Annals of Fuzzy Mathematics and Informatics

Volume 11, No. 3, (March 2016), pp. 397-413 QFMI

ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version)
http://www.afmi.or.kr

http://www.kyungmoon.com

Soft residuated lattice based on intuitionistic fuzzy
sets

SHOKOOFEH (GHORBANI

Received 8 May 2015; Revised 25 August 2015; Accepted 15 September 2015

ABSTRACT. In this paper, the concept of intuitionistic fuzzy soft sets
is applied to residuated lattices. The notion of intuitionistic fuzzy soft
filters of a residuated lattice is introduced and some related properties are
investigated. Then the representations of generated intuitionistic fuzzy soft
filters are established. We prove that the lattice of all intuitionistic fuzzy
soft filters of a residuated lattice is a complete lattice. We determine the
compact elements of this lattice and show that it is a distributive algebraic
lattice.
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1. INTRODUCTION

M. Ward and R.P. Dilworth [22] introduced the concept of residuated lattices

as generalization of ideal lattices of rings. These algebras are a common structure
among algebras associated with logical systems. The study of residuated lattices is
motivated by their occurrence both in universal algebra and algebraic logic. The
residuated lattices have interesting algebraic and logical properties The properties
of these structures were presented in [5, 19, 20, 21].
The filter theory plays an important role in studying these logical algebras and many
authors discussed the notion of filters of logical algebras. From a logical point of
view, a filter corresponds to a set of provable formulas. Many fields deal daily with
the uncertain data that may not be successfully modeled by the classical mathemat-
ics. There are some mathematical tools for dealing with uncertainties; three of them
are fuzzy set theory, developed by Zadeh (1965), intuitionistic fuzzy sets introduced
by Atanassov in (1986) and soft set theory, introduced by Molodtsov (1999), that
are related to this work.
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Zadeh introduced the concept of the fuzzy set in 1965 [23]. Since then, the fuzzy sets
theory have been developed in a wide variety of fields such as fuzzy mathematics and
many applications has been founded in the domain of mathematics and elsewhere.
In [24] the fuzzy filters in residuated lattices are studied.

After the introduction of the concept of fuzzy sets by Zadeh, several researches
were conducted on the generalizations of the notion of fuzzy sets. The concept of
intuitionistic fuzzy sets was first introduced by Atanassov in 1986 [1] which is a
generalization of the fuzzy sets (See [2] and [3]). Biswas [1] applied the concept
of intuitionistic fuzzy sets to the theory of groups and studied intuitionistic fuzzy
subgroups of a group. Also, Jun and Kim [8] introduced the concept of intuitionistic
fuzzy ideals of BCK-algebras. Recently, Choc et al. [7] introduced the concept of
intuitionistic ideals of pseudo MV-algebras.

In [I1] and [12] the concept of intuitionistic fuzzy sets is applied to the theory of
residuated lattice and the concept of intuitionistic fuzzy filters of residuated lattice
is introduced.

Molodtsov introduced the concept of soft set theory in 1999 [14] as a new mathemat-
ical tool for dealing with uncertainties. In [15], Maji et al. (2001) defined operations
of soft sets to make a detailed theoretical study on the soft sets. By using these
definitions, the applications of soft set theory have been studied increasingly. Maji
et al. [16] described the application of soft set theory to a decision making problem.
Maji et al. [17, 18] also studied several operations on the theory of soft sets. Jun [9]
introduced the concept of soft BCK/BClI-algebras and then in [10] soft set theory
is applied to d-algebras. In [13], the concept of soft sets is applied to the theory of
residuated lattice and some of its properties is obtained.

In this paper, we deal with the algebraic structure of residuated lattice by applying
the notion of intuitionistic fuzzy soft sets.

In section 2, some basic definitions and results are explained. In section 3, we
introduce the notion of intuitionistic fuzzy soft filters of a residuated lattice and
investigate some related properties. In section 4, we define generated intuitionistic
fuzzy soft filters of residuated lattices. In section 5, we study the lattice of intuition-
istic fuzzy soft filters of residuated lattices and obtain some related results.

2. PRELIMINARIES

We recall some definitions and theorems which will be needed in this paper.

Definition 2.1. (1) Let (P, <) be a poset. The subset X of P is called a directed
subset, if it is not the empty set, and every pair of elements has an upper bound.
(2) In a partially ordered set (P, <) an element c is called compact (or finite) if
it satisfies the following condition :
for every directed subset D of P, if D has a supremum supD and ¢ < supD, then
¢ < d for some element d of D.
(3) A poset in which every element is the supremum of the compact elements
below it is called an algebraic poset.
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Definition 2.2 ([5]). A residuated lattice is an algebraic structure (L, A,V,—
,%,0,1) such that
(1) (L,A,V,0,1) is a bounded lattice with the least element 0 and the greatest
element 1,
(2) (L,*,1) is a commutative monoid where 1 is a unit element,
B)rzxy<zifz <y—z forall z,y,z € L.
In the rest of this paper, we denote the residuated lattice (L, A, V,*,—,0,1) by L.

Proposition 2.3 ([5, 6]). Let L be a residuated lattice. Then we have the following
properties : for all x,y,z € L,

(1) x <y if and only if x — y =1,

(2) zxy <z Ay,

(3) Ifx <y, thenx xz < yxz.

Definition 2.4 ([20, 21]). Let F' be a non-empty subset of a residuated lattice L.
F is called a filter if

(1) r<yand x € F imply y € F,

(2)ifz,y € F,thenz*xy € F,
for all z,y € L.
If X C L, the smallest filter containing X is called the generated filter by X and
denoted by < X >.

For sets X, Y and Z, f = (f1,f2) : X = Y x Z is called a complex mapping if
fi: X =Y and fo : X — Z are mappings. Throughout this paper, we will denote
the unit interval [0, 1] as I.

Definition 2.5 ([3]). Let X be a non-empty set. A complex mapping A = (ua,va4) :
X — I'xIis called an intuitionistic fuzzy set (in short, IFS) in X if 0 < pg+va <1
for each = € X, where the mapping ps : X — I and v4 : X — I denote the degree
of membership (namely p4(z)) and the degree of non-membership (namely v4(z))
of each x € X to A respectively.

Definition 2.6 ([3]). Let X be a non-empty set and A = (ua,v4), B = (up,vp)
be IFS in X. Then

(1) ACBiff pg < up and vg < vg.

(2) A=Biff AC Band B C A.

(3) ANB = (ua App,vaVug).

(4) AUB = (pa V u,va AvB).

Definition 2.7 ([l1]). Let A = (pa,va) be an IFS in a residuated lattice L.
A = (pa,va) is called an intuitionistic fuzzy filter in L if it satisfies the follow-
ing conditions :
(IF1) z < y implies pa(x) <
(IF2) pa(z *y) > pa(z) A p
(IF3) va(z + ) < va(2) V va(y),
for all z,y € L.

For any « € [0, 1] and a fuzzy set p in a non-empty set X, the set
Ul a) = {o € X : u(z) > a,

is called an upper a— level of p and the set
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L(p.a) = {e € X : p(z) < )

is called a lower a— level of pu.

Theorem 2.8 ([11]). Let A = (pua,va) be an IFS in a residuated lattice L. Then
A = (na,va) s an intuitionistic fuzzy filter in L if and only if for all o, 8 € [0,1],
the sets U(ua, ) and L(va,a) are either empty or filters in L.

Definition 2.9 ([11]). Let A = (ua,va) be an IFS in a residuated lattice L. An
intuitionistic fuzzy filter B = (up, vp) is called an intuitionistic fuzzy filter generated
by A, if it satisfies :

() ACB,

(ii))A C C implies B C C, for all intuitionistic fuzzy filters C' in L.
The intuitionistic fuzzy filter generated by A is denoted by < A >.

Theorem 2.10 ([11]). Let A= (na,va) be an IFS in a residuated lattice L. Then
< A >=(lica>,V<a>) where

peas(@) = V{palar) Apalaz) Ao Apalay) : x > ag x...xa, where ay,...,a, € A},
Veas(x) = Nvalar) Vva(a) V... Vvg(ay) : & > ay * ... % a, where ay,...,a, € A},

for all x € L.

Definition 2.11 ([14]). Let U be an initial universe set and F be a set of parameters.
Let P(U) denotes the power set of U and A C E. A pair (F, A) is called a soft set
over U, where F is a mapping given by F : A — P(U).

In other words, a soft set over U is a parameterized family of subsets of the universe
U.

Definition 2.12. Let U be an initial universe set and E be a set of parameters.
Let IFS(U) denote the set of all intuitionistic fuzzy sets in U. Then (F, A) is called
an intuitionistic fuzzy soft set over U where A C E and F' is a mapping given by
F:A—=IFSU).

In general, for every e € A, Fle] is an intuitionistic fuzzy set in U and it is called
intuitionistic fuzzy value set of parameter e. If for every e € A, Fle] is an intuition-
istic fuzzy subset of U, then (F, A) is degenerated to be the intuitionistic fuzzy soft
set. Thus, from the above definition, it is clear that intuitionistic fuzzy soft sets are
a generalization of fuzzy soft sets.

3. INTUITIONISTIC FUZZY SOFT FILTERS OF RESIDUATED LATTICES

In what follows, let E be a set of parameters unless otherwise specified and L be
a residuated lattice.

Definition 3.1. Let (F, A) be an intuitionistic fuzzy soft set over L where A is a
subset of E. If there exists e € A such that F'[e] is an intuitionistic fuzzy filter in L,
we say that (F, A) is an intuitionistic fuzzy soft filter of L based on a parameter e.
If (F,A) is an intuitionistic fuzzy soft filter of L based on all parameters, we say
that (F, A) is an intuitionistic fuzzy soft filter over L.
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Example 3.2. Suppose that there are four players in the universe, that is
U =a,b,c,d}.

Let M, U, %, — be four soft game machines for two players to play accordingly in
such a way, we have the following results :
aMrz=aand dMz =z for all x € U,
b if xed{bd} _J e if xze{cd}
b@x_{a if x€{a,c} cMz=1 4 if x€{a,b}

aVz=zand dUx =d for all z € U,

(d if zecd (d if we{bd)
b@x—{b if x€{a,b} C@x_{c if zef{a,c}

a¥rx=aand dxx=xforallz e U,

. foa if xze{ac} . Joa if zed{ab}
b*x_{b if xe{bd} C*w_{c if ze{cd}

a—»x=dandd—»zx=xforallx e U,

[ d if wel{bd) (b if ze{ab)
b%x_{c if zef{a,c} C—»x_{d if ze{cd}

Then (U,M, U, %, —, a,d) is a residuated lattice. Consider a set of parameters :
E = {Clever, Agile, Brave}.

(1) Let (F, E) be an intuitionistic fuzzy soft set over U. Then F[Clever], F[Agile]
and F[Brave] are intuitionistic fuzzy sets in U. Define them as follows :

F ‘ a b c d
Clever | (0.5,0.4) (0.5,0.4) (0.5,0.3) (0.6,0.3)
Agile | (0.3,0.6) (0.3,0.4) (0.4,0.6) (0.7,0.2)
Brave | (0.4,.6) (0.4,.5) (0.7,0.1) (0.1,0.4)
Then (F, E) is an intuitionistic fuzzy soft filter based on parameters ”Clever” and
7 Agile” over U but it is not an intuitionistic fuzzy soft filter based on a parameter
"Brave” over U. Hence (F, E) is not an intuitionistic fuzzy soft filter over U.
(2) Let (G, E) be an intuitionistic fuzzy soft set over U. Then G[Clever], G[Agile]
and G[Brave] are intuitionistic fuzzy sets in U. Define them as follows :
G ‘ a b c d
Clever | (0.2,0.7) (0.2,0.6) (0.3,0.7) (0.8,0.1)
agile | (0.6,0.3) (0.6,0.3) (0.6,0.3) (0.9,0.1)
brave | (0.8,.2) (0.7,.1) (0.8,.2) (1,0)
Then G[Clever], G[Agile] and G[Brave] are intuitionistic fuzzy soft filters based on

parameters ”Clever”, ” Agile” and ”Brave” over U, respectively. Hence (G, E) is an
intuitionistic fuzzy soft filter over U.

Definition 3.3. Let (F, A) and (G, B) be two intuitionistic fuzzy sets over a common
universe U. The extended intersection of (F,A) and (G, B) is defined to be the
intuitionistic fuzzy soft set (H, C) satisfying the following conditions :
(i) C=AUB,
(ii) For all e € C,
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Fle] if ecA\B
Hle] = Gle] if eeB\A
Fle]NGle] if e€ ANB.
In this case, we write (F, A) M, (G, B) = (H,C).
Theorem 3.4. Let (F, A) and (G, B) be two intuitionistic fuzzy soft filters over L.

Then the extended intersection of (F, A) and (G, B) is an intuitionistic fuzzy soft
filter over L.

ﬁj

Proof. Let (F,A) M. (G,B) = (H,C) be the extended intersection of (F, A) and
(G, B). We have C = AU B. Suppose that e € C be arbitrary.

(1) If e € A\B, then Hle] = F'[e] is an intuitionistic fuzzy filter in L.

(2) If e € B\ A, then Hle] = G[e] is an intuitionistic fuzzy filter in L.

(3) If AN B # &, then Hle] = Fle] N G[e] is an intuitionistic fuzzy filter for
all e € AN B, because the intersection of two intuitionistic fuzzy filters in L is an
intuitionistic fuzzy filter. Therefore (H,C) is an intuitionistic fuzzy soft filter over
L. g

Definition 3.5. Let (F, A) and (G, B) be two intuitionistic fuzzy soft sets over a
common universe U such that AN B # @. The restricted intersection of (F,A)
and (G, B) is defined to be the soft intuitionistic fuzzy soft set (H, C') satisfying the
following conditions :

(i)C=AnB.

(ii) Hle] = Fle] N Gle] for all e € C.
In this case, we write (F, A)MN (G, B) = (H,C).

Corollary 3.6. The restricted intersection of two intuitionistic fuzzy soft filters over
L is an intuitionistic fuzzy soft filter over L.

Definition 3.7. Let (F, A) and (G, B) be two intuitionistic fuzzy soft sets over a
common universe U. The union of (F, A) and (G, B) is defined to be the intuitionistic
fuzzy soft set (H, C) satistying the following conditions :
(i) C=AUB.
(ii) For all e € C,
Fle] if eeA\B
Hle] = Gle] if eeB\A
Fle]UGle] if e€ ANB.
In this case, we write (F, A) U (G, B) = (H,C).

Theorem 3.8. Let (F, A) and (G, B) be two intuitionistic fuzzy soft filters over L.
If A and B are disjoint, then the union (F, A)U (G, B) is an intuitionistic fuzzy soft
filter over L.

Proof. Suppose that (F, A) U (G,B) = (H,C), where C = AU B and for all e € C,

Fle] if eeA\B
Hle] = Gle] if eeB\A
Fle]UGle] if e€ ANB.
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By assumption, ANB = @. Hence we have either e € A\Bore € B\Aforalle € C.
Consider the following cases :

(1) If e € A\B, then Hle] = Fle] is an intuitionistic fuzzy filter in L because
(F, A) is an intuitionistic fuzzy soft filter over L.

(2) If e € B\ A, then Hle] = Gle] is an intuitionistic fuzzy filter in L because
(G, B) is an intuitionistic fuzzy soft filter over L.
Therefore (H,C) = (F, A) U (G, B) is an intuitionistic fuzzy soft filter over L. O

The following example shows that Theorem 3.8 is not valid if A and B are not
disjoint.
Example 3.9. Let (U,M,U, %, — a,d) is the residuated lattice in Example 3.2.
Consider two sets of parameters :
A = {Attentive, Smart}, B = {Clever, Skil ful, Smart}
Then A and B are not disjoint.
Let (F, A) be an intuitionistic fuzzy soft set over U. Then F[Attentive], F[Smart]
are intuitionistic fuzzy sets in U. Define them as follows :
F ‘ a b c d
Attentive | (0.2,0.4) (0.2,0.3) (0.6,0.4) (0.8,0.1)
Smart | (0.6,0.2) (0.6,0.1) (0.8,0.2) (0.9,0.0)

Then (F, A) is an intuitionistic fuzzy soft filter over U.
Let (G, B) be an intuitionistic fuzzy soft set over U. Then G|[Clever]|, G[Skil ful]
and G[Smart] are intuitionistic fuzzy sets in U. Define them as follows :
G ‘ a b c d

Clever | (0.1,0.4) (0.5,0.4) (0.1,0.4) (0.6,0.3)

Skilful | (0.4,0.4) (0.6,0.4) (0.4,0.2) (0.7,0.1)

Smart | (0.3,0.2) (0.7,0.2) (0.3,0.1) (0.9,0.1)
Then (G, B) is an intuitionistic fuzzy soft filter over U.
But the union of (F, A) and (G, B) is not an intuitionistic fuzzy soft filter over U.
Suppose that e = Smart. Then Fle] U Gle] = (1p(e) V ale]s VFle] A Vale]) 18 not an
intuitionistic fuzzy filter in U, since

(rie) V Bare) (b % ¢) = (Lre V Hae))(a) =
[(1re V Hale) (D) A l(prpe V pare(c)] = 0.

but 0.6 # 0.7.

Definition 3.10. Let (F, A) and (G, B) be two intuitionistic fuzzy soft sets over a
common universe U. Then (F, A)AN D(G, B) denoted by (F, A) A (G, B) is an soft
intuitionistic fuzzy set defined by (F, A) A (G, B) = (H, A x B), where H[(u,v)] =
Flu] N G[v] for all (u,v) € A x B.

Theorem 3.11. Let (F, A) and (G, B) be two intuitionistic fuzzy soft filters over
L. Then (F,A) A (G, B) is an intuitionistic fuzzy soft filter over L.

Proof. Suppose that (H, A x B) = (F, A) A (G, B), where H[(u,v)] = Flu] N G[v],
Flu] = (ttppu), Vrpe)) and Gv] = (pap)s vap)) for all (u,v) € A x B. We have

H{(u,v)] = Flu] N G[v] = (tp) A 16 VR Y Va))-
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For any (u,v) € A x B, we will show that H|[(u,v)] is an intuitionistic fuzzy filter in
L.

(IF1) Let « < y. Since Flu] and G[v] are intuitionistic fuzzy filters in L, we have

pr () < prp (), Ve (T) > vew (y),
tep (T) < pap V), Vo) (@) 2= vapw (v)-

Therefore

HF[u) (Ll?) A HG[v] (l‘) < HFu) (y) A HG[v] (y)7
Ve () V v (2) = vepg (¥) V van (y).

(IF2) For all 2,y € L, we have

(1rp) AN e (@ xy) 2 [(rw (@) A pep (Y) A (e (2) A e ()]
= [(Lrp (@) A pep) (@) A (ew (Y) A v (Y))]
= (Lrp) AN pap) (@) A (e A tap) (Y)

(IF3) For all z,y € L, we have

(VEw V ve) (@ *y) < (Ve (T) V Ve (¥) V (Vap) () V ver ()]
= [(vr(®) Vv () V (Ve (¥) V Ve (v))]
(VF{U] V va) (@) V (Ve V vap) (1)-

Hence (H,A x B) = (F,A) A (G, B) is an intuitionistic fuzzy soft filter based on
(u,v). Since (u,v) € A X B is arbitrary, then (H, A x B) is an intuitionistic fuzzy
soft filter over L. O

Definition 3.12. Let (F, A) and (G, B) be two intuitionistic fuzzy soft sets over
a common universe U. Then (F,A)OR(G, B) denoted by (F,A) Y (G,B) is an
intuitionistic fuzzy soft set defined by (F, A)V(G, B) = (H, Ax B), where H[(u,v)] =
Flu) U G[v] for all (u,v) € A x B.

Remark 3.13. Let (F, A) and (G, B) be two intuitionistic fuzzy soft filters over L.
Then (F, A) ¥ (G, B) may not be an intuitionistic fuzzy soft filter over L. Consider
the following example.

Example 3.14. Let (F, A) and (G, B) be two intuitionistic fuzzy soft filters over U
in Example 3.9. Then (F, A) Y (G, B) is not an intuitionistic fuzzy soft filter over U.
Suppose that u = Attentive, v = Skil ful. Then F[u]UG[v] = (i) V paw), VEw A
Va[w]) is not an intuitionistic fuzzy filter in U, since

HF[] vV ug[ﬂ]a) % c) = HE[) V ,uG[v](a) =04<0.6
= [wrp V e (O] A lnpw V pap (0))-

4. GENERATED INTUITIONISTIC FUZZY SOFT FILTERS OF RESIDUATED LATTICES

In this section, we will define and study the generated intuitionistic fuzzy soft
filters of residuated lattices.
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Definition 4.1. Let (F, A) and (G, B) be two intuitionistic fuzzy soft sets over a
common universe U. Then (F, A) is called a soft subset of (G, B) and denoted by
(F,A) C (G, B), if it satisfies :

()AcCB,

(ii) for every e € A, Fle] C Gle|, that is ppe(z) < pgpe(z) and vgpe(z) <
vrle)(z), for all x € U.

Definition 4.2. Let (F, A) be an intuitionistic fuzzy soft set over L. An intuition-
istic fuzzy soft filter (G, B) is called an intuitionistic fuzzy soft filter generated by
(F, A), if it satisfies :

(i) (F, 4) C (G, B),

(ii)(F, A) C (H,C) implies (G, B) C (H, C), for all intuitionistic fuzzy soft filters
(H,C) of L.
The intuitionistic fuzzy soft filter generated by (F, A) is denoted by < (F, A) >.

Example 4.3. Let L be a residuated lattice with the universe {0, a,b,c,1} such
that 0 < a,b < ¢ < 1 and a, b are incomparable. The operations * and — are given
by the tables below :

*x10 a b ¢ 1 =10 a b ¢ 1
0|0 0 0 0 O oj1 1 1 1 1
al0 a 0 a a alb 1 b 1 1
bl0 O b b b bla a 1 1 1
c|l0 a b ¢ ¢ c|l0 a b 1 1
1{0 a b ¢ 1 10 a b ¢ 1

Consider a set of parameters £ = {1/2,1/4}.
Let (F, E) be an intuitionistic fuzzy soft set over L. Then F[1/2] and F[1/4] are
intuitionistic fuzzy sets in L. Define them as follows :

F|o0 a b c 1
1/2 ‘ (0.2,0.4) (0.2,0.4) (0.5,0.4) (0.7,0.2) (0.9,0.1)
1/4 1 (0.6,0.3) (0.5,0.4) (0.6,0.3) (0.9,0.1) (0.8,0.1)

Then F[1/2] is an intuitionistic fuzzy soft filter based on parameter“1/2” but it is
not an intuitionistic fuzzy soft filter based on the parameter 1/4 over L. Hence
(F,A) is not an intuitionistic fuzzy soft filter over L.

Let (G, B) be an intuitionistic fuzzy soft set over L. Then G[1/2] and G[1/4] are
intuitionistic fuzzy sets in L. Define them as follows :

G|0 a b c 1
1/2 ‘ (0.2,0.4) (0.2,04) (0.5,04) (0.7,0.2) (0.9,0.1)
1/41(0.6,0.3) (0.6,0.3) (0.6,0.3) (0.9,0.1) (0.9,0.1)

Then (G, E) is an intuitionistic fuzzy soft filter generated by (F, A).

Theorem 4.4. Let (F,A) and (G, A) be intuitionistic fuzzy soft sets over L. If
(G, A) is an intuitionistic fuzzy soft set over L such that for any e € A and x € L

Kale) (z) = \/{uF[e](al) A BFe] (a2) A oo A ,uF[e](an) SX > ag k.. kap),
VGle] (x) = /\{VF[E](al) V Ve (ag) V...V VF[C](an) S > ag k..kap),
Then (G, A) =< (F, A) > and hence Gle] =< Fle] > for any e € A.
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Proof. Obviously G[e] is an intuitionistic fuzzy filter generated by Fle], for any
e € A. Hence (G, A) is an intuitionistic fuzzy soft filter over L. Suppose that (H,C')
is an intuitionistic fuzzy soft filter over L such that (F, A) C (H,C). Then we have
A C C, and for every e € A, ppr)(z) < pppe(r) and vy (x) < vpe(r), for all
x € L. We get that

pare () = V{ure (a1) A ppe(a) A A ppe(an) : @ > ay % ...ox an}
< VAumg(ar) A page(az) A A pppe(an) : x> a1 % ... % ap}

< MH[e] (l’),
and
vare (@) = NMvrepg(ar) V vpg(az) V... V vpe(an) : @ > ay * ..o x an}
> Mvape(ar) Vg (az) V... Vvge(an) : > a1 % ... % ap}
> vy (),
for all z € L, that is (G, A) C (H,C). Therefore (G,A) =< (F,A) > and hence
Gle] =< Fle] > for any e € A. O

Theorem 4.5. Let (F, A) be an intuitionistic fuzzy soft set over a residuated lattice
L. If (G, A) is an intuitionistic fuzzy soft set over L such that for any e € A and
zel
tge (@) = V{a € [0,1] : z €< U(pupp, a) >},
vare () = NMa € 0,1] sz €< L(vppg, @) >}
Then (G, A) =< (F,A) >.
Proof. Suppose that o € [0,1]. Put oo, = v — = and o], = a + L.
(1) First, we will show that U(ugpe), @) is either empty or a filter of L.
Assume that U(uge, @) # @ and = € U(ugpe), ). For every n € R, we have

pnare)(z) = V{a € [0,1] : 2 €< Ulpppe, @) >} 2 a > o
Then for every n € X, there exists
ﬂn € {a € [Oa 1] tre< U(/J’F[e]va) >}

such that £, > a,. We get that © €< U(uppe, Bn) >, for every n € R. Thus

z € Npex < U(ppie; Bn) >, that is U(ugre, @) € Nper < Upie), Bn) >.
Conversely, let € (), cx < U(ppie), Bn) >. So

Bn €{ac0,1]: 2 e<U(up, @) >}
for every n € R. We get that
an < B < \f{a € [0,1]: 2 €< Ulupr, @) >} = ngpe) ()

for every n € R. Hence a < pugpg(x) and thus x € U(uge,@). We obtain that
MNpex < Uure), Br) >C Ulpgie, @) -
Therefore U(pgpe), @) = Npex < Utpie), Bn) > is a filter of L.
(2) We will prove that L(uge, @) is either empty or a filter of L.
Assume that L(pge, @) # @ and x € L(pgie, ). For every n € R, we have

vare (z) = /\{a €[0,1] : x €< L(vpe, ) >} < a < oy,
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Thus for every n € X, there exists
B e{ael0,1]: 2 e< Lvpy, @) >}

such that 8, < «,. We get that © €< L(vp, 3;,) >, for every n € R. So z €

ﬂnEN < L(”F[e]vﬁz) >, that is L(Vg[e],a) - ﬂnGN < L(VF[€]7ﬂ’:7,) >.
Conversely, let x € (), < L(vpie), B7,) > Then

B, € {ae0,1]: z e< L(vp), o) >}
for every n € X. We get that

al, > Bl >/\{a€01] r €< L(vpp), a) >} = vge (o)

for every n € R. Thus a > vgj(7) and then x € L(vgie, @). We get that

() < Lwre, B) >C Lvgie, ).
ner

So L(vge), @) = Npex < LV, Br) > is a filter of L.
Hence (G, A) is an intuitionistic fuzzy soft filter over L by (1) and (2) and Theorem
2.8.

(3) Now, we will show that (F, A) C (G, A). Let x € L and

v € {Ol € [Ov 1} HEGRS U(:U‘F[e]va)}'
We get that v € {a € [0,1] : 2 €< U(pupe, @) >}. Thus

v € U(ppe,y) S<U(pre,v) > -
So
fa €01 2 € Ulpr )} € {a € 0,1] i@ €< Ulpurya) >
We obtain that

pre () =V{a € 0,1 : 2 € U(up), @)}
<V{ae0,1]: z €< Ulupps @) >} = pap(@).

Similarly, we can show that vp(x) > vgg(x). Hence (F, A) C (G, A).
(4) Finally, suppose that (H,C) be an intuitionistic fuzzy soft filter over L Such
that (G, A) C (H,C). Assume that » € L and pgpe(r) = a. Then

T e U(:“G le]» & ﬂ < U( NF[e Brn) >
neN

We have €< U(upg, Bn) > for every n € R. Thus there exist ai,az,...,a, €
U(pp(e], Bn) such that > a1 * ag * ... ¥ a,. We obtain that

pre) () > ppe () A ppe(a) A A ppe(ar) > Ba.

So prpe () > pre(r) > B > ap = a — % for every n € N. We obtain that

pae(x) > a = pgre)(z). Similarly, we can show that vy (z) < vgr(z). Hence

we get that (G, B) C (H,C). Therefore (G, B) is an intuitionistic fuzzy soft filter

generated by (F, A). O
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Proposition 4.6. Let (F, A) and (H,C) be intuitionistic fuzzy soft sets and (G, B)
be an intuitionistic fuzzy soft filter over L. Then

(1) if (F,A) C (H,C), then < (F,A) >C< (H,C) >.

(2)< (F,A) > AN(G,B) E< (F,A)N (G, B) >.

Proof. (1) The proof is straightforward.
(2)Suppose that e € AN B and « € L be arbitrary. Then
pare () ANHurpe(a) A oA ppe(an) x> ay ..o xan}
< Ve (@) A ppe(an)) A A (pee () A ppe(an)) : @ > ay % ...ox an}
< V{(ce A pre)(@n) A A (pere A pee)(@n) 12 > a1 x ..ok ant.
Also, we have
vare (@) V NMyrg(a) V vpe(az) V.. Vv (an) : 0 > ag * ..ok an}
> Mae () Vvpg(ar)) V... V (Vg () V vpe(an)) - @ > ap * ... x an}
> MWere V vr) (@) V... V (Vg V vpe)(@n) 1 @ > ag * ..o x ap b
Hence < (F,A) > A(G,B) C< (F,A) N (G, B) >. O

5. LATTICE OF INTUITIONISTIC FUZZY SOFT FILTERS OF RESIDUATED LATTICES

In this section, the set of all intuitionistic fuzzy soft filters of a residuated lattice
L, will be denoted by IFSF(L).

Theorem 5.1. Let L be a residuated lattice. Then (IFSF(L),C) is a complete
lattice.

Proof. Suppose that {(F;, A;)}ier € IFSF(L). Then the infimum of this family is
/\iEI(Fi7Ai) = I_liEI(Fi;Ai) and the supremum is \/iEI(Fi’Ai) =< uiEI(Fi;Ai) >.
It is easy to prove that (IFSF(L), \,V) is a complete lattice. O

Proposition 5.2. Let {(F;, A;) bier be a directed subset of IFSF(L). Then | |, ;(F;, A;) €
IFSF(L).

Proof. Suppose that (H,C) = | J,c;(Fi, Ai), where C' = | J,;.; A; and for all e € C,

Hle] = { File] if e€A\Ujer i A
Uier Filel if  ec ﬂiep,ﬂg A

where I’ is the biggest subset of I which e € A;, for all ¢ € I'. Consider the following
cases :

Case (1). If e € A\
in L.

Case (2). If e € [, Ai, we will prove that Hle] = (J;c; File] is an intuitionistic
fuzzy filter in L.

icl

jer,jzi Aj» then He] = Fie] is an intuitionistic fuzzy filter
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(IF1) Suppose that z,y € L such that x <y. For all j € I, we have

pry e (@) < pry (W) <\ mryge
el
and
vry (@) > ppy () = )\ ieyge
el

Since j € I is arbitrary, we obtain that

\/ HE; [e] \/ HE;e]

i€l el

and
/\ HF; [e] /\ My e]
iel el

Since {(F;, A;)}ier is a directed subset of IFSF(L), for all 4,j € I, there exists
k € I such that up, (o), r;e) < Hr e a0d VE[e]s VE;[e] = VEy[e]-
(IF2)For all z,y € L, we have

BE e () A b (V) < pee () A prge(Y) < pee (T *y) < \/ Ppye) (T * ).
i€l

We obtain that \/;cr fm(e) (2) A Vier #rfe) (4) < Vier tre) (@ % y)-
(IF3)For all z,y € L, we have

VE e (@) V Va1 () = VEe (2) V VE e (4) = ve e (@ y) >\ e (@ y).
iel
We obtain that /\iel VEy[e] (z) Vv /\iEI VEy[e] (y) > /\iel VEule] (z *xy).
Hence (H,C) is an intuitionistic fuzzy soft filter over L. O

Proposition 5.3. Let X be a finite subset of L. Let t,s € [0,1] such that t+s = 1.
The intuitionistic fuzzy soft set (F(x 1), A) defined to be such that for alle € A and
zel:

ot if re<X>
PEeold®) = 0 3F zel\ <X >
and
| s if re< X >
GERIDICR I if rel\<X>.
Then (Fixt,s),A) is an intuitionistic fuzzy soft filter over L which is called finite
generated intuitionistic fuzzy soft filter induced by X over L.

Proof. For every «, 8 € [0, 1], we have

g if 1>za>t
U('U’F<X,t,s)[€]7a) = <X > Zf t>a>0
L if a=0

and
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L if p=1
Lvpy, e @)= <X> if s<p<l1
1] if 0<B<s.

By Theorem 2.8, we have F{x q)[e] is an intuitionistic fuzzy filter in L, for all e € A.
Hence (F(X’LS), A) is an intuitionistic fuzzy soft filter over L. O

Theorem 5.4. Finite generated intuitionistic fuzzy soft filters over L are compact
in IFSF(L).

Proof. Suppose that (F(x ), A) is an arbitrary finite generated intuitionistic fuzzy
soft filter induced by X over L where X is a finite subset of L and ¢, s € [0, 1] such
that t +s=1.

Let {(F;, A;)}icr be a directed subset of IF.SF(L) such that it has the supermum
Vaer(Fa, Aa) and (Fix 1), A) C Vaer(Fa, Aa). We will show that there exists
B € I such that (F(t75),A) C (Fg,A).

By Proposition 5.2, we have \/ c(Fa, Aa) = | per (Fa, Aa) € IFSF(L).

If X = @, then it is clear that the assertion is true.

If X = {z1,...,zn,} # &, then for x; € X, there exists a; € I such that
Fix.5)le](zi) € Fy,[e](x;), that is

t=1F . ole(®i) S pr, (o(®) and s = v, e (T0) 2 VE, (%)

Since {(Fy, Ao) tacr € IFSF(L) is directed, there exists 8 € I" such that (Fy,, A) C
(Fp,A) for 1 < i < n. Then for all x €< X >, there exist 1, ..., 2xm € X such
that zp1 * ... * T < 2. We obtain that

t S /\;1;1 H’Fa,ﬂ- [6] (xaki) S /\:;1 ,LLFg[e] (xaki) S p’F/s[e] (Z)
and
s> \/:11 VFa,m» le] (xaki) > \/:11 VFgle] (‘raki) > VFgle] (x)

Hence there exists § € I' such that (F(x ), A) T (Fp, A), that is finite generated
intuitionistic fuzzy soft filters over L are compact in IFSF(L). O

Proposition 5.5. Any intuitionistic fuzzy soft filters over L is a directed supremum
of compact elements of IFSF(L).

Proof. Let (F,A) € IFSF(L). We show the set of all finite subset of L by P. We
will prove that (F, A) = \/ xcp(F(x.,),A). Suppose that = € L be arbitrary. Put
t = pppe)(z) and s = v (v). We get that

1) (%) = fp o, (e (@) and vp e () = Ve (2).
Hence
HE[e] < \/Xep KEx s ) le] and VE[e] > /\Xep VF(x .)le]"

It is clear that

1rge) = Vxep Hrs, e and Ve < Axep Vs, (o)-
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We obtain that (F,A) = \/ycp(F(x,s),A). By Theorem 5.4, (F, A) is a directed
supremum of compact elements of IF'SF(L). O

Corollary 5.6. The complete lattice (IFSF(L),C) is an algebraic lattice.
Proof. 1t follows from Proposition 5.2, Proposition 5.3 and Theorem 5.4. 0

Theorem 5.7. Let (F, A) be an intuitionistic fuzzy soft set over L. Then for all
ecAandx €L,

(1) ppe)(x) = V{pre(ar * ... xan) 12 > ay * ... xan},
(2) vpe () = NMvrp(ar * ... xan) 12 > ay ... ¥ an .

Proof. (1) Let © > ay * ... x an. Then ppg(x) > pppe(ar * ... x ap). Thus
pre)(T) > \/{up[e](al KK Qp) P T A1 K K Ay b
On the other hand, we have x = 1 x . We get that
pre(r) = pre(l*x) < \/{/,[,F[e](al kK Qp) i T > a1 K. kAt
(2) Let © > a1 * ... ¥ a,. We have vpig(x) < vppg(ar * ... % ap). Thus
vrpe(z) < /\{up[e](al KK Qp) i T > Ay k.. kG )

On the other hand, we have x = 1 * . We obtain that

Vre) (@) = v (1 x) > /\{Vp[e](al KoK Qp) DT> ap K. kG )

Theorem 5.8. The complete lattice (IFSF(L),C) is distributive.

Proof. Let (F,A),(G,B),(H,C) € IFSF(L) be arbitrary.
Suppose that (F, )N < (G,B)U(H,C) >= (K3, D7), where D; = AN(BUC), and
for all e € Dy,

Fle] if e€AN(B\C)
Kile] = { Gle] if e AN(C\B)
Fleln < Gle]UHle] > if e AN(BNC).

Assume that < (F, A)N(G,B))U ((F,A) N (H,C) >= (K2, Ds), where Dy = (AN
B)U(ANC), and for all e € Do,

Fle] if e€c(ANB)\(ANC)
Gle] if ee(ANnC)\(ANB)

Kl[e]:
{<(F[e]me[e])u(F[emH[e])> if ec(ANB)N(ANC).

We know that Fle],Gle] and Hle] are intuitionistic fuzzy soft filters in L and
Dy = D5. Consider the following cases :

Case1: Ifee AN(B\C) = (AN B)\(ANC(C), then K;le] = Fle] = Ka[e].
Case 2: Ifee AN (C\B) = (ANC)\(AN B), then K;[e] = Gle] = Ka[e].
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Case 3: Lete€ AN(BNC)=(ANB)N(ANC). We will show that Fle]n <
Gle]U Hle] >=< (Fle] N Gle]) U (Fle] N H[e]) >. We have

Lren<Gleutle> () = ppe (@) A (pecreunes ) ()
= ppie)(x) AN{kcreune () c x> ap * . xan}
= V{ure) (@) A preune () : x> ap * ... % an}
= V{r (@) A (gl V tae)(®) : @ > ag * ... % ap}
= V{((pie A tare) V (rie) A tie)) () s 2 > ay * ok an}
= u<(F[e]nG[e})u(F[e]mH[e1)>($)~

and

VFleln<GleJuH[e]> (T) = Vr[e(T) V (V<gleune> ) (T)
= vpe) (@) V AMVGleume)(T) 1 @ > a1 % ..o an}
= /\{VF[e ( ) V VGle ]UH[e](x) 1T > ag k... x an}
= Mvr(x) V (Vg Ava) (@) : @ > ay * ..o % an )
= MNM((vre Vvgre) A (Ve V Va))(®) 2 > a1 % ... % ap}
= V< (Fle]nGle])U(Fle]nH]e])> (T

Therefore (F, A) A ((G,B) VvV (H,C)) = ((F,A) A (G,B))V ((F,A) A (H,C)). a
6. CONCLUSIONS

In this paper, we applied the notion of intuitionistic fuzzy soft set to residuated
lattices and we have introduced the notion of (generated) intuitionistic fuzzy soft
filters of residuated lattices. Also, We have presented some properties of them.
Furthermore, we proved that the set of all intuitionistic fuzzy soft filters of a resid-
uated lattice is a distributive algebraic lattice and we showed that finite generated
intuitionistic fuzzy soft filters over a residuated lattice are compact element of this
lattice.

Acknowledgements. The author would like to thank the referees for a number

of helpful comments and suggestions.

REFERENCES

[1] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, Fuzzy Sets and Systems
20 (1986) 87-96.

[2] K. T. Atanassov, New operations defined over the intuitionistic fuzzy sets, Fuzzy Sets and
Systems 61 (1994) 137-142.

[3] K. T. Atanassov, Intuitionistic fuzzy sets. Theory and applications, Stud. Fuzziness Soft Com-
put., 35. Heidelberg; Physica-Verlag 1999.

[4] R. Biswas, Intuitionistic fuzzy subgroups. Math. Forum 10 (1989) 37-46.

[5] T. S. Blyth and M. F. Janovitz, Residuation Theory, Progamon Press 1972.

[6] K. Blount and C. Tsinakies, The structure of residuated lattices, Internat. J. Algebra Comput.
13 (4) (2003) 437-461.

[7] Y. Choc, Y. B. Jun and S. Z. Song, Bifuzzy ideals of pseudo MV-algebras, J. Appl. Math.
Comput. 22 (1 - 2) (2006) 475 — 489.

[8] Y. B. Jun and K. H. Kim, Intuitionistic fuzzy ideals of BCK-algebras, Int. J. Math. Math. Sci.
24 (12) (2000) 839-849.

[9] Y. B. Jun, Soft BCK/BCI-algebras, Comput. Math. Appl. 56 (2008) 1408-1413.

[10] Y. B. Jun, K. J. Lee and C. H. Park, Soft set theory applied to ideals in d-algebras, Comput.
Math. Appl. 57 (2009) 367-378.

412



Shokoofeh Ghorbani /Ann. Fuzzy Math. Inform. 11 (2016), No. 3, 397-413

[11] Sh. Ghorbani, Intuitionistic Fuzzy Filters of Residuated Lattices, New Math. Nat. Comput. 7
(3) (2011) 499-513.

[12] Sh. Ghorbani, Intuitionistic Fuzzy Congruence Relations on Residuated Lattices, Acta Univ.
Apulensis Math. Inform. (29) (2012) 301-314.

[13] Sh. Ghorbani, Fuzzy Soft Convex Subalgebras on Residuated Lattices, Acta Univ. M. Belii
Ser. Math., Series Mathematics Issue (2014) 45-55.

[14] D. Molodtsov, Soft set theory - First results, Comput. Math. Appl. 37 (1999) 19-31.

[15] P. K. Maji, R. Biswas and A. R. Roy, Fuzzy soft sets, J. Fuzzy Math. 9 (3) (2001) 589-602.

[16] P. K. Maji, R. Biswas and A. R. Roy, Soft set theory, Comput. Math. Appl. 45 (2003) 555-562.

[17] P. K. Maji, A. R. Roy and R. Biswas, An application of soft sets in a decision making problem,
Comput. Math. Appl. 44 (2002) 1077-1083.

[18] A. R. Roy and P. K. Maji, A fuzzy soft set theoretic approach to decision making problems,
J. Comput. Appl. Math. 203 (2007) 412-418.

[19] T. Kowalski, H. Ono, Residuated lattices, an algebraic glimpse at logic without contraction,
Japan Advanced Institute of Science and Technology, March 2001.

[20] D. Piciu, Algebras of Fuzzy Logic, Editura Universitaria Craiova 2007.

[21] E. Turunen, Mathematics Behind Fuzzy Logic, Physica-Verlag 1999.

[22] M. Ward and R. P. Dilworth, Residuated lattices, Trans. Amer. Math. Soc. (1939) 335-354.

[23] L. A. Zadeh, Fuzzy sets, Information and Control (1965) 338-353.

[24] J. L. Zhang and H. J. Zhou, Fuzzy filter on the residuated lattice, New Math. Nat. Comput.
2 (1) (2006) 11-28.

SHOKOOFEH GHORBANI (sh.ghorbani@uk.ac.ir)
Department of Pure Mathematics, Faculty of Mathematics and Computer, Shahid
Bahonar University of Kerman, Kerman, Iran

413



	 Soft residuated lattice based on intuitionistic fuzzy sets. By 

