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1. INTRODUCTION

The concept of fuzzy set was first initiated by Zadeh[15] in 1965. After ten years,
Zadeh[10] introduced a new notion of fuzzy subsets viz., interval valued fuzzy subset
(in short i-v fuzzy subsets) where the values of the membership functions are closed
intervals of numbers instead of a number. Interval valued fuzzy sets have many ap-
plication in several areas. In [12], Rosenfeld defined fuzzy subgroup and gave some of
its properties. In 1991, Abou Said[!] introduced the idea of fuzzy subnear-rings and
fuzzy ideals in near-rings. Jun and Kim[5] and Davvaz[2, 3] applied a few concepts
of interval valued fuzzy subsets in near-rings. Deena and Coumaressane[] discussed
some concepts of generalized fuzzy ideals in near-ring. Narayanan et al.[10, 11] in-
troduced the concept of generalized fuzzy quasi-ideals of near-rings. Manikantan|7]
defined and discussed fuzzy bi-ideals of near-rings. Recently, Muhammad Shabir et
al.[8, 9] introduced and discussed some characterizations of fuzzy h-ideals of hemir-
ings with interval valued fuzzy set. In this paper we introduce the notion of i-v
fuzzy quasi-ideals of near-rings. We investigate some of their properties. We give
examples which are i-v fuzzy quasi-ideal and i-v fuzzy quasi-ideal but not i-v fuzzy
ideal of near-rings.

2. PRELIMINARIES

In this section, we list some basic concepts and well known results of interval
valued fuzzy set theory. Throughout this paper, R will denote a left near-ring.
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Definition 2.1 ([06]). A non-empty set R with two binary operations + and - is
called a near-ring if

(1) (R,+) is a group,

(2) (R,-) is a semigroup,

B)r-(y+z)=z-y+a-z forall z,y,z € R.
We use the word ’near-ring’ to mean ’left near-ring’. We denote xy instead of x - y.
Note that 0 = 0 and z(—y) = —zy but in general Ox # 0 for some z € R.

Definition 2.2 ([6]). An ideal I of a near-ring R is a subset of R such that

(4) (I,+) is a normal subgroup of (R, +),

(5) RI C 1,

(6) (¢ +1i)y —zy) € I for any ¢ € I and z,y € R.
Note that I is a left ideal of R if I satisfies (4) and (5), and I is a right ideal of R if
T satisfies (4) and (6).

Definition 2.3 ([5]). A two sided R-subgroup of a near-ring R is a subset H of R
such that

(i) (H,+) is a subgroup of (R, +),

(il) RH C H, (i) HR C H.
If H satisfies (i) and (ii) then it is called a left R-subgroup of R. If H satisfies (i)
and (iii) then it is called a right R-subgroup of R.

Definition 2.4 ([1]). Let R be a near-ring. Given two subsets A and B of R, the
product AB = {abla € A,b € B} and Ax B={(a' +b)a—d'ala, a’ € A, b€ B}.

Definition 2.5 ([10]). A subgroup @ of (R,+) is said to be a quasi-ideal of R if
QRNRAYNQ*R C Q.

Notation 2.6 ([13, 3]). By an interval number @, we mean an interval [a™,a™]
such that 0 < a= < at < 1 where ¢~ and a' are the lower and upper limits of
a respectively. The set of all closed subintervals of [0, 1] is denoted by D[0,1]. We
also identify the interval [a,a] by the number a € [0,1]. For any interval numbers
@i = [a],af],b; = [by,b}] € D[0,1],i € I we define

maXi{Ei,E} = [max{a;,b;},max{aj‘,b;" I,
min' {a;, b} = [min{a;, b }, min{a;", b7},

inf'@; = [ﬂa;, ma?‘] ,sup’a; = an;, Ua?‘]
iel el i€l el

1) G<b<e=a <b and at < bt,

=b<=a =b" and at = bt,

3) G<b<a<banda#b,

(4) ka = [ka™, ka™], whenever 0 < k < 1.
Definition 2.7 ([13]). Let X be a non-empty set. A mapping i : X — DI0,1] is
called an i-v fuzzy subset of X. For any z € X, ji(z) = [pu~ (z),u" (z)], where p~
and ut are fuzzy subsets of X such that p~(x) < p™(z). Thus fi(x) is an interval(a
closed subset of [0,1]) and not a number from the interval [0, 1] as in the case of a
fuzzy set.
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Let pi, v be i-v fuzzy subsets of X. The following are defined by
(1) i < 7 ji() < #(x). (2) fi = 7  filx) = ().
(3) (FUP)() = maxi{ii(@), o(x)}. (4) (@0 9) () = min' (i), 7).

Definition 2.8 ([13]). Let g be an i-v fuzzy subset of X and [t1, t2] € D[0,1]. Then
the set U(f : [t1,t2]) = {x € X | fi(x) > [t1,1t2]} is called the upper level set of fi.

Definition 2.9 ([14]). An i-v fuzzy subset i of a near-ring R is called an i-v fuzzy
subnear-ring of R if

(1) 7z — ) > mint {7i(z), 7(y) },

(2) ilzy) > min' {fi(z), 5 y)},
for all z,y € R.

An i-v fuzzy subset i of a near-ring R is called an i-v fuzzy ideal of R if i1 is an
i-v fuzzy subnear-ring of R and

(3) fi(x) = ply + = —y),

(4) p(zy) > p(y),

(5) m((z + i)y — zy) > A(i),
for any z,y,i € R.

Note that j is an i-v fuzzy left ideal of R if it satisfies (1), (3) and (4), and g is
an i-v fuzzy right ideal of R if it satisfies (1), (2), (3) and (5).

Definition 2.10 ([5]). An i-v fuzzy subset i of a near-ring R is called an i-v fuzzy
R-subgroup of R if for all z,y € R,

(1) ji(x — y) > min*{ji(x), ji(y) }.

(2) mlzy) > p(y),

(3) filzy) > fi(x).

Note that i is an i-v fuzzy left ideal of R if it satisfies (1) and (2), and 1 is an i-v
fuzzy right ideal of R if it satisfies (1) and (3).

3. INTERVAL VALUED FUZZY QUASI-IDEAL OF NEAR-RING

In this section, we introduce the notion of i-v fuzzy quasi-ideal of R. We character-
ize i-v fuzzy quasi-ideal of R. Throughout this paper, f; is an i-v fuzzy characteristic
function of a subset I of R and the i-v fuzzy characteristic function of R is denoted
by R, that means, R : R — D[0, 1] mapping every element of R to [1,1].

Definition 3.1. An i-v fuzzy subset ji of R is said to be an i-v fuzzy subgroup of
R if z, y € R implies fi(z — y) > min'{p(z), n(y)}.

Definition 3.2. An i-v fuzzy subgroup g of R is called an i-v fuzzy quasi-ideal of
Rif (aR) N (Ryz) N (+ R) € 1.
623
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Definition 3.3. Let f and ¢ be any two i-v fuzzy subsets of R. Then f Ny, f U
g, f +9, fg and f x g are i-v fuzzy subsets of R defined by:

(fN9)(x) = min'{f(z), §()}.
(fUG)(z) = max'{f(x), g(x)}.

~ supi_, .. min’{f(y), §(z)} if z can be expressed as x =y + 2
+ = v
(F+9)(@) {O otherwise.
(f~)( ) suph,_, min’{f(y), §(z)} if z can be expressed as ¥ = yz
xTr) =
g 0 otherwise.
sup;:(aﬂ)bfab min’{f(c), §(b)} if z can be expressed as
(f*9)(z) = x = (a+c)b— ab.
0 otherwise.

Example 3.4. Let R = {a, b, ¢, d} be a set with two binary operations is defined
as follows:

Qoo |+
S0 | X

[SEESYESRESI RS

a
a
b
c
d

QSO0

ISERSEESRECRES

c
a
a
a
b

QIO |

b
a
a
a
a
D

Then clearly (R, +, ) is a left near-ring. Let i : R — D|0, 1] be

R such that ji(a) = [0.5,0.6], u( ) =[0.3,0.4] and fi(c) = [0.2,0.3] = ji(d). Clearly i

is an i-v fuzzy subgroup of R. (uR)(a) = [0.5,0.6] = (Rp)(a) , similarly,(i*R)(a) =

0.5,0.6] and min' {(Rji)(a), (FR)(@), (i + R)(@)} = [0.5,0.6] = ji(a). Similanly,
3

(
(ER)(b) = (RA)(b) = (i R)(B) = [0.2,0.3], (FR)(¢) = (RA)(c) = (i*R)(c) = [0,0]
and (gR)(d) = (Rp)(d) = (z*R)(d) = [0,0]. Thus & is an i-v fuzzy quasi-ideal of
R.

e an i-v fuzzy subset of

\-’MU@@@@&

Lemma 3.5. Let i1 be an i-v fuzzy subset of R. If [ is an i-v fuzzy right ideal of R,
then [ is an i-v fuzzy quasi-ideal of R.

Proof. Let 2’ € R and 2’ = ab = (z + 2)y — zy, where a,b, z,y and z are in R. Then
((FR) N (RE) N (7 +R))(z")
= min'{(AR)(2), (RA)(a"), (i x R)(2")}
— min' {supt,_,, min' {7i(a), R(b)}, supt,_,, min' {R(a), fi(b)},
sup;/ (x+2z)y—ay mlnz{ﬁ(z),R(y)}}
— min' {sup'{7i(a)}, sup' {71}, sup* (7(2)} }
Since [ is an i-v fuzzy right ideal,i((z + 2)y — xy) > u(2).
< min’ {17, (@ + 2)y — ay) } = il(@ + 2)y - 29) = i().

If 2’ is not expressed as ' = ab = (x + z)y — 2y, then (ZRNRuNp*xR)(z') =0 <
a(z’). Thus pRNRaN g+ R C . Hence [ is an i-v fuzzy quasi-ideal of R. O
624



V. Chinnadurai et al. /Ann. Fuzzy Math. Inform. 11 (2016), No. 4, 621-631

Lemma 3.6. Let i be an i-v fuzzy subset of R. If i is an i-v fuzzy left ideal of R,
then @ is an i-v fuzzy quasi-ideal of R.

Proof. Let ' € R and ¢/ = ab = (z 4+ 2)y — zy, where a,b,z,y and z are in R.
Consider,

((AR) N (Rf) N (1 + R)) (')
= min'{(ER)("), (RA)(2'), (7 + R)(2')}
— min' {supl, _,, min‘{7i(a), R(b)}, supi,_,, min' (R(a), f(B)},
SUD (1 2y i {73(2), RAY)})
— min' {sup* {7i(a)}, sup' {i(b)}, sup {7i(2)}}
Since p is an i-v fuzzy left ideal,jz(ab) > f(b).

< min’ {I, ﬁ(ab)j} = ji(ab) = fi(z").

If 2’ is not expressed as ' = ab = (x + z)y — a2y, then (ZRNRuNp*xR)(z') =0 <
a(z’). Thus pgRN RN+ R C . Hence [ is an i-v fuzzy quasi-ideal of R. O

Theorem 3.7. Let i be an i-v fuzzy subset of R. If [i is an i-v fuzzy ideal of R, then
1 is an i-v fuzzy quasi-ideal of R.

However the converse of the Theorem 3.7 is not true in general which is demon-
strated by the following Example.

Example 3.8. Let R = {a,b,c,d} be a set with two binary operations defined as
follows:

+lalblc|d alblcl|d
alal|blcl|d alalalala
b |blald|c blalal|al|a
c|lcld|b|a clalalala
d|d|clal|b dla|b|c|d

Then clearly (R,+,-) is a left near-ring. Define an i-v fuzzy subset i : R — D[0, 1]
by fi(a) = [0.8,0.9],7i(b) = [0.6,0.7],7i(c) = [0.3,0.4] = p(d). Then (aR)(a)
[0.8,0.9], (Rpz)(a) = [0.8,0.9], (i * R)(a) = [0.8,0.9]. min"{(ZR)(a), (R)(a),
(z+*R)(a)} = min*{[0.8,0.9],[0.8,0.9],[0.8,0.9]} = [0.8,0.9] = fi(a). Thus & is an i-v
fuzzy quasi ideal of R and i is not an i-v fuzzy right ideal of R , since fi((c+b)d—cd) =
p(d) < p(b). Thus i is not an i-v fuzzy ideal of R.

Lemma 3.9. FEvery i-v fuzzy quasi-ideals in a zero-symmetric near-ring R is an i-v
fuzzy subnear-ring of R.
625
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Proof. Let p be an i-v fuzzy quasi-ideals of a zero-symmetric near-ring R. Choose
a,b,c,x,y,z € R such that a = bc = (z + z)y — xy. Then

fibe) = fi(a) > min'{(FR)(a), (Rp)(a) (u * R)(a)}
= min' {sup},_,, min* {7i(b), R(c)}, supl,_,,, min' {R(b), fi(c)},
SUDE_ (y o)y i’ {71(2), R(y)}}
> min' {sup},_y, min' {7i(b), R(c)}, sup}_, min’ {fi(c), R(b)},
SUPZ=(0+c)b—0b mini{ﬁ(c) I3
c), i(c)}
}.

Therefore fi(be) > min®{7i(b), fi(c)} and since 1 is an i-v fuzzy quasi-ideal of a zero-
symmetric near-ring R, then (b — ¢) > min'{p(d), i(c)} for all b,c¢ € R. Thus p is
an i-v fuzzy subnear-ring of R. g

— min' {fi(b), i

(¢)
— min' {ji(b), fi(c)

c

Theorem 3.10. Let i be an i-v fuzzy subset of R. Then fi is an i-v fuzzy quasi-
ideal of R if and only if upper level subsets U(f : [t1,t2]) is a quasi-ideal of R, for
all [thtz] € D[O, 1} with [tl,tg] 7& [0,0}

Proof. Assume that 1 is an i-v fuzzy quasi-ideal of R. Let [t1,t2] € DI0,1] with
[tl,tg] 7é [0,0} Let X,y € U(IE : [tl,tg]). Then /7(1’) > [tlat‘2] and ﬁ(y) > [tl,tg].
Since fi is an i-v fuzzy quasi-ideal of R, we have i(z—y) > min*{z(z), i(y)} > [t1,t2].
It follows that  —y € U(f : [t1,2]). Let 2’ € Rand 2’ € U(i: [ta, L] )RNRU (i :
[t1,t2]) NU (1 : [t1,t2]) x R. If there exist a,b1,2 € U(n : [t1,t2]) and a1, b, 2,y € R
such that ' = ab = a1by = (z + 2)y — zy. Then u(a) > [t1,t2], 1(b1) > [t1,t2] and
(z) > [t1,t2]. Thus
fi(z") > (PRNREN i+ R)(2')
= min' {(AR)(a"), (R)(z), (7 x R)(a")}
— min' {supl,_, min* {7i(a), R(D)}, supts_,,, min' {R(ay), (b},
supfc':(x—&-z)y—xy) mini{ﬁ(z)a R(y)}}
= minz{suplx’:ab{ﬁ(a’)}a Supzz’:albl {ﬁ(bl)}ﬂ Sup;’:(m-&-z)y—zy) {ﬁ(z)}}

This implies that i(z') > [t1, 5] and so 2’ € U(fi : [ty, t5]), that is, U(f : [t, t2]) RN
RU(fi : [t1,t2)) NU(fi ¢ [t1,t2]) * R C U(ji : [t1,t2]) and hence U(fi : [t1,t2]) is a
quasi-ideal of R.

Conversely, assume that U(fi : [t1,t2]), [t1,t2] € D[0,1] with [t1,t2] # [0,0], is a
quasi-ideal of R. Let 2’ € R. Suppose that (kR NRuz Nz *R)(z") > u(z’). Choose
[0,0] < [t1,t2] < [1,1] such that (ZRNRuNp*R)(z") > [t1,t2] > f(z'). This implies
that (ZR)(z') > [t1, 1], Ru)(z") > [t1,t2] and (* R)(z") > [t1,t2]. So,

(AR)(z") = supf,_,, min'{fi(a), R(b)} = supf,_,,{fi(a)} = [t1,t2] and

(Ri)(z") = supy_g,p, min'{R(a1), fi(b1)} = supfr_y,, {A(b1)} > [t1,t2] and
(1 R)(2") = 8UPy_ (4 2y gy MIN{(2), R(Y)} = SUDL_ 5y 1)y 1A(2)} 2 [E1, P2]-
Then a,by,z € U(ii : [t1,t2]). Since U(p : [t1,t2]) is a quasi-ideal of R, then
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' =abeU(fi: [t1,ta))Ry2’ = arby € RU(fi : [ty t2)) and 2’ = (z+2)y—ay € U(f :
[t1,t5]) * R. Thus 2’ € U(fi : [t1, t2]) RN RU( : [t1,t2]) N U : [t1, £2]) * R, that is,
2/ € U(Ji: [tr,t2]), because U([i : [t1,t2]) is a quasi-ideal of R. Thus fi(z') > [ty, t],
which is a contradiction. Therefore, tR "Rz N+ R C g and hence g is an i-v
fuzzy quasi-ideal of R. O

Lemma 3.11. Let A and B be two nonempty subsets of R. Then the following
properties hold:
(1) fan fB = fans.
(2) faU f5 = faus-
(3) fafs = faB-
(4) fa* fB = faxB-

Lemma 3.12. Let Q be a subgroup of R. Then Q is a quasi-ideal of R if and only
if fo is an i-v fuzzy quasi-ideal of R.

Proof. Assume that @Q is a quasi-ideal of R. Then f@ is an i-v fuzzy subgroup of R.

(foR) N (RfQ) N (fo *R) = (fofr) N (frfQ) N (fq * fr)
= fQR N fRQ N fQ*R

= fornrgnoxr C fo.

This means that fQ is an i-v fuzzy quasi-ideal of R.

Conversely, let us assume that fqg is an i-v fuzzy quasi-ideal of R. Let = be any
element of QR N RQ N Q * R. Then, we have

fo(@) > (fQRNR fon fo+R)(z)
— min’ { (JoR)(@), (R fo)(@), (Jq * R)() }
= min' { (fofn)(@), (frfa) (@), (o * fr)(x)}
= min' { for (@), fro (@), fo.n(z) }
— Fornranqen(@) = 1.
This implies that 2 € Q and so QR N RQ N Q * R C Q. This means that Q is a

quasi ideal of R.
O

Theorem 3.13. Every i-v fuzzy right R-subgroup of R is an i-v fuzzy quasi-ideal.
627
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Proof. Assume that p is an i-v fuzzy right R-subgroup of R. Let a,b,z,y,2z € R be
such that 2’ = ab = (z + z)y — xy. Then

((AR) N (R2) N (7 + R))(2")
= min*{(AR)(z), (R)(«"), (7 * R)(2")}
= min' {supj, _,;, min'{7i(a), R(b)}, supg_q, min' {R(a), 4(b)}, (7 + R)(z')}}
— min {supt (7(a)}, sup* (7)), (7 * R)(x)
Since [ is an i-v fuzzy right R-subgroup of R,fi(ab) > fi(a).

< min' {ji(ab), R(), R((z + 2)y — o)}

= min'{fi(ab), 1,1} = fi(ab) = fi(a”).
Therefore 1 is an i-v fuzzy quasi-ideal of R. g
Theorem 3.14. Every i-v fuzzy left R-subgroup of R is an i-v fuzzy quasi-ideal.

Proof. Assume that g is an i-v fuzzy left R-subgroup of R. Let a,b,z,y,z € R be
such that 2’ = ab = (z + z)y — xy. Then

((7R) N (Rji) N (i + R)) (')

= min'{(AR)(2"), (RA)(z), (7 * R) (")}

= min’ {sup, _,, min'{fi(a), R(0)}, supy_op min' {R(a), (b)}, (1 * R)(2)}}

— min {sup' {fi(a)}, sup* ()}, (7 « R) (')}

Since f is an i-v fuzzy right R-subgroup of R,pi(ab) > fi(b).

< min’ {R(a), fi(ab), R((@ + 2)y - ay)} = min’ {1, i(ab), T} = fi(ab) = fi(a").
Therefore i1 is an i-v fuzzy quasi-ideal of R. O
Theorem 3.15. FEvery i-v fuzzy R-subgroup of R is an i-v fuzzy quasi-ideal.
Proof. The proof is straightforward from Theorem 3.13 and Theorem 3.14. 0

The converse of the Theorem 3.15 is not true in general as shown in following
Example.

Example 3.16. Let R = {0, a,b,c} be a set with two binary operations + and - is
defined as follws:

+10la|b]|c Ola|b|c
0|0|al|b|c 0|0|a|0|a
alal0|cl|b al0|lal|0|a
b |blc|0|a b|O0|la|b|c
c|lc|blal0 c|O0|lal|b|c
Then clearly (R,+,-) is a left near-ring. Let i : R — DJ[0,1] be an i-v fuzzy
subset defined by r(0) = [0.7,0.8], i(a) = [0.2,0.3] = u(b) and n(d) = [0.4,0.6].
Thus, (zR)(0) = [0.7,0.8], (Rz)(0) = [0.7,0.8], ( *R)(0) = [0.7,0.8],
(iR)(a) = [0.7,0.8], (Rfz)(a) = [0.4,0.6], (2 + R)(a) = 0,
(1R)(b) = [0.4,0.6], (Rp)(b) = [0.4,0.6], (1 + R)(b) = [0 0.6, and
(iR)(c) = [0.4,0.6], (Rp)(c) = [0-470-6]7 (*R(c) =
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Hence 11 is an i-v fuzzy quasi-ideal of R. But g is not an i-v fuzzy R-subgroups of R,
because 1(0c) = f(a) = [0.2,0.3] < [0.4,0.6] = fi(c) and fi(ca) = f(a) = [0.2,0.3] <
[0.4,0.6] = f(c).
Theorem 3.17. Let i be an i-v fuzzy subset of R. Then i = [u~, pt] is an i-v fuzzy
quasi-ideal of R if and only if u=,u™ are fuzzy quasi-ideals of R.
Proof. Assume that i is an i-v fuzzy quasi-ideal of R. For any z,y € R, we have
(2 —y)] = Az — y) = min'{{(z), Ay)}

= min'{[u~ (z), " ()], [~ (), ¥ (W]}

= [min{p~ (), u” ()}, min{p* (@), u* (1) }]-

It follows that u~ (2 —y) > min{p~ (), p~ (y)} and p* (z —y) > min{p™ (2), u™* (y)}.
Thus g is an additive subgroup of R. Next,

(" R)NER 7 p7)N (e *R7)) (@), (LR NR ) N (n" «RT))(2)]
= ((ER) N (Rp) N (5= R))(x)
< A(z) = [ (2), 1" (2)]-
It follows that (" R7)N (R )N (p~ *R))(x) < p~ () and
(LR N(RTpF) N (p* =« RY))(2) < pF ().
Therefore ;= and pT are fuzzy quasi-ideals of R.
Conversely, assume that 4~ and pu* are fuzzy quasi-ideals of R and z € R

(ie)(p " RT)NR7p™) N (u~ *R7)(2) < p™(2).
(WRT)N(RFpF) N (ph *RT))(z) < pt ().

((FR) N (Rf2) N (7 * R))(x)
=[(WRTNRp~ Np~ *R7)(2), @ RTNRTp* np® +«RY)(2)]
< [ (2), pT(2)] = pi(x).

Therefore 1 is an i-v fuzzy quasi-ideal of R. O

= (r—y),p

Theorem 3.18. Let {ji; : i € Q} be any family of i-v fuzzy quasi-ideals of R. Then

w= () i is also an i-v fuzzy quasi ideal of R, where Q is an index set.
ieQ

Proof. Let {fi; : i € Q} be i-v fuzzy quasi-ideals of R. Let z,y € R. By Theorem 3.1
of [14], p is an i-v fuzzy subgroup of R. Since g = () f; C fi;, for every i € Q. Let
z € R. Then e
(FRORaNpxR)(x) < (R VRt O i« Ri)(2)
since j1; is an i-v fuzzy quasi-ideals of R.

< i(x), for every i € Q.
This implies that
ERORENGHR) (@) < nf' (o) i € 2} = () 7 ) () = o).
Thus, (FRNRzNp*R) C . Hence = () f; is an i-v fuzzy quasi-ideal of R. O

i€Q
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Theorem 3.19. Let R be a zero-symmetric near-ring and i be an i-v fuzzy subgroup
of R. Then the following conditions are equivalent:

(1) v s an i-v fuzzy quasi-ideal of R.

(i6) FR N RL C .
Proof. Let R be a zero-symmetric near-ring and g be an i-v fuzzy subgroup of R.

(i)=(ii): Assume that g be an i-v fuzzy quasi-ideal of R. This implies that
pRNARpNuxR C . Since [ is an i-v fuzzy subgroup of R, then we have (0) > f(z),
for all € R. Clearly, R(z) = 1, for all z € R. Then (ZR)(0) > (ZR)(z), for all
x € R. By our assumption R is a zero-symmetric near-ring, then pfR N Ry C i x R.
It is clear that kR N R C .

(ii)=(i): Let € R. Then

(AR ARjiNi* R)(2) = min'{(iR)(x), (Rfi) (), (i * R)(x)}
< min' {(R) (x), (RjD) ()}

< (ERNRp)(z) < p(z).
Hence ptRNR N+ R C g and f is an i-v fuzzy quasi-ideal of R. O
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