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ABSTRACT. In this paper we introduce the separation axioms soft T;
(1=0,1,2,3,4,5) by using the concept of soft points and we study some of
their properties. We observe that (Examples 3.7, 3.8), in a soft Ti-space,
the soft point x. may be not closed soft set, so we have spaces which are
soft T; but not soft T3_1 (i = 3,4,5). In order to overcome this problem,
we presented the necessary condition for a soft space to be soft Ti-space.
Also, we show that the soft T; in the sense of [5] and the current soft T;
are equivalent (¢ = 0,1, 2, 3).Finally, we discuss the hereditary and some
soft topological properties for such spaces.
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1. INTRODUCTION

Several set theories can be considered as tools for dealing with uncertainties. In
(1999) D. Molodtsov [9] intiated the concept of soft set theory as a new mathematical
tool for modeling uncertainties. After the introduction of the notion of soft sets, sev-
eral researchers improved this concept. Maji et al [10, 11] presented an application
of soft sets in decision making problems that based on the reduction of parameters to
keep the optimal choice objects. Pei and Miao [13] showed that soft sets are a class
of special information systems. Topological structure of soft sets also was studied by
Sabir and Naz [141]. They defined the soft topological spaces which are defined over
an intial universe with a fixed set of parameter and studied the concepts of soft open
sets, soft closed sets, soft closure, soft interior points, soft neighborhood of a point
and soft separation axioms are also introduced and their basic properties are inves-
tigated by them. Separation axioms studied in some researches (see, for example,
[5, 6, 8, 14, 15]). In this paper, we introduce separation axioms T; (i =0, 1,2,3,4,5)
on a soft topological space (X, 7, E) and study some of their properties. We show
that these axioms are soft topological properties under certain soft mapping. Also,
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we show that the axioms T; are hereditary properties for (¢ = 0,1,2,3,5) and the
axioms Ty is hereditary with respect to soft closed subspaces. In addition, we show
that the separation axioms 7; (i =0, 1,2,3) in the sense of [5] are equivalent to our
separations (see Lemma 3.1). Finally, some counterexamples have obtained.

2. PRELIMINARIES

Throughout this paper, let X be an universe set, P(X) is the set of all subset of
X and E be a set of parameters.

Definition 2.1 ([9]). A pair (F, E) denoted by Fg is called a soft set over X, where
F' is a mapping given by F': E — P(X). We denote the family of all soft sets over
X by SS(X, E).

Definition 2.2 ([9, 11]). For any two soft sets (F, E) and (G, E) over a common
universe X, we say that: (F,E) is a soft subset of (G, E) if F(e) C G(e) for every

e € E and we can write (F, E)C(G, E). Also, we say that the pairs (F, E) and (G, E)
are soft equal if (F, E)C(G, F) and (G, E)C(F, E) and we can write (F, E) = (G, E).

Definition 2.3 ([3, 9, 16]). Let I be an arbitrary indexed set and {(F}, F) :i € I} C
SS(X, E). The soft intersection of these soft sets is the soft set (F, E) € SS(X, E),
where F is a mapping from E into P(X) which defined by F(p) = N{F;(p) : i € I}
for every p € E and we can write (F, E) = N{(F;,E) :i € I}.

Definition 2.4 ([3, 9, 16]). Let I be an arbitrary indexed set and {(F;,E) : i €
I} € SS(X, E). The soft union of these soft sets is the soft set (F, E) € SS(X, E),
where F' is a mapping from E into P(X) which defined by F(p) = U{F;(p) : i € I}
for every p € E and we can write (F, E) = U{(F},E) :i € I}.

Definition 2.5 ([9, 11]). A soft set (F, E) over X is called a null soft set and denoted
by @, if F(e) = @ for every e € E.
Definition 2.6 ([0, 11]). A soft set (F, E) over X is called an absolute soft set and
denoted by X, if F(e) = X for every e € E.
Definition 2.7 ([14, 16]). Let 7 be a collection of soft sets over X. Then 7 is called
a soft topology on X, if 7 satisfies the following axioms:

(1) &,X er.

(2) The soft intersection of any two soft sets in 7 isin 7, i.e. if (G, E), (H,E) € T,
then (G, E)N(H,E) € 7.

(3) The soft union of any number of soft sets in 7 is in 7, i.e. if (G;, E) € T, for
every i € I, then U{(G;,E) :i € I} € T.
The triplet (X, 7, E) is called a soft topological space over X. The members
of 7 are said to be open soft sets in X.

Definition 2.8 ([I, 16]). For a soft set (F, E) over X, the relative complement of
(F, E), denoted by (F, E)¢ and defined by (F, E)¢ = (F¢, E) where F°: E — P(X)
is a mapping given by F°(e) = X — F(e) for every e € E.

Definition 2.9 ([14]). A soft set (F, E) over X is said to be closed soft set in X, if
its relative complement (F, E)¢ belongs to 7.
5112
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Proposition 2.10 ([2]). Let (F,E) be a soft set in SS(X, E). Then the following
are hold:

(1) (F,E)Y"® = 5.
(2) (F,E)AX = (F,E)
(3) (F,E)U2 = (F,E)
(4) (F,E)UX = X.

Proposition 2.11 ([16]). Let (F, E) and (G, E) be two soft sets in SS(X, E). Then
the following are true:

(1) (F, ) (G, E) if and only if (F, )F:W(G, E)=(F,E).

(2) (F,E)C(G, E) if and only if (F, E)J(G, E) = (G, E).
Proposition 2.12 ([16]). Let (F,E),(G,E),(K,E),(H,E) € SS(X,E). Then the
following are true:

(1) If (F, E)N(G, E) = @, then (F, E)C(G, E)°.

(2) (F,E)O(F,E) =X [[2]].

(3) If (F, EYC(G. E) and (G, E)C(H, E), then (F, EYE(H, E).
(4) If (F, E)S(G, E) and (H, E)<(K, E), then (F, E)N(H, E)C(G, E)N\(K, E).
(5) (F. E)C(G.E) if and only if (G, B)*C(F, E)".
Proposition 2.13 ([1]). If (F, E) and (G, E) are two soft sets over X, then
(1) ((F, E)J(G, E))® = (F, E)*N(G, E)°.
(2) ((F, E)NG, E))® = (F, B)°U(G, E)°.

Definition 2.14 ([14]). Let (X, 7, E) be a soft topological space and (G, E) be a
soft set over X. Then the soft closure of (G E), denoted by cl(G, E) or (G, E) and
defined as: (G, E) = N{(S,E): (S,E) € 7¢,(S, E)2(G, E)}.

Proposition 2.15 ([16]). Let (X, 1, E) be a soft topological space and (F, E), (G, E) €
SS(X,E). Then

(1) (F,E) € 7¢ if and only if cl(F, E) = (F, E).

(2) If (F,E)C(G, E), then cl(F, E)Ccl(G, E).

Definition 2.16 ([14]). Let (X, 7, E) be a soft topological space and M be a non-
empty subset of X. The family, 7oy = {ENMﬁF '+ Fa € 7} is called the soft relative
topology on M and (M, 757) is called soft subspace of (X,7), where Ey; : E — P(M)
such that Eys(e) = M for every e € E.

Proposition 2.17 ([14]). Let (M, ) be a soft subspace of (X, 7) and Fa be a soft
set over M. Then, F4 is open soft set in M if and only if Fo = EyNGpg, for some
Gger.

Definition 2.18 ([11]). Let (F,E) € SS(X,E) and = € X. It is said that « belongs
to Fg (z€FE) if x € Fg(e) for every e € E. Tt is also said that x does not belong to

Fg (#¢Fg) if x ¢ Fi(e) for some e € E.

Definition 2.19 ([16]). The soft set (F,E) € SS(X,E) is called a soft point in
X, denoted by ., if for the element e € E, F(e) = {z} and F(e') = & for every
¢ € E—{e}.
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Definition 2.20 ([16]). The soft point x. is said to be in the soft set (G, E), de-
noted by z.€(G, E), if for the element e € E we have F(e) = {} C G(e).

Definition 2.21 ([16]). A soft set (G, E) in a soft topological space (X, 7, E) is called
a soft neighborhood (briefly, nbd) of the soft set (F} E) if there exists (H,E) € 7
such that (F, E)C(H, E)C(G, E).

Theorem 2.22 ([10]). A soft set (G, E) is open soft set if and only if for each soft
set (F, E) contained in (G, E), (G, E) is a soft neighborhood of (F, E).

Definition 2.23 ([7, 16]). Let SS(X, E) and SS(Y, K) be the families of all soft
sets over X and Y, respectively. Then
(1) A mapping f = (¢, 1) is called a soft mapping from SS(X, F) into SS(Y, K),
where ¢ : X — Y and ¢ : E — K are two mappings.
(2) If Fy € SS(X, E), then the image of F4 under the soft mapping (¢, ) is a
soft set over Y denoted by (¢,1)(F4) and defined by:

& otherwise.

(6, 0)(Fa) (k) = {Ueewl(k)0A¢(FA(e)) if (k)N A # 2,

(3) If Gg € SS(Y, K), then the preimage of G under the soft mapping (¢, 1)
is a soft set over X denoted by (¢,1) ' (Gp) and defined by:

¢~ (Gp(¥(e) ifi(e) € B

o) otherwise.

(6,9)7(GB)(e) = {

The soft mapping (¢, 1) is called injective, if ¢ and 1) are injective. The soft mapping
(¢, 1) is called surjective, if ¢ and 1 are surjective.

Proposition 2.24 ([1, 7, 16]). Let (F,A),(F1,A) € SS(X,A),(G,B),(G1,B) €
SS(Y,B). The following statements are true:

(1) Lf(F, A)C(F1, A),then(,¥)(F, A)C(¢, ) (F1, A).

(2) If(G, ~B)Q(G17 ), then(¢,¥) ™1 (G, B)S(¢, )" (G1, B).
(3) (F, A)C(¢, )~ (&, ¥)(F, A)).

(4) (6, 0)((¢ )™ (G, B))C(G, B).

(5) (6,¥)"'((G,B)°) = ((¢,%)" (G, B))".

(6) (¢, )((F, A)U(F1, A)) = (¢, ¥)(F, A)U(¢, ¥)(F1, A)

(7) (@) (F, AN(Er, A)S(6,9)(F AN, ¥)(Fr, A)

(8) (6,%)~'((G,B)U(G1, B)) = (¢, ¥)~ (G, B)U(¢,¥)~'(G1, B)
9) (6,%)"'((G,B)N(G1, B)) = (6, ¥) (G, B)\(,¥) "' (G1, B)
(10) (¢,¥)(Dx) = Dy .

(11) (6, %) (DY) = Dx

Theorem 2.25 ([16]
(¢p,9) : SS(X,E) = S

are equivalent:

et (X, 7, E) and (Y, 7%, K) be soft topological spaces and let
(Y, K) be a soft mapping. Then the following statements

&N~
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(1) (¢,%) is soft continuous.

(2) For each (H,B) € 7*, (¢,%) ' (H,B) € 7.

(3) For each soft closed set (F,B) overY, (¢,%) 1 (F, B) is soft closed set over
X.

Definition 2.26

(
A mapping f = (¢
if

[12]). Let (X, 7, E) and (Y, 7*, K) be two soft topological spaces.
, ) (X, 1, E) = (Y, 7%, K) is said to be a soft homeomorphism

(1) f: X =Y is a bijective mapping.
(2) f:(X,7,E) = (Y,7*,K) and f~': (Y,7*,K) — (X, 7, E) are soft continu-
ous.

Definition 2.27 ([12]). Let (X, 7, E) and (Y, 7*, K) be two soft topological spaces.
A mapping f = (¢,v) : (X7 E) — (Y,7*,K) is said to be soft open mapping if
(G,FE) €7, then f(G,E) € *

Proposition 2.28 ([12]). Let (X, 7, E) and (Y, 7*, K) be two soft topological spaces.
For a bijection mapping f : (X,7,E) — (Y,7*,K), the following statements are
equivalent:

1) f:(X,7,E)— (Y,7",K) is soft open mapping.

(2) f7L:(Y, 7, K) = (X,7,E) is soft continuous mapping.

Remark 2.29 ([5]). Let (F,E) € SS(X,E),a € E and x € X. In whats follows we
write x €, (F, E) (respectively, x ¢, (F, E)) if and only if € F(a) (respectively,

x ¢ F(a)).

Definition 2.30 ([5]). A soft topological space (X, 7, F) is called a soft Tp-space if
for every distinct points x,y of X and for every a € E, there exists an open soft set
(G, E) such that z €, (G, E) and y ¢, (G, E) or z ¢, (G, E)and y €, (G, E).

Definition 2.31 ([5]). A soft topological space (X, 7, F) is called a soft Tj-space if
for every distinct points x,y of X and for every a € F, there exists an open soft set
(G, E) such that z €, (G, E) and y ¢, (G, E).

Definition 2.32 ([5]). A soft topological space (X, 7, F) is called a soft Tx-space if
for every distinct points x,y of X and for every a € F, there exists two open soft
sets (G, E) and (H, E) such that x €, (G, E),y €, (H, E) and G(a) N H(a) = @.

Definition 2.33 ([5]). A soft topological space (X, 7, E) is called a soft T3-space
if for every point x € X, for every a € F and for every closed soft set (@, E)
such that = ¢, (Q, F), there exists two open soft sets (G, E) and (H, F) such that
x €, (G,E),Q(a) C H(a) and G(a) N H(a) = @.

3. SOFT SEPARATION AXIOMS

Definition 3.1. A soft topological space (X, 7, F') is said to be a soft Ty-space if for
every two soft points z.,y. such that x # y there exists Gg € 7 such that 2.€GE,
Ye¢GE or there exists Hg € 7 such that y.€EHp, v.¢Hg.
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Example 3.2. Let X = {x,y}, E = {e1,es} and 7 = {X, &, (F\, E), (Fy, E), (F3, E)}

where
X ife=
Fi(e) = re=a
{y} ife=ey
{z} ife=e,
F =
2(€) {X if e = eg;
and

)z} ife=e,
FS(e){{y} if e = es.

Then (X, 7, E) is a soft Ty-space because for the soft points z.,, y., there exists

(F2, E) € 7 such that z., €(Fs, E) but ye, ¢(Fs, E) and for the soft points z.,, ye,
there exists (Fy, F) € T such that y.,€(F1, E) but z.,¢&(Fi, E).

Definition 3.3. A soft topological space (X, 7, F) is said to be a soft Tj-space if
for every two soft points z.,y. such that z # y there exists Gg, Hg € 7 such that
2.€GE, Yy¢Gp and y.€EHE, z.¢HE.

Proposition 3.4. FEvery soft Ti-space is a soft Ty-space.
Proof. Straightforward. O

The following example shows that the soft Ty-space may not be a soft T7-space.

Example 3.5. Let X = {z,y},E = {e} and 7 = {X, 3, Fg} where Fg(e) = {x}.
Then (X, 7, E) is a soft Tp-space but not soft Ti-space. Since x.,y. are two soft
points (z # y) and the only open soft set which containing ¥, is X also contains z..
Hence (X, 7, E) is not a soft T-space. On the other hand it is a soft Tp-space since
for each two soft points @, ye, © # y and open soft set Fg (z.€FE but yeéFE)

Theorem 3.6. If the soft point x. is a closed soft set Ve € E, then (X,7,F) is a
soft Ty -space.

Proof. Let ., y. be two soft points over X such that z # y. From hypothesis, ., ye
are closed soft sets (x # y). So, x.Ny. = @. Then, x.Cy¢ and y.Cx¢. Since z., ye
are two closed soft sets, then, ¢, y$ are two open soft sets. Now, meéyg, yegZyg and
yeCat, xe{ng Hence, (X, 1, F) is soft Tj-space. O

Example 3.7. Let X = {z,y},E = {e1,ex} and 7 =
Fg,Gg : E — P(X) such that Fg(e1) = {z}, Fr(e2)
{y}, Grle2) = {2}

Now, Ze,, Ye,, Te, and y., are soft points.
For the soft points x.,,ye, we have z., EFg, Y., ¢Fg and y., €Gg, z.,¢Gg. For the

{X,é,FE,GE} where
= (v} and Gp(er) =

soft points Ze,,Ye, We have T, EGE, Ye, G E and Y., EFR, Te, ¢ FE.
Then (X, 7, E) is a soft Tj-space, but ., is not closed soft set.
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Example 3.8. Let X = {z,y}, E = {e1,es} and 7 = {X,3, Fp,Gp, Hg, Wi}
where

{z} ife=ey,

[7] if e = eg;

Fp(e) = ze,(e) = {

{z} ife=e,

GE(E) = Te,y Oy(’a (6) = {{y} ife = es;

{y} ife=e,

HE(e) = zezoym (6) = {{$} ife = €s:

and

- X ife=ey,

WE(e) = Te, UZe, UYe, (6) = .
{z} ife=es.

For the soft points ., , Y., there exists Gg, Hg € T such that z.,€Gg but yeléGE
and y., EHg but z.,¢ Hg. For the soft points x.,,y., there exists Gg, Hg € T
such that y.,EGg but z.,¢Gg and z.,€Hg but y.,¢Hg. Then (X, 7, F) is a soft
Ti-space, but z., is not a closed soft set.

Theorem 3.9. A soft topological space (X, 7,E) is a soft Ti-space if and only if
{z} =n{Ggle) : Gg € 7,2.€GE} for every soft point x. in X.

Proof. “=" Let (X, T, E) be a Soft T}-space and let x. be a soft point. Then,

{z} Cn{Gg(e): Gg € 7,2.€GE}.

We prove that N{Gg(e) : Gg € T,2.€Ggr} C {z}. Indeed, let y € N{GEg(e) : Gg €
T,2.EGE} and y # x. Since (X, 7, E) is a soft Tj-space, there exists Hg € 7 such
that x.€Hg and y.¢Hg. Hence, y ¢ H(e) and, therefore, y ¢ N{Gg(e) : Gg €
7,2.€G g} which is a contradiction.

“<” Conversely, let x. and y. be two soft points such that z # y. Suppose
that for every Gg € 7 with .€Gp we have y.€Gg. Then, y € N{Gg(e) : Gg €
7,2.EGE} = {z} which is a contradiction. Therefore, there exists Gg € T such that
z.€GEg and y.¢GE. O

Theorem 3.10. If (X, 7, E) is soft Ti-space, T < T (T coarser than 7*), then
(X, 7%, E) is a soft Ty -space.

Proof. Straightforward. O

Definition 3.11. A soft topological space (X, 7, F) is said to be a soft Th-space if
for every two soft points x.,y. such that x # y there exists Gg, Hg € T such that
2.EGE , y.€EHp and GpNHg = 2.

Theorem 3.12. A soft topological space (X, 1, E) is soft Ta-space if and only if
{z} = N{Fg(e) : Fg is a closed soft nbd of x.}.
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Proof. “=" Let (X, 7, E) be a soft Ty-space and let x. be a soft point. Then,

{z} CN{Fg(e): Fg is a closed soft nbd of z.}.

We prove that N{Fg(e) : Fg is a closed soft nbd of z.}C {z}. Indeed, let y €

N{Fg(e) : Fg is a closed soft nbd of z.} and y # x. Since (X,7,E) is a soft

Ty-space, there exists Gg, Hg € 7 such that ©.€Gg , y.€Hg and GpNHE = 2.

Then, there exists Hf, € 7¢ such that z.€HE and y.¢HE. Hence, y ¢ HE(e) and,

therefore, y ¢ N{Fg(e) : Fg is a closed soft nbd of .} which is a contradiction.
“<” Let z., ye be two soft points such that  # y. Theny ¢ {z} = N{Fg(e): Fg

is a closed soft nbd of z.}. It follows that, there exists a closed soft set Fj, such that

y ¢ Fi(e), xze € Fj,.

(3.1) Also, y.€F}y .

Since Fg is a closed nbd of x., from the Definition 2.21,

(3.2) 3IGg € 7 suchthat ©.EGCFp.

From (3.1)and (3.2), we get Gg, F3 € 7 such that 2.€Gp, y.EF; and GeNF} =
®. (for GgCFg). Hence, (X, 7, E) is a soft Tx-space. O

Remark 3.13. If (X, 7, F) is a soft Th-space, then x. may be not a closed soft set
for every e € E as the following example show.

Example 3.14. Let X = {z,y}, E = {e1, ez} and 7 = {X, 3, (F\, E), (F», E)},
where
{z} ife=e,

Fi(e) = {{y} if e = eo;

_JH{y} ife=e,
Fz(e)_{{x} ife=eq.

and

Then, (X, 7, E) is a soft Ty-space, but z., is not a closed soft set.

Theorem 3.15. If (X,7,FE) is a soft Ty-space, 7 < 7%, then (X, 7, FE) is a soft
Ts-space.

Proof. Straightforward. O

Theorem 3.16. Every soft Tx-space is a soft T -space.

Proof. Immediately follows from the definitions. O
The following example shows that the soft T7-space may not be a soft Tx-space.

Example 3.17. Let X be a non-empty infinite set and let 75, = {@} U {Fg €
SS(X,E) : (Fg(e))is finite subset of X for every e € E}. We try to show that 73,
is a topology on X, so, we satisfies the conditions of Definition 2.7.
(1) Obviously &, X € 75..
(2) Let Fg,Gg € 75,. Then (Fg(e)), (Gg(e
Since (Fi(e))® U (GE(e))® = (Fe(e) N Gi(
subset of X. Hence, FENGE € 75,.
5118
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(3) Let F;, € 75, Vi € I. Then (F;,(e))¢ is a finite subset of X Vi € I. Since
Nier(Fiz(e))e = (U ZelFiE(e))C = ((UsjerF;)(e))¢ is a finite subset of X.
Hence, U lelF € 75, and 75, is a soft topology on X.
It follows that (X, 75, E) is a soft topological space over X and we call it soft Co-
finite topology. Next, we show that (X, 75,)) is a soft Tj-space but not a soft Th-space.
So, let x.,y. be two soft points such that x # y. Since

) {z} ife=e,
zel€) = {@ if € # ¢

and

_JH{y} ife=e,
ye(e)—{g ife #e.

x¢ and y¢ are two open soft sets in 75, such that yeéxg,xeéxg and z.€y¢, yeéyg.
It follows that (X,73) is a soft Ti-space. On the other hand, we suppose that
(X,75) is a soft Th-space. Then for every z.,y. are two soft points (z # y) there
exists Fg,Gp € 75, such that 2.€Fg, y.€GE and FgNGEr = @. Hence, (Fg(e))¢ U
(Gg(e) = X. Since (Fg(e))¢ and (Gg(e))¢ are two finite subsets of X, X is a
finite set which is a contradiction. Hence, (X, 75) is not a soft Tx-space.

Definition 3.18. A soft topological space (X, 7, F) is said to be a soft regular
space if for all closed soft sets Fr and soft points . such that xe¢FE there exists
GEg, Hg € 7 such that ,TEEGE, FECHE and GEﬂHE =

Theorem 3.19. A soft topological space (X, T, F) is a soft reqular space if and only if
for every open soft set G, x.€EGE there exists Hp € T such that v, € HpCHpCGE.

Proof. “=" Let (X, 7, E) be a soft regular space and let Gg be an open soft set,
2.€Gp. Now, GS, is a closed soft set, z.¢GS, (because GpNGS, = ). But (X, 7, E)
is a soft regular space, then, there exists Hz, Wg € 7 such that x.,€Hp, G;EQWE and
HpMWg = @. Now, we have 2. EHpCHgCW5CGp. Hence, there exists Hg € 7
such that z.€ HrCHCGE. R

“<” Let Fg be a closed soft set, z, be a soft point such that z.¢Fgr. Now,
we have F§ is an open soft set ,z. € F& (for FENFg = &). Then, there exists
Hp € 7,2.€HpCHECF§. Since HeCFg and Hg € 7°, then FpCHg  and Hg € 7.
Therefore there exists Hg, Hg € 7 such that 2.€Hg, FpCHp and HpNHg = &
. Hence, (X, 7, E) is a soft regular space. O

Definition 3.20. A soft topological space (X, 7, E) is said to be a soft Ts-space if
it is a soft regular space and a soft Tj-space.

Theorem 3.21. If (X, 7, F) is a soft reqgular (I3-) space and x. is a closed soft set
for each e € E, then (X, 1, F) is a soft Ty-space.

Proof. The proof is the same in two cases. So, let (X, 7, E) be a soft Ts-space and

let 2, € 7¢ for every e € E. We want to show that (X, 7, E) is a soft Ty-space.

So, let z.,y. be two soft points such that = # y. By hypothesis, z¢,y. € 7°. Since

z # y, then y.Zx.. Now, y.Zz. and (X, 7, E) is a soft Ts-space, i.e. (X,7,E) is
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a soft regular T;-space, so, there exists Gg, Hg € 7 such that 2.€Gg,y.€Hg and
GpNHg = 9. Hence, (X, 7, F) is a soft Ty-space. O

Definition 3.22. A soft topological space (X, 7, E) is said to be a soft normal
space if for every two non-empty disjoint closed soft sets (Fy, E), (Fa, E) there exists
Gg,Hg € 7 such that (Fl,E)gGE, (FQ,E)QHE and GEﬁHE =0.

Theorem 3.23. A soft topological space (X, 7, E) is a soft normal space if and only
if fgr evgrLFﬁ € 7°,Gg € 7 such that FECGEg there exists Hg € T such that
FrCHECHECGE.

Proof. Tt is similar to the proof of Theorem 3.19. O

Definition 3.24. A soft topological space (X, 7, F) is said to be a soft Ty- space if
it is a soft normal space and a soft T;-space.

Theorem 3.25. If (X, 7, E) is a soft normal (Ty-) space and x. is a closed soft set
Ve € E, then (X, T, E) is a soft reqular (T5-) space.

Proof. The proof is the same in two cases. So, let (X, 7, E) be a soft Ty-space. Then
(X,7,E) is a soft normal Tj-space. It is sufficient to show that (X, 7, E) is a soft
regular space, so, let Fg € 7¢,2.¢Fg. Since .¢Fg, then, z.NFr = @. Now, we
have x., Fg € 7¢such that x.,NFr = @. But (X, 7, E) is a soft Ty-space, i.e. (X, 7, E)
is a soft normal Ti-space, so, there exists Gg, Hg € 7 such that erGE,FEéHE
and GgNHg = @. It follows that (X, 7, E) is a soft regular space. Since (X, 7, F) is
a soft Ty-space, so, (X, T, F) is a soft T3-space. O

Example 3.26. In Example 3.8 consider 7¢ = {X, 2, Fg, G5, H,, WE} where

{y} ife=ce,
FC — C —
B(e) = 72, (€) {X if e = e;

G%(e) = (e, Uye, ) (e) = {{y} ife=ey,

{z} ife=ey;
HE(6) = (e, 0, (6) = {g Lo

and

o @ ife=ey,
WE(e) = (e, Uze, Uye, ) (e) = {{y} if e = es

For the two non-empty disjoint closed soft sets G, and Hf, there exists Gg, Hg €
T such that H};QGE, G%QHE and GgNHg = @. For the two non-empty disjoint
closed soft sets G% and W§, there exists Gg, Hg € T such that WEQGB G%QHE
and GgNHE = @. Then (X, 7, E) is a soft normal space. Also, (X, 7, E) is a soft
T;-space (from Example 3.8) and hence (X, 7, E) is a soft Ty-space.
Since F§ is a closed soft set and z, is a soft point such that xeléFg and all open
sets which containing z., are Fg, Gg and Wg which intersect with the only open
soft set X which contains Fg, so, (X, 7,E) is not a soft regular and hence (X, 7, E)
is not a soft T3-space.
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Definition 3.27. Let (X, 7, E) be a soft topological space and let (4, F), (B, E) be
two non-empty soft subsets of X. Then we say that (A, E), (B, E) are two separated
sets if: (A, E)A(B, E) = & and (4, E)A(B,E) = 5.

Definition 3.28. A soft topological space (X, 7, F) is said to be a soft completely
normal space if for all two non-empty separated soft sets (A, E), (B, E) there exists
GE,HE € 7 such that (A,E)QGE7 (B,E)QHE and GEﬁHE = 0.

Definition 3.29. A soft topological space (X, 7, E) is said to be a soft Ts-space if
it is a soft completely normal space and a soft T}-space .

Theorem 3.30. FEvery soft completely normal space is a soft normal space and
hence every soft Ts-space is a soft Ty-space.

Proof. Let (X, 7, F) be a soft completely normal space and let (A, E), (B, E) be
two non-empty disjoint closed soft sets. Since (A, E') and (B, E) are two closed soft
sets. Then, (A,E) = (A,E) and (B,E) = (B,E). It follows that (A4, F), (B, E)
are separated sets. But (X, 7, E) is a soft completely normal space, so, there exists
Gg,Hg € 7 such that (A, E)CGg, (B, E)CHg and GgNHg = @. Then (X, 1, E) is
soft normal space. Hence, every soft completely normal space is a soft normal space.
It follows from the definitions that every soft Ts-space is a soft Ty-space. O

Theorem 3.31. If (X, T, E) is a soft topological space and for all Gg € T, we have
(Gg,7Gy) is soft normal subspace of (X, 7,E). Then (X, 1, E) is a soft completely
normal space.

Proof. Let (A, E), (B, E) be two non-empty separated sets in X,

(3.3) then, (A, E)N(B,E) = @ and (A, E)N(B,E) = 2.
Since Ag, B € 7¢, then (AgNBg)¢ € 7. Assume that:
(3.4) Gg = (ApNBEg)°

Let 7* denotes the 7-relative topology for Gg. By the given condition, (Gg,7*) is a
soft normal subspace of (X, 7). Moreover, GgNAg and GgNBg are T*-closed subsets
of Gg such that (GgNAg)N\(GgNBg) = GEN(AgNBg) = (AgNBg)*N(AgNBg) =
&, From (3.4).

Now, GpNAg and GgNBg € 7 such that (GpNAg)(GpNBg) = @. But (Gg, ")
is a soft normal subspace of (X, 7), so, there exists Hg, Wg € 7* such that

Since Hg,Wg € 7*,Gg € 7, we have Hg, Wg € 7. From ((3.3)), AgNBg = &,

therefore ApC(Bg)°C(Bg)°U(Ag)¢ = (BpNAgp)® = Gg. Also, ApNBp = &, im-

plies BpC(Ag)°C(Ag)°U(Bg)¢ = (ApNBg)¢ = Gp. Now, ApCGp,ApCAg,

implies AE = AEﬁAEéGEﬁAEéHE Also BEQGE,BEQBE, implies BE = BEﬁ?EQ

GgNBpCWg.

Consequently, Ag and Bg are two separated subsets of X and there exists Hg, Wg €

7 such that AgCHg, BeCWpg and HeN\Wg = &. Hence (X, 7, E) is a soft com-

pletely normal space. O
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Lemma 3.32. Let (X, 7,E) be a soft topological space, a € A, and x € X. Then
z,€(F, A) if and only if x €, (F, A).

Proof. “=" Let z,€(F,A) and let = ¢, (F,A). By Remark 2.1, z ¢ F(a). Then
{z} = z4(a) € F(a). It follows that z,Z(F,A) which is a contradiction with
z,€(F, A). Hence, z €, (F, A).

“c” Let z €, (F,A) and let 2,¢(F, A). Then z,(a) = {x}ZF(a). It follows
that z ¢ F(a). Consequently, z ¢, (F, A) which is a contradiction with =z €, (F, A).
Hence, z,€(F, A). O

According to Lemma 3.32, we can see that the separation axioms T; in the sense
of [5] and the current separation axioms are equivalent for i = 0,1, 2, 3.

Theorem 3.33. A soft topological space (X, 7, E) is a soft T;-space [5] if and only
if it is soft T;-space in our sense (i =0,1,2,3).

4. SOFT HEREDITARY PROPERTY

Theorem 4.1. Let (X, 7, E) be a soft T;-space, where i =0,1,2,3. Then every soft
subspace (Y, 7y, E) of the soft space (X, 7, E) is a soft T;-space.

Proof. We prove the theorem for (i = 2, for example), the other cases are similar.
We want to show that every soft subspace of a soft Tx-space is soft Th-space. So, let
(X, 7, E) be a soft Tr-space, Y C X such that (Y, 7y, E) be
a soft subspace of (X, 7, E) and let z., y. be two soft points over Y such that = # y.
Since Y C X, we have x,y. are two soft points over X such that = # y. But
(X, 7, E) is soft Ty-space, so, there exists Gg, Hg € 7 such that x.€Gg, y.€Hg
and GpNHg = @. It follows that, there exists YeNGg, YENHEg € Ty such that
$eéYEﬁGE, yeéYEﬁHE and (YEﬁGE)ﬁ(YEﬁHE) = YEﬁ(GEﬁHE) = YEﬁ@ = é
Hence, (Y, 7y, E) is a soft Tx-space.

O

Theorem 4.2. FEvery closed soft subspace of a soft normal space is a soft normal
space.

Proof. Let (X, 7, E) be a soft normal space and (Y, 7y, E) be a closed soft sub-
space of (X, 7, FE). We want to show that (Y, 7y, E) is a soft normal space. So,
let (Fy, E)*, (F», E)* be two non-empty disjoint closed soft subsets of Y. Since
(F1, E)*, (Fy, E)* € ¢, from the Definition 2.16 of the soft subspace, there exists
(F\, E), (Fy, E) € 7¢ such that (Fy, E)* = YpA(Fy, E) and (Fy, E)* = YgO(Fy, E).
Since Yg € 7¢ and (Fy, E), (Fy, E) € 7¢, we have YgN\(Fy, E), YeN(Fy, E) € 7¢ and
therefore (F1, E)*, (Fy, E)* € 7°.

Now, (Fy,E)*, (Fy, E)* are two non-empty disjoint closed soft subsets of X, but
(X, 7, E) is a soft normal space, so, 3G, Hg € 7 such that (Fy, E)*CGg, (F», E)*C
Hy and GpNHg = @. Tt follows that, 3YgNGp, YeNHy € Ty such that (Fy, E)*C
YEﬁGE 3 (F27E>*§YEﬁHE and (YEﬁGE)ﬁ<YEﬁHE> = YEﬁ(GEﬁHE> = YEﬁé =
&. Therefore (Y, 7y, E) is a soft normal space.

O

Theorem 4.3. Let (X, 7, E) be a soft Ts-space. Then every soft subspace (Y, 7y, E)
of the soft space (X, 7, E) is a soft Ts-space.
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Proof. Let (X, 7, E) be a soft Ts-space, Y C X such that (Y, 7y, E) be a soft sub-
space of (X, 7, F). Since (X, 7, E) is a soft T5-space, it is a soft completely normal
T)-space. Since every soft subspace of a soft Tj-space is a soft Ti-space, (Y, 7y, E)
is a soft Ty-space. It is sufficient to show that (Y, 7y, F) is a soft completely normal
space. So, let (A, E),(B, E) be two separated subsets of Y, then

(4.1) (A E) "A(B,E) =% and (A,E)A(B,E) = 2.

(4.2) Since (A,E) " =YpN(A,E) and (B,E)  =YgN(B,E) ,

Substituting from (4.2) into (4.1), we have

(YeN(A, E) )A(B,E) = @ and (A, E)A(YeN(B,E) ) = 2.

Since (A4, E), (B, E)CYg, we have (A4, E) N(B,E) =& and (A, E)A(B,E) =&. It
follows that (A, E) and (B, F) are two separated subsets of X. But (X, 7, F) is a soft
completely normal space, so, there exists Gg, Hg € 7 such that AEQGE, BrpCHg
and GgNHg = @. Since ApCYy and ApCGg, we have ApCYrNGE. Also, BECYxy
and BpCHp, then, BeCYgNHg. Since Gg,Hp € 7, implies YgNGg,YeNHg €
7y. It follows that, there exists YgNGg, YeNHEg € 7y such that AgCYpNGE,
(Y, 7y, E) is a soft completely normal space and hence every soft subspace of a soft
Ts-space is a soft Ts-space. O

5. SOFT TOPOLOGICAL PROPERTY

Theorem 5.1. The property of being soft T;-space (i = 0,1,2) is a topological
property.

Proof. We prove the theorem for (i = 2, for example), the other cases are similar.
Let f = (¢,¢): (X, 7, E) — (Y, 7, K) be a soft mapping such that:

(1) f is 1-1, onto and soft open mapping.

(2) (X,7,FE) is a soft Ty-space.
We want to show that (Y, 7*, K) is a soft Tx-space. So, let zx,yx be two soft points
in Y such that x # y. Since f is 1-1 and onto mapping, then there exists two soft
points =¥, y¥ in X such that f(z%) =z, f(y)) = yk, and z* # y*. But (X, 7, E) is a
soft Th-space, so, there exists Gg, Hg € 7 such that zX€GE, y€Hg and GENHE =
Ox. It follows that, f(z}) = xk€f(Gr), f(y}) = ye€f(Hg) and f(GpNHg) =
f(Ge)Nf(Hg) = f(9x) = Dy, from Proposition 2.24. Since G, Hp € 7 and
f is an soft open mapping, f(Gg), f(Hg) € 7*, from Definition 2.27 of soft open
mapping. Now, there exists f(Gg), f(Hg) € 7 such that zx€f(Gg), yxE€f(HEg)
and f(Gg)Nf(Hg) = @. Hence, (Y,7*, K) is a soft Ty-space.

O

Theorem 5.2. The property of being soft T;-space (i = 3,4,5) is a soft topological
property or it is preserved under a soft homeomorphism mapping.

Proof. We prove the theorem for (i = 3, for example), the other cases are similar.
Since, the property of being soft Tj-space is a topological property, we only show
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that the property of soft regularity is a topological property.
So, let f = (¢,9) : (X,7, E) = (Y,7*, K) be a soft mapping such that:

(1) f is soft homeomorphism from X onto Y (i.e f is a bijection mapping and
f, £~ 1 are soft continuous).
(2) (X, 7, FE) is a soft regular space.

Let Fi be a 7"-closed soft subset of ¥ and let yx be a soft point in ¥ such that
yr¢Fx. Since, f is an onto mapping, there exists a soft point x. in X such that
f(xe) = k-

Since f is soft continuous mapping and Fi is a 7*-closed soft subset of Y, we have
fY(Fg) is a 7-closed soft subset of X, from Theorem 2.25. Since y, = f(v.)¢Fx,
we have f~1(f(z.)) = z.¢f L (Fx) (as, f is injective). Now, f~1(Fk) is a T-closed
soft subset of X, z. is a soft point in X such that J;eéf_l(FK). But (X, 7,F) is
a soft regular space, so, there exists G, Hg € 7 such that z.€Gg, f~'(Fx)CHpg
and GgNHp = @x and thus f(z.) = y€f(Gp), f(f ' (Fx)) = FxCf(Hg) (as, f
is surjective) and f(GgNHg) = f(Gg)Nf(Hg) = f(@x) = Oy.

Since f~1! is soft continuous mapping, i.e. f is an soft open mapping (from Proposi-
tion 2.28). Now, Gg, Hg € 7 and f is an soft open mapping, then f(Gg), f(Hg) €
7*, from Definition 2.27 of soft open mapping. Now, there exists f(Gg), f(Hg) € 7*
such that y,€f(Gg), FxCf(Hg) and f(Gg)Nf(Hg) = @y. Thus, (Y,7,K) is a
soft regular space. O
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