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ABSTRACT.

The purpose of this paper is to introduce the concepts of fuzzy soft (-
open sets, fuzzy soft [S-continuous functions, fuzzy soft S-connectedness,
fuzzy soft fB-strongly connectedness, fuzzy soft 5-Cs connectedness. Some
interesting properties of these notions are studied. In this connection,
interrelations are discussed. Examples are provided wherever necessary.
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1. INTRODUCTION

T'he concept of fuzzy sets was introduced by Zadeh [3]. Molodstov [4] intro-
duced the concept of soft sets. The definition of fuzzy soft sets was introduced by
Roy, Biswas and Maji [3]. The notion of fuzzy soft topological space was introduced
by Roy and Samanta [5]. The definition of fuzzy S-open set was given by Bala-
subramanian [1]. In this paper, the concepts of fuzzy soft S-open sets, fuzzy soft
[B-connectedness are introduced and studied. Some interesting characterizations are
discussed. In this connection, interrelations are investigated. Examples are provided
wherever necessary.

2. PRELIMINARIES

Throughout this papers, U refers to an initial universe, F is the set of all param-
eters for U and IV denotes the set of all fuzzy subset of U and also by (U, E)”, we
mean "the universal set U and the parameter E”.
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Definition 2.1 ([3]). Let A C E. Then the mapping F4 : E — IV defined by
Fyle) = [T (a fuzzy subset of U) is called fuzzy soft set over (U, E), where py, =0
ifec B—Aand pf #0if e € A, where 0(z) = 0 for each z € U.

The set of all fuzzy soft set over (U, E) is denoted by F'S(U, E).

Definition 2.2 ([5]). The fuzzy soft set Fo € F'S(U, E) is called null fuzzy soft set
and it is denoted by ®. Here Fg(e) = 0 for every e € E.

Definition 2.3 ([5]). Let Fr € FS(U,FE) and Fg(e) = 1 for all e € E, where
1~(33) =1 for each x € U. Then FF is called absolute fuzzy soft set. It is denoted by
E.

Definition 2.4 ([5]). Let F4,Gp € FS(U,E). If Fa(e) C Gp(e) for all e € E, i.e.,
if g (x) C 1, (x) for all x € U, then Fy is said to be fuzzy soft subset of Gp,

denoted by Fs C Gp.

Definition 2.5 ([5]). Let F4,Gp € FS(U,E). Then the union of F4 and Gp is
also a fuzzy soft set He, defined by He(e) = MZC = uf;A U MZB for all e € E, where

C = AU B. Here we write Ho = F4 U Gp.

Definition 2.6 ([5]). Let Fu,Gp € FS(U, E). Then the intersection of F4 and Gp
is also a fuzzy soft set H¢, defined by He(e) = ,ui{c = uiA n ueGB for all e € F,
where C = AN B. Here we write Ho = F4 N Gp.

Definition 2.7 ([7]). Let F4y € FS(U,E). The complement of Fy4 is denoted by
F4¢ and is defined by F4¢: E — IY is a mapping given by Fa°(e) = (Fa(e))¢, for
every e € E.

Proposition 2.8 ([7]). Let Fa,Gp,Hc € FS(U,E). It can be verified that the
following hold according to our notion of fuzzy soft sets.
(i) PCFaCE.
( ) FAOGB:GBGFA andFAﬁngGBﬁFA.
111) Fy U (GB U Hc) = (FA U GB) LNJHc, Fu N (GB ﬁHc) = (FA N GB) N He.
lV) FA O (GB ﬁ Hc) = (FA O GB) ﬁ (FA O Hc), FA ﬁ (GB O Hc) =
(FANGp)U
(FAﬁHC)
) FA,GB C Fu UGB, Fa ﬂGB C Fu,Gp.
(Vl) FACGB:>GB CFA .
(vii) @€ = E Ec=0.
(vill) (Fa)¢ = Fjy.
(ix)
)

(
(
(v

ix (ﬂ] (Ff‘ ))e = Uj(Ff;V_C), j € J be an index set.
(x) (U;j(F7 % )¢ =0N;(FI %), j€J be an index set.
J

Definition 2.9 ([5]). A fuzzy soft topology J on (U, E) is a family of fuzzy soft sets
over (U, E) satisfying the following properties.
(i) ®,F €3,
(ii) If Fy,Gg € J then Fy NGg €37,
(iii) If Ff"j € J for all j € J, an index set, then Uje.]F/‘ij €.
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Definition 2.10 ([5]). If J is a fuzzy soft topology on (U, E), the triple (U, E,J) is
said to be a fuzzy soft topological space. Also each member of J is called a fuzzy
soft open set in (U, E, J).

Definition 2.11 ([5]). A fuzzy soft set Fy over (U, E) is called a fuzzy soft closed
set in (U, E,J) if its complement F4° is fuzzy soft open set in (U, E,J).

Definition 2.12 ([7]). Let (U, E,J) be a fuzzy soft topological space. Let Fis be a

fuzzy soft set over (U, E). The fuzzy soft closure of F4 is defined as the intersection

of all fuzzy soft closed sets which contains F4 and is denoted by F4. We write
Fa=0{Gp : Gp is fuzzy soft closed and F4 C Gp}

It is obvious that

(i) Fja is fuzzy soft closed.
(i) Fa C Fa.

Definition 2.13 ([7]). Let (U, E,J) be a fuzzy soft topological space. Let F4 be a
fuzzy soft set over (U, E). The fuzzy soft interior of Fy4 is defined as the union of all
fuzzy soft open sets contained in F4 and is denoted by F4°. We write

F4° =U{Gp : Gp is fuzzy soft open and Gp C Fa}
It is obvious that
(i) Fa° is fuzzy soft open.
(i) Fu° C Fy.
(iii) F4° is the largest fuzzy soft open set contained in Fju.

Proposition 2.14 ([7]). Let (U, E,J) be a fuzzy soft topological space. Let Fa,Gp
be two fuzzy soft sets over (U, E). Then

(FaNGp)°* = (Fa)° N (Gp)°;
(V) (54 0 Gp)° € (Fa)* O (G

Definition 2.15 ([2]). Let FS(X,E) and FS(Y,K) be the families of all fuzzy
soft sets over X and Y, respectively. Let v : X — Y and p : F — K be two
functions. Then the pair f,,, is called a fuzzy soft mapping X to Y and denoted by
fup : FS(X,E) = FS(Y, K).
(i) Let fa € FS(X, E), then the image of f4 under the fuzzy soft mapping f,,
is the fuzzy soft set over Y defined by fy,(fa), where

\/IEufl(y)(verfl(k)ﬁA fA(e))(LE), if u_l(y) 7é g,
fup(fa)(R)(y) = Pl k) NA# D
Oy, otherwise.
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(ii) Let gg € FS(Y, K), then the preimage of g under the fuzzy soft mapping
fup is the fuzzy soft set over X defined by fu_p1 (9B), where

f?:pl(gB)(e)(x) — { gB(p(e))(u(x)), for p(e) € B;

Ox, otherwise.

Proposition 2.16 ([2]). Let X and Y crisp sets, fa, f, € §(X,E) and gp,g,, €
F(Y,K), Vi € J, where J is an index set.

() If fa, C far then fup(£a,) € Fup(£a,).
(i) If g5, € - 9, then far 95,) € fop (95,)-

up(fap (9B)) C gp, the equality holds if fu, is surjective.

)
)
)
) up( NieJ(fA )) = Gzleup(fA )
(vi) fup( 1€J(fA )) C ﬂzleup(fA ), the equality holds if fu, is injective.

i)

)

)

)

)

(Vil f7p1( (gB )) - UZG]fup (gB )
(i) Fot(Feslgn ) = Cics S (9,).
9 1ol (B) = E, 13 -

=F, fu is surjectwe
= 9.

Definition 2.17 ([6]). Let (X, 1) and (Y, 72) be two fuzzy soft topological spaces. A
fuzzy soft mapping fup : (X, 71) = (Y, 72) is called fuzzy soft continuous if f,-!(g5) €
71, for each gp € 7.

Definition 2.18 ([0]). Let fa,g5 € FS(X,E). fa is said to be fuzzy soft quasi
coincident with ¢gp, denoted by faqgp, if there exist e € E and « € X such that

fae)(z) 4+ gp(e)(z) > 1.

If fa is not fuzzy soft quasi coincident with gp, then we write f4 4gp-
Proposition 2.19 ([6]). Let fa,gp € FS(X, E). Then the followings are true.

(i) fa g 9B < fa A9B°.
(ii) fa Cgp° e fa figB-_
(ili) faqgp = faNgp # ®.

3. FuzzYy SOFT (B-OPEN SETS

In this section, the concepts of fuzzy soft S-open sets, fuzzy soft S-interiors, fuzzy
soft B-closures, fuzzy soft S-continuous functions, fuzzy soft S-irresolute functions
are introduced and some of their properties are studied.

Notation 3.1. Fuzzy soft interior and fuzzy soft closure denote FSint and FScl
respectively.

~

Definition 3.2. A fuzzy soft set F4 in a fuzzy soft topological space (U, E,J) is
said to be:
(i) fuzzy soft B-open set if Fy C FScl(FSmt(FScl(FA)))

(ii) fuzzy soft B-closed set if Fy D FSmt(FScl(FSmt(FA)))
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Example 3.3. Let U = {a,b} and E = {e1,ea,e3}, A={e1} CE, B={es,e3} C

E. Let

Fa = {F(e1) = {(2,02), (5,0.3)},
Fles) = {(a,0), (5, 0)},
F(QS) = {(a70)a (b7 0)}}3

G ={G(e1) = {(a,0), (0,0},
G(e2) = {(a,0.3),(b,0.3)},
G(es) = {(a,0.4),(b,0.3)}}

be fuzzy soft sets over (U, E).
FsUGp =He,C=AUB = {H(e;) = {(a,0.2), (b,0.3)},
H(GQ) = {((l, 03)7 (ba 03)}7
H(ez) = {(a,0.4),(b,0.3)}}.
Then the family J = {®, E, F4, Gp, H¢} is a fuzzy soft topology on (U, E). Clearly,
(U, E,3J) is a fuzzy soft topological space. Consider the fuzzy soft set
Ig = {1(61) = {(a,0.8), (b705)}7
I(GQ) = {(a7 07); (bv 05)}a
I(e3) = {(a,0.5),(b,0.2)}}. -
Hence I is a fuzzy soft B-open set over (U, E), since Iy C FScl(FSint(FScl(Ig))).

Remark 3.4. Every fuzzy soft open (resp., closed) set is a fuzzy soft S-open (resp.,
B-closed) set.

Proposition 3.5. (i) Arbitrary union of fuzzy soft S-open sets is a fuzzy soft -
open set.
(ii) Arbitrary intersection of fuzzy soft S-closed sets is a fuzzy soft S-closed set.

Proof. (i) Let {FAJ_ : j € J} be a collection of fuzzy soft S-open sets of a fuzzy soft
topological space (U, E,J). Then for each j, F, C FS’CZ(FSint(FScl(FAJ_))). By
definition 3.2. and Proposition 2.14.,

U (F,,)C U (FSel(FSint(FScl(F, )
C (FScl(U FSint(FScl(F, )
C (FSc(FSint(T Fgcl(FAj)
C (FScl(FSint(FScl(U F, )

Therefore, U (F, ) = C (FScl(FSint(FScl(U F, )))).
(ii) The proof is similar by (i). O
Definition 3.6. Let (U, E,J) be a fuzzy soft topological space and F4 be a fuzzy

soft open set over (U, FE). Then the fuzzy soft § interior is denoted by Fgﬁ—mt and
is defined by

/F\gﬁ—int(FA) = U{Gp: Gp is a fuzzy soft S-open set in (U, E) and G C Fa}.

Definition 3.7. Let (U, E,J) be a fuzzy soft topological space and F4 be a fuzzy

soft closed set over (U, E). Then the fuzzy soft § closure is denoted by ﬁ'\gﬂ—cl and
is defined by
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/]*:gﬂ—cl(FA) = N{Gp : Gp is a fuzzy soft B-closed set in (U, E) and Gg D Fa}.

Remark 3.8. (i) FSB-int(E) = E.
(ii) If F4 € FS(U, E), then ((FSB-cl(F4))¢)¢ = FSB-cl(Fy).
Proposition 3.9. Let (U, E,J) be a fuzzy soft topological space and Fa,Gp €
FS(U,E). Then
(i) (FSB-cl(Fa))® C FSB-int(Fa°).
(i) (FSB-int(Fa))® C FSp-cl(Fa°).

Proof.

() (FSB-cl(F4)) = (N {Gp : Gp is fuzzy soft B-closed set over (U, E)and Fx C Gp})°
= U {Gg°: Gp is fuzzy soft S-closed set over (U, E) and F4 C Gp}
= U {GB°: Gp°is fuzzy soft B-open set over (U, E) and Fu ) Gp}
= FSB-int(F4°).

(ii) The proof is similar by (i). O

Notation 3.10. (p,v) denotes fuzzy soft function from U to U’.

Definition 3.11. Let (U, E,J1) and (U’, E’, J2) be two fuzzy soft topological spaces.

A fuzzy soft function (¢, ) : (U, E,J1) = (U’, E', J2) is called fuzzy soft S-continuous
if (¢,v) 1 (Gp) is a fuzzy soft S-open (resp., B-closed) set in Jy, for each fuzzy soft

open (resp., closed) set Gp in Jo.

Definition 3.12. Let (U, E,J1) and (U’, E', J2) be two fuzzy soft topological spaces.
A fuzzy soft function (¢, ) : (U, E,J1) — (U’, E’, J2) is called fuzzy soft S-irresolute
if (p,1)"Y(Gp) is a fuzzy soft B-open (resp., B-closed) set in J;, for each fuzzy soft
B-open (resp., B-closed) set Gp in Ja.

4. TYPES OF FUZZY SOFT ﬁ—CONNECTEDNESS IN FUZZY SOFT TOPOLOGICAL
SPACES

In this section, the concepts of fuzzy soft B-connectedness, fuzzy soft S-clopen
sets,fuzzy soft S-strongly connectedness, fuzzy soft S-Cs connectedness, fuzzy soft
[-Cs connectedness, fuzzy soft 5-C; connectedness are introduced and studied.
Some interesting properties are discussed.

Definition 4.1. Let (U, E,J) be a fuzzy soft topological space. A fuzzy soft [-
separation of F is a pair Fl4, Gp of no-null fuzzy soft S-open sets such that

E:FAOGBand‘i):FAﬁGB.

Definition 4.2. A fuzzy soft topological space (U, E,J) is said to be fuzzy soft /-
connected if there does not exist a fuzzy soft S-separation of E. Otherwise, (U, E,J)
is said to be fuzzy soft S-disconnected.

Example 4.3. Let U = {a,b} and E = {e1,ea,e3}, A={e1} CE, B={e1,ea} C
E. Let
Fa= {F(el) = {(G,O.S), (ba05)}a
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Flea) = {(a,0), (b,0)},
F(es) = {(a,0), (b,0)}},

Gp = {Gler) = {(a,0.3), (b,0.5)}.
Gea) = {(a,0.4), (5,05},
Gles) = {(a,0), (b, 0)}} o

be fuzzy soft sets over (U, E). Then the family J = {®, F, F4,Gp} is a fuzzy soft

topology on (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Consider the
fuzzy soft set

Iy = {I(e1) = {(a,0.7), (b, 0.5)},

I(e2) = {(a,0.6), (b,0.5)},
I(es) = {(a, 1), (b, 1)}}.

Hp = {H(61) — {(a,06), (b,0.5)},
e2) = {(a,0.5), (b,0.5)},
( 3) = {(a,0), (b,0)}},

I and Hp are fuzzy soft B-open sets in (U, E), Iy # ®, Hp # ® and Ig N Hp =
Hp # ®, Ig U Hp = Ig # E. Hence (U, E,J) is fuzzy soft B-connected.

Example 4.4. Let U = {a,b} and E = {e1,ez,e3}, A= {e1,e2} C E. Let
Fa= {F(el) = {(a70'4)7 (6702)}a

Flea) = {(a,0.3), (b,0.5)},

F(e3) = {(a,0),(b,0)}} o
be a fuzzy soft set over (U, E). Then the family J = {®, F,F4} is a fuzzy soft
topology on (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Consider the
fuzzy soft sets

Gg = {G(el) {(av 1); (bv 0)}7
G(e2) = {(a,0), ( D},

( ) = {(a71> 70)}}’

Hp = {H(el) = { a’0)7 (bv 1)}a
H(ez2) ={(a,1),(b,0)},

H(es) = {(a,0), (0,1)}}, ) ) N
GE and Hg are fuzzy soft S-open sets in (U, E), Gg # ®, Hg # ® and Gg N Hg =
®, Gp U Hp = E. Hence (U, E,3J) is fuzzy soft S-disconnected.

Proposition 4.5. A fuzzy soft topological space (U, E, J) is a fuzzy soft S-connected
space if and only if there exist no non-zero fuzzy soft -open sets F4 and Gp in
(U, E,J) such that Fix = Gg°.

Proof. Necessity.

Let F4 and Gp be two fuzzy soft S-open sets in (U, E,J) such that Fy # P,
) # Gp° and Fq = Gg°. Therefore Gg° is a fuzzy soft 5-closed set. Since Fq # P,
Gp # E. This implies that G is a proper fuzzy soft set which is both fuzzy soft
B-open and fuzzy soft S-closed in (U, F,J). Hence (U, E,J) is not a fuzzy soft /-
connected space. But this is a contradiction to our hypothesis. Thus there exist no
non-zero fuzzy soft S-open sets Fu and Gg in (U, E,J) such that Fy = Gg°.
Sufficiency.

Let F4 be both fuzzy soft S-open and fuzzy soft -closed in (U, E,J) such that
P % Fa, Fy # E. Let F4° = Gp. Then Gg is a fuzzy soft B-open set and Gg© # E.
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This implies that Gg = F4° # é, which is a contradiction to our hypothesis. Hence
(U, E,3J) is a fuzzy soft S-connected space. O

Proposition 4.6. A fuzzy soft topological space (U, E, J) is a fuzzy soft 8-connected
space if and only if there exist no non-zero fuzzy soft S-open sets 4 and Gp in
(U,E,:j) such that F4 = GBC, Ggp = (FS,B—CZ(FA))C and Fy = (FSB—CZ(GB))C

Proof. Necessity.

Assume that thergg/xists fuzzy soft sets Fq ££1£1 G g such that F'y ;ég P #+ GRS,
Fy = Gg° Gp = (FSB-cl(F4))° and Fy = (FSp-cl(Gp))°. Since (FSB-cl(Fa))°
and (Fgﬁ—cl(GB))c are fuzzy soft SB-open sets in (U, E,J), Fa and Gp are fuzzy
soft B-open sets in (U, E,J). This implies (U, E,J) is not a fuzzy soft S-connected
space, which is a contradiction. Thus there exist no non-zero fuzzy soft S-open
sets F4 and Gp in (U, E,J) such that Fy = Gg°, G = (FSB-cl(F4))° and Fy =
(FSB-cl(Gg))°.

Sufficiency.

Let Fa be both fuzzy soft B-open and fuzzy soft S-closed in (U, E,J) such that
® # Fa, Fo # E. Now by taking F,¢ = Gp, we obtain a contradiction to our
hypothesis. Hence (U, E,J) is a fuzzy soft S-connected space. O

Definition 4.7. A fuzzy soft topological space (U, E,J) is said to be fuzzy soft
C5-disconnected if there exists fuzzy soft sets F4 over (U, E), which is both fuzzy
soft open set and fuzzy soft closed set such that Fy # ® and Fa # E. If (U,E,3)
is not fuzzy soft Cs-disconnected then it is said to be fuzzy soft Cs-connected.

Proposition 4.8. Let (U, E,J1) and (U, E’,J2) be two fuzzy soft topological
spaces. Let (p,) : (U, E,J1) = (U, E',J2) is a fuzzy soft S-continuous and surjec-
tive function. If (U, E,J1) is a fuzzy soft S-connected space, then (U’, E’,Js) is a
fuzzy soft Cs-connected space.

Proof. Let (U, E,J;) is a fuzzy soft S-connected space. Suppose (U’, E’,J2) is not
a fuzzy soft Cs-connected space, then there exists a proper fuzzy soft set F4 which
is both fuzzy soft open and fuzzy soft closed in (U’, E’,J2). Since (p, ) is a fuzzy
soft SB-continuous function, (¢,1)~(F4) is both fuzzy soft B-open and fuzzy soft
B-closed in (U, E,J1). But this is a contradiction to hypothesis. Hence (U’, E',J2)

is a fuzzy soft Cs-connected space. O

Definition 4.9. A fuzzy soft topological space (U, E, J) is said to be fuzzy soft SC5-
disconnected if there exists fuzzy soft sets F4 over (U, E), which is both fuzzy soft
B-open set and fuzzy soft S-closed set such that Fy # & and Fy # E. If (U,E,3) is
not fuzzy soft 5-C5 disconnected then it is said to be fuzzy soft 8-C5 connected.

Definition 4.10. A fuzzy soft topological space (U, F,J) is said to be fuzzy soft
[B-clopen set, which is both fuzzy soft S-open set and fuzzy soft [-closed set.

Example 4.11. Let U = {a,b} and E = {e1,e2,e3}, A = {e1,e2} C E. Let

Fu={F(e1) = {(a,0.5), (b,0.5)},
F(e3) = {(a,0.5), (b,0.5)},
F(e3) = {(a,0.5),(b,0.5)}}
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be a fuzzy soft set over (U, E). Then the family J = {®, E, F4} is a fuzzy soft
topology on (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Clearly, Fs
is both fuzzy soft S-open set and fuzzy soft §-closed set.

Proposition 4.12. Fuzzy soft 5-C'5 connectedness implies fuzzy soft S-connectedness.

Proof. Suppose that there exists non-empty fuzzy soft S-open sets F4 and G such
that Fu UGp = F and F4 N Gg = (fuzzy soft S-disconnected), then Fg(e) =
Fa(e)UGp(e) and Fe(e) = Fa(e)NGp(e), for all e € E. In other words, Fy = G°.
Hence F4 is a fuzzy soft -clopen set which implies that (U, E,J) is fuzzy soft 5-C
disconnected. O

Remark 4.13. The converse of the above Proposition need not be true as shown
by the following example.

Example 4.14. Let U = {a,b} and E = {e1,e2,e3}, A = {e1,e2} C E. Let
Fp= {F(el) = {(a70‘5)7 (b70~5)}a

F(e2) = {(a,0.5),(b,0.5)},

F(es) = {(a,0),(b,0)}} o
be a fuzzy soft set over (U, E). Then the family J = {®, F,F4} is a fuzzy soft
topology on (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Consider the
fuzzy soft set
GE = {G(el) = {(a, 0.4)7 (b, 0.2)},

G(e2) = {(a7 0'3)7 (bv 05)},

Gles) ={(a,1), (b, 1)}}. B N
Hence F4 and Gg are fuzzy soft S-open sets over (U, E). Also, F4 UGg = F4 # E,
FaNGg=Gg# ®. Hence (U, E,3) is fuzzy soft S-connected. Since F4 is both
fuzzy soft S-open set and fuzzy soft -closed set over (U, E), (U, E,J) is fuzzy soft
[3-C5 disconnected.

Proposition 4.15. Let (U, E,J1) and (U’, E’,J2) be two fuzzy soft topological
spaces. Let (p,v) : (U, E,J1) = (U', E',J2) be a fuzzy soft S-irresolute and surjec-
tive function. If (U, E,J1) is fuzzy soft S-connected, then (U’, E’,J2) is fuzzy soft
[B-connected.

Proof. Assume that (U’, E', J2) is not fuzzy soft S-connected. Thus there exists non-
empty fuzzy soft S-open sets Fiy and G in (U, E',J2) such that Fy UGp = E and
F4 N Gp = ®. Since (p,v) is fuzzy soft B-irresolute function, Ho = (¢, )" (Fa),

Ip = (p,v) 1 (Gp) are fuzzy soft B-open sets over (U, E). From Fa # @, we get

He = (¢, 9) 7 (Fa) # &, (If (p,9) 7 (Fa) # @, then Fa = (0,9)((p, ) 7 (Fa)) =
267
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(¢,¢)(®) = ®, which is a contradiction.) Similarly we obtain Ip # ®. Now,

F,UGg=E

(0, 0) " (Fa) U (0,9) " H(Gp) = (0, 0) H(E)
HoUlIp=F
FANGg =9

(0, ¥) 1 (Fa) N (,9) " (GB) = (0, 0) 1 (®)
HeNIp = 9.

This implies that He U Ip = E and He N Ip = ®. Thus (U, E,J;) is fuzzy soft
B-connected, which is a contradiction to our hypothesis. Hence (U’, E',J2) is fuzzy
soft S-connected. O

Proposition 4.16. (U, E,J) is fuzzy soft 5-Cs connected if and only if there exists
no non-empty fuzzy soft S-open sets Fix and Gg over (U, E) such that F4 = Gg°.

Proof. Suppose that Fy and Gp are fuzzy soft [-open sets over (U, E) such that
Fa # P, ¢ # Gp and Fq = GR°. Since Fx = Gg°, GE° is a fuzzy soft B-open set
and Gp is a fuzzy soft S-closed set. And Fa # & implies G # E. But this is a
contradiction to the fact that (U, E,J) is fuzzy soft S-Csconnected.
Conversely,

Let F'4 be both fuzzy soft B-open set and fuzzy soft S-closed set over (U, E) such
that @ # Fa, Fy #* E. Now take G = FA In this case Gp is a fuzzy soft S-open
set and Fy # FE which implies Gg = Fs° # <I> which is a contradiction. Il

Proposition 4.17. (U, E,J) is fuzzy soft 5-C5 connected if and only if there exists
no non-empty fuzzy soft sets over (U, E) such that Fx“ = G, Gp = (FSB-cl(Fa))°,
Fy = (FSB-cl(Gg))°.

Proof. Assume that there exist fuzzy soft sets Fy and Gp such that Fy # &, & #
Gp, FA° = Gp, Gp = (FSB-cl(F4))°, Fa = (FSB-cl(Gg))°. Since (FSB-cl(Fa))°
and (fgﬁ—cl(GB))c are fuzzy soft S-open sets over (U, E), Fa and G are fuzzy soft
B-open sets over (U, E'), which is a contradiction.

Conversely,
Let F4 be both fuzzy soft S-open set and fuzzy soft S-closed set over (U, E) such
that ® # Fy, Fy # E. Taking Gg = F4°, we obtain a contradiction. O

Definition 4.18. A fuzzy soft topological space (U, E,J) is said to be fuzzy soft
[B-strongly connected if there exists no non-empty fuzzy soft §-closed sets F4 and
Gp over (U, E) such that F4 + Gp C E.

In otherwords, a fuzzy soft topological space (U, E,J) is said to be fuzzy soft
B-strongly connected if there exists no non-empty fuzzy soft S-closed sets F4 and
Gp over (U, E) such that F4 N Gp =

Proposition 4.19. (U, E,J) is fuzzy soft S-strongly connected if and only if there
exists no non-empty fuzzy soft B-open sets Fy and Gp over (U, E) such that Fs #
E #Gp and Fy + Gg D E.
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Proof. Necessity.

Let Fy and Gp are fuzzy soft S-open sets over (U, E) such that Fy # E # Gp
and Fa + Gp D E. If we take He = F4¢ and Ip = Gg°, then He and Ip become
fuzzy soft B-closed sets over (U, E) and Ho # ® # Ip and He + Ip C E. Which
is a contradiction. Hence (U, E,J) is fuzzy soft S-strongly connected.

Sufficiency.

Let Fy and Gp be non-empty fuzzy soft S-closed sets over (U, E) such that
Fi+Gp CE. If Ho = Fa° and Ip = Gp°, then He and Ip become fuzzy soft
B-open sets over (U, E) and Ho # E. E # Ip and He + Ip D E. Which is a
contradiction. Thus there exists no non-empty fuzzy soft S-open sets F4 and Gp
over(UE)suchthatFA;éE E#GB and F4 + Gg D E. O

Proposition 4.20. Let (U, E,J1) and (U’, E’,J2) be two fuzzy soft topological
spaces. Let (p,v) : (U, E,J1) — (U, E',J2) be a fuzzy soft S-irresolute and sur-

jective function. If (U, E,J1) is fuzzy soft S-strongly connected, then (U’, E’,J2) is
fuzzy soft S-strongly connected.

Proof. Suppose that (U’, E’,J2) is not fuzzy soft S-strongly connected. Then there
exists non-empty fuzzy soft S-closed sets H4 and Ip in (U, E', J2) such that H #

®, P # Ip, Hy+Ip C ®. Since (g, 1)) is fuzzy soft S-irresolute function, (p,v) " (H),
(,1) 1 (Ip) are fuzzy soft 3-closed sets over (U, E) and (o, )" (Ha) N (0,) " (Ip) =
P, (p,0)7"

(Ha) £ &, (0,6) " (In) £ & (If (,6) " (Ha) = &, then (p,)((0,) " (H)) =

H 4 which implies (p,4)(®) = Ha. So ® = Ha a contradiction.) Hence (U, E,J;) is
fuzzy soft B-strongly connected, a contradiction to our hypothesis. Thus (U, E’, J2)

is fuzzy soft S-strongly connected. 0

Remark 4.21. Fuzzy soft S-strongly connected does not imply fuzzy soft 5-Cj
connected.

Example 4.22. Let U = {a,b} and F = {e1,e2,€e3,e4}, A= {e1,e2,e3} C E. Let
Fy={F(e1) ={(a,0.3),(b,0.5)},
F(€2) = {(a70'4)a (b7 )}a
F(e3) = {(a,0.5),(b,0.5)},
F(es) = {(a,0),(0,0)}} .
be a fuzzy soft set over (U, E).Then the family J = {®, F, Fa} is a fuzzy soft topology
n (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Consider the fuzzy
soft set
= {Gler) = {(a,0.4), (5,05},
Glea) = {(a,0.4), (5,05},
G(es) = {(a,0. 5) (6,0.5)},
Glea) = (1), (b, D} }.
Hence F4 and Gg are fuzzy soft S-open sets over (U, E). Also,
Fa+Gp=Hg={H(e1) = {(a,0.7), (b, 1)},
H(es) = {(a,0.8), (b,0.8)},
H(es) = {(a,1), (b, 1)},
_, Hlen={(wD).6.0}),
Fy+ Gg CE. Hence (U, E,J) is fuzzy soft S-strongly connected. But (U, E,J) is
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not fuzzy soft 5-C5 connected, since F4 is both fuzzy soft S-open set and fuzzy soft
B-closed set over (U, E).

Remark 4.23. Fuzzy soft 8-Cs connected does not imply fuzzy soft B-strongly
connected.

Example 4.24. Let U = {a,b} and E = {e1,e2,e3}, A = {e1,e2} C E. Let
Fa={F(e1) = {(a,04), (,0.3)},

F(ez) = {(a,0.3),(b,0.5)},

F(es3) = {(a,0),(b,0)}} - -
be a fuzzy soft set over (U, E). Then the family J = {®,E, Fa} is a fuzzy soft
topology on (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Consider the
fuzzy soft set
Gp ={G(e1) = {(a,0.7),(b,0.8)},

G(e2) = {(a,0.5), (b,0.5)},

G(€3) = {(aa 1)7 (b’ 1)}} O o
Hence G is a fuzzy soft 5-open set over (U, E), since Gg C FScl(FSint( FScl(Gg))).
But G is not fuzzy soft -closed set over (U, E). Also, ® # Gg # E. Thus (U, E,J)
is fuzzy soft S-Csconnected. But (U, E,J) is not fuzzy soft S-strongly connected,
since Fy and Gg are fuzzy soft S-open sets over (U, E) such that Fa + Gg OE.
Note 4.25. (i) If F4 N Gp =&, then Fy C Gp°.

(i) If Fa & GB°, then F4 N Gp # .

Definition 4.26. If F4 and G are non-zero fuzzy soft sets over (U, E). Then Fy4
and G g are said to be

(i) fuzzy soft S-weakly separated i if F'S3- cl(FA) - GB and F'S3- cl(GB) C F4°.
(ii) fuzzy soft B-q-separated if FSB- A(FA)NGp=®=FanN FSB- c(Gp).

Definition 4.27. A fuzzy soft topological space (U, F,J) is said to be fuzzy soft
B-C's disconnected if there exists fuzzy soft - Weakly separated non-zero fuzzy soft
sets Fiy and Gp over (U, E) such that Fy UGp =

Example 4.28. Let U = {a,b} and E = {e1,ea,e3}, A ={e1,ea} C E. Let
Fa={F(e1) ={(a,0.4),(b,0.2)},

F(e2) = {(a,0.3),(b,0.5)},

F(QS) = {(a70)7 (b7 0)}} - o~
be a fuzzy soft set over (U, E). Then the family J = {®, F,F4} is a fuzzy soft
topology on (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Consider the
fuzzy soft sets

GE - {G(el) {( )a (b7 )}7
G(e2) ={(a,0), (b, 1)},

G(e3) ={(a,1),(b,0)}} and
HE_{H( ):{ )7(b71)}
e2) = {(a 1), (5,0)},

H(eg) = {(a,0),(b,1)}} over (U, E).
Hence Gg and Hp are fuzzy soft S-open sets over (U, E), FSB-cl(Gg) C Hg® and
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f‘gﬂ—cl(HE) ; Gg°. Hence Gg and Hg are fuzzy soft S-weakly separated and
GpUHg = E. Thus (U, E,J) is fuzzy soft 8-Cg disconnected.

Definition 4.29. A fuzzy soft topological space (U, F,J) is said to be fuzzy soft
B-Chr disconnected if there exists fuzzy soft 5-q-separated non-zero fuzzy soft sets
F4 and G over (U, E) such that F4y UGp = E.

Example 4.30. Let U = {a,b} and F = {e1,es,€e3,e4}, A= {e1,e2,e3} C E. Let
Fa= {F(61> = {(a’0'4), (b’0'2)}5

F(ez) = {(a,0.3), (b,0.5)},

F(€3) = {(a7 Ol)v (b7 05)}a

F(es) ={(a,0),(b,0)}} o
be a fuzzy soft set over (U, E). Then the family J = {®, E, F4} is a fuzzy soft
topology on (U, E). Clearly, (U, E,J) is a fuzzy soft topological space. Consider the
fuzzy soft sets

Gg = {G(el) = { a, l)a (b7 O)}v
G(QQ) = {(aa 0)7 (bv 1)}a
G(63) = {(av 1)7 (ba 0)}:
G(eq4) = {(a,0),(b,1)}} and

Hgp = {H(el) = {(a’0)7 (b7 1)}’
H(eQ) = {(CL, 1)’ (b,O)},
H(e3) = {(a70)7 (ba 1)}7

H(es) ={(a,1),(b,0)}} over (U, E).
Hence Gg and Hp are fuzzy soft S-open sets over (U, E), /ﬁgﬂ—cl(GE) N Hp =
and fgﬁ—cl(HE) C Gp = ®. Hence Gp and Hg are fuzzy soft [-q-separated and
Gp U Hg = E. Thus (U, E,J) is fuzzy soft 5-C)s disconnected.

Remark 4.31. A fuzzy soft topological space (U, E,J) is said to be fuzzy soft 5-Cs
connected if and only if (U, E,J) is fuzzy soft 5-Cjs connected.
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