (X,T) is a fuzzy Volterra and
fuzzy submaximal space, then (X, T) is a fuzzy e,.-Volterra space.

Proof. Let (X,T) be a fuzzy Volterra and fuzzy submaximal space and (\;)’s (i =
1 to N) be fuzzy dense and fuzzy residual sets in (X,T). Since (X,T) is a fuzzy
submaximal space, the fuzzy dense sets (\;)’s are fuzzy open sets in (X, 7). Since
(A\i)’s are fuzzy dense and fuzzy open sets in (X,T), by theorem 3.10, (1 — X;)’s
are fuzzy nowhere dense sets in (X, T). Since ();)’s are fuzzy open sets in (X, T),
(1—X;)’s are fuzzy closed sets in (X, T'). Hence the fuzzy nowhere dense sets (1—X\;)’s
are fuzzy closed sets in (X, 7). Since (X, T) is a fuzzy Volterra space and the fuzzy
nowhere dense sets (1 — \;)’s are fuzzy closed sets in (X,T), by proposition 3.8,
(X,T) is a fuzzy e,-Volterra space. O
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Theorem 3.12 ([14]). If X is a fuzzy nowhere dense set in a fuzzy topological space
(X,T), then 1 — X is a fuzzy dense set in (X, T).

Proposition 3.13. If a fuzzy topological space (X, T) is a fuzzy e,.-Volterra and
fuzzy D-Baire space, then int( v, ()\i)) = 0, where (X\;)’s are fuzzy first category
sets in (X, T).

Proof. Let (X,T) be a fuzzy e,-Volterra and fuzzy D-Baire space and (\;)’s (i =
1 to N) be fuzzy first category sets in (X,T). Since (X,T) is a fuzzy D-Baire
space, the fuzzy first category sets (\;)’s are fuzzy nowhere dense sets in (X, T) and
hence, by theorem 3.12, (1 — A;)’s are fuzzy dense sets in (X,T). Then (1 — A;)’s
are fuzzy dense and fuzzy residual sets in (X, T'). Since (X, T) is a fuzzy e,-Volterra
space, cl( A, (1 — A;)) = 1. This implies that /(1 — VX, ();)) = 1 and hence
1 —int( VY, (N)) = 1. Therefore, int( VI, (X;)) = 0, where ();)’s are fuzzy first
category sets in (X, T). O

Proposition 3.14. If V2, (u;), where (u;)’s are fuzzy nowhere dense sets, is a fuzzy
nowhere dense set in a fuzzy Baire space (X, T), then (X,T) is a fuzzy e.-Volterra
space.

Proof. Let (X,T) be a fuzzy Baire space and (X;)’s (¢ = 1 to N) be fuzzy dense and
fuzzy residual sets in (X, T). Since (A;)’s are fuzzy residual sets, (1 — \;)’s are fuzzy
first category sets in (X,T') and hence 1 — A\; = V2, (145), where (u;5)’s are fuzzy
nowhere dense sets in (X, T). By hypothesis, (1 — \;)’s are fuzzy nowhere dense sets
in (X,T). Let (tta)’s be fuzzy nowhere dense sets in (X, T') in which the first N fuzzy
nowhere dense sets be 1— ;. Since (X, T) is a fuzzy Baire space, int(V3; (o)) = 0.
But int( VI, (1 —N)) < int( VoL, (1a)) and int( V32 (ue)) = 0.  Then
int(VI,(1=X\;)) <0. That is, int(VI,(1-X;)) =0. Thenint(1-A,(N\;)) =0
and hence 1 —cl( A, (\;)) = 0. This implies that cl( AL, ();)) = 1, where
(M\i)’s are fuzzy dense and fuzzy residual sets in (X, T"). Therefore (X, T) is a fuzzy
er-Volterra space. O

Proposition 3.15. If each fuzzy first category set is a fuzzy closed set in a fuzzy
Buaire space (X, T), then (X, T) is a fuzzy e,.-Volterra space.

Proof. Let (X,T) be a fuzzy Baire space and ()\;)’s (i = 1 to N) be fuzzy dense and
fuzzy residual sets in (X, T'). Since ()\;)’s are fuzzy residual sets, (1 — \;)’s are fuzzy
first category sets in (X,T). By hypothesis, the fuzzy first category sets (1 — \;)’s
are fuzzy closed sets in (X, T') and hence (\;)’s are fuzzy open sets in (X, 7). Since
(M\i)’s are fuzzy dense and fuzzy open sets in (X,T), by theorem 3.10, (1 — A;)’s
are fuzzy nowhere dense sets in (X,T). Let (uq)’s be fuzzy nowhere dense sets in
(X, T) in which the first N fuzzy nowhere dense sets be 1 —\;. Since (X, T) is a fuzzy
Baire space, int( VoL, (ta)) = 0. But int( VY, (1—X\)) <int( Ve, (1a)) and
int (V3 (fa)) = 0. Then int(VI,(1-X;)) <0. That is,int(VY,(1-X;)) =0.
Then int(1—AN;(X\)) =0 and hence 1—cl(AX, (X)) =0. This implies that
c( Ay (Ni)) = 1, where (\;)’s are fuzzy dense and fuzzy residual sets in (X, T).
Therefore (X, T) is a fuzzy &,-Volterra space. O

Theorem 3.16 ([14]). Let (X,T) be a fuzzy topological space. Then the following
are equivalent :
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(1) (X,T) is a fuzzy Baire space.
(2) int(X) =0 for every fuzzy first category set A in (X, T).
(3) cl(p) =1, for every fuzzy residual set p in (X,T).

Proposition 3.17. If a fuzzy .- Volterra space is a fuzzy Baire space, then cl(/\zN:1
(M) =1, where (X\;)’s are fuzzy residual sets in (X, T).

Proof. Let (A\;)’s (i = 1 to N) be fuzzy residual sets in (X, T). Since (X, T) is a fuzzy
Baire space, by theorem 3.16, cl(\;) = 1, V4. Then (\;)’s are fuzzy dense and fuzzy
residual sets in (X, T). Since (X,T) is a fuzzy ,-Volterra space, cl( ALy (\;)) = 1.
Therefore, cl( AL, (X)) =1, where (\;)’s are fuzzy residual sets in (X, T). O

Proposition 3.18. If AN | (\;) is a fuzzy residual set in a fuzzy Baire space (X, T),
where (A\;)’s are fuzzy residual sets, then (X, T) is a fuzzy e,.-Volterra space.

Proof. Let (A\;)’s (i = 1 to N) be fuzzy dense and fuzzy residual sets in (X,T).
Then, by hypothesis, AN ()\;) is a fuzzy residual set in (X,T). Since (X,T) is a
fuzzy Baire space, by theorem 3.16, cl( AN ()\z)) = 1. Hence cl( AN, ()\z)) =1,
where (\;)’s are fuzzy dense and fuzzy residual sets in (X, T'). Therefore (X,T) is a
fuzzy e,-Volterra space. O

Theorem 3.19 ([20]). In a fuzzy topological space (X, T), a fuzzy set X\ is fuzzy
o-nowhere dense if and only if 1 — X is a fuzzy dense and fuzzy Gs-set.

Proposition 3.20. Let (X,T) be a fuzzy e,.- Volterra space. Then int(VI,(\;)) = 0,
where (N\;)’s are fuzzy o-nowhere dense sets in (X, T).

Proof. Let (X,T) be a fuzzy e,.-Volterra space and (\;)’s (¢ = 1 to N) be fuzzy
o-nowhere dense sets in (X,T). Since ()\;)’s are fuzzy o-nowhere dense sets, by
theorem 3.19, (1 — \;)’s are fuzzy dense and fuzzy Gs-sets in (X,T). Then, by
theorem 3.4, (1 — \;)’s are fuzzy residual sets in (X, 7). Hence (1 — \;)’s are fuzzy
dense and fuzzy residual sets in (X,7T). Since (X,T) is a fuzzy e.-Volterra
space, c( AL, (1—=X)) =1. Then d(1—V¥(\)) =1, implies that
1—int (VY (N\)) = 1. Therefore int(VL,();) = 0, where ()\;)’s are fuzzy o-nowhere
dense sets in (X, 7). O

4. FUZZY €,-VOLTERRA SPACES

Definition 4.1. A fuzzy topological space (X, T) is said to be a fuzzy €,-Volterra
space if cl(AXY;()\;)) = 1, where (\;)’s are fuzzy pre-open and fuzzy Gs-sets in (X, T).

Example 4.2. Let X = {a,b,c}. The fuzzy sets A\,u and v are defined on X as
follows :

A: X — [0,1] is defined as A(a) = 0.8; A(b) =0.6; A(c) =0.7,

w: X —[0,1] is defined as u(a) = 0.6; w(d) =0.9; wp(c) =0.8,

v:X —[0,1] is defined as v(a) =0.7; v(b) =0.5; v(c)=0.9.
Clearly T' = {0, A\, t, U, AV p, AV U, u NV U AN, ANV, p AV AV (WAV), AN (V) pV
AAV), u AAVY), vV AAL),VAAV @), AV uV, XA pAv, 1} is a fuzzy topology
on X.
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Now the fuzzy sets AA (pV v), AA pAv and A A v are fuzzy pre-open and fuzzy
Gs-sets in (X, T) and ¢l ((AA (V) AAApAV)A(AAY)) = 1. Hence the fuzzy
topological space (X, T) is a fuzzy £,-Volterra space.

Example 4.3. Let X = {a,b,c}. The fuzzy sets A,u and v are defined on X as
follows :

A: X —[0,1] is defined as A(a) = 0.5; A(b) =0.4; A(c) =0.7; A(d) =0.8,

X —[0,1] is defined as p(a) = 0.5; p(b) =0.8; wu(c) =0.5; wu(d)=0.7

v:X —[0,1] is defined as v(a) = 0.5; v(b) =0.7; v(c) =0.6; v(d)=0.4.
Clearly T = {0, A\, t, Y, AV u, AV U, u VU AN, ANV, u AV AN (uV v), u A(AV V), vV
AN, v AAV p),AA Ay, 1} is a fuzzy topology on X.

Now the fuzzy sets A = AANAV ) AAVY), AAp = puA(uVY)ALV (AAR]AAA
(V) A[pA(AVY)] and AApAY = UAAAV)A(uAV) AV A(AV )] are fuzzy pre-open
and fuzzy Gs-sets in (X, T). But [ AANAA)AAApAY)]=1—(AApAv)# 1.
Hence the fuzzy topological space (X,T') is not a fuzzy e,-Volterra space.

Also, A and A A p are fuzzy dense and fuzzy residual sets in (X, T) and AA p Av
is a fuzzy residual set but not a fuzzy dense set in (X,T). Then cl]AA (A A p)] = 1.
Hence the fuzzy topological space (X,T') is a fuzzy e,-Volterra space.

Proposition 4.4. If (X,T) is a fuzzy €,-Volterra space, then int [\/fil(ui)] =0,
where (;)’s are fuzzy pre-closed and fuzzy F,-sets in (X, T).

Proof. Let (u;)’s (i = 1 to N) be fuzzy pre-closed and fuzzy F,-sets in (X,T).
Then (1 — p;)’s are fuzzy pre-open and fuzzy Gs-sets in (X, T). Since (X,T) is a
fuzzy e,-Volterra space, cl [Al;(1 — p;)] = 1. Then ¢l [1 — VX, (1;)] =1 and hence
1—int [V, (;)] = 1. Therefore, we have int [V, (1;)] = 0, where (u;)’s are fuzzy
pre-closed and fuzzy F,-sets in (X, T). O

Proposition 4.5. If (X,T) is a fuzzy €,-Volterra space, then (X,T) is a fuzzy
Volterra space.

Proof. Let (A\;)’s (i =1 to N) be fuzzy dense and fuzzy Gs-sets in a fuzzy topological
space (X, T). Since (\;)’s are fuzzy dense sets, cl(A;) = 1. Now intcl()\;) = int(1) =
1. Then \; <intcl();). Hence (\;)’s are fuzzy pre-open sets in (X, T'). Since (X, T)
is a fuzzy e,-Volterra space and (\;)’s are fuzzy pre-open and fuzzy Gs-sets in (X, T),
(A (N)) = 1. Hence cl(AY,(\:)) = 1, where ()\;)’s are fuzzy dense and fuzzy
Gs-sets in (X, T). Therefore (X,T) is a fuzzy Volterra space. O

Remark 4.6. The converse of the above proposition need not be true. That is,
a fuzzy Volterra space need not be a fuzzy ,-Volterra space. For, consider the
following examples:

Example 4.7. Let X = {a,b,c}. The fuzzy sets \,u and v are defined on X as
follows :

A: X —[0,1] is defined as A(a) = 1; A(b) =0.2; A(c) =0.9,

p: X —[0,1] is defined as p(a) =0.3; p(b) =1; wulc) =0.2,

v:X —[0,1] is defined as v(a) =0.7; v(b) =04; v(c)=1.
Clearly T = {0, A\, i, U, ANV p, ANV v, u VU AN, ANV, u AV AN (WA V), vV (AAY), VA
(AV ), 1} is a fuzzy topology on X.
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Now the fuzzy sets AANv = AAVA(uVV)AVAAV )] ApV (AAY)] and
vVAAV )= AV ) AV (pAV)]A(AV ) are fuzzy dense and fuzzy Gs-sets in
(X,T). Then cl(AAv) =1and cl[v A(AV )] =1. Also, dd(AAV)A[vA(AV p)] = 1.
Hence (X, T) is a fuzzy Volterra space.

Also, the fuzzy sets AAv = AAVA(VV)AVAAV )] AV AAY),
UAAVE) = (AV)AAV (uAV)IA(AVY) and AAp = AAUAVAAAR) A(AAV)A(pAY) are
fuzzy pre-open and fuzzy Gs-sets in (X, T). But [(AAV)A[VA AV u)]AAAR)] # 1
Hence (X, T) is not a fuzzy ,-Volterra space.

Example 4.8. Let X = {a,b,c}. The fuzzy sets \,u and v are defined on X as
follows :

A: X —[0,1] is defined as A(a) = 0.8; A(b) =0.5; A(c) =0.7,

p: X —[0,1] is defined as p(a) = 0.6; u(b) =0.9; wu(c) =04,

v:X —[0,1] is defined as v(a) = 0.4; v(b) =0.7; v(c)=0.8.

Clearly T = {0, A, t, U, AV i, AV U, u VU AN iy, ANV, p AV AN (WAV), AN (V) pV
AAV), u ANAVY), vV AAR),VAAV @), AV uVu, XA pAv, 1} is a fuzzy topology
on X.

Now the fuzzy sets « = AA AV ) A (pAV) AV (AAV)]AAA (V v)] and
B=vAAVV)AN(VV)ANLV AAR)]A AV pVY) are fuzzy dense and fuzzy Gs—sets
in (X,T). Also, cl(a A 8) = 1. Hence the fuzzy topological space (X,T) is a fuzzy
Volterra space.

Also, the fuzzy sets ANV = AANAAV)A [V AAV)]AAV ), vAAV ) =
UAAVV)A (V)AL (AAR) AV (pAY)] and AApAYy = pAAAR)A(pAr) are fuzzy
pre-open and fuzzy Gs-sets in (X, T). But cl [ AAV) AV AAV )] AAApAY)] =
1—(AAp)#1. Hence (X,T) is not a fuzzy €,-Volterra space.

Theorem 4.9 ([3]). Let A be a fuzzy set of a fuzzy topological space (X,T). Then
int(A) < pint(A) < X < pel(A) < cl(N).

Proposition 4.10. If pint(VY (1)) = 0, where (11;)’s are fuzzy pre-closed sets in
a fuzzy topological space (X,T), then (X,T) is a fuzzy €,- Volterra space.

Proof. Let (\;)’s (i =1 to N) be fuzzy pre-open and fuzzy Gs-sets in (X, T). Since
(X\i)’s are fuzzy pre-open sets, (1 — \;)’s are fuzzy pre-closed sets in (X,T). By
hypothesis, pint(VIY,(1 — A;)) = 0. This implies that 1 — pcl(AX;();)) = 0 and
hence pcl(AY;(X\i)) = 1. By theorem 4.9, pcl(AY;(\;)) < cl(AX;()\;)) implies that
1 < e(AX,(N\)). That is, cl(AX;(N\;) = 1. Therefore cl(AY(\;) = 1, where
(Ai)’s are fuzzy pre-open and fuzzy Gs-sets in (X, T), implies that (X, T) is a fuzzy
ep-Volterra space. O

Proposition 4.11. If pcl(AX.,(\;)) = 1, where (X\;)’s are fuzzy pre-open sets in a
fuzzy topological space (X, T), then (X,T) is a fuzzy €,- Volterra space.

Proof. Suppose that pcl(AXY,()\;)) = 1, where (\;)’s are fuzzy pre-open sets in a

fuzzy topological space (X,T). Then 1 — pel(AX;(\;)) = 0 implies that pint(1 —

AN (\)) = 0. Hence pint(VY (1 — X;)) = 0. Since ()\;)’s are fuzzy pre-open sets,

(1 — \;)’s are fuzzy pre-closed sets in (X, T). Since pint(VY (1 —);)) = 0, where

(1 = \;)’s are fuzzy pre-closed sets in (X, T), by proposition 4.10, (X,T) is a fuzzy

ep-Volterra space. O
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Theorem 4.12 ([3]). Let X be a fuzzy set of a fuzzy topological space (X, T). Then
(1) pcl(X) > AV cl int(N).
(2) pint(A) < AAint cl(N).

Proposition 4.13. If A = VY, (u;), where (11;)’s are fuzzy pre-closed sets, is a
fuzzy nowhere dense set in a fuzzy topological space (X, T), then (X,T) is a fuzzy
ep-Volterra space.

Proof. Suppose that A = VI | (1;), where (u;)’s are fuzzy pre-closed sets and X is
a fuzzy nowhere dense set in (X, 7). Then intcl(A\) = 0. By theorem 4.12
pint(A) < A Aintcl(N).  This implies that pint(A\) < AA0 = 0. Hence
pint(\) = 0. Therefore pint(VI¥,(11;)) = 0, where (u;)’s are fuzzy pre-closed sets
in a fuzzy topological space (X,T). Hence, by proposition 4.10, (X,T) is a fuzzy
€p-Volterra space. O

Proposition 4.14. If A = VY, (u;), where (11;)’s are fuzzy pre-closed sets, is a
fuzzy pre-nowhere dense set in a fuzzy topological space (X,T), then (X,T) is a
fuzzy e,- Volterra space.

Proof. Suppose that A = V¥ (u;), where (u;)’s are fuzzy pre-closed sets and A
is a fuzzy pre-nowhere dense set in (X, 7). Then pintpcl(A) = 0. Now A < pcl(N)
implies that pint(\) < pint pcl()\) and pintpcl(A) = 0 implies that pint(A) = 0. Then
pint(VY_,(u;)) = 0, where (u;)’s are fuzzy pre-closed sets in a fuzzy topological space
(X,T). Hence, by proposition 4.10, (X, T) is a fuzzy ,-Volterra space. O

The following proposition gives a condition, for a fuzzy €,- Volterra space, to be a
fuzzy €,-Volterra space.

Proposition 4.15. If each fuzzy pre-closed set is a fuzzy nowhere dense set in a
fuzzy e,.-Volterra space (X, T), then (X,T) is a fuzzy €,- Volterra space.

Proof. Let (X,T) be a fuzzy e,.-Volterra space and (\;)’s (¢ = 1 to N) be fuzzy
pre-open and fuzzy Gg-sets in (X, T). Since ()\;)’s are fuzzy pre-open sets, (1 —\;)’s
are fuzzy pre-closed sets in (X, T). By hypothesis, the fuzzy pre-closed sets (1—\;)’s
are fuzzy nowhere dense sets in (X, T'). Since (1—A;)’s are fuzzy nowhere dense sets,
by theorem 3.12, (\;)’s are fuzzy dense sets in (X, 7). Hence ()\;)’s are fuzzy dense
and fuzzy Gs-sets in (X,T). Then, by theorem 3.4, (\;)’s are fuzzy residual sets
in (X,T). Therefore (\;)’s are fuzzy dense and fuzzy residual sets in (X,T’). Since
(X,T) is a ep-fuzzy Volterra space, cl( AN, ();)) = 1. Hence cl( Al () =1,
where (\;)’s are fuzzy pre-open and fuzzy Gs-sets in (X, T), implies that (X,T) is
a fuzzy e,-Volterra space. O

The following propositions yield the conditions for fuzzy e,-Volterra spaces to be
fuzzy e,.-Volterra spaces.

Proposition 4.16. If a fuzzy ep,- Volterra space (X,T') is a fuzzy submazimal space,
then (X,T) is a fuzzy .- Volterra space.

Proof. Let (\;)’s (i = 1 to N) be fuzzy dense and fuzzy residual sets in (X,T).

Since (\;)’s are fuzzy dense sets in (X, T), cl(\;) = 1. Now intcl()\;) = int(1) = 1.

Then A; < intcl();). Hence (\;)’s are fuzzy pre-open sets in (X, T). Since ();)’s
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are fuzzy residual sets implies that (1 — \;)’s are fuzzy first category sets in (X, T).
Therefore 1 — A\; = V52, (1i5), where (j1;5)’s are fuzzy nowhere dense sets in (X, T').
Since (u;5)’s are fuzzy nowhere dense sets, by theorem 3.12, (1 — pu;;)’s are fuzzy
dense sets in (X,T). Since (X,T) is a fuzzy submaximal space, the
fuzzy  dense sets (1 — p;;)’s are fuzzy open sets in (X,T). Now
A=1—-(1-X\)=1- (\/;?O:1 (i) = A2 (1 = pij). Since (1 — p;5)’s are fuzzy
open sets, (\;)’s are fuzzy Ggs-sets in (X, T). Hence (\;)’s are fuzzy pre-open and
fuzzy Gs-sets in (X, T). Since (X,T) is a fuzzy e,-Volterra space, cl( AL, (\;)) = 1.
Hence, cl( AL, (X)) = 1, where ();)’s are fuzzy dense and fuzzy residual sets in
(X,T), implies that (X,T) is a fuzzy e,-Volterra space. O

Proposition 4.17. If each fuzzy nowhere dense set is a fuzzy closed set in a fuzzy
ep-Volterra space (X,T), then (X,T) is a fuzzy e,- Volterra space.

Proof. Let (A;)’s (1 =1 to N) be fuzzy dense and fuzzy residual sets in (X, T). Since
(A\;)’s are fuzzy dense sets in (X, T), cl(\;) = 1. Now intcl(\;) = int(1) = 1. Then
Ai <intcl(X;). Hence ()\;)’s are fuzzy pre-open sets in (X,7T). Since
(M\i)’s are fuzzy residual sets implies that (1 — \;)’s are fuzzy first category sets in
(X, T). Therefore 1 — A; = V52, (uij), where (p1;5)’s are fuzzy nowhere dense sets in
(X,T). By hypothesis, the fuzzy nowhere dense sets (u;;)’s are fuzzy
closed sets in (X,T). Then (1 —p;;)’s are fuzzy open sets in (X,7). Now
Ai=1—(1=X)=1— (V52 (1ij)) = N2y (1 — pag). Since (1 — p;)’s are fuzzy
open sets, (\;)’s are fuzzy Gs-sets in (X, T). Hence (\;)’s are fuzzy pre-open and
fuzzy Gs-sets in (X, T). Since (X, T) is a fuzzy ¢,-Volterra space, cl( AL, (\;)) = 1.
Hence cl( AX; (X;)) = 1, where (\;)’s are fuzzy dense and fuzzy residual sets in
(X, T), implies that (X,T) is a fuzzy e,-Volterra space. O

Proposition 4.18. If a fuzzy ep,- Volterra space (X,T) is a fuzzy nodec space, then
(X,T) is a fuzzy €,.-Volterra space.

Proof. Let (X, T) be a fuzzy €,-Volterra space and a fuzzy nodec space. Since (X, T)
is a fuzzy nodec space, each fuzzy nowhere dense set is a fuzzy closed set in (X, T).
Hence each fuzzy nowhere dense set is a fuzzy closed set in the fuzzy e,-Volterra
space (X, T). Therefore, by proposition 4.17, (X, T) is a fuzzy ¢,-Volterra space. [

5. CONCLUSIONS

The concepts of fuzzy e,-Volterra and fuzzy e,-Volterra spaces are introduced
and studied in this paper. The inter relations between fuzzy e,-Volterra spaces and
fuzzy e,-Volterra spaces are also investigated.
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