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1. Introduction

A lot of work have been done in fuzzy metric spaces and fuzzy normed linear
spaces. For reference please see [1, 3, 4, 8, 9, 16, 22]. In 1997, C. Alsina et al.[2]
first introduced the idea of real probabilistic inner product space. Following their
concept, R. Biswas[7], A. M. El-Abyed & H. M. Hamouly[10] were the first who gave
a meaningful definition of fuzzy inner product spaces. On the other hand Kohli &
Kumar[14], Majumdar & Samanta[15], Hasankhani, Nazari & Saheli[12], Goudarzi
& Vaezpour[11], S. Vijayabalaji[23], Mukherjee & Bag[17], Ramakrishnan[21], Beula
& Gifta[6] studied different properties of fuzzy inner product spaces and fixed point
theorems.
In [18], we redefine the definition of fuzzy inner product introduced by M.Goudarzi &
S.M.Vaezpour[11] and choose t-norm ∗ as ’min’ to establish a decomposition theorem
which help us to develop more results in fuzzy inner product spaces.
In [19], we consider complex linear space and introduce a definition of fuzzy inner
product (complex) space. We establish a decomposition theorem from a fuzzy inner
product into a family of crisp inner products. Using this concept, in this paper,
we study some results on fuzzy inner product spaces and establish some fixed point
theorems in such spaces.
The organization of the paper is as follows:
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Section 2, provides some preliminary results which are used in this paper.
In Section 3, concept of α-fuzzy convergent sequence is given .
Some fixed point theorems in fuzzy inner product spaces are established in Section
4.

2. Preliminaries

In this section some definitions and preliminary results which are used in this
paper are given.

Definition 2.1 ([3]). (Bag & Samanta)
Let U be a linear space over a field F ( field of real / complex numbers ). A fuzzy

subset N of U × R (R is the set of real numbers) is called a fuzzy norm on U if
∀x, u ∈ U and c ∈ F, following conditions are satisfied:

(N1) ∀t ∈ R with t ≤ 0, N(x , t) = 0,
(N2) ( ∀t ∈ R, t > 0, N(x , t) = 1 ) iff x = 0,
(N3) ∀t ∈ R, t > 0, N(cx , t) = N(x , t

|c| ) if c 6= 0,

(N4) ∀s, t ∈ R, x, u ∈ U, N(x+ u , s+ t) ≥ min{N(x , s) , N(u , t)},
(N5) N(x , .) is a non-decreasing function of R and lim

t→∞
N(x , t) = 1.

The pair (U , N) will be referred to as a fuzzy normed linear space.

Theorem 2.2 ([3]). Let (U , N) be a fuzzy normed linear space.
Assume further that,
(N6) ∀t > 0, N(x , t) > 0 implies x = 0.
Define ||x||α = ∧{t > 0 : N(x , t) ≥ α}, α ∈ (0 , 1).
Then {|| ||α : α ∈ (0 , 1)} is an ascending family of norms on U and they are called
α-norms on U corresponding to the fuzzy norm N on U.

Definition 2.3 ([3]). Let (U , N) be a fuzzy normed linear space. A subset A of U
is said to be bounded iff ∃ t > 0 and 0 < r < 1 such that N(x, t) > 1− r ∀ x ∈ A.

Definition 2.4 ([4]). Let (U , N) be a fuzzy normed linear space. A subset F of
U is said to be l-fuzzy closed if for each α ∈ (0 , 1) and for any sequence {xn} in
F and x ∈ U, (limn→∞N(xn − x , t) ≥ α ∀t > 0) ⇒ x ∈ F.
Proposition 2.5 ([4]). Let (U , N) be a fuzzy normed linear space satisfying (N6)
and F ⊂ U . Then F is l-fuzzy closed iff F is closed w.r.t. || ||α (α − norm of N)
for each α ∈ (0 , 1).

Definition 2.6 ([5]). Let U and V be two linear spaces over the same field of
scalars. Let N1 and N2 be two fuzzy norms on U and V respectively. A mapping
T : (U, N1) → (V, N2) is said to be sectional fuzzy continuous at x0 ∈ U , if
∃ α ∈ (0, 1) such that for each ε > 0,∃ δ > 0 such that
N1(x− x0, δ) ≥ α⇒ N2(T (x)− T (x0), ε) ≥ α ∀ x ∈ U .
If T is sectional fuzzy continuous at each point of U , then T is said to be sectional
fuzzy continuous on U .

Lemma 2.7 ([5]). Let U and V be two linear spaces over the same field of scalars.
Let N1 and N2 be two fuzzy norms on U and V respectively. A mapping T :
(U, N1) → (V, N2) is sectional fuzzy continuous iff T : (U, || ||1α) → (V, || ||2α)
is continuous for some α ∈ (0, 1).
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Definition 2.8 ([19]). Let V be a linear space over F (R or C). Define µ : V × V ×
F → [0, 1] such that ∀x, y, z ∈ V, t ∈ F, the following conditions hold:

(CFI-1) µ(x, x, t) = 0 ∀ t having Rl t < 0 and Im t = 0.
(CFI-2) (µ(x, x, t) = 1 ∀ t having Rl t > 0 and Im t = 0) iff x = θ.
(CFI-3) µ(x, y, t) = µ(y, x, t̄).
(CFI-4) For any scalar k having Im k = 0 and t 6= 0,

µ(kx, y, t) =

 1− µ(x, y, t
k ) if k ∈ R−,

H(t) if k = 0,
µ(x, y, t

k ) otherwise.

Where H : F → [0, 1] defined by

H(t) =

{
1 if t ∈ R+

0 otherwise.

(CFI-5) (a) For Rl t, Rl s > 0 µ(x + y, z, Rl t + Rl s) ≥ µ(x, z, Rl t) ∧
µ(y, z, Rl s).

(b) For Im t, Im s > 0 µ(x+y, z, Im t+ Ims) ≥ µ(x, z, Im t)∧µ(y, z, Ims).
where Rl t is the real part of t and Im t is the imaginary part of t.

(CFI-6) lim
Rl t→∞

µ(x, y, t) = 1.

Then µ is said to be a fuzzy inner product and (V, µ) is a fuzzy inner product space.

Theorem 2.9 ([19]). Let (V, µ) be a fuzzy inner product space. Further assume
that ∀ s, t ∈ R and ∀ x, y ∈ X,

(CFI-7) µ(x, y, st) ≥ µ(x, x, s2) ∧ µ(y, y, t2).
Define a function N : X ×R→ [0, 1] by

N(cx, t) =

{
µ(|c|x, |c|x, t2) if t > 0,
0 otherwise.

Then N is a fuzzy norm on X. We call this norm as induced norm of µ.

Theorem 2.10 ([19]). Let (V, µ) be a fuzzy inner product space. Further assume
that for x, y ∈ V ,

(CFI-8) µ(x, x, t) = 0 ∀ Im t 6= 0 and {∀ t > 0 : µ(x, x, t) > 0} ⇒ x = θ}.
Also assume that

(CFI-9) µ(ix, y, Rl t) = µ(x, y, Im t
i ), µ(ix, y, Im t) = µ(x, y, Rl ti ).

Define for α ∈ (0, 1),〈
x, y

〉
α

= ∧{t > 0 : µ(x, y, t) ≥ α}+ ∨{t < 0 : µ(x, y, t) ≤ 1− α}if t ∈ R〈
x, y

〉
α

= {∧(Rl t > 0) + ∨(Rl t < 0) + i ∧ (Im t > 0) + i ∨ (Im t < 0) :

µ(x, y, Rl t) ≥ α, µ(x, y, Im t) ≥ α, µ(x, y, t) ≥ α} otherwise.
Then {

〈
,
〉
α

: α ∈ (0, 1)} is a family of inner product in V . We call these inner
products as α-inner products corresponding to the fuzzy inner product µ.

Definition 2.11 ([20]). Let (X, N) be an l-fuzzy complete normed linear space
and C be an l-fuzzy closed convex subset of X. Then f : C → X is said to be
fuzzy demicompact if it has the property that whenever {xn} is a fuzzy bounded
sequence in C and there is α ∈ (0, 1), for which for any t > 0 ∃ M(t) such that
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N(f(xn) − (xn), t) ≥ α ∀ n ≥ M(t), then ∃ a subsequence {xni} of {xn} which is
convergent.

Proposition 2.12 ([20]). Let (X, N) be an l-fuzzy complete normed linear space
satisfying (N6). Let C be an l-fuzzy closed, convex subset of X and f : C → X be
fuzzy demicompact. Then f is demicompact w.r.t. || ||α ∀ α ∈ (0, 1) where || ||α is
an α-norm of N .

Theorem 2.13 ([13]). Let C be a fuzzy bounded, closed and convex set of a Hilbert
space X and f : C → C be a strictly pseudocontractive mapping. Then for any
x0 ∈ C and any r ∈ (k, 1) the sequence {fns′(x0)} where
s′ = 1− (1− k)s where s ∈ (0, 1) is fixed and
fs′ = s′I + (1− s′)fs, fs = sf + (1− s)I
converges weakly to a fixed point of f and if f is demicompact then the convergence
is strong.

Theorem 2.14 ([13]). Let C be a closed subset of a Hilbert space X. Suppose
f : C → X be a continuous T -quasi nonexpansive mapping satisfying the following
conditions:

1. For every x ∈ C − F (f), ∃ px ∈ F (f) and k ∈ (0, 1) such that

||f(x)− px|| < ||x− px||.
2. ∃ x0 ∈ C such that {fn(x0)} are in C, ∀ n ≥ 1 and the sequence {fn(x0)}

contains a convergent subsequence converging to a point x′ in C.
Then x′ ∈ F (f) and lim

n→∞
xn → x′.

Theorem 2.15 ([13]). Let X be a Hilbert space and C be a set in X. Suppose
that f : C → C is a nonexpansive mapping and F (f) contains an open set. Then
Cauchy-Picard sequence {fn(x)}, x ∈ C converges to a point in C.

Theorem 2.16 ([13]). Let X be a Hilbert space and C be closed, convex and bounded
set in X. Suppose that f : C → C is a nonexpansive mapping and F (f) = {x′}.
Then for any x0 in C, the sequence {fn(x0)} is weakly convergent and converges
weakly to x′.

Theorem 2.17 ([13]). Let X be a Hilbert space and C be closed, convex and bounded
set in X. Suppose that f : C → C is a nonexpansive mapping. Then for any x0 in
C, the sequence {fn(x0)} converges weakly to a fixed point of f .

3. Some observations in fuzzy inner product spaces

In this section we get a fuzzy norm on the field (R or C) and using this norm we
give the definition of α-fuzzy weakly convergent sequences.

Example 3.1. Let (V,
〈
,
〉
) be an inner product space. Define µ : V×V×F → [0, 1]

by,
For c = 0, µ(cx, y, t) = H(t).
For c 6= 0,

µ(cx, y, t) =

{
1 if Rl t > Rl

〈
cx, y

〉
or Rl t = Rl

〈
cx, y

〉
when Rl t < 0

0 if Rl t < Rl
〈
cx, y

〉
or Rl t = Rl

〈
cx, y

〉
when Rl t ≥ 0.

Then µ is a fuzzy inner product on V satisfying (CFI-7)
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Proof. (CFI-1) Let Rl t < 0 and Im t = 0. Since
〈
x, x

〉
≥ 0, Rl t < Rl

〈
x, x

〉
.

Thus µ(x, x, t) = 0.
(CFI-2) µ(x, x, t) = 1 ∀ t having Rl t > 0 and Im t = 0. Then Rl t > Rl

〈
x, x

〉
or Rl t = Rl

〈
x, x

〉
when Rl t < 0. Since Rl t > 0, Rl t > Rl

〈
x, x

〉
∀ Rl t > 0.

Thus Rl
〈
x, x

〉
= 0. So x = θ.

Conversely let x = θ. Then
〈
x, x

〉
= 0. Thus ∀ t having Rl t > 0 and Im t =

0, Rl t > Rl
〈
x, x

〉
. So µ(x, x, t) = 1.

(CFI-3) Suppose µ(x, y, t) = 1. Then

Rl t > Rl
〈
x, y

〉
or Rl t = Rl

〈
x, y

〉
when Rl t < 0

⇒ Rl t̄ > Rl
〈
x, y

〉
or Rl t̄ = Rl

〈
x, y

〉
when Rl t̄ < 0

⇒ Rl t̄ > Rl
〈
y, x

〉
or Rl t̄ = Rl

〈
y, x

〉
when Rl t̄ < 0.

Thus µ(y, x, t̄) = 1.
Similarly we have the result for µ(x, y, t) = 1

2 and µ(x, y, t) = 0.
So µ(x, y, t) = µ(y, x, t̄) in any case.

(CFI-4) For c = 0, by definition µ(cx, y, t) = H(t). Let c ∈ R− and t 6= 0.
Then µ(cx, y, t) = 1. Thus

Rl t > Rl
〈
cx, y

〉
or Rl t = Rl

〈
cx, y

〉
when Rl t < 0

⇒ Rl tc < Rl
〈
x, y

〉
or Rl tc = Rl

〈
x, y

〉
when Rl tc > 0.

So µ(x, y, t
c ) = 0. Hence µ(cx, y, t) = 1 = 1− 0 = 1− µ(x, y, t

c ).
Now µ(cx, y, t) = 0. Then

Rl t < Rl
〈
cx, y

〉
or Rl t = Rl

〈
cx, y

〉
when Rl t > 0

⇒ Rl tc > Rl
〈
x, y

〉
or Rl tc = Rl

〈
x, y

〉
when Rl tc < 0.

Thus µ(x, y, t
c ) = 1. So µ(cx, y, t) = 0 = 1 − 1 = 1 − µ(x, y, t

c ). Hence

µ(cx, y, t) = 1− µ(x, y, t
c ).

Now let c > 0. Then µ(cx, y, t) = 1. Thus

Rl t > Rl
〈
cx, y

〉
or Rl t = Rl

〈
cx, y

〉
when Rl t < 0

⇒ Rl tc > Rl
〈
x, y

〉
or Rl tc = Rl

〈
x, y

〉
when Rl tc < 0.

So µ(x, y, t
c ) = 1. Hence µ(cx, y, t) = 1 = µ(x, y, t

c ).

Similarly µ(cx, y, t) = 0. Thus µ(x, y, t
c ) = 0. Therefore µ(cx, y, t) =

µ(x, y, t
c ).

(CFI-5) (a) If µ(x, z, Rl t) ∧ µ(y, z, Rl s) = 0, then there is nothing to prove.
If µ(x, z, Rl t) ∧ µ(y, z, Rl s) = 1, then µ(x, z, Rl t) = µ(y, z, Rl s) = 1. Thus

Rl t > Rl
〈
x, z

〉
or Rl t = Rl

〈
x, z

〉
when Rl t < 0

and

Rl s > Rl
〈
y, z

〉
or Rl s = Rl

〈
y, z

〉
when Rl s < 0.

So
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Rl t+Rl s > Rl
〈
x, z

〉
+Rl

〈
y, z

〉
= Rl

〈
x+ y, z

〉
or

Rl t+Rl s = Rl
〈
x+ y, z

〉
when Rl t+Rl s < 0.

Hence µ(x+ y, z, Rl t+Rl s) = 1 ≥ µ(x, z, Rl t) ∧ µ(y, z, Rl s).
The proof of the part (b) is similar to (a) as Im t is a real number.

(CFI-6) Clearly lim
Rl t→∞

µ(x, y, t) = 1.

(CFI-7) If µ(x, x, s2) ∧ µ(y, y, t2) = 0, then there is nothing to prove.
If µ(x, x, s2)∧µ(y, y, t2) = 1, then µ(x, x, s2) = µ(y, y, t2) = 1. Thus s2 >

〈
x, x

〉
and t2 >

〈
y, y

〉
So s2t2 >

〈
x, x

〉 〈
y, y

〉
= ||x||2 ||y||2 ≥ |

〈
x, y

〉
|2 (by Cauchy-Swartz inequality).

Hence st > |
〈
x, y

〉
| ≥ Rl

〈
x, y

〉
(since s, t > 0) and thus

µ(x, y, st) = 1 ≥ µ(x, x, s2) ∧ µ(y, y, t2).
So µ is a fuzzy inner product on V satisfying (CFI-7).
Therefore, by Theorem 2.9, we get a norm function(Bag & Samanta type) as

N(cx, t) =

{
µ(|c|x, |c|x, t2) if t > 0,
0 otherwise.

�

Remark 3.2. Take V = R or C.
Then (V, µ2) is a fuzzy inner product space satisfying (CFI-7) where µ2 is given in
Example 3.1.
Thus induced norm N2 of µ2 is given by

N2(cx, t) =

{
µ(|c|x, |c|x, t2) if t > 0
0 otherwise

which is equivalent to

N2(x, t) =

{
1 if t > |x|
0 if t ≤ |x|. (3.2.1)

Clearly N2 satisfies (N6).

Definition 3.3. Let (X, N) be a fuzzy normed linear space satisfying (N6) and
α ∈ (0, 1). A sequence {xn} in X is said to be α-fuzzy weakly convergent and
converges to x if ∀ f ∈ X∗α, where f : X → Y ,
lim
n→∞

N2(f(xn)− f(x), t) > α ∀ t > 0.

where (Y, N2) is a fuzzy normed linear space and Y = R or C and N2 is given by
(3.2.1).

Proposition 3.4. Let (X, N1) be a fuzzy normed linear space satisfying (N6) and
α ∈ (0, 1). Then a sequence {xn} in X is α-fuzzy weakly convergent iff {xn} is
weakly convergent w.r.t. || ||α (α-norm of N1).

Proof. First we suppose that {xn} is α-fuzzy weakly convergent sequence in X.
Then ∀ f ∈ X∗α, lim

n→∞
N2(f(xn)− f(x), t) > α ∀ t > 0.

⇒ for ε > 0, ∃ N(ε) such that lim
n→∞

N2(f(xn)− f(x), ε) > α ∀ n ≥ N(ε)
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⇒ |f(xn)− f(x)| ≤ ε ∀ n ≥ N(ε)
⇒ lim

n→∞
|(f(xn)− f(x)| = 0

⇒ xn → x weakly w.r.t. || ||α.
Conversely suppose that {xn} is weakly convergent and converges to x w.r.t. || ||α.

Then ∀ f ∈ X∗α, lim
n→∞

|(f(xn)− f(x)| = 0

⇒ for ε > 0, ∃ N(ε) such that |f(xn)− f(x)| < ε ∀ n ≥ N(ε)
⇒ N2(f(xn)− f(x), ε) = 1 ∀ n ≥ N(ε)
⇒ lim

n→∞
N2(f(xn)− f(x), t) = 1 ∀ t > 0

⇒ lim
n→∞

N2(f(xn)− f(x), t) > α ∀ t > 0.

Thus {xn} is α-fuzzy weakly convergent. �

4. Some fixed point results in fuzzy inner product spaces

In this section we establish some fixed point results in fuzzy setting.

Theorem 4.1. Let (X, µ) be an l-fuzzy complete inner product space satisfying
(CFI-7), (CFI-8) and (CFI-9). Let f : F → F be a fuzzy non-expansive map-
ping where F is an l-fuzzy closed, convex and fuzzy bounded subset of X. Suppose
that F (f) = {x′}. Then for any x0 ∈ F , the sequence {fn(x0)} is α-fuzzy weakly
convergent and converges to x′ for some α ∈ (0, 1).

Proof. Since (X, µ) is l-fuzzy complete satisfying (CFI-7), (CFI-8) and (CFI-9), X
is complete w. r. t. || ||α for each α ∈ (0, 1) (induced α-norm of µ).
Again since F is l-fuzzy closed, so F is closed w.r.t. || ||α for each α ∈ (0, 1) (by
Proposition 2.5).
Now F is fuzzy bounded
⇒ ∃ r and t such that N(x, t) > 1− r ∀ x ∈ F
⇒ ||x||1−r ≤ t ∀ x ∈ F
⇒ ||x||α0

≤ t (take 1− r = α0).
Therefore F is bounded w.r.t α0-fuzzy norm and hence C is bounded in (X

〈
,
〉
α0

).

Also f : F → F is non-expansive w.r.t. || ||α for each α ∈ (0, 1).
Thus the statement of the Theorem 2.16 is valid for

〈
,
〉
α0

.

So {fn(x0)} is weakly convergent w.r.t. || ||α0
.

Hence by Proposition 3.4, it follows that the sequence {fn(x0)} is α0-fuzzy weakly
convergent and converges to x′.
This completes the proof. �

Theorem 4.2. Let (X, µ) be an l-fuzzy complete inner product space satisfying
(CFI-7), (CFI-8) and (CFI-9). Let f : F → F be a fuzzy non-expansive mapping
where F is an l-fuzzy closed, convex and fuzzy bounded subset of X. Then for any
x0 ∈ F , the sequence {fn(x0)} is α-fuzzy weakly convergent and converges to a fixed
point of f for some α ∈ (0, 1).

Proof. Since (X, µ) is l-fuzzy complete satisfying (CFI-7), (CFI-8)and (CFI-9), X
is complete w. r. t. || ||α for each α ∈ (0, 1) (induced α-norm of µ1).
Again since F is l-fuzzy closed, so F is closed w.r.t. || ||α for each α ∈ (0, 1) (by
Proposition 2.5).
Now F is fuzzy bounded
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⇒ ∃ r and t such that N(x, t) > 1− r ∀ x ∈ F
⇒ ||x||1−r ≤ t ∀ x ∈ F
⇒ ||x||α0

≤ t (take 1− r = α0).
Therefore F is bounded w.r.t α0-fuzzy norm and hence C is bounded in (X

〈
,
〉
α0

).

Also f : F → F is non-expansive w.r.t. || ||α for each α ∈ (0, 1).
Thus the statement of the Theorem 2.17 is valid for

〈
,
〉
α0

.

So {fn(x0)} is weakly convergent w.r.t. || ||α0
.

Hence by Proposition 3.4, it follows that the sequence {fn(x0)} is α0-fuzzy weakly
convergent and converges to a fixed point of f . �

Definition 4.3. Let (X, N) be a fuzzy normed linear space and C be a convex, l-
fuzzy closed and fuzzy bounded set in X and α ∈ (0, 1). The mapping f : C → C is
called strictly fuzzy pseudocontractive mapping if there exists a constant k ∈ (0, 1)
such that ∀ x, y ∈ C
N(f(x)− f(y), t) ≥ N(x− y, t)

∧
N((1− f)(x)− (1− f)(y), t√

k
).

Proposition 4.4. Let X be a fuzzy normed linear space satisfying (N6) and C
be a convex, l-fuzzy closed and fuzzy bounded set in X. If f : C → C is strictly
fuzzy pseudocontractive then it is strictly pseudocontractive w.r.t. every α-norm,
α ∈ (0, 1).

Proof. Let α0 ∈ (0, 1) and
||x− y||2α0

+ k||(1− f)(x)− (1− f)(y)||2α0
< t2

⇒ ||x− y||2α0
< t2 and k||(1− f)(x)− (1− f)(y)||2α0

< t2

⇒ ||x− y||α0 < t and ||(1− f)(x)− (1− f)(y)||α0 <
t√
k

⇒ N(x− y, t) ≥ α0 and N((1− f)(x)− (1− f)(y), t√
k

) ≥ α0

⇒ N(x− y, t)
∧
N((1− f)(x)− (1− f)(y), t√

k
) ≥ α0

⇒ N(f(x)− f(y), t) ≥ α0 (since f is strictly fuzzy pseudocontractive)
⇒ ||f(x)− f(y)||2α0

≤ t2.
So ||f(x)− f(y)||2α0

≤ ||x− y||2α0
+ k||(1− f)(x)− (1− f)(y)||2α0

.
Since α0 ∈ (0, 1) is arbtrary thus
||f(x)− f(y)||2α ≤ ||x− y||2α + k||(1− f)(x)− (1− f)(y)||2α ∀ α ∈ (0, 1). �

Theorem 4.5. Let C be a fuzzy bounded, l-fuzzy closed and convex set of an l-fuzzy
complete fuzzy inner product space (H, µ) satisfying (CFI-7), (CFI-8), (CFI-9) and
f : C → C be a strictly fuzzy pseudocontractive mapping. Then for any x0 ∈ C and
any r ∈ (k, 1) the sequence {fns′(x0)} where
s′ = 1− (1− k)s where s ∈ (0, 1) is fixed and
fs′ = s′I + (1− s′)fs, fs = sf + (1− s)I
converges α-fuzzy weakly to a fixed point of f for some α ∈ (0, 1).
Moreover if f is fuzzy demicompact then the convergence is strong w.r.t. || ||α.

Proof. Since (H, µ) is l-fuzzy complete satisfying (CFI-7), (CFI-8)and (CFI-9), H
is complete w. r. t. || ||α for each α ∈ (0, 1) (induced α-norm of µ).
Since C is fuzzy bounded thus ∃ t > 0 and α0 ∈ (0, 1) such that N(x, t) > α0 ∀ x ∈
C.
This implies that ||x||α0

≤ t ∀ x ∈ C.
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So C is bounded w.r.t. some || ||α0 .
Again since C is l-fuzzy closed, so C is closed w.r.t. every α-norm, α ∈ (0, 1).
Since f : C → C is strictly fuzzy pseudocontractive then it is strictly pseudocon-
tractive w.r.t. every α-norm, α ∈ (0, 1) (by Proposition 4.4).
Thus the hypothesis of the Theorem 2.13 is valid w.r.t. || ||α0

.
Thus for any x0 ∈ C and for any r ∈ (k, 1) the sequence {fns′(x0)} is weakly con-
vergent w.r.t. || ||α0 to a fixed point of f .
Hence by Proposition 3.4, it follows that the sequence {fns′(x0)} converges α0-fuzzy
weakly to a fixed point of f .
If f is fuzzy demicompact then by Proposition 2.12 it is demicompact w.r.t. every
α-norm, α ∈ (0, 1).
So by Theorem 2.13 we have the convergence is strong w.r.t. || ||α0

. �

Definition 4.6. Let (X, N) be a complete fuzzy normed linear space and C be a
convex, l-fuzzy closed, l-fuzzy bounded subset of X. A mapping f : C → C is said
to be T -quasi non-expansive mapping if the set of fixed points F (f) is nonempty
and for any x ∈ C and p ∈ F (f),
N(f(x)− p, t) ≥ N(x− p, t) ∀ t ∈ R.

Proposition 4.7. Let (X, N) be a fuzzy normed linear space satisfying (N6) and
C be a convex, l-fuzzy closed, l-fuzzy bounded subset of X. If a mapping f : C → C
where F (f) is nonempty is T -quasi non-expansive mapping then f is T -quasi non-
expansive mapping w.r.t. each α-norm of N , where α ∈ (0, 1).

Proof. Since C is l-fuzzy closed, l-fuzzy bounded subset of X so it is closed and
bounded w.r.t. each α-norm of N , ∀ α ∈ (0, 1).
Since f : X → X is fuzzy T -quasi nonexpansive, we have
N(f(x)− p, t) ≥ N(x− p, t) ∀ t ∈ R, ∀ x ∈ C and p ∈ F (f).
Let x ∈ C, p ∈ F (p), s ∈ R and α ∈ (0, 1) such that
s > ||x− p||α
⇒ s > ∧{t > 0 : N(x− p, t) ≥ α}
⇒ N(x− p, s) ≥ α
⇒ N(f(x)− p, s) ≥ α
⇒ s ≥ ∧{t > 0 : N(f(x)− p, t) ≥ α}
⇒ s ≥ ||f(x)− p||α.
So ||f(x)− p||α ≤ ||x− p||α
Since α ∈ (0, 1) is arbitrary, so ||f(x)− p||α ≤ ||x− p||α ∀ α ∈ (0, 1).
Thus f is T -quasi non-expansive mapping w.r.t. each α-norm of N , ∀ α ∈ (0, 1). �

Theorem 4.8. Let C be an l-fuzzy closed subset of an l-fuzzy complete inner product
space (H, µ) satisfying (CFI-7), (CFI-8)and (CFI-9). Suppose f : C → H be a
sectional fuzzy continuous T -quasi nonexpansive mapping satisfying the following
conditions:

1. For every x ∈ C − F (f), ∃ px ∈ F (f) and k ∈ (0, 1) such that

µ(f(x)− px, f(x)− px, t2

k2 ) ≥ µ(x− px, x− px, t2).
2. ∃ x0 ∈ C such that {fn(x0)} are in C, ∀ n ≥ 1 and the sequence {fn(x0)}

contains a convergent subsequence converging to a point x′ in C.
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Then x′ ∈ F (f) and ∃ α0 ∈ (0, 1) such that for any t > 0, ∃ M(t) such that
µ(xn − x′, xn − x′, t) ≥ α0 ∀ n ≥M(t).

Proof. Since C is l-fuzzy closed then it is closed w.r.t every α-norm, α ∈ (0, 1).
f : C → H is sectional fuzzy continuous implies f is continuous for || ||α0

for some
α0 ∈ (0, 1) (by Lemma 2.7).
Since f : C → H is fuzzy T -quasi non-expansive so f is T -quasi non-expansive w.r.t.
each α-norm, α ∈ (0, 1) (by Proposition 4.7).

Now µ(f(x)− px, f(x)− px, t2

k2 ) ≥ µ(x− px, x− px, t2)

⇒ N(f(x)− px, t
k ) ≥ N(x− px, t).

For α ∈ (0, 1), let ||x− px||α < t. Then
N(x− px, t) ≥ α
⇒ N(f(x)− px, t

k ) ≥ α
⇒ ||f(x)− px||α ≤ t

k
⇒ k||f(x)− px||α ≤ t.
Thus k||f(x)− px||α ≤ ||x− px||α ∀ α ∈ (0, 1).
Since k ∈ (0, 1), ||f(x)− px||α < ||x− px||α ∀ α ∈ (0, 1).
Also the subsequence of {fn(x0)} is convergent w.r.t. each α-norm, α ∈ (0, 1).
Thus the hypotheses of Theorem 2.14 holds for || ||α0 for some α0 ∈ (0, 1).
So x′ ∈ F (f) and ||xn − x′||α0

→ 0 as n→∞.
⇒ ||xn − x′||2α0

→ 0 as n→∞
⇒
〈
xn − x′, xn − x′

〉
α0
→ 0 as n→∞.

Thus for each t > 0, ∃ M(t) such that〈
xn − x′, xn − x′

〉
α0
< t ∀ n ≥M(t)

⇒ µ(xn − x′, xn − x′, t) ≥ α0 ∀ n ≥M(t).
This completes the proof. �

Definition 4.9. Let (X, N) be an l-fuzzy complete fuzzy normed linear space.
A sectional fuzzy continuous mapping f on a subset F of X is said to be fuzzy T -
mapping if the set of fixed points F (f) is nonempty and for any x ∈ F and p ∈ F (f),
N(f(x)− p, t) ≥ N(x− p, t) ∀ t ∈ R.

Proposition 4.10. Let (X, N) be an l-fuzzy complete normed linear space satisfying
(N6) and f be a sectional fuzzy continuous mapping on a subset F of X where F (f)
is nonempty. If f is fuzzy T -mapping, then f is T -mapping w.r.t. some α-norm of
N , where α ∈ (0, 1).

Proof. Since (X, N) is a l-fuzzy complete fuzzy normed linear space satisfying (N6),
so it is Banach space w.r.t || ||α, ∀ α ∈ (0, 1). f is sectional fuzzy continuous implies
f is continuous for || ||α0

for some α0 ∈ (0, 1).
Now let x ∈ C, p ∈ F (p), s ∈ R and α ∈ (0, 1) such that
s > ||x− p||α0

⇒ s > ∧{t > 0 : N(x− p, t) ≥ α0}
⇒ N(x− p, s) ≥ α0

⇒ N(f(x)− p, s) ≥ α0

⇒ s ≥ ∧{t > 0 : N(f(x)− p, t) ≥ α0}
⇒ s ≥ ||f(x)− p||α0 .
So ||f(x)− p||α0

≤ ||x− p||α0
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Thus f is continuous mapping mapping on a set of a Banach space X w.r.t. α0-norm
where F (f) is nonempty and ||f(x)− p||α0 ≤ ||x− p||α0 .
Therefore f is T -mapping w.r.t. α0-norm of N , where α0 ∈ (0, 1). �

Theorem 4.11. Let (X, F) be an l-fuzzy complete real inner product space satisfying
(CFI-7), (CFI-8) and C be a subset in H. Suppose that f : C → C is a fuzzy nonex-
pansive mapping and X −F (f) is l-fuzzy closed set. Then for α ∈ (0, 1), ∃ xα ∈ C
such that Cauchy-Picard sequence {fn(x)}, x ∈ C satisfy the condition that for any
t > 0, ∃ M(t, α) such that F(fn(x)− xα, fn(x)− xα, t) > α ∀ n ≥M(t, α).

Proof. Since (X, F) is an l-fuzzy complete real inner product space satisfying (CFI-
7) and (CFI-8), it is real Hilbert space w.r.t

〈
,
〉
α
, ∀ α ∈ (0, 1). Since f is fuzzy

nonexpansive mapping so it is nonexpansive mapping w.r.t.
〈
,
〉
α

-inner product,

∀ α ∈ (0, 1).
Now X − F (f) is l-fuzzy closed, so it is closed w.r.t. α-inner product ∀ α ∈ (0, 1).
Therefore F (f) is an open set w.r.t. α- inner product ∀ α ∈ (0, 1).
So f satisfy all the conditions of Theorem 2.15, and hence for α ∈ (0, 1), ∃ xα ∈ C
such that Cauchy-Picard sequence {fn(x)}, x ∈ C converges to xα w.r.t. α-inner
product. So for any t > 0, ∃ M(t, α) such that F(fn(x) − xα, fn(x) − xα, t) >
α ∀ n ≥M(t, α). �

Theorem 4.12. Let (X, F) be an l-fuzzy complete real inner product space satisfying
(CFI-7), (CFI-8) and C be a subset in H. Suppose that f : C → C is a T -mapping
and X − F (f) is l-fuzzy closed set. Then there is x′ ∈ C and α0 ∈ (0, 1) such
that Cauchy-Picard sequence {fn(x)}, x ∈ C satisfy the condition that for any
t > 0, ∃ M(t) such that µ(fn(x)− x′, fn(x)− x′, t) > α0 ∀ n ≥M(t).

Proof. Since (X, N) is an l-fuzzy complete fuzzy real inner product space satisfying
(CFI-7), (CFI-8), it is real Hilbert space w.r.t

〈
,
〉
α
, ∀ α ∈ (0, 1). Since f is

T -mapping so it is T -mapping w.r.t. some real α0-inner product, α0 ∈ (0, 1).
Now X − F (f) is l-fuzzy closed, so it is closed w.r.t. α0 inner product. Therefore
F (f) is an open set w.r.t. α0 inner product.
So f satisfy all the conditions of Theorem 2.15, and hence Cauchy-Picard sequence
{fn(x)}, x ∈ C converges to a point (say x′) in C w.r.t. α0 inner product. So for
any t > 0 ∃ M(t) such that F(xn − x′, xn − x′, t) ≥ α0 ∀ n ≥M(t). �

5. Conclusion.

Very few work have been done in the fuzzy inner product spaces on complex
field. In [19], we try to give an idea of fuzzy inner product spaces on complex field
and establish a decomposition theorem from a fuzzy inner product into a family of
crisp inner products. In this paper some observations are made in the fuzzy inner
product space (complex) and some fixed point theorems are established. We hope
that researchers will be benefitted through our work. Applications of fuzzy inner
product spaces and its fixed points may be studied as a future scope of research.
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