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ABSTRACT. This paper discusses the properties of multi-fuzzy sets with
product order and dictionary order on their membership functions. In
particular the relationship between multi-fuzzy sets and other sets such as
intuitionistic fuzzy sets, type-2 fuzzy sets, multisets and fuzzy multisets
are studied.
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1. INTRODUCTION

The concept of a multi-fuzzy set [12, 13, 15, 16, 18] is an extension of a fuzzy
set and Atanassov’s intuitionistic fuzzy set. Multi-fuzzy sets are useful for handling
problems with multi dimensional characterization properties. Applications of multi-
fuzzy sets in image processing are discussed in (see pages 346 to 349 of [14]). Previous

papers on multi-fuzzy sets concern set theoretical [11, 12, 13], topological [16] and
algebraic [17] properties.
Our previous work on multi-fuzzy sets [19, 20] are based on the product order on

their membership functions. This paper discusses the properties of multi-fuzzy sets
with various order relations on their membership functions, in particular dictionary
order and product order. It also studies the relationship between multi-fuzzy sets
and intuitionistic fuzzy sets, type-2 fuzzy sets and fuzzy multisets.
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2. PRELIMINARIES

Throughout this paper X and Y stand for universal sets, I, J and K stand for
indexing sets, {L; : j € J} and {M; : i € I} are families of lattices, unless it is
stated otherwise and LX stands for the set of all functions from X into L.

Let X be a nonempty crisp set and L be a complete lattice. An L-fuzzy set [5]
on X is a mapping A : X — L, and the family of all the L-fuzzy sets on X is just
LX consisting of all the mappings from X into L.

If {L; : j € J} is a family of lattices, then the product H L; is a lattice. If
jeJ
T,y € H Lj, then join = V y and meet Ay of x,y are defined as: (z V y); =
jeJ

xz; Vy; and (x Ay); = x; Ay, Yxj,y; € L;, Yj € J; or, equivalently, the product
order x <y is defined as xz; <; y;, Vj € J, where < and <; are the order relations
in H L; and L;j respectively (Adopted from [24]).

jeJ
Definition 2.1 ([22]). Let L and M be completely distributive lattices with order
reversing involutions ' : M — M and ' : L — L. A mapping h : M — L is called an
order homomorphism, if it satisfies the conditions h(0) = 0, h(Va;) = Vh(a;) and
h=H (') = (h=1(b))"

h=' : L — M is defined by Vb € L, h='(b) = V{a € M : h(a) < b}. Order
homomorphisms satisfy the following properties [22]: for every a € M and p € L;
a < h7Y(h(a)), R(h~'(p)) < p, ' (1z) = 1ar, K 1(0z) = Opr and a < h™'(p) &
h(a) < p < h=1(p') < a'. Both h and h~! are order preserving and arbitrary join
preserving maps. Moreover h~!(Aa;) = Ah~1(a;).

2.1. Multi-fuzzy sets.

Definition 2.2 ([12, 16]). Let X be a nonempty set, J be an indexing set and
{L; : j € J} a family of partially ordered sets. A multi-fuzzy set A in X is a set :

A= {{z, (nj(2)jes) x € X, pj € L, j € T}

The function g = (p;) e is called the multi-membership function of the multi-
fuzzy set A.  [];c;L; is called the value domain. If J = {1,2,...,n} (that is,
|J| = n, a natural number), then n is called the dimension of A. Suppose that
L; =10,1], ¥j € J and dimension of multi-fuzzy sets in X is n, then M*FS(X)
denotes the set of all multi-fuzzy sets in X.

Let {L; : j € J} be a family of partially ordered sets, A = {(z, (1;(2));jes) :
reX, pye Ly, jeJ}and B = {(z,(vj(x))jes) : . € X, v; € LF, j € J}
be multi-fuzzy sets in X with product order on their membership functions. Then
AC Bif and only if p;(z) < vj(z), Vo € X and Vj € J.

The equality, union and intersection(see [12]) of A and B are defined as:
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e A= B if and only if p;(x) = vj(x), Yz € X and Vj € J;

o AUB = {(x, (u;(x) Vv(x))jes) : w € X}

o AN B = {{z, (n;(x) Avj(x))jes) - € X}
Complement of A is A" = {(x, (1 (¥))jes) : ¥ € X'}, where i} is the order reversing
involution of ;.

If A, B, C are multi-fuzzy sets in X having same value domain with product order,
then:
e ALUA=A ATTA=A;
e ACAUB, BCAUB, ANBC Aand ANBLC B;
e AC Bifand only if AUB =B if and only if AN B = A;

Definition 2.3 ( [14, 15]). Let {L; : j € J} be a family of complete lattices,
f:X =Y and h: [[M; — [[L; be functions. The multi-fuzzy extension F' :
MM - 11 L}/ of f with respect to h is defined by

F(A)y) = \/ h(A@), Ac][M¥, yeV.
y=f(z)
The lattice valued function h : [[M; — []L; is called the bridge function of the
multi-fuzzy extension of f. If {L; : j € J} and {M; : i € I} are families of
completely distributive lattices and h~! is the upper adjoint of h in Wang’s [22]
sense (see Definition 2.1), then the inverse F~' : [ LY — [T M;X is defined by

FY(B)(@) = h"'(B(f(x))), Be[[L}, v € X;

3. MULTI-FUZZY SETS AND THE RELATIONSHIP TO OTHER SETS

This section discusses the relationship between multi-fuzzy sets and similar sets
like intuitionistic fuzzy sets, type 2 fuzzy sets, Obtulowicz’s general multi-fuzzy sets,
multisets, fuzzy multisets, Syropoulo’s multi-fuzzy sets, Blizard’s multi-fuzzy sets
and general sets.

3.1. Multi-fuzzy Sets and Intuitionistic Fuzzy Sets. An Atanassov’s intuition-
istic fuzzy set [1] on X is a set A = {(z, pa(x),va(x)) : pa(z) +valz) <1,z € X},
where pa(z) € [0,1] and va(z) € [0, 1] denote the membership degree and the non-
membership degree of x in A respectively.

Consider multi-fuzzy sets A, B of X with value domain Ly x Lo, where Ly = Lo =
[0,1]. That is, A = {{@, p1 (@), p2(x)) : @ € X} = (p1, p2) and B = {(z, v1(2), 12(2)) :
x € X} = (11, v2) are multi-fuzzy sets of dimension 2. Define a partial order as fol-
lows (p1(x), pe(x)) <ar (v1(z), va(z)) if and only if p1 () < vi(x) and po(x) > vo(x).
If p1(x) and peo(x) are the grade membership and grade nonmembership values of
x in A respectively and if puq(z) + po(z) < 1, Vo € X, then A is an intuitionistic
fuzzy set. That is, every intuitionistic fuzzy set in X is a multi-fuzzy set in X of
dimension 2.

If A= {{x,u1(x),p2(x)) : 2 € X} and B = {{z,v1(x),1a(z)) : z € X} are
multi-fuzzy sets in X with the above order relation, then
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o AL Bif and only if p1(r) < vi(x) and pa(x) > ve(x), Vo € X, where < is
the usual order relation and > is its dual order in [0, 1];
o AUB = {(z, p1(x) V11(x), po(z) Ava(x)) : 2 € X}
o AN B = {{z,p1(x) ANvi(z), p2(x) Vir(x)) :x e X},
This shows that union and intersection defined in multi-fuzzy sets with the above
order relation are the same as the union and intersection defined in intuitionistic
fuzzy sets.

3.2. Multi-fuzzy Sets and Type-2 Fuzzy Sets. A type-2 fuzzy set is a fuzzy
set having a membership function which itself is a fuzzy set (see page 17 of [6] and
page 24 of‘[25]). Suppose A = {{z,va(x)) : € X} and B = {(z,vp(x)) : € X}
are multi-fuzzy sets of dimension 1 with value domain L; = I, where I = [0,1].
Note that va(x),vp(x) € I!, for each x € X. Define a partial order as follows
va(z) <y vp(z) if and only if va(z) C vg(z), where <p; and Care the order rela-
tions in multi-fuzzy sets and I respectively. C is the fuzzy set inclusion operation
in I7. That is, type-2 fuzzy sets are multi-fuzzy sets.

Let A = {{(z,pa(x),va(z)) : @ € X} = (ua,va) and B = {(z, up(x),vp(z)) :
x € X} = (up,vp) be multi-fuzzy sets of dimension 2 with value domain L; X L.
Suppose Ly = [0,1], Ly = I, I =[0,1], and wva(z),vp(x) € I, for each = € X.
Define the partial order (pa(x),va(z)) <mr (pp(z),vp(x)) if and only if pa(z) <
pp(z) and va(x) C vp(z). With respect to this order relation, A is a multi-fuzzy
set and it is a generalization of type-2 fuzzy set.

3.3. Multi-fuzzy Sets and Obtulowicz’s General Multi-fuzzy Sets.
Obtulowicz’s general multi-fuzzy sets [10] over a universal set X are functions
M : X x N = I or equivalently, functions M : X — IV, where N is the set of
all natural numbers and I = [0,1]. The value M (x,n) or M(z)(n) is the degree of
certainty that n copies of an object x € X occur in a system or its part. In the
general multi-fuzzy sets the order relations and operations are defined component
wise.

Let A= {{z,va(z)) : x € X} and B = {(z,vp(x)) : € X} be multi-fuzzy sets of
dimension 1 with value domain L; = I, where I = [0, 1], and va(z),vg(x) € IV for
each z € X. Consider the partial order v4(z) <p; vp(x) if and only if v (x) C vp(z),
where <j; and Care the order relations in multi-fuzzy sets and I respectively. Note
that v4(z) = A(z)(n) and vg(z) = B(z)(n). Hence Obtulowicz’s general multi-fuzzy
sets are multi-fuzzy sets.

3.4. Multi-fuzzy Sets and Multisets. Let W be the set of nonnegative in-
tegers and let C'4 be function the universal set X into W. A multiset [2, 3] M over
the set X is the set A = {(z,Ca(z)) : z € X,Ca(x) > 0}. The value C4(x) is the
number of copies of x occur in the multiset A. Let A and B be multisets over X.
Then:

C B,if Cy(z) < C’B(x), x
= B, if Cy(x) = Cp(z),Vx
Caup(x) = max{Cx(z),Cp(z

€X;

€X;

)b
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o Canp(x) =min{Cx(z),Cp(x)}.
Multisets are multi-fuzzy sets of dimension 1 with L1 = W and Cx(z) <pr Cp(z)
equivalent to C4(z) < Cp(x), where <p; and < order relations in multi-fuzzy sets
and multisets respectively. Miyamoto’s [8, 9] above definition of inclusion, equal-
ity, union and intersection of multisets are the same as the definition of respective
operations in multi-fuzzy sets of dimension 1 with value domain L; = W.

3.5. Multi-fuzzy Sets and Fuzzy Multisets. Yager [23] proposed the notion
of fuzzy bags and later Miyamoto [7, 8, 9] renamed them as fuzzy multisets. Let X be
a nonempty set and 17, (x) € [0,1], for j = 1,2, ..., k. A fuzzy multiset A in X is a set
s A= (2 1y (@), 53 (@), ey (2) 2 3 € X, pih(2) 2 (1) 2 o > ()} (sce [1).
In a fuzzy multiset an element of X may occur more than once with possibly the
same or different membership values and fuzzy multiset membership value of z € X
is a non-increasing sequence of fuzzy membership values of x. Usually we write the
elements of X with nonzero membership values only. Appending any number of zeros
at the right end of a finite sequence of the membership values of x will not make
any difference to the occurrence of an element x. Let A and B be fuzzy multisets
over X. Then:

A C B if and only ifu%(x)gu%(x), =1,2,..,k Ve X,
A = B if and only if,u;‘( )= (), j=1,2,...k Ve € X;
N{tu(x) :max{uA( z), MB( z)}, j=1,2,. k
M%ﬁB('r) = min{ﬂfq( ) ( )} Jj= 1727"'7k'

A fuzzy multiset is a multi-fuzzy set with value domain [] L, having the relation
ph(z) > pi(x) > .. > ph(z) > ... and L; = [0,1], for j = 1,2,.... If the order
relation in the value domain of multi-fuzzy sets are product orders, then inclusion,
union and intersection in fuzzy multisets and multi-fuzzy sets are identical.

3.6. Multi-fuzzy Sets and Syropoulos’s Multi-fuzzy Sets. Syropoulos’s
multi-fuzzy sets [21] is a fuzzification of multisets. Let X be the universal set and
N be the set of natural numbers. If M : X — N characterizes a multiset M, then
Syropoulos’s multi-fuzzy set of M is characterized by a function H : X — N x [0, 1],
such that if M(x) = n, then H(z) = (n,i), for every x € X. In addition, the
expression H(x) = (n,4) denotes the degree to which these n copies of x belongs to
‘H is i. Union and intersection operations of Syropoulos’s multi-fuzzy sets are defined
as follows: Let H,G : X — N x [0,1] be two Syropoulos’s multi-fuzzy sets, H UG
and H N G be the union and intersection of H,G. The membership function can be
defined as

(HUG)(2) = (max{Hp (2), G ()}, max{H, (), Gu(x)})
and

(HNG)(x) = (min{H (2), Gm ()}, min{H,, (), Gu(2)}),
where H,(x) and G,(x) are the membership values of z in H and G respectively.
Similarly H,,(z) and G,,(x) are the multiplicities of x in H and G respectively.

Syropoulos’s multi-fuzzy sets are multi-fuzzy sets defined by the author with
dimension 2, and Ly = L, Ly = N. The order relation H(x) <ps G(z) if and only if
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Hu(z) < Gu(z) and Hp(z) < G(x), where <y and < are order relations defined
in multi-fuzzy sets and Syropoulos’s multi-fuzzy sets respectively.

3.7. Blizard’s Multi-fuzzy Sets. Blizard(see pages land 2 of [2]) proposed the
notion of multi-fuzzy sets characterized by nonnegative and real valued member-
ship functions. That is, membership function of a Blizard’s multi-fuzzy set is
wu(x) € [0,00). He extended the value domain of membership functions into the set
of all real numbers and called it a general set. Blizard’s multi-fuzzy sets and general
sets are our multi-fuzzy sets with dimension 1, and value domains Ly = [0, 00) and
L1 = R respectively.

It is possible to define multi-fuzzy extensions of a crisp function f: X — Y with
respect to bridge a function h : [[ L; — ] L; in intuitionistic fuzzy sets, type-2 fuzzy
sets, multisets, fuzzy multisets, Obtulowicz’s general multi-fuzzy sets, Syropoulos’s
multi-fuzzy sets and Blizard’s multi-fuzzy sets, since they are multi-fuzzy sets. If h is
the identity function defined on [] L;, then the extension is Zadeh’s extension. Using
the bridge functions i : [[ M; — [[ L;, we can extend a crisp function f : X — Y as
a function from intuitionistic fuzzy sets (or any of the above sets) into type-2 fuzzy
sets (or any of the above sets).

4. DIFFERENT ORDER RELATIONS ON MEMBERSHIP FUNCTIONS

This section discusses properties of multi-fuzzy sets with membership function
having order relations other than product order.

Let A = {(z, p1(x), p2(x)) : x € X, p1(x), po(x) € [0,1]} and B = {{z,v1(z), v2(x)) :

x € X, vi(x),ra(x) € [0,1]} be multi-fuzzy sets in X of dimension 2 and value do-
main I? with dictionary order. That is, A, B € M?FS(X) with dictionary order in
the value domain. Then

e A= Bif and only if p;(z) = vj(z), j=1,2,Vz € X;

e A C B if and only if pui(x) < vi(z) or if pi(xz) = vi(z) and po(x) <

va(x), Vo € X;

o AUB = {{z,p1(z) Vvi(z), p2(x) Vir(x)) :z e X};

o AN B = {(z,p1(x) ANvi(z), p2(x) Ae(x)) :x € X},
In a similar manner we can define equality, set inclusion, union and intersection of
A, B € M"FS(X) with dictionary order in the value domain.

If A,B € M?FS(X) with reverse dictionary order in the value domain, then
A C B if and only if us(z) < va(x) or if pa(z) = ve(x) and pyi(x) < vy(z), Vo € X.
Equality, union and intersection of A, B € M2FS(X) with reverse dictionary order
in the value domain are similar to the respective relations of A, B € M2FS(X) with
dictionary order in the value domain.

Let A, B € M2FS(X) with dictionary order in the value domain. If
AU B = ({1 (2) V in (2), o)) s @ € X
AL B = {{, 1 (2) V ir (2), e (w)) @ € X}
Aumin B = {(x, u(2) Vi (x), pa(x) Ava(x)) sz € X}

) )s 1 ( ) x e X}
346
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o AM? B = {(z,u1(z) Avr(x),12(z)) s 2 € X};

o Arma® B = {{x, uy(x) Avi(x), ua(z) Via(z)) iz € X}
then
e AMBCL AU™" BL AU BLC AU B;
e AMBL AU™"BL AL?BLC AU B;
e AMBCL AU'BC AU™ BL AU B;
e AL B=BL AUBand A1 B C A. Note that AU B need not be equal to

B or A B need not be equal to A, (but equality holds if the dimension is
1). For example, consider the constant multi-fuzzy sets A = (0.1,0.3) and
B = (0.2,0.2). Here AU B = (0.2,0.3) and AN B = (0.1,0.2). In general
MZ2FS(X) with dictionary order in the value domain need not be a lattice
with respect to the operations union and intersection.

5. CONCLUSIONS

The relationships between multi-fuzzy sets and other sets like intuitionistic fuzzy
sets, type-2 fuzzy sets, multisets, fuzzy multisets, Obtulowicz’s general multi-fuzzy
sets, Syropoulos’s multi-fuzzy sets and Blizard’s multi-fuzzy sets are important for
the development of each of them. This paper showed that the above sets are multi-
fuzzy sets. Finally we investigated some order relations in the value domain other
than product order and showed that such order relations have significance in set the-
oretical study. In the future we can expect multi-fuzzy extensions of crisp functions
on the above sets.
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