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1. INTRODUCTION

The concept of fuzzy sets and fuzzy relations was first suggested by Zadeh in
his papers [27, 28]. The main objective was to create a mathematical framework to
deal with the concepts of uncertainty and ambiguity, which arise more often than
not in real life. Such uncertainty is a natural phenomenon and does not necessarily
imply a loss of accuracy. The crisp set dichotomizes the individuals of the universe
into two sharply distinct groups: members and non-members, and this may not be
suitable for practical situations. However, the Fuzzy Principle is that membership
in a fuzzy set is a matter of degree. This new frame of thought had a tremendous
impact in the scientific world. The concept of fuzzy set theory was also introduced
into the areas of topology, analysis, algebra, geometry and eventually graph theory
too.

In the classical paper [17], Rosenfeld introduced the concept of Fuzzy graphs, as
a means to model several real life situations. Ever since then, fuzzy graph theory
has witnessed tremendous growth.

Graphs are models of relations between objects. The objects are represented by
vertices and relations by edges. When the description of the objects, or relationships,
or both happens to possess uncertainty, we design a ‘Fuzzy Graph Model’. Yeh and
Bang’s [26] approach for the study of fuzzy graphs were motivated by its applicability
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to pattern classification and clustering analysis. They established the fuzzy analogue
of Whitney’s theorem. The concept of domination in graphs finds widespread appli-
cations. Somasundaram and Somasundaram [23] introduced the concepts of dom-
ination and total domination in fuzzy graphs. In [8], Sunil Mathew and Sunitha,
introduced Menger’s theorem for fuzzy graphs and discuss the concepts of strength
reducing sets and ¢-connected fuzzy graphs. Samanta and Pal introduced such con-
cepts as fuzzy threshold graphs, fuzzy tolerance graphs and bipolar fuzzy graphs and
studied their properties [18, 19, 20, 21, 22]. Apart from this, many mathematicians
applied the concepts of Fuzzy sets in graph theory [1, 3, 4, 12, 13, 14, 15, 16, 23, 25].

Today, fuzzy graph theory finds applications in areas as diverse as computer
science, artificial intelligence, decision analysis, pattern recognition, medicine, ge-
ography, linguistics and even robotics. An application of fuzzy graph theory to
the human cardiac function has been discussed in [24]. More applications of Fuzzy
Graph Theory can be found in the books [9, 11].

In this paper, we introduce the concept of L-fuzzy graphs and obtain a few results,
as in the studies on L-groups and L-subgroups carried out by Mordeson and Malik
[12]. We introduce the concept of L-fuzzy graphs, different types of isomorphisms on
L-fuzzy graphs and study their properties. We define the complement of an L-fuzzy
graph, self complementary L-fuzzy graphs and obtain results pertaining to these
notions.

The seminal book on fuzzy graph theory by Mordeson and Nair [12] is a primary
reference. Throughout this paper, ‘L’ is a finite lattice (L, A, V, 0, 1) and ‘<’ denotes
the partial order on the lattice. For all graph theoretic concepts, we follow [5, (].

2. PRELIMINARIES

In this section, we review some basic definitions that will be needed in the sequel.
For details we refer to [10, 12].

Definition 2.1 ([12]). A fuzzy relation on a set Visamap p: V xV — [0,1]. A
fuzzy graph G = (V, 0, u) with the underlying set V' is a nonempty set V together
with a pair of functions o : V' — [0,1] and p : V x V — [0, 1] such that p(u,v) <
o(u) No(v), u,v in V.
Definition 2.2 ([10]). A fuzzy group of a group V is a mapping ¢ : V. — [0,1]
satisfying o(uv) > o(u) A o(v), V u,v in V and o(v™1) = o(v), Vv in V.
Definition 2.3 ([2]). We say a fuzzy group o : V — [0, 1] has an embedding into
a fuzzy group o’ : V' — [0, 1] if there exists a one-one map h : V' — V' such that
o(x) < o'(h(x)), Vx in V.

According to Klir and Yuan [7], an L fuzzy set is a fuzzy set in which the range
[0, 1] is replaced by a lattice L. Accordingly, we can modify all fuzzy relations to
L-Fuzzy relations. For instance, we have:

Definition 2.4 ([10]). An L-subgroup of a group V is a mapping ¢ : V. — L
satisfying o(uv) > o(u) A o(v), Vu,v in V and o(v™1) = o(v), Vv in V.

Lemma 2.5 ([10]). Let L(G) be the set of all L-subgroups of G, a group with identity
‘e’ and p € L(G). Then

p(e) > p(e) and p(r) = p(z~"), Vzed.
302



Pramada Ramachandran et al./Ann. Fuzzy Math. Inform. 11 (2016), No. 2, 301-313

3. L-Fuzzy GRAPH

First, we define an L-Fuzzy graph and then the ¢-cut and partial fuzzy subgraphs
of an L-Fuzzy Graph. Also, we define a complete and an ordered L-Fuzzy Graphs.
In the process, results in Fuzzy Graph Theory are extended to the L-Fuzzy setting.

Definition 3.1. An L-fuzzy graph (LFG) G* = (V, 0, 1) with the underlying set V
is a nonempty set V together with a pair of functions 0 : V- Land p: V xV — L
such that p(u,v) <o(u) Ao(v), Vu,vin V.

Definition 3.2. Consider the LFG G* = (V,o, 1) and ‘¢’ in L. Then ‘o = {u €
V/o(u) >t} is called the ‘t-cut of o and = {(u,v) € V x V/u(u,v) > t} is called
the ‘t-cut of u’.

Proposition 3.3. Consider the LFG G* = (V, 0, ) and t1,t2 € L such that t; < ty.
Then (20,2 ) is a crisp subgraph of (M1o, ' p).

Proof. By definition, if u € 20 then o(u) > t5 so that o(u) > t; and hence u € %10o.
Similarly, if u —v € "2y then p(u,v) > t5 so that u(u,v) > ¢, and hence u—v € " pu.

We also note that if ¢1, ¢, € L are non comparable with ¢; Aty = t, then "loN2o =
tioand pntzy =ty O

Definition 3.4. An LFG H* = (V,v,7) is said to be a partial fuzzy subgraph of
the LFG GY = (V, o, ) if v(u) < 7(v) and 7(u,v) < p(u,v), Yu,v in V.

Proposition 3.5. Let the LFG HY = (V,v,7) be a partial fuzzy subgraph of the
LFG G* = (V,o,pu) and t € L. Then (*v,'7) is a crisp subgraph of (*o,‘u).

Proof. If u € *v then v(u) > t so that o(u) > t and hence u € o. Similarly, if
wv € 7 then 7(u,v) >t so that u(u,v) >t and hence uv € ‘p. O

Definition 3.6. The LFG G* = (V,0, 1) is said to be complete if it satisfies the
condition

pw(u,v) =o(u) ANo(v), Yu,vin V.

Example 3.7. Let ‘L’ be the power set of {a,b,c} with set inclusion as the partial
order. Let V = {vy,v9,v3,v4}. Define GF = (V, 0, ) as follows:

o(vy) = {a,b}, o(va) = {b,c}, o(vs) = {a,c}, o(va) = {a,b,c}, p(v1,v2) = {b}.
Obviously, G is complete.

Definition 3.8. The LFG G* = (V, 0, ) is said to be ordered if it satisfies the
following condition:
wlug,vr) < p(ug,va), Vug, ug, v1,ve in V such that o(u); < o(uz) and o(v1) < o(vs).

We note that all complete LFGs are ordered but not vice versa. Hence there are
ordered LFGs that are not complete.

4. AuTOMORPHISMS OF LFGs

In this section, we define the concept of homomorphisms on LFGs and find several
interesting results.
303



Pramada Ramachandran et al./Ann. Fuzzy Math. Inform. 11 (2016), No. 2, 301-313

Definition 4.1. By a homomorphism of LFGs Gfl = (V1,01,1) and GzL2 =
(Va, 09, pt2), we mean a mapping h : Vi — Vs together with a mapping ! : Ly — Lo
such that
lo1(u)] < o2[h(u)]
and
Hpa (u,v)] < pofh(u), h(v)],  Vu, vin Vi.
We note that when L & Lo, [ is simply the identity map.

Definition 4.2. An endomorphism of an LFG G* = (V, 0, 1) is a homomorphism
of the LFG onto itself.

Definition 4.3. By an isomomorphism of LFGs GlL1 = (1,01, 1) and GlL2 =
Va, 09, 42), we mean a bijective mapping h : Vi — V5 together with a bijective

, 02, H2), j pping g j
mapping [ : L1 — Ls such that

loi(w)] = o2[h(u)]
and
Upr (u,v)] = pe[h(w), h(v)], VYV u,vin V.
Symbolically, we write Gf = Gé 2,

Definition 4.4. An automorphism of an LFG G* = (V, 0, i) is a isomomorphism
of the LFG onto itself.

Theorem 4.5. A bijective endomorphism of an LFG G* = (V, 0, 1) is an automor-
phism of the LFG G*.

Proof. Consider the bijective endomorphism of an LFG G¥ = (V, o, ). Then by the
definition, 3 a bijective mapping h : V' — V such that

o(u) < o[h(u)] and p(u,v) < plh(u), h(v)], Y u,vin V.
Since h is a bijection,
o(u) < o(h(w) < o(h*(u) < - < o(h"(u))

for any w in V.

However, h is a bijective map from V to itself. Therefore h™(u) = h(u) for some
n.
So o(u) < o(h(u)) < o(u). Hence o(u) = o(h(u)).
Similarly, p(u,v) < plh(u), h(v)] < wp(u,v) which implies p(u,v) = plh(u), h(v)].
Thus a bijective endomorphism of an LFG G¥ = (V, 0, 1) is an automorphism of the
LFG GF. 0

Theorem 4.6. The collection GE of all automorphisms of an LFG G* = (V, 0, 1)
is a group under set theoretic product of maps as a binary operation.

Proof. Let hy, ho € GE. Then o[hy o ha(u)] = o[hi(ha(u))] = o[he(u))] = o(u). This

establishes closure property. Associativity follows from associativity of homomor-

phisms and identity element is the identity map, which is a homomorphism. Now, if

h:V — V is an automorphism, then it is bijective and so h=! : V — V exists and

is a bijection. Let h~!(u) = /. Then o[h~!(u)] = o[u'] = o[u] by Theorem 4.5.
Similarly, p[h=(u), h=1(v)] = plu',v'] = u(u,v) by the same theorem. Thus GE

is a group. O
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In the following theorems, we associate LFGs with L-Fuzzy groups.

Theorem 4.7. Consider the LEFG G* = (V, 0, 1) and the collection GE of all auto-
morphisms of GL' = (V,o, ). Define m: GE — L by 7(h) = V{u(h(u), h(v))/(u,v) €
V x V}. Then 7 is an L-fuzzy group.
Proof. Let hy,hy € GE. Then
Tlhy o ha] = V{u(h1 o ha(u), hy o ha(v))/(u,v) € V x V}
= V{p(u,v)/(u,v) €V x V}
by the property of homomorphisms of LFGs.

Again
7[ha] = V{p(hi(u), b1 (v))/u € V'}
= V{p(u,v)/(u,v) € V x V}.
Similarly
7[ho] = V{u(ha(u), ha(v))/(u € V)}
— Vs v)/(u,0) € V x V}
so that
Tlh1] A 7lha) = V{u(u,v)/(u,v) € V x V}
= 7[hy o hg]
Again
T[] = v{p(h ™ (u), k™ (v)/(u,0) € V x V}
= Vv{p(u,v)/(u,v) €V x V}
by the property of homomorphisms of LFGs
= 7[h]
Since it satisfies the required axioms, 7 is an L-fuzzy group. O

Definition 4.8. Consider the group V,o : V' — L is an L-fuzzy group and we define
po 1V xV = L by uy(u,v) = o(u) Ao(v), Vu,v in V. Then G = (V, 0, i) is an
LFG.

Theorem 4.9. Every L-Fuzzy group o : G — L has an embedding into the L-Fuzzy
group of the group of automorphisms of some LFG.

Proof. Let GF = (V, 0, u,) be the LFG corresponding to the L-Fuzzy group o : G —
L, G being a group with identity ‘e’. Let GL be the group of all automorphisms of
GT. To this, we associate the L-Fuzzy group 7 : GE — L as in Theorem 4.7. On
GL, we define the automorphism h,, : G — G as h,(a) = u~a. Then

Pl = Vi{tto (hu(a), hu(8)) farb € V}
= V{o(hyu(a)) Ao(hy(b))/a,be V}
=V{o(a) Ao(b)/a,be V}
=o(e)
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Again, by lemma 2.5, o(u) < o(e). Hence o(u) < 7[hy], Vu in G. Thus ¢ : G — L
has an embedding in 7 : GE — L. d

5. PROPERTIES OF ISOMORPHIC LFGs

In this section, we study some interesting results that rise due to the inherent
characteristics of lattices.

Theorem 5.1. Let Ly and Lo be any two sublattices of the lattice L. Consider
the two LFGs GlL1 = (V1,01,11) and Géz = (Va, 09, u2). If there exists a bijective
mapping h : Vi — Va such that o1(u) = oo[h(u)] and p1(u,v) = pa[h(u), h(v)], Vu,
v in Vq then Ly and Lo are isomorphic.

Proof. Consider v and v in V; and the identity map ‘I’ on L. Then,
Io1(u) V oz (v)] = o1(u) V oz (v)
= oa[h(u)] V o3 [h(v)]
= Koa[h(u)]} v I{oa[h(v)]}

Similarly,
Io1(u) A oa(v)] = o1(u) A oa(v)
= 02[h(u)] A oa[h(v)]
= Hoa[h(u)]} A I{o2[h(v)]}
Thus the identity map is the isomorphic mapping between the two lattices. O

Theorem 5.2. Let Ly and Lo be any two isomorphic lattices. Then it is possible to
construct the LFGs GlL1 = (V1,01,11) and G%Q = (Va, 09, 12), such that GlL1 = G%Q,
provided V1 and Vo are of the same order.

Proof. The construction is as follows:
Since L; and Loy are isomorphic lattices, there exists a bijective mapping f : L1 — Lo
such that f(aVb) = f(a) Vv f(b) and f(a Ab) = f(a) A f(b), Va,bin L.
To choose ‘h’: Consider u; € V;. Let 0;(u;) = a; and f(a;) = b;, i = 1,2. We now
choose oa[h(u1)] = by.

Let u; — us be an edge in GlL1 = (Vi,01, 1) with weight pq(ui,ue) = ayo,
a1z < aj A ag. Suppose h(u;) = v;.
Choose pg(v1,v2) = flu1(u1, uz)] = bia, say.
Then, p2(vi,v2) = b1z = flui(ur,u2)] = flar2) < fla1 Aaz) = f(a1) A flaz) =
b1 N by = 0'2(’1}1) A 0‘2(1}2).
Thus, ua(v1,v2) < 02(v1) A 0a(v2). Thus G52 = (Va, 09, 1) is an LFG.
Further, h : Vi — V4 is such that os[h(u;)] = b = f(a;) = flo1(w;)]. Thus
Gir =gl O

Theorem 5.3. Consider the LFGs G¥ = (Vy,01,11) and G% = (Va, 09, 12), such
that GI = GE. Then this isomorphism is an equivalence relation on the set of all
LFGSs on the lattice L.
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Proof. We are required to prove that the isomorphism relation is reflexive, symmetric
and transitive.
Reflexivity: The mapping ‘I’ as required in the definition of isomorphism of LFGs
is the identity map and we choose ‘h’ as the identity map itself. Then every LFG is
isomorphic to itself.
Symmetry: If GF = G with the bijective mapping h : Vi — Vs, then GF = GF
with A=t : Vo — V4.
Transivity: Next, let G = GE with the bijective mapping h : V; — V5 and GT = GE
with the bijective mapping k : Vo — V3. Then koh : V7 — V3 is a bijection. Further,
o1(u) = aafh(u)] = ox{klh(W)]} = aslk o h(w)] and p(u,v) = palh(u), h(v)] =
pslk o h(u), ko h(v)]. Thus G¥ = G¥.

The isomorphism relation is thus an equivalence relation on the set of all LFGs
on the lattice L. O

Definition 5.4. Consider the LFG G* = (V, 0, ), where L is complete. We define
the order ‘p’ and size ‘¢’ of GI as p = Vyevo(z) and g = Vg yevu(z, y).

Definition 5.5. Consider the LFG G* = (V, 0, ) where L is complete. Then we
define the degree ‘d(u)’ of a vertex ‘u’ in G as d(u) = Vyzyvevu(u,v).

Theorem 5.6. If G¥ = GL, where L is complete, then py = pa and q1 = g2, where
pi and q; are the order and size of GL, i = 1,2 respectively. Also, the degree of each
vertex is preserved under the isomorphism.

Proof. By definition of isomorphism of LFGs,

P1 = Vzev, 01 (SC) = Vze,02 [h(x)] = Vm€V202(y) = p2.
Also,

@1 = Vayevi 1 (2,Y) = Vayevs p2[h(2), h(y)] = Vayevapa(a, b) = po.
Further, for any vertex ‘v’ in the LFG, G¥,

d(u) = Vozuwevi 1 (U V) = Vi w)2h(u),h(v)evs H2[h(uw), h(v)] = d[h(u)].
O

Remark. The converse of the above theorem need not be true, i.e. if the order and
size of two LFGS are the same, they need not be isomorphic. For example, let L be
the following lattice:

Consider

Both have the same size and order but are not isomorphic.

Similarly, the following LFGs are such that the degrees of the corresponding
vertices are the same but they are non isomorphic.

Definition 5.7. By a weak isomorphism of LFGs Gfl = (Vi,01,p1) and GQL"' =
(Va, 09, 112), we mean a bijective mapping h : Vi — V5 together with a bijective
mapping [ : L1 — Lo such that
llo1(u)] = o2]h(v)], Vuin Wy
and
Up1(u,v)] < po[h(u),h(v)], Vuand vin V4
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Thus a weak isomorphism of LFGs preserves the weight of the vertices.

A weak isomorphism of LFGs need not be an isomorphism of LFGs, as is illus-
trated by the following:

Example 5.8. Let Ly = Ly be as in the following figure:
Let GlL1 = (W1, 01, 1), GéQ = (Va, 02, 12) and the weak isomorphism ‘h’ of these
LFGS be defined as follows:
Vl = {u17u27U3} and V2 = {’U17'027U3}7
o1(u1) = a, o1(u2) = b, o1(uz) = ¢; p1(ur,u2) =d, pi(uz,uz) = f
o2(v1) = ¢, 02(v2) = a, 02(v3) = b; p2(v1,v2) = f, pa(v2,v3) =g
h(ul) = V2, h(UQ) = V3, h(u3) =1

It may be verified that ‘h’ is a weak isomorphism, but pj(uj,us) = d # g =
p2(v2,v3).
Theorem 5.9. Weak isomorphism of LFGs is a partially ordered relation on the

set of all LFGs defined on the lattice L.
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Proof. By a weak isomorphism of LFGs Gfl = (Vi,01,p1) and G¥ = (Va, 09, o),
we mean a bijective mapping h : V3 — V5 such that

o1(u) = oa[h(u)]
and
w1 (u,v) < polh(u), h(v)], V u,vin Vi.
We have to show that this relation is reflexive, anti-symmetric and transitive.
Reflexivity: Consider the LFG GY = (V, 0, 1). Choose ‘h’ and ‘I’ to be the identity
map itself. Then obviously, u(u,v) = plh(u), h(v)], Yu,v in V.
Anti-symmetry: Let G¥ = (Vi, 01, 1) and G¥ = (V,, 09, u2) be weak isomorphic.
Then, 3 a bijective mapping h : V3 — V5 such that
o1(w) = o3 ()
and
w1 (u,v) < pslh(u), h(v)], Yu, vin V7.
Again, let G¥ = (V3, 09, 19) and G¥ = (V4,01, j11) be weak isomorphic. Then 3 a
bijective mapping h' : Vo — V4 such that
o2(u) = o1 [W (u)]
and
po(u,v) < pi[h/(u), ' (v)], ¥V u,vin Vs.

The two inequalities can be satisfied simultaneously only when V; = V5, 01 = o9
and p1 = po. Hence the two LFGs are the same.

Transitivity: Next, let GI' A GI' be weak isomorphic with the bijective mapping
h : Vi — V5 and be weak isomorphic with the bijective mapping k : Vo — Vs.
Consider ko h : V; — V3. It is also a bijection. Further,

o1(u) = oa[h(u)] = o3{k[h(u)]} = o3[k o h(u)]
309
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and
11 (1, 0) < piolh(u), h(v)] < pi3lk o h(u), k o h(v)].

Thus G¥ A G% are weak isomorphic.
Hence weak isomorphism of LFGs is a partially ordered relation on the set of all
LFGs defined on the lattice L. O

6. COMPLEMENT OF AN LFG

Here, we firstly define the complement of an LFG and show that the complement
of a strong LFG is also a strong LFG. We also obtain a condition on the lattice on
which a self complementary LFG is defined.

Throughout this section, we take L to be a Boolean Algebra.

Definition 6.1. Consider the LFG G* = (V, 0, u) where L is a Boolean Algebra.
We define its complement as the LFG G* = (V, 0%, u¢) with

o) =o(u), YuecV and u(u,v) = o(u) Ao(w) A p(u,v)?, VY edges u-ve G

Example 6.2. Let L be the following Boolean Algebra:

FIGURE 5.

Consider the LFG in Fig. 6. Then its complement is the LFG in Fig 7.

FIGURE 6.

Lemma 6.3. (GL¢) =G*L.
310
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Proof. Consider the LFG G* = (V, o, 11). Then,

(1) (u, ) = o (u) Aa(v) A[uC (u,0)]
= o(u) Ao(v) A(o(u) Ao(v) V p(u,0)“]¢
= o(u) Ao(v) A(o(w) Ao () V u(u,v)]
=o(u) Ao(v) A p(u,v)
= p(u,v), Yu,v € p*
Hence (GL9)¢ = GE. O

Theorem 6.4. The complement of a strong LFG is also strong.

Proof. Let the LFG GY = (V, o, ) be strong. Then u(u,v) = o(u)Ac(v), Vu,v € p*
by definition.

When pi(u, v) =0, 1 (u,v) = o(u)Aa(v)Ap(u, v)¢ = o(u)Aa(v)Al = o(u)Ao(v).
When 1(u,v) > 0, 1 (u,v) = o(u)Aa(v )/\u(u v) = o(u)Aa(v)A[o(u)Ao(v)]C = 0.
Hence u(u,v) = o(u) A o(v), Yu,v € u©
Hence the complement of a strong LFG is also strong. g

Definition 6.5. The LFG G* = (V, o, i) is self complementary if 3 an isomorphism
between G = (V, o, 1) and GE°(V, €, u©).

Example 6.6. Let L be as in Fig. 5. Then Fig 8 shows a self complementary LFG
and its complement. All the vertices in these graphs have membership degree 1.

Gr GLe
FIGURE 8.

Theorem 6.7. If GE = (V, 0, ) is self complementary, then the Boolean Algebra L
is a Boolean Ring witha+b=aVbanda-b=0, VYa,b e L.
311
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Proof. Since G* = (V, o, u) is self complementary, 3 a bijective mapping h: V — V
such that

(6.1) oCh(u)] =o(u), YueV
and
(6.2) pC[h(w), h(v)] = p(u,v), Yu,vinV

Then by definition,

K€ (), h(v)] = o () A o (v) A [a(h(), ()| so that by (6.2)
(6.3) w(u,v) = o(u) A o) A [u(h(u), h()]C, Yu,veV
We have a +b = (a Ab°) V (a® A b
p(,0) + (), h(w)] = (g, ) A [ (), @)} v (s 0)I° A plh(), (o))}
(o) Ao ())CV (), h)] A plh(u), h(w)]}
p[h(u), h(v)] by absorption law.

Thusa+b=aVb, Va,b
Next, a-b=aAb.

But p(u,v) - plh(u), h(v)] = p(u,v) A p[h(u),h(v)] = 0 by (6.3). Thus a-b = 0,
Ya,b € L.

Hence L is a Boolean Ring with addition and multiplication as defined above. [

L.
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