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1. INTRODUCTION

Kandil [5] introduced the notion of fuzzy bitopological space as a generaliza-
tion of a fuzzy topological space. Thakur and Malviya [10] defined the concepts
of (7, 7j)-fuzzy semiopen ((7;,7;)-fuzzy semiclosed) set and (7, 7;)-fuzzy preopen
((74, 7j)-fuzzy preclosed) set, and studied fuzzy pairwise semicontinuous (fuzzy pair-
wise semiopen, fuzzy pairwise semiclosed) mappings and fuzzy pairwise precontinu-
ous (fuzzy pairwise preopen, fuzzy pairwise preclosed) mapping on fuzzy bitopologi-
cal space. Also, Im et al. [4, 7] defined fuzzy pairwise 5-continuous mapping on fuzzy
bitopological spaces and studied some of their properties. It was shown that every
fuzzy pairwise semicontinuous mapping is a fuzzy pairwise -continuous mapping
and every fuzzy pairwise precontinuous mapping is a fuzzy pairwise -continuous
mapping. But the converses are not true in general. Seenivasan and Kamala [9]
defined the concept of fuzzy e-open set, and studied fuzzy e-continuous mappings
on fuzzy topological spaces.
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2. PRELIMINARIES

Let X\ be a fuzzy subset of a space X. The fuzzy closure of A, fuzzy interior of
A, fuzzy d-closure of A and the fuzzy d-interior of A with respect to topology 7; (i
=1, 2) are denoted by 7;-Cl(X), 7;-Int(N), 7-Cls(N\) and 7;-Ints(\) respectively. A
fuzzy subset A of space X is called fuzzy regular open [3] (resp. fuzzy regular closed)
if X\ =7~ Int(r-ClL(N)) (resp. A = 7-Cl(1i-Int(N)). Now 7;-CIl(A) and 7;-Int(\)
are defined as follows 7-Cl(\) = A{p : p > A, p is 7-fuzzy closed in X} and 7;-
Int(\) = V{p : p < A\, pis 7-fuzzy open in X}. The fuzzy d-interior of a fuzzy
subset A of X is the union of all fuzzy regular open sets contained in A\. A fuzzy
subset A is called fuzzy §-open [0] if A = 7;-Ints(A). The complement of fuzzy d-open
set is called fuzzy d-closed (i.e, A = 7;-Cls(N)).

In this paper, we define (7;, 7;)-fuzzy e-open ((7;, 7j)-fuzzy e-closed) set weaker
than the concepts of (7, 7;)-fuzzy J-semiopen ((7;,7;)-fuzzy o-semiclosed) set or
(13, 7 )-fuzzy é-preopen ((7;, 7j)-fuzzy §-preclosed) set and stronger than the concept
of (13, 7;)-fuzzy B-open ((7;, 7j)-fuzzy B-closed) set on fuzzy bitopological spaces and
study some of their properties. We introduce the (7;, 7;)-fuzzy e-interiors ((7;, 7;)-
fuzzy e-closures) and investigate the characteristic properties of fuzzy pairwise e-
continuous (fuzzy pairwise e-open and fuzzy pairwise e-closed) mapping on fuzzy
bitopological spaces.

3. (7, 7j)-FUZZY e-OPEN SETS

A system (X, 71, 72) consisting of a set X with two fuzzy topologies 71 and 79 on
X is called a fuzzy bitopological space (fbts for short) [5]. Throughout this paper,
the induces {4, j} take values in {1,2} with i # j.

For a fuzzy set A in a fbts (X, 7, 72), 7i-fo set A and 7;-fc set A mean 7;-fuzzy
open set A and 7;-fuzzy closed set A respectively. Also, 7;-Int(\) and 7;-CI()\) mean
the interior and closure of A for the fuzzy topologies 7; and 7; respectively.

A mapping f : (X,7,7;) = (X,7/,77) is said to be fuzzy pairwise continuous
(fpc-for short) (respectively fuzzy pairwise open (fp-open)) if and only if the induced
mappings f : (X, 7) = (Y, 75) (k = 1,2) are fuzzy continuous (respectively fuzzy
open) [1].

Definition 3.1. Let A be a fuzzy set of a fbts X. Then A is called,

(1) a (13, 7;)-fuzzy semiopen [3] ((7;,7;)-fso0) set of X, if
A < 7;-Cl(m-Int(N)),

(2) a (ry,7;)-fuzzy semiclosed [3] ((m, 7j)-fsc) set of X, if
Tj-I’I’Lt(TrCl(A)) S )\7

(3) a (r,7;)-fuzzy preopen [8] ((1;,7;)-fpo) set of X, if
A S Ti—Int(Tj—CZ()\)),

(4) a (7, 7;)-fuzzy preclosed [8] ((1;, 7;)-fpc) set of X, if
7;-Cl(mj-Int(N)) < A,

(5) a (7i,7;)-fuzzy B-open [7] ((7i,7;)-fBo) set of X, if

A < 7;-Cl(1;-Int(1;-CL(N))),
(6) a (13, 7;)-fuzzy B-closed [7] ((1;,7;)-fBc) set of X, if
316
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Ti-Int(1;-Cl(1j-Int(N))) < A,

(7) a (13, 7;)-fuzzy d-semiopen [6] ((7;,7;)-fdso) set of X, if
A < 1-Cl(r-Ints (X)),

(8) a (7, 7;)-fuzzy d-semiclosed [6] (73, 7;)-fdsc) set of X, if
A > 1-Int(1-Cls (X)),

(9) a (73, 7;)-fuzzy d-preopen [2] ((7;,7;)-fopo) set of X, if
A < 1i-int(1;-Cls(N)),

(10) a (7, 7j)-fuzzy d-preclosed [2] ((7;, 7;)-fopc) set of X, if

A > 1;-Cl(7j-Ints(N)),

Definition 3.2. Let A be a fuzzy set of a fbts X.
(1) The (7, 7;)-fuzzy S-interior of A [1] ((7;, 7;)-FInt(N)) is defined by
(73, 75)-BInt(N) = Sup{u|lp < A, pis a (73, 7;)-fBo set }
)-fuzzy f-closure of X [1] ((7;,7;)-BCU(N)) is defined by
(73, 75)-BCUN) = Inf{u|lp > A, pis a (15, 7;)-fBec set }
(3) The (7;,7;j)-fuzzy d-semi-interior of A [6] ((74, 7;)-0sInt(N)) is defined by
(73, 75)-0sInt(X) = Sup{pulp < A, pis a (13, 7;)-fdso set }
(4) The (7;,7;j)-fuzzy d-semi-closure of A [0] ((7;,7;)-0sCI(X)) is defined by
(73, 75)-0sCUAN) = Inf{plp > A, pis a (13, 7;)-fdsc set }
(5) The (7, 7;)-fuzzy é-preinterior of A [2] ((7;,7;)-0pInt(X)) is defined by
(73, 75)-0pInt(X) = Sup{plp < A, pis a (13, 75)-fdpo set }
(6) The (7, 7;)-fuzzy d-preclosure of X [2] ((;,7;)-0pCl(N)) is defined by
(13, 75)-0pCl(A) = Inf{u|p > A, pis a (1, 7;)-fope set }
Definition 3.3. Let A be a fuzzy set of a fbts X. Then A is called,
(1) a (r,7;)-fuzzy e-open ((7;,7j)-feo) set of X, if
A < 7-Cl(ri-Ints(N)) V (1i-Int(1;-Cls(N))),
(2) a (1, 7;)-fuzzy e-closed ((r;,7;)-fec) set of X, if
Ti-Cl(7j-Ints(N)) A (T5-Int(m,-Cls (X)) < A,

(2) The (7,75

From the above definition it is clear that a (7;,7;)-feo set is weaker than the
concepts of (7;,7;)-fdso set or (7, 7;)-fdpo set and stronger than the concept of
(13, 7;)-fBo set. That is, every (1;,7;)-fdso0 set is a (7, 7;)- feo set and every (7;,7;)-
fopo set is a (7;,7;)-feo set . Also, every (7, 7;)-feo sets is a (7, 7;)-fBo set. The
converses need not be true in general.

Example 3.4. Let A1, A, A3, Ag, 01, n2 and 73 be fuzzy sets of X = {a, b} define as
follows, A; = %—FLI)I,/\Q:?—FOT;B, /\32%4—%,/\4:%4—%,771 Z%-F%,
Ne = 073 + % and n3 = % + %. Consider fuzzy topologies 71 = {0,1, A1, A2, A3}
and 7 = {0,1,71,m2,m3}. Then the fuzzy set A4 is (7, 7;)-fBo, but A4 is not a
(1i,7;)-feo set.
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Example 3.5. Let A\, A2, A3, Ay, A5, 71, 72 and 13 be fuzzy sets of X = {a,b}
define as follows, A\; = &L 4 &1 ), = 02 4 02 5, — 03 4 03 ), — 07 4 0T
As =024 05y = 024 03 ) — 03 4 04 and g3 = %6 4+ &6 Consider fuzzy

topologies 71 = {0,1, A1, A2, A3, \s} and 75 = {0, 1,71, 72,73}. Then the fuzzy set A5
is (4, 75)-feo, but As is not a (7;, 7j)- fso set and also not a (3, 7;)-fdso set.

Example 3.6. Let A1, A2, A3, Ay, 171, 172 and 73 be fuzzy sets of X = {a, b} define as
follows, Ay = &7 4+9 Ny = 0402 '\ =0T 02 3, = 0403 ) — 02403 4nqpy =
OT'Z + LJ. Consider fuzzy topologies 71 = {0,1, A1, Aa, )\3} and 72 = {0,1,71,72,73}-
Then the fuzzy set A4 is (75, 7;)-feo, but A4 is not a (74, 7;)-fpo set and also not a
(13, 7;)-fopo set.

Theorem 3.7. (1) Any union of (1, 7j)-feo sets is a (3, 7;)-feo set.
(2) Any intersection of (1;,7;)-fec sets is a (1, 7;)-fec set.

Proof. (1) let {\,} be a family of (7;, 7;)-feo sets in a fbts X. Then X\, < 7;-Cl(7;-
Ints(\,)) V 7i-Int(1;-Cls(N,)) for each . We have

VA < V[r-Cl(ri-Ints(N,)) V 1i-Int(1;-Cls(AL))]
< 7-Cl(ri-Ints(\V(Aw))) V 1i-Int(1;-Cls (\V (An)))

Hence \/ A\, is a (3, 7j)- feo set.

(2) Follows easily by taking complements.

The intersection (union) of any two (7;,7;)-feo ((7,7;)-fec) sets need not be a
(13, 75)-feo ((Ti, Tj)—fec) set. O

Example 3.8. Let A1, Ao, A3, Ay, A5, Ag, 71, M2, 3 and n4 be fuzzy sets of X =
{a,b,c} define as follows, A; = 224854 05 ), — 04
)\4_0a3+0b2+oca)\:%+0b6+g,/\6:0.7_~_0.8 .
n2=¥+@+0%b5,n320ff+%+ﬁandn4—7 OT
topologies 71 = {0,1, A1, A2, A3, Aa} and 72 = {0, 1,71, 72,13,
are (7;,7;)-feo sets, but A5 A Ag is not a (7, 7;)- feo set.
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Theorem 3.9. Let A be a fuzzy set of a fbts X.
(1) If Ais a (13, 75)-feo and Tj-fdc set, then A is a (13, 7;)-fdso set.
(2) If A is a (13, 75)-fec and T;-féo set, then A is a (73, 7j)-fdsc set.

Proof. (1) Let A be (74, 7;)-feo and 7;- foc of a fbts X. Then
A < 7;-Cl(m-Ints(N)) V 1i-Int(1;-Cls(N))
= 7;-Cl(m;-Ints(N)) V 1;-Int(X)
:Tj—Cl(Ti—ITlt(;( ))
Hence A is a (7, 7;)-fds0 set.
(2) Similar to (1). O
Theorem 3.10. Let A be a fuzzy set of fots X.
(1) If A is a (13, 75)-fBo, Tj-fc set and 7j-fdc set, then X is a (74, 7;)-feo set.
(2) If A is a (13, 75)-fBe, Tj-fo and Tj-fdo set, then X\ is a (7, 7;)-fec set.
Proof. (1) Let A be (74, 7;)-fBo and 7;-fc of a fbts X. Then
A < 73-Cl(1-Int(1;-ClU(N))) = 15-Cl(1i-Int(N))
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= Tj—Cl(Ti-Int(A) V TZ-ITLt()\)) S Tj-Cl(Ti—Intg()\)) V ’TZ-I’nt()\)
= 7;-Cl(1i-Ints(N)) V 7-Int(1;-Cls(X)).
Hence A is a (7, 7;)-feo set.
(2) Similar to (1). O

Remark 3.11. Let (X, 7y, 72) and (Y, 01, 02) be two fbts’s. Then the product A x p
of a (1;,7;)-feo set A of X and (0;,0;)-feo set p of Y need not be feo set in the
product space (X x Y,n1,72), where 7y, is the fuzzy product topology generated by
Tk, Ok (K = 1, 2)

Example 3.12. Let A;, Ao, A3 and A be fuzzy sets on X = {a,b}, defined as
Ap=064 06 3, =054 04 3, =034 03 \—=03405 [et(X,7,72) bea fbts
where, 71 = {0,1, A1, A2}, 72 = {0, 1, A1, A3}. The fuzzy set A is (71, 72)-feo. Let Ay,
A4, A5 and p be fuzzy sets on Y = {a,b} defined as \y = % + %, A5 = % + %,
W= 075 + %. Let (Y,01,02) be fbts where, o1 = {0,1, A1, Ay}, 02 = {0,1, A1, A5}
The fuzzy set p is (01,02)-feo, but A X p is not feo in X x Y.
Definition 3.13. Let A be a fuzzy set of a fbts X.
(1) The (7, 7;)-fuzzy e-interior of A((7;, 7;)-eInt(N)) is defined by
(13, m5)-eInt(X) = Sup{p|pn < X\, pis a (7, 7j)-feo set }
(2) The (7, 7;)-fuzzy e-closure of A((7;,7;)-eCl(X)) is defined by
(73, 75)-eClUN) = Inf{p|p > X, pis a (1, 7;)-fec set }

Obviously, (7, 7;)-eCI(\) is the smallest (7;,7;)-fec set which contains A, and
(13, 7j)-eIntX is the largest (7;,7;)-feo set which is contained in A. Also (7, 7;)-
eCl(A) = A for any (7, 7;)-fec set X and (73, 7j)-eInt(\) = A. for any (7, 7;)-feo set
A

Hence we have

Ti-Int(X) < (74, 75)-0sInt(N) < (74, 75)-eInt(X) < (13, 75)-BInt(A) < A,
A < (74, 75)-BCUAN) < (74,75)-eCUN) < (13, 75)-0sCLA) < 1;-CU(N).
and
Ti-Int(A) < (7, 75)-0pInt(N) < (13, 75)-eInt(N) < (74, 75)-BInt(A) < A,
A < (73, 7j)-BCUN) < (74, 75)-eClUA) < (73, 7j)-0pClLAN) < 7-CL(N).

4. FUzZzZYy PAIRWISE e-CONTINUOUS MAPPINGS

Definition 4.1. Let f: (X, 7,72) — (Y, 77, 75) be a mapping. Then f is called,

(1) a fuzzy pairwise semicontinuous (fpsc) mapping [10] if f=1(X) is a (7, 75)-
fsoset of X for each 7;°-fo set A of Y,

(2) a fuzzy pairwise precontinuous (fppc) mapping [2] if f~1()\) is a (15, 75)-fpo
set of X for each 7-fo set A of Y,

(3) a fuzzy pairwise d-precontinuous (fdpc) mapping [3] if f71(N) is a (4, 75)-
fopo set of X for each 7/~ fo set A of Y,

(4) a fuzzy pairwise d-semicontinuous (fpdsc) mapping [6] if f~1(A) is a (74, 75)-
foso set of X for each 7;°-fo set A of V',

(5) a fuzzy pairwise S-continuous (fpBc) mapping [7] if f~*(N) is a (7, 75)-fBo
set of X for each 7-fo set A\ of Y.
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Definition 4.2. Let f : (X,71,7) — (Y,7{,75) be a mapping. Then f is called a
fuzzy pairwise e-continuous (fpec) mapping if f~!()) is a (75, 7;)-feo set of X for
each 7*-fo set A of Y.

From the above definitions it is clear that every fpdscis a fpec mapping and every
fpopc is a fpec mapping. Also, every fpec is a fpBc mapping. But the converses
are not true in general.

Example 4.3. Let A1, Ao, 11, 12, 03, 14 and p1 be fuzzy sets of X. Consider fuzzy
tOpOlOgyTl = {07 1, A1 = %"’_OT.,:‘)’ A2 = ¥+LJ}> T2 = {07 1, m = %+%7
2 = OLTI+0T]27 n3 = %+L[)27 Ny = %+%}a 7—1* :{07 17 H1 = %_F%}and
75 = {0,1} and the identity mapping f : (X, 7,72) — (Y, 77, 75). Then [ is fpfc,
but f is not fpec, since for the fuzzy open set py in 75, f~1(u1) = pq is fuzzy B-open
in (X, 7, 72) but not fuzzy e-open in (X, 71, 72).

Example 4.4. Let A1, A2, As, )\4, N1,7M2, N3 and uy be fuzzy sets of X. Consider
fuzzy topology 71 = {0, 1, A\y = &L+ 0L )y =024 02\, — 03,03 ), — 06,4063
m=1{0,1,1 = 02_|_ob 7 = 03+ob . _06_,'_06} o =1{0,1, iy = Q+05}
and 75 = {0,1} and the identity mapping f : (X, 7,72) — (Y, 77, 75). Then f is
fpec, but f is not fpsc and also f is not fpdsc, since for the fuzzy open set pq in
i, £~ (1) = p is fuzzy e-open in (X, 71, 72) but not fuzzy semiopen in (X, 7, 7o)
and also not fuzzy §-semiopen in (X, 71, 72).

Example 4.5. Let Ay, A2, A3, 1, 72 and py be fuzzy sets of X. Consider fuzzy
topology 71 = {0, 1, Ay = &L 4+ 9\ = 8 4 02\, = 0T 4 02} 7 — {0, 1,
e By =0t ofy 0 5 0 a5 = {0, 1) and
the identity mapping f : (X, 71,72) — (Y, 7, 75). Then f is fpec, but f is not fppc
and also f is not fpdpe, since for the fuzzy open set pup in 77, f~ (u1) = py is
fuzzy e-open in (X, 7y, 72) but not fuzzy preopen in (X, 71,72) and also not fuzzy
d-preopen in (X, 71, 72).

Theorem 4.6. Let f: (X, 11,72) — (Y,77,73) be a mapping. Then the followings
are equivalent:

(1) f is fpec.
(2) The inverse image of each 7 -fc set of Y is a (14, 7;)-fec set of X.
(3) f((ri,15)-eCl(N)) < 7 C’l(f( )) for each fuzzy set A of X.
(4) (T“TJ) Cl(f~H(p)) < f~YH77-Cl(w)) for each fuzzy set p of Y.
(5) fNrr-Int(n) < (1i,75)-eInt(f~1(pn)) for each fuzzy set p of Y.
Proof. (1) implies (2) Let p be a 7-fc set of Y. Then € is a 7;°- fo set of Y and so
I () = (f~1(w)¢ is a (7i,7j)-feo set of X. Hence f~1(p) is a (4, 7;)-fec set of
X.

(2) implies (3) Let A be any fuzzy set of X. Then 7-Cl(f(\)) is a 7;°- fc set of Y
and so f1r7-Cl(f(N))] is a (7, 7j)-fec set of X. Hence

(i, 75)-eCUA) < (73, 73)-eCUFTH(F(N)) < (73, 75)-eCL(f [ -CU(f(N)])
= f7Hm-CUF V)]

3
4
5

‘We have

F((7i,75)-eCUN)) < f(f‘l[;gécl(f(k))]) < 77-Cl(f(N).
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(3) implies (4) Let p be any fuzzy set of Y. Then
Fl(ri, 7j)-eCUf~H ()] < 75-CUSF(fH ) < 77-Cl(p).
Hence
(73, 75)-eCUL () < F7H(fUmi m)-eCUSH(w)]) < f7H7-Cllp)).
(4) implies (5) Let u be any fuzzy set of Y. Then
(i, 7j)-eCUSH (1)) < f7H(7-Cl(pe)).
Hence
FHrInt(p) = f7H(7-CU(p))] < (13, 75)-eCUf~H (1))
= (1, mj)-eInt(f~* (1))
(5) implies (1) Let u be a 7-fo set of Y. Then
F7Hw) = fHE-Int(p) < (73, 75)-eInt(f~ (1)

Hence f~!(u) is a (75, 7j)-feo set of X. Therefore, f is fpec. O

Theorem 4.7. Let f: (X, 11,m2) — (Y,7],75) be a fpec mapping. Then for each
fuzzy set A of Y,
7 -Int(N)) < 75-Cl(ri-Ints (1 (V) V 7i-Int(7;-Cls (f 1 (X))
Proof. Let A be any fuzzy set of Y. Then 7/-Int(\) is a 7;-fo set of Y and so
F7H(r7-Int(N)) is a (74, 7j)-feo set of X. Hence
[7Hrr-Int(N)) < 7-Cl(mi-Ints(f 1 (77-Int(N)) V 7i-Int (15-Cls (f (7 -Int(N))
< 1;-Cl(ri-Ints(f~1(N) V 7i-Int(1-Cls (f 1 (N))). O

Corollary 4.8. Let f: (X, 11,72) = (Y,77,75) be a fpec mapping. Then for each
fuzzy set A of Y,

7;-Cl(tj-Ints(f1(N)) A 15-Int(7;-Cls(f~1(N))) < fH(77-ClL(N)).

Theorem 4.9. Let f: (X, 71,72) — (Y, 71,75) be a bijection. Then f is fpec if and
only if T -Int(f(N) < f((1i,75)-eInt(N)) for each fuzzy set A of X.

Proof. Let A\ be any fuzzy set of X. Then by Theorem 4.6

FHr-Int(f (V)] < (73, 75)-eInt (f1(F(N))-
Since f is a bijection,

T-Int(f(N) = f(f 7 -Int(F(N)]) < f((75,7j)-eInt(N)).

Conversely, let p be any fuzzy set of Y. Then

Ti-Int(f(f~1 (1)) < fl(7i,m5)-eInt(f~ ())-
Since f is a bijection,

rr-Int(p) = m-Int(F(F (1) < Fl(riory)-eInt (£~ ()]

and

fH - Int(p) < f‘l[f((mTj)-eégi(f‘l(u)))] = (7i, m5)-eInt(f (1))
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Therefore, by Theorem 4.6, f is fpec. O

Theorem 4.10. Let (X1,711,72), (X2, 77,73), (Y1,01,02), (Yo,07,0%), be fbts’s such
that X5 is product related to Xo. Then the product fi X fo : (X1 X Xa,61,602) — (Y1 X
Y2, m1,m2), where O, (respectively ny ) is the fuzzy product topology generated by 1y, and
T (respectively oy, and o} ) (k = 1,2) of fpec mappings f1 : (X, m1,72) — (Y1,01,02)
and fy: (X, 7,75) = (Y1,07,03) is a fpec mapping.

Proof. For convenience, we denote A = \/ (um X vy,), where p,,’s are o;-fo sets of
m,n

Y7 and v),s are o-fo sets of Ya. Then A is a n;-fo set of Y7 x Ya. We have
(fi x f2)7H ) = V(1 % fa) Hpm x vn)) = V(7 (i) X S (vn)).

Since fi and fo are fpec, fi ' (m)'s are (1i,75)-feo sets of X1 and fy H(vn)'s are
(11, 77)-feo sets of Xy. Hence (f1 % f2) "' () is a (6;,0;)- feo set of X1 x X5. Therefore,
f1x f2 is fpec. O

Theorem 4.11. Let (X, 11, 72), (Xl,agl),aé )) and (X2, ng),ag ) be fbts’s and T, :
(X1 x X,01,05) = (Xi,0\® ol (k = 1,2) be the projections. If f + X — X1 x X3
i a fpec mapping, then so is 7w o f.

Proof. For a agk)—fo set A of X}, we have

(me 0 )7HA) = f~H(m T (V).

Since 7y, is fpc and f is fpec, (mi o )71 (A) is a (74, 7;)-feo set of X. hence m; o f
is fpec. 0

Theorem 4.12. Let X; and X5 be fbts’s such that X is product related to
Xo and let f : (X,71,72) = (Xa2,7,75) be a mapping. If the graph mapping
g: (X, 71,7) — (X1 X X9,01,05) of f defined by g(z) = (x, f(z)) is a fpec mapping,
then f is a fpec mapping.

Proof. Let A be a 7~ fo set of X5. Then

AN =1AF71 ) =971 A x ).

Since g is a fpec mapping and 1 x X is a 0;- fo set of X1 x Xo, f~1(\) is a (7, 75)-feo
set of X. Hence f is fpec. O

5. FUZZY PAIRWISE e-OPEN MAPPINGS

Definition 5.1. Let f: (X, 71,72) — (Y, 7, 75) be a mapping. Then f is called,

(1) a fuzzy pairwise §-semiopen [6] (fpds-open) mapping (respectively fuzzy
pairwise d-semiclosed (fpds-closed) mapping ) if f(A) is a (7, 7})-fdso (re-
spectively (7%, 7F)-fdsc) set of Y for each 7;-fo (respectively 7;-fc) set A of
X.

(2) a fuzzy pairwise d-preopen [3] (fpdp-open) mapping (respectively fuzzy pair-
wise d-preclosed (fpdp-closed) mapping) if f()) is a (7;,77)-fdpo (respec-
tively (7%, 7})-fdpc) set of Y for each 7;-fo (respectively 7;-fc) set A of X,
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(3) a fuzzy pairwise S-open [7] (fpB-open) mapping (respectively fuzzy pair-
wise f-closed (fpfB-closed) mapping) if f()) is a (7, 7)-fBo (vespectively
(77,7})-fBc) set of Y for each 7-fo (respectively 7;-fc) set A of X.

Definition 5.2. Let f : (X, 71,72) — (Y,77,75) be a mapping. Then f is called
a fuzzy pairwise e-open (fpe-open) mapping (respectively fuzzy pairwise e-closed
[fpe-closed] mapping) if f()) is a (77, 7})-feo (respectively (7,7})-fec) set of YV’
for each 7;-fo (respectively 7;-fc) set A of X.

From the above definitions it is clear that every fpds-open (fpds-closed respec-
tively) is a fpe-open (fpe-closed respectively) mapping and every fpdp-open (fpop-
closed respectively) is a fpe-open (fpe-closed respectively) mapping. Also, every
fpe-open (fpe-closed respectively) is a fpS-open ( fpS-closed respectively) mapping.
We can easily show that the converses are not true in general.

Example 5.3. Let A1, A2, 11, 172, 113, n4 and p; be fuzzy sets of X. Consider fuzzy
tOpOlOgyTl :{0 1 Al = 0a2+03 )\2: 07+ } 7-27{0 1 m :u+b’
7]22%4'02777 074‘02777 0}71—{01M1 07+08}and7'2—{0
1}. Then p; is fuzzy pairwise (- closed but p1 is not fuzzy pairwise e-closed.

Example 5.4. Let A1, Ao, A3, A4, 11, 2, 73 and pq be fuzzy sets of X. Consider
fuzzy topology 71 = {0, 1, Ay = &L 481 Xy = 02402 3, — 03,03 ), — M+06},
7—2_{071an1:0a2+0b37772:oa3+04a773 06+06}T1_{01M1 05}
and 75 = {0, 1}. Then p; is fuzzy pairwise e-closed, but pq is not fuzzy pairwise
d-semiclosed.

Example 5.5. Let A1, A2, A3, 11, 72 and py be fuzzy sets of X. Consider fuzzy
topology 71 = {0, 1, Ay = &L + 2, hp = 2402 Ny = 0T 4 82} 7 — {0, 1,
mo=E 5 M = 07 + 0T} 7 =40, 1, iy = 22+ %5} and 75 = {0, 1}. Then sy
is fuzzy pairwise e- closed, but py is not fuzzy pairwise d-preclosed.
Theorem 5.6. Let f: (X, 11,72) — (Y,77,75) be a mapping. Then the followings
are equivalent:

(1) f is fpe-open.

(2) f(m Int()\)) < (77, 77)-eInt(f(N)) for each fuzzy set X of X.

(3) Ti-Int(f~Y(w)) < =2 ((m,75))-eInt(w)) for each fuzzy set u of Y.

Proof. (1) implies (2)

2) Let A be any fuzzy set of X. Then 7;-Int()) is a 74-fo set of
X. Then f(r-Int(N)) i
) =

sa (17,77)-feo set of Y. Since f(ri-Int(\)) < f(N),
f(ri-Int(A (17, 7)- -eInt(f(r-Int(N)) < (7 77']) -eInt(f (X))

(2) implies (3) Let u be any fuzzy set of Y. Then f~!(u) is a fuzzy set of X.
Hence

frInt(f=H (1)) < (7,75 )-eInt(f(f~H () < (77, 7))-eInt(u).
‘We have

m-Int(f~1 (1)) < f‘l[f(ﬁ-fnt:())];; (W] < f7H(7) 7)-eInt ().
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(3) implies (1) Let A be any 7;-fo set of X. Then 7;-Int(A) = X and f()) is a
fuzzy set of Y. Now,
A =7i-Int(X) < 7i-Int(f 71 (f(N)) < f7H( m)-eInt(f(N))].

So we have

FO) < FUTHES m)-eInt(fF(N)]) < (77, 7))-eInt(f(N)-

and

(7", 77)-eInt(f(A) < f(A).
Hence f(A) is a (7], 7})-feo set of Y. Therefore, f is a fpe-open mapping. U

Theorem 5.7. Let f : (X, 71, m2) — (Y,71,75) be a mappmg Then [ is a fpe-closed
mapping if and only if for each fuzzy set X of X, (77, 77)-eCl(f(N)) < f(7:-Cl(N)).

Proof. Let f be fpe-closed and let A be any fuzzy set of X. Then f(\) < f(r;-Cl()N))
and f(7;-Cl(N)) is a (77,7} )-fec set of Y. We have

(77, 75)-eCU(f(N) < (77, 77)-eClU(f (1-CL(N))) = f(7-Cl(N)).

i 'j iy
Conversely, let A be a 7;-fc set of X. Then

) < (777, 77)-eClU(f(N) < f(mi-Cl(N)).

and

(77, 77)-eCUf(N) < f(Ti-CLA)) = f(N).
Hence f(A) is a (7], 77 )-fec set of Y. Therefore, f is a fpe-closed mapping. O

Theorem 5.8. Let f : (X,71,72) — (Y,77,75) be a bijection Then f is a fpe-
closed mappmg if and only if for each fuzzy set p of Y, f=1((7,77)-eCl(p)) < 7i-

CU(f~H(w))-
Proof. Let p be any fuzzy set of Y. Then by Theorem 5.7

(77, 75)-eClp) < f(ri-CUf~H(w)))-
Since f is a bijection
FH(s 7 )-eClp) = fH(77 T )601( (fH)))]
lf

T ]*
< fUF(m=CU(f ()]
= Tz CU(f~H ().
Conversely, let A be any fuzzy set of X. Since f is a bijection,
(17, 77)-eCUf(N) = fF(f (7} ,Tg) eCl(f(N)])
< flm-CUlfF~H(F (V)]
= f(ri-CI(N)).
Therefore, by Theorem 5.7, f is a fpe-closed mapping. O

/\II

Theorem 5.9. Let [ : (X, 71,72) — (Y, 77,75) be a fpe-closed mapping. If u is
a fuzzy set of Y and v is a T;-fo set of X contaim’ng f~Y(w), then there ewists
(17,7} )-fe-open set A of Y containing p such that f~ TN <w.
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Proof. Let p be any fuzzy set of Y and let v be a 74-fo set of X containing f~1(u),
and let A = (f(v°))°.

Since f~(u) <v

Since f is fpe-closed, then \is (77, 7})-fe-open set of Y and f~1(\) = f~1((f(v))°).

J

Therefore
AN =) < o) =v
=[N <y
O
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