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1. INTRODUCTION

BCK and BCI-algebras are two important classes of logical algebras introduced
by Imai and Iseki [15] and Iseki [16] respectively in the year 1966. It is known
that the class of BC K-algebra is a proper subclass of the class of BC'I-algebras.
B-algebra is introduced in [19] by Neggers and Kim and which is related to several
classes of algebras such as BCI/BCK-algebras. The generalization of B-algebra
is BG-algebra and was introduced by Kim and Kim [17]. After the introduction
of fuzzy sets in 1965 by Zadeh [23], researchers have been trying to fuzzify all the
usual mathematical concepts in almost every branch of Mathematics. The concept of
intuitionistic fuzzy subsets (IFS) was introduced by Atanassov [3] in 1983, which is
a generalization of the notion of fuzzy sets. The intuitionistic fuzzy model operators
O and ¢ was introduced by Atanassov [3] in 1983. The extension on both the
operators O and < is the new operator D, which represents both of them. Further,
the extension of all the operators is the operator Fy, g called (a, 8)-model operator.
The extended model operator Fy, g is not the final generalised model operator, the
other generalisations are B, X, H,,X,,Hq, 8, X058, Fa,g, Ba,8,v, Ma,8,v: Ha,8,4,6 and
Bla,8,7,5,e,c- The operator Bl g,~,5,¢,¢c Was introduced by Atanassov [10] in 2008. The
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effect of all the model operators on IFSs is again an IFSs. The model operators
play an important role in the study of IFSs. A lot of operators are defined over
IFS. Some of these operators were studied in [4, 7, &, 9, , , 18, 21]. The
concept of fuzzy subalgebras of BG-algebras was 1ntr0duced by Ahn and Lee [1] and
the concept of intuitionistic fuzzy subalgebras and intuitionistic fuzzy ideals were
introduced by Zarandi and Saeid [22]. Here in this paper, we study the effect of these
generalised model operators as discussed above on intuitionistic fuzzy BG-algebras.

2. PRELIMINARIES

Definition 2.1 ([17]). A BG-algebra is a non-empty set X with a constant 0 and
a binary operation * satisfying the following axioms:
(i) xxx =0,
(i1) %0 =z,
(i11) (xxy)*x (0Oxy) =z, Yo,y X.
For brevity, we also call X a BG-algebra.

Example 2.2. Let X = {0, 1, 2, 3, 4} with the following cayley table

*10]112(1314
0j0]4]|3|2]1
111101432
212110413
313(2|11]0/|4
41413|12|1]|0

Then (X, *, 0) is a BG algebra .

Definition 2.3 ([17]). A non-empty subset S of a BG-algebra X is called a subal-
gebra of X if x x y € S, for all x, y € S.

Definition 2.4 ([1]). A fuzzy subset u of a BG-algebra X is called a fuzzy subalgebra
of X if p(x x y) > min{u(z), u(y)}, for all x, y € X.

Definition 2.5 ([3, 4, 5]). An intuitionistic fuzzy set (IFS) A of a BG-algebra X is
an object of the form A = {< z, pa(x),va(z) > |z € X}, where py : X — [0,1] and
va : X — [0,1] with the condition 0 < pa(z) + va(x) < 1,Vx € X. The numbers
a(z) and va(z) denote respectively the degree of membership and the degree of
non-membership of the element x in set A. For the sake of simplicity, we shall use
the symbol A = (pa,v4) for the intuitionistic fuzzy set A = {< z, pa(x),va(x) >
| z € X}. The function w4 (x) = 1—pa(z) —va(z) for all x € X. is called the degree
of uncertainty of z € A. The class of IFSs on a universe X is denoted by IFS(X).

Definition 2.6 ([3, 4, 5]). If A = {< z,pa(z),va(z) > |z € X} and B = {<

x, up(x),vp(z) > |x € X} are any two IFS of a set X, then
A C Bifand only if for all z € X, pa(z) < up(zr) and va(x) > vp(z),
A= Bif and only if for all x € X, ppa(z) = pp(z) and va(z) = vp(
ANB={<uz,(paNup)(x),vanvp)(z) > |z € X},

where (ua Npp)(z) = min{pa(z), up(x)} and (va Nvp)(z) = max{va(z),ve(x)},
AUB={< 2, (14 U up)(@), (va Urp)(x) > |z € X},

where (pa U pp)(x) = max{pa(x), pp(z)} and (va Nvp)(z) = min{va(z),vp(x)}.

242
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Definition 2.7 ([2]). f A = {< z,ua(x),va(z) > |x € X} and B = {< z, pp(z),vp(x) >
|z € X} are any two IFS of a set X, then their cartesian product

Ax B ={<(,y), (pa x ) (2,y), (va x vp)(z,y) > |2,y € X},

where (uaxpp)(x,y) = min{pa(z), pp(y)} and (vaxvp)(z,y) = max{va(z),va(y)},

Definition 2.8 ([5, 6]). For any Intuitionistic fuzzy set A = {< =, pa(x),va(z) >
|z € X} of X and « € [0 1], the operator 00 : IFS(X) — [FS(X),$ : IFS(X) —
IFS(X),D, : IFS(X) — IFS(X) are defined as

(i) O(A) = {< z,pa(x),1 — pa(z) > |z € X} is called necessity operator,

(i) O(A) ={< z,1 —va(x),va(z) > |z € X} is called possibility operator,

(i) Da(A) = {< z,pa(x) + ama(z),va(z) + (1 — a)wa(zr) > |z € X} is called
a— model operator.
Clearly O(A) C A C $(A) and the equality hold, when A is a fuzzy set also Do(A) =
0O(A) and Dy (A) = $(A). Therefore the a— Model operator D, (A) is an extension
of necessity operator O and possibility operator <.

Definition 2.9 ([2, 6]). For any IFS A = {< @, pa(z),va(z) > |z € X} of X and for
any «, 8 € [0 1] such that o + 8 < 1, the (o, 8)— model operator F, 5 : [FS(X) —
IFS(X) is defined as F,, g(A) = {< x, pa(x) + ama(x),va(z) + fra(z) > |z € X},
where m4(z) = 1 — pa(z) — va(x) for all x € X. Therefore we can write Fy, g(A)
a5 Fap(A)@) = (15, ua) (@), 5, o) (@) Where i, ,(2) = pa(w) + ama(s) and
Ve, 54) () = va(z) + Bra(z). Clearly, Fy1(A) = O(A), F10(4) = $(A) and
Fa,lfa(A) = Doc(A)

Definition 2.10 ([2, 11, 13]). For any IFS A = {< z,pa(z),va(z) > |z € X} of X
and « € [01], the operators B, X, H,,X,, : [FS(X) — [FS(X) are defined as

(i) B(A) = {< z, La@) valtl 5 10 ¢ X,

(ii) ®(A) = {< o, La@H valo) 510 ¢ X},

(iii) BoA = {< z,apa(x),ova(z) + 1 —a > |z € X},

(iv) KA = {< z,apua(z) + 1 — a,ava(z) > |z € X}.
Therefore HysA = HA and K54 = KA Hence H,,X, are the generalisation of
=R

Definition 2.11 ([2, 11, 13]). For any IFS A = {< z,pa(x),va(x) > |z € X} of
X and o, 5,a+ (3 € [0 1], the operator B, g,Xq 5, Eq g : IFS(X) — IFS(X) are
defined as

(1) Ba,(4) = {< 2, apua(2), ava(z) + 8 > |z € X},

(i) B p(A) = {< 7, apa(z) + B, ava(z) > |z € X},

(ii)) EusA = {< 2, Blapa(x) + 1 - a),a(Bva(z) + 1 - §) > |z € X},
Therefore EE|0_5)0_5A = BHA and &0510_5‘4 = ®A753a71,a(A) = EQ(A), &a’lfa(A) =
X, (A) Hence B, 3, K, g are the generalisation of B, X and also B,, X,. The
operators H, g, X, 3 was introduced by Katerina Dencheva[l3]. Which is further
extended to operators as defined below.

Definition 2.12 ([2, 11, 13]). For any IFS A = {< z,pa(x),va(z) > |z € X} of X
and o, 8,7 € [0 1], and maz(a, ) +v < 1 the operator By g, Ko g~ : [FS(X) —
ITFS(X) are defined as
() B (A) = {< 7, 0p14(2), Bra(z) +7 > o € X},
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(i) Ma,py(4) = {< 2, apa(z) + 7, Brvalz) > |z € X}
Therefore E0,5,0.5’0.5A =HA 5 &0.5’0,5’0,514 = gA, Bﬂa,a’lfa(A) = BHQ(A), &a’lfa(A) =
@a(A),Hﬂa)a7/g7(A) = EBa7ﬂ7(A), ‘XOMOAB(A) = lz'aﬁ(A) Hence Hﬂaﬁﬁ, |Z|a,5,w are the
generalisation of all operators H, X, H,,X,,H, g,X, 3. The extension of operators
Ha 3,4, and X, 3 - is the operator [q,5,y,6 and is defined as follows:

Definition 2.13 ([2, 11, 13]). For any IFS A = {< z,pa(x),va(z) > |z € X} of X
and a, 5,7.6 € [0 1], and maz(a, 5) + v+ 6 < 1 the operator Flg g6 : [FS(X) =
ITFS(X) are defined as
a,8,7,6(A) = {< z,apa(x) + 7, fralz) + 0 > [z € X}.

Therefore Fo.5,0.5,0.5,0.54 = BA, F0.5,0.5,05,054 = XA,

E‘a,a,O,lfa(A) = Bﬂa(A)z IZla,a,lfa,O<A) = &Q(A)7

Ba,0,0,8(A4) = Ba,p(A), Ba,a,p,0(4) =Ko (A),

Ba,,0,7,(4) =Ba,84(4), Ba,aqy,0(4) =Hap4(4).
Also EQ,B(A) = E‘a&aﬂ»(l—a)@(l—ﬂ)a(A)'
Hence [q,g8,4,5 is the generalisation of all operators as discussed above. Now final
extension above operators are the operator @ g,~,s.,¢, Which is defined as follows:

Definition 2.14 ([2, 10, 11]). For any IFS A = {< 2z, pa(x),va(x) > |z € X} of X
and «, 8,7.0,¢,¢ € [0 1], and maz(a—(,B—€)+v+6 < 1,min(a—(, f—€)+v+5 >0
the operator By, g,,6,e,c : IFS(X) — IFS(X) are defined as

Ba,8,7.6,6¢(A) = {< 2, apa(x) — eva(z) +7, Bra(z) — Cpalz) +6 > [z € X}
Therefore Elo 5,0.5,0,0.5,0,04 = BHA and Bly.5,0.5,0.5,0,004 = XA,

|Eloz,(x,o,l—oz,O,O(A) = Hﬂa(A)7 |Eloz,()z,l—(x,O,O,O(A) = IXoz(A)7

Ba,0,0,8,0,0(A) = Ha,g,(4), Bla,a,8,0,00(4) =Na g, (A).

Ba,8,0,7,0,0(4) = Ba,57(4), Ba,a,y,0(4) = Ka,p,4,0,00(4)
Also IEIQ)@%(;’Q,O(A) = IZIQ)@%(;(A).
Hence By 8,+,6,¢,c(A) is the final generalisation of all operators discussed above.

Definition 2.15 ([21]). Let X and Y be two non empty sets and f: X — Y be a
mapping. Let A and B be IFS’s of X and Y respectively . Then
(i) the image of A under f, denoted by f(A), is defined by f(A)(y) = (fa)(¥), vay (),
where
_ PV pa@) s2 e 7))
Hi ) = {0 otherwise

and
) Mpa@) cxe fTHy)}
vicay(y) = {1 otherwise .

(i) the pre image of B under f denoted by f~1(B), a is defined as Vz € X,
f7HUB) (@) = (ng-1(B), vs-1(B)) = (uB(f(x)), vB(f(2))).
Remark 2.16. pa(z) < pgpay(f(z)) and va(z) > vea)(f(z)) Vo € X however
equality hold when the map f is bijective.

Definition 2.17 ([22]). An intuitionistic fuzzy set A of a BG-algebra X is said to
be an intuitionistic fuzzy BG-subalgebra of X if

(i) pa(z*y) > minf{pa(z), pa(y)},
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(ii) va(z * y) < max{va(z),va(y)} Vo,y € X.

Example 2.18. Consider a BG-algebra X = {0,1,2} with the following cayley
table:

TABLE 1. Example of intuitionistic fuzzy BG-subalgebra.

N = O *
N = OO
N O ==
O = NN

The intuitionistic fuzzy subset A = {< z,ua(x),va(xz) > |z € X} given by
1a(0) = pa(l) = 0.6,14(2) = 0.2 and v4(0) = v4(1) = 0.3,v4(2) = 0.5 is an
intuitionistic fuzzy BG-subalgebra of X.

Definition 2.19. ([17]) An intuitionistic fuzzy set A of a BG-algebra X is said to
be an intuitionistic fuzzy normal subalgebra of X if

(1) jal(z %0) * (y b)) = min{gua(e ), pala s b)},
(ii) va((x x a) * (y * b)) < maz{va(z*y),valaxd)}, Va,y e X.

3. MODEL OPERATOR [lq,3,4,5,c,c IN INTUITIONISTIC FUZZY SUBALGEBRAS

In this section, we study the effect of model operator Eq g.~,6,¢,¢c in intuitionistic
fuzzy subalgebra of BG-algebra X.

Theorem 3.1. If A is an IF subalgebra of BG-algebra X , then Bl g ~.5.c,c(A) is
also an IF subalgebra of BG-algebra X.

Proof. Let x,y € X, then

Bla,8,7,6,6,¢ (T *Y) = (B@a p5.00(A) (T *Y) Ve, 50 5.00(4) (T *Y)),

where

[0 .00 (A) (T % Y) = apa(x *y) —eva(zxy) + 7
and

Vo s sec(A) (@ *Y) = Bra(rxy) — Cua(z *y) + 6.
Now

Bi8la g s.e.c(A) (T *Y)

=aua(zxy) —evalzxy)+y

> amin{pa(v), pa(y)} — emax{va(z),va(y)} + v

= amin{pa(z), pa(y)} +emin{l —va(z),1 —va(y)} +v —¢

= min{opa(z) + (1 —va(2)), apaly) + (1 —va(y))} +v—e

= min{apa(z) +e(l —va(2)) +v— €, apaly) +e(1 —valy)) +v — ¢}
= min{apa(z) — eva(x) + v, apay) — evaly) + v}

= min{l‘}’@a)ﬁ)%(syﬁg(A) (.T), lu’@a)ﬁ,%&g)c(A) (y)}
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Which implies

805 s.e.c () (T x ) Z min{ i, 5 s c(4)(8) BE sy 50 (4) (W)}
Similarly we can prove

Voo ps.e.c () (T ¥ Y) Smax{v, ;5 () () Ve g 5.0c4) ()}
Hence Blq 8,4,6,¢,c(A) is an IF subalgebra of BG-algebra X. O

Remark 3.2. The converse of above Theorem need not be true as shown in following
Example.

Example 3.3. Consider a BG-algebra X = {0, 1,2} with the following cayley table:

TABLE 2. Illustration of converse of Theorem 3.1.

N = O ¥
N = OO
N O ==
O = NN

The intuitionistic fuzzy subset A = {< x,pua(z),va(z) > |z € X} given by
1a(0) = 048, u4(l) = 0.5,14(2) = 0.3 and v4(0) = 0.3,v4(1) = 0.4,v4(2) =
0.5 is not an intuitionistic fuzzy BG-subalgebra of X. Since u4(0) = 0.48 #
min{pa(1),pa(l)} = pa(l) = 0.5. Now take a = 0.6, = 0.2,8 = 0.4,e =
0.3, = 0.3,0 = 0.2 Then o« — ( = 04,8 — € = 0.1 and max(a — (,8 — €) +
vy+6 =09 < lminla—¢B—€ +7+6 =06 > 0, then Bag,6c(A4) =
{< xvﬂ@a,g,«,,(s,e,g(A)(x)’V@a,g,w,a,e,g(A)(x) > |$ € X} is :u’@o.e,o.4,o.3,0.2,0.3,0.2(A)(0) =
0'497/’l’@0.6,0.4,0.3,0.2.0.3,0.2(A)(1) = 0'487N’Elo.s,o.z;,o.3,0.2,0.3,0.2(A) (2) = 0.33 and
(0) = 0.224, vy, (1) = 0.26,

V@o.6,0.4,0.3,0.2,0.3,0.2 (A) 16,0.4,0.3,0.2,0.3,0.2(A)

.........

an IF BG-subalgebra of X.

Corollary 3.4. If A is an IF subalgebra of BG-algebra X, then
(i)  B(A) is also an IF subalgebra of BG-algebra X.
(i) ®(A) is also an IF subalgebra of BG-algebra X.
(ii) Ba(A) is also an IF subalgebra of BG-algebra X.
(iv) Ko(A) is also an IF subalgebra of BG-algebra X.
(v)  Hap(A) is also an IF subalgebra of BG-algebra X.
(vi) K, g(A) is also an IF subalgebra of BG-algebra X.
(vii) Ha,p~(A) is also an IF subalgebra of BG-algebra X.
(viii) Mo g(A) is also an IF subalgebra of BG-algebra X.
(ix)  ©a,pq,s(A) is also an IF subalgebra of BG-algebra X.

Theorem 3.5. If A is an IF subalgebra of BG-algebra X, then
(0,) u@a,g,—y,&e,g(,‘\)(o) 2 U@mg,%g,evg(A) (I)

(b) V@a‘/i,w,é,e‘c(A)(O) < VBla,8,4,5,¢,¢(A) (2926’5 VzeX.
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Proof. Since A is an IF subalgebra of X, Bl g,~,5.¢,c(A4) is also an IF subalgebra of
BG-algebra X.

Now
Ha 5 ,5.6.c(4) (0) = Wil pm5.e,c (A) (T % T)
> min{pg, ;5o c()(@) oo 5o (4) (@)}
= K@ g,v,6,c,c(A) (.%‘)
And

Vilap,m.5.0c(4) (0) = Vo gy 500 (4) (T % T)
< max{y@a,ﬁ,w,é,e,C(A)(‘/I;)’ V@a,[i,’y,é,e,{(A)(m>}

= Vg p.5.c(4)(T) Ve X.

Corollary 3.6. If A is an IF subalgebra of BG-algebra X, then
(i) (a) pmay(0) > pma (@),
(b) VBH(A)(O)gVEE(A)( z) VxeX.
(i) (a)  pma)(0) > pxa)(z),
(b) I/g(A)(O) SI/@(A)({E) Ve e X.
(i) (a) pm,(a)(0) > pm, ) (@),
(b) VEHQ(A)(O)SVEHQ(A)(x) Vo € X.
() (a) pw,a)(0) > pr,a)(@),
(b) VlZla(A)(O)<VIX (A)(I) Vo € X.
(v) (a) um,, ﬁ(A( ) > QB(A)(JJ),
(b)  va, ,4)(0) < VB, 45(A)(T)
(i) (a)  pw, A)(O) > PR, 5(A)(T),
() v, 54)(0) S, 4a)(@)
(vii) (a) pa, V(A )(0) = pam, 4 a)(@),
(b) va, (a0 )<V530M(A)($) Vo € X.
(viii) (a)  pm, ;. 4)(0) = a)(x)
(b) VR, 5. (4)(0) < aﬁw(A)( z) VxeX.
(Zx) (a‘) KB 6,46 (A) (O) > HEg,6,~, 5(A)( )
(b) VR4, 5,v,5(A) ( ) < VE]Q,L‘E,—y,é(A)( ) Vz € X.
Theorem 3.7. If A and B are two IF subalgebras of BG-algebra X, then

(i) AN B is also an IF subalgebra of BG-algebra X.
(ii) A x B is also an IF subalgebra of BG-algebra X x X.

Vr € X.

Vo € X.

a[:f ’

Proof. (i) We have AN B = {< , u(anpy (), Vanp)(r) > | € X},
where

tanB) () = (a Npp)(z) = min{pa(z), pp(z)}
and
vians)(z) = (va Nvp)(x) = max{va(z),vp(zr)}.

Let z,y € X. Since both A, B are subalgebras of X,
247
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pa(exy) = min{pa(e), pa(y)} and va(z +y) < maz{va(z),va(y)}.

Also

(e y) > minf{up (), pp(y)} and vip(e + y) < maz{vs(e),ve(y)} .
Now

wanp)(z*y)  =minfpa(e*y), pa(z *y)}
> min{min{pa(z), paly)}, min{ps(z), ns(y)}}
= min{min{pa(x), pp(x)}, min{pa(y), ps(y)}}
= min{u(AmB)(x), (ANB) ( )}
> min{pans) (), tans) (Y)}-

Similarly we can prove

vaaney (@ xy) < max{vane) (x), vans) (¥)}-

Hence AN B is also an IF subalgebra of BG-algebra X.
(ii) Proof same as (i).

Theorem 3.8. If A and B are two IF subalgebras of BG-algebra X, then

(1) Bla,gys,e,c (AN B) is also an IF subalgebra of BG-algebra X.
(1) Bla,g,y,6,e,c (A X B) is also an IF subalgebra of BG-algebra X x X.

Proof. (i) We have
Ba,p.7.6.6c(ANB) () ={< 2, g, 45 5.AnB) (%) Ve, 4 5..c(anB) () > |z € X},
where
tane) (@) = (pa Npp)(z) = min{pa(z), pp(z)}
and
vans) () = (va Nvp)(x) = max{va(z),vp(z)}.
Let z,y € X. Since both A, B are subalgebras of X,
pazy) > minfpa(z), pa(y)} and va(z xy) < max{ya(z),va(y)}

Also

pp(zxy) > min{up(z), up(y)} and vp(z xy) < max{vp(z),vs(y)}.
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Now

8o 55 (AnB) (T % Y)

= apanp) (T *y) — evanp) (T * y) +

= amin(pa(z*y), up(x xy)) — emaz(wa(z *y),ve(y *y)) +7

> amin{min(ua(z), pa(y)), min(up(z), pp(y))} — e max{max(va(z), va(y)),
max(vp(r),vB(y))} +7

— comin{min(ua(2), 15 (@), min(a ), up(y))} — emax{maz(va(z), vp(z)),
max(va(y), vs(y)} +7

= amin{panp) (), Lan)(Y)} — emax{vanp) (z), v(anp) (Y)} + 7

= amin{pang) (), kanp) ()} + € — emax{vanp) (), vanp) (Y)} +7 —€

= amin{yiang) (*), anp)(¥)} + emin{l — vanp) (), 1 — vans)(Y)} +7 —¢€

= min{apang) () + €(1 = vanp)(®)) +7 — €, apanp) (y) + (1 = vanp) (¥))
+v —¢€}

= min{apanp) (*) — evanp) () + 7, aans) (YY) — evanp) (y) + 7}

=min{pg, 5, 5.408)(T), Ba, 5 5. cAnB) ()}

Thus

K@ g,~,6,e,c (ANB) (3;‘ * y) > min{ﬂ@a,ﬁ,’y,&e,c(AmB) (x)7 :u@a,ﬂ,'y,é',e,C(AmB)<y)}'

Similarly, we can prove

VIE\a,ﬁ,«,,a,e,c(AﬁB)(x * y) < mam{y@a,ﬁ,w,&,e,i(AnB)(x)7 V@a,ﬁ,’y,&,e,c(AmB)(y)}'

Hence By 8,+,6,¢,c (A N B) is also an IF subalgebra of BG-algebra X.
(ii) We have

Bla,8.v.0.6¢(A X B)(2,y)
= {< (SU, y)?MIEIaﬁ‘%avgﬁg(AxB) (xay)a VIEIO“[«},—Y),;F@(AXB) (.Z',y) > |‘T7y € X}>

where

tax)(@,y) = (pa x pp)(2,y) = min{pa(z), pa(y)}
and
VaxB)(T,y) = (va x vp)(z,y) = max{va(z),v5(y)}.
Let 1, x2,y1,y2 € X. Since both A, B are subalgebras of X,
pa(xy * o) > min{pa(xr), pa(ae)} and va(xy * x9) < max{va(zy),va(zs)}.

Also

ps (Y1 * y2) > min{up(y1), pp(y2)} and vp(y1 * y2) < max{vg(y1), ve(y2)}-
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Now

M@a,g,w,e,g(AxB)((Il, y1) * (22,92))

B8la g 5.e.c(Ax B) (T1 % T2, Y1 * Ya)

= afi(axB)(T1 * T2, Y1 * Y2) — €V(axB)(T1 * T2, Y1 * Y2) + 7

= amin(ua(z * z2), up(y1 * y2)) — emax(va(xy x x2),vp(y1 xy2)) + v

> amin{min(pa(21), pa(@2)), min(us(y1), pe(y2))} -
emax{max(va(z1),va(x2)), maz(vp(y1),ve(y2))} + v

= amin{min(ua(z1), pe (1)), min(pa(z2), pe(y2))} —
emax{max(v4(z1),v(y1)), max(va(z2),ve(y2))} + v

= amin{#(AxB)(l‘l, yl)vﬂ(AxB)(x2ay2)} -
emax{v(axp)(21,Y1), V(axB)(T2,Y2) } +

= amin{paxp)(T1, Y1), fiaxB) (T2, Y2) } + € —
emax{viaxp)(T1,y1), Vaxp) (T2, y2)} +7 — €

= amin{paxp)(T1,Y1), HaxB) (T2, y2)} +emin{l — viax gy (21, 91),
1 — vaxp)(w2,92)}
+v—¢€

= min{auaxp)(®1,y1) + (1 = vaxp)(T1,y1)) +7 — € apaxp) (T2, Y2)
+e(1 = vaxp)(22,92)) +7 — €}

= min{apaxp)(T1,Y1) — /(axB)(T1, Y1) + 7, aptax By (T2, y2) —
Vaxp)(T2,Y2) +7}

=min{pig, 5, 5.c(AxB)(T1, Y1) o 5, 5.0 (AxB) (T2, Y2) }

Thus

/«L@a,,;,%(;yeyc(AxB)((fflv yl) * (x27 92))

> Mg 5 5., (AxB) (T1Y1)s BB 5.0 (Ax B) (T2, 42) }-
Similarly, we can prove

Vo g s.ec(AxB) (T1,91) * (T2,92))

<mar{ve, 4 5. (AxB)(T1,Y1)s Vaa 5 5.ec(AxB) (T2, Y2) }-
Hence By g,+,6,¢,c (A X B) is also an IF subalgebra of BG-algebra X x X. O
Theorem 3.9. If {A4;:i=1,2,...,n} be n IF subalgebras of X, then

(1) Bla,gysec(NiqA; 11 =1,2,..,n} is also an IF subalgebra of X.
(1t) Bla,g,y,s,e,c (X1 A; 11 =1,2,...,n} is also an IF subalgebra of x7'_ X;.

Theorem 3.10. If Ba.5,4.6,,¢(A) =< fl@a 500 A VBlapnsecA > 15 an IF subal-
gebra of X. Then the sets

Koo pysee = 0 € Xlg s 5.00() (@) = B 506 () (0)}
and
XV@QTB:%(;,E:C ={z € X|V|§|u,5,’y,5,5,c(14) (z) = V@a,ﬁ,w,é,e,((A)(O)}

are subalgebras of X.
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Proof. Let x,y € X . Then

M@, B,y,8,¢,¢
F8a . 6,0.0(A) (T) = B 55000 Y) = B s 5.0.c(4)(0)-
Now
M@a,[i,v,é,s,((A)(x *y) > min{lu@a,ﬁ,'y,é,e,c(A)(:L')’ K@ g.~,6,e,c(A) (y)}

= min{“@a,ﬁ,—y,é,e,((A) (0), HEa 5,~,6,e,c(A) (O)}
= H@a,8,v,6,e,c(A) (0)

By Theorem 3.5,

H@o,g,4.5,e,c(A) (O) 2 HBla,6,~,5,c.c (1‘ * y)

Thus M@a,ﬁ,y,é,e,((A)(x *y) = /‘L@a,ﬁ,’yﬁ,e,C(A)(O)' SoxxyeX
Again let z,y € X o Then

MR, B,y,8,e,¢ "
Y@, B,7,8,¢,
VBa,g,,5,e,c(A) (x) = V@a,6,v,6,e,c(A) (y) = V@a,8,v.6,e,c(A) (0)

Now

Vla g y.s.ec(4) (@5 Y) <min{vg, 5 50c(A) () Va5 5.0 (Y)}
= min{y@a,ﬁ,«,,s,e,c(z‘\)(o)’ Vo 5..5.c.c (A) (0)}
= Va,p,0,0.0.0(4) (0)-
By Theorem 3.5,

V@aaﬁ,“/ﬁyﬁ,C(A) (O) S V@a,ﬂ,w,é,e,g(A) ('T * y)'

Thus vg, , .. 0@ *y) = va, , ;..4(0). So z*xy € X Hence

and X

VBa,6,y.8.e.¢
are subalgebras of X. 0

VBa,B,7,5,¢,¢

Proposition 3.11. If A and B be two IF'S sets of X and Y respectively and f :
X — Y be a mapping, then

(i) " G prs.ec(B) = Bapsasec(fH(B))
(1) f(Ba,p,6.66(A) € Ba,pys.ec(f(A))-

Proof. (i) Let z € X. Then

S @aprsecBNE) = (1@ .ec (BN ) Vi1 (s 5. (B))(E))
= (ﬂ@a,g,w,a,s,c(B)(f(w))ﬂ V@a,ﬁ,«,,a,s,g(B)(f(w)))'

HPBa,8,~,5,¢,¢

But,
180 s (f(@)  =app(f(z) —evp(f(z) +v
= apy-1(p)(z) — evp-1(py(z) + v
= 1805y 5ec (£ () (T)-
Thus

B8 5ec(B) () = L@ s 5ec(r-1(8)(T)

Similarly, we can prove

V@a,ﬁ,v,s,s,<(3)(f(x)) = V@a,ﬁ,w,é,e,c(f*I(B))(x)'
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Hence

FH®a,8786¢(B) = (180 pns0c(B) (@) Vi1 (@0 py5.00(8)) (T))
= o gy (fH(B)).

(il) Here f(Ba,87.6.6.c(A)Y) = (1f (@05 5.0 (A) Y5 VE@apasienc(A)(Y))-
Now

Bf(@apsecAn¥) = SUD pig, , . oa)(®)
f(z)=y
= sup auas(x) —eva(z)+7y
f(z)=y
< f(Sl;P appay(f(x) —evpay(f(z)) +7
f(@)=y

By Remarks 2.16
= Ui ms,ec (£(A) (F ()
= Mo s.m.s.0c(£(A) (Y)-

Thus fof(@, 5.0 () Y) S Hoo 5500 (£(4) (1)
Similarly, we can prove

Vi(@apmsec(A)Y) = Vaa s s.ec(ran¥), VyeY.

Hence
F(@a,87.6ec(AY) = (Bi(@apr500(A) U)s Vi@ 5y 6.0.c4)) (Y))
C (H@aposec(FA) Y)s Vs 5. (£(A)(Y))
= @a,ﬁ,'y,é,e,C(f(A))‘

O

Theorem 3.12. If A is an IF normal subalgebra of BG-algebra X, then ©q 8 ~,5,c,c(A)
is also an IF normal subalgebra of BG-algebra X.

Proof. Let z,y,a,b € X. Then

Blag.y.0.e¢ (2% a) * (y + b))
= (/j'@a,g,%(s,e,((A)((x * a) * (y * b)), V@a,g,«,,a,e,g(A)((x * a’) * (y * b)))v

where

oo, p5.0.c () (Ex @) % (y D)) = apa((z x a) x (y x b)) — eval(z x a) x (y xb)) +

and

V8o 5 ,5.60(4) (T % @) x (y % b)) = ﬂVA((xQ;;) * (Y 0)) = Cua((z +a) * (y x b)) + 0.
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Now

F8a, 55,00 (4) (2 % @)  (y % D))
= apa((@a) * (y b)) — eva((z + @) * (y £ 5)) +
> amin{pa(x *y),nalaxb)} —emax{va(x xy),valaxb)} +v
Since A =< pa,v4 > is IF normal subalgebra of X
= amin{pa(x*y),palaxd)} +emin{l —va(x xy),1 —vala*xb)} +v—¢
=min{aps(z*y) +e(l —va(z*y)),aus(a*xd) +e(l —valaxb))}+v—¢
minfagia(z 5 y) + (1 — va(@ * 1)) + 7 — & apalaxb) + (1 — va(y)) + 7 — €}

= minfapa(z xy) —eva(e = y) +7, apala*b) —evaly) +7}

= min{u@a,/},'y,é,e,c(A)(x *Y), /’L@a,ﬁ,w,é,e,C(A)(a #b)}.
Which implies

u@a,ﬁ,’y,é,e,c(A)((x * a) * (y * b)) Z min{/’[/@aﬁ,%(s‘eﬁg(A) ($ * y)a M@a,ﬁ,w,é,e,((A) (a * b)}

Similarly, we can prove

V@ 5 5.ec(A) (@ xa)* (y b)) <max{vg, ,_ s ()(@T*Y),Vm, s 5.4 (@xb)}.
Hence By 8,+,6,¢,c(A4) is an IF normal subalgebra of BG-algebra X. O

Theorem 3.13. If A and B are two IF subalgebras of BG-algebra X, then
(i) AN B is also an IF normal subalgebra of BG-algebra X.
(i) A x B is also an IF normal subalgebra of BG-algebra X x X.

Theorem 3.14. If {4; :i=1,2,...,n} be n IF normal subalgebras of X, then
(1) Qa8 y0,e,c(NfqA; 10 =1,2,...,n} is also an IF normal subalgebra of X.
(11) B, By,6,e.c(XP1 A i =1,2,...,n} is also an IF normal subalgebra of x}'_; X.

4. HOMOMORPHISM OF MODEL OPERATORS IN INTUITIONISTIC FUZZY
BG-ALGEBRAS

Definition 4.1. Let X and Y be two BG-algebras, then a mapping f: X — Y is
said to be homomorphism if f(z xy) = f(x) x f(y), Vz,y € X.

Theorem 4.2. Let f : X — Y be a homomorphism of BG-algebras. IfEa g,.6.e,c(A)
is an IF BG-subalgebra of Y, then [~ (Ba,p,4.6..c(A)) is also an I[F BG-subalgebra
of X.

Proof. Since f~HEa,g.6.e.c(A) = Ba,gq.sec(f1(A), by Proposition 3.11, it is
enough to show that Bl g,,6.c(f ' (A4)) is IF BG-subalgebra of X.
Let x,y € X. Then
Fi8a,p e c U2 ANEHFY) = im0 c((a) ] (2 Y)

= L@ g 5.e.0(A) (f(2) % f(Y))

> mln{/’é@a By, ye 4(A)( ( ),,u@a Biv,5.e g(A)(f( )}

= Min{fig oy 5.cc (1 (A) () Bl 60, (11 (4)) (U)}
o s (P2 D@ FY) 2 min{pig, s (71 (E)s BB g 5.ec (72 (40 ()
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Similarly, we can show

Voo, msec (1) (@ #Y) S mas{Ve, 5 s o710 () Voo 5,060,071 (a0 (W)}
Hence [~ (Bla,8,4,0.¢,c(A)) is also an IF BG-subalgebra of X. O

Theorem 4.3. Let f : X — Y be a homomorphism of BG-algebras. If a8~ 5.e,c(A)
is an IF normal subalgebra of Y, then f~ (B, g,.6.e.c(A)) is also an IF normal sub-
algebra of X.

Theorem 4.4. Let f : X — Y be an onto homomorphism of BG-algebras. If
Bla,8,7,6,e,c(A) is an IF fuzzy subalgebra of X, then f(©a,s,~,5,e,¢c(A)) is an IF fuzzy
BG-subalgebra of Y.

Proof. Let y1,y2 € Y. Since f is onto, there exists z1,x9 € X such that f(z) =
y1, f(x2) = y2. Then
f(Ba.84.5.6c(A) Y1 % Y2) = (Bf(@a 55,00 (4) Y1 % Y2)s V(@a,5.0.6.0.0(4) (Y1 % Y2))-
NoW f1f(@10 5. 5.c.c(A) (Y15Y2) = B, 5 5. (A)(T1xT2), Where yrxys = f(x1)*f(22) =
f(x1 *xx2). Thus

H (@00 (A) (Y1 % Y2)

= /’L@a‘/ﬁ"y,zs,e‘C(A)(ml * x2)

= aua(xy *x2) —epa(ry *22) + 7y

=apa(ry *T2) + € —epa(ry xz2) + 7 —¢

=aua(zy *x2) +€(1 — pa(zy *xx2)) +7—¢€

> amin{pia(e1), pa(e)} + (1 — maz{a(@r), pa(ea)} +7 — ¢

= amin{pa(z1), pa(2)} + emin{(L — pa(@1),1 — pal(z2)} +v—¢

=min{apa(1) +e(1 — pa(z1)) +7 — €, apa(za) + (1 — pa(r2)) +v — €}

= minfapa(zr) —epalz1) + 7, apalze) — epalzz) + 7}

=min{ig, 5 s5..(A)(T1) flea s 5.cca)(T2)}

= min{ip@a s o0 (A) (F21))s Bp (@00 (a) (F(@2) )

= MR f (@0 5500 (A) Y1) B F (@0 gy 0.0.c(A)(Y2) ]

So

:U'f(@a.ﬁms,e.g(A))(yl * y2) > min{lu’f(@a,/s.w,s,e,c(A)(y1)7 Hf(@a,,~.6ec(A) (yQ)}

Similarly, we can show

VF(@apsiec(A) W1 ¥ Y2) Saz{Vi@, oy 500 (4) Y1) Vi@, p 00 (4) (Y2) )
Hence f(Bla,g,4.56,c(A)) is an IF fuzzy BG-subalgebra of Y. O

Theorem 4.5. Let f : X — Y be an onto homomorphism of BG-algebras. If
@a,8,v,6,e,c(A) is an IF normal subalgebra of X, then f(Bla,g.~.5,¢,c(A)) is also an IF
normal subalgebra of Y.

254



S. R. Barbhuiya /Ann. Fuzzy Math. Inform. 11 (2016), No. 2, 241-257

Proof. Let y1,y2,ys,ys € Y. Since f is onto, therefore there exists x1, 22, 3,24 € X
such that f(x;) =y; :4=1,2,3,4. Now
f(@apy.6.6,¢(A) (Y1 % y3) * (y2 * ya))

= (Bf(@apy 50 () (Y1 *Y3) % (Y2 % Ya))s Vi@a s 5ec(A) (Y1 % Y3) * (Y2 % ya)))-
Again,

Ff (@000 (A) (1% U3) % (Y2 % Ya)) = B s 5.0 () (21 % 23) % (22 % 24)),

where

(y1 #y3) = (y2 * ya) = (f (21) * f(z3)) * (f (22) * f(24))
= (f(w1 * 23)) * (f(22 % 24)) = f((21 % 23) * (22 * 24)).

I (B, 000 (A)) (Y1 % Y3) * (Y2 * ya))

(w1 % 23) * (22 % 24))

=apa((zy *x3) * (T2 % 24)) — epia((z1 % 23) * (T2 x 24)) +

=oapa((zy *23) * (o x24)) +€—epua((xy *23) % (o x24)) +7—€
=apa((z1 *x3) * (T2 xx4)) + €(1 — pa(zy *x3) % (Ta*xx4))) +7— €

> amin{pa(xy xx2), pa(rs *x4)} + (1 — max{pa(xy * x2), pa(rs * x4)}

= lu@a,ﬁ‘,'y‘é,e,((A

+v—€
= amin{pa(xy * x2), na(xs * 24)} +emin{(1 — pa(xy *x2),1 — pa(rs x24)}
+v—€

=min{apa(ry * x2) +€(1 — pa(zy x22)) + v — €, apa(xs * x4)
+e(l — pa(ws *x4)) + 7 — €}
= min{apa(x) * x2) — eua(Ty * x2) + v, apa(xs * x4) — epa(xs * xq) + 7}
= min{i@, 4.4 (T *T2), i@y 5 5.0 (4) (@3 % Ta)}
= M (@10 5.,5,0.c () f (E1 5 T2), 1p (@0 5.0, (A F (23 % ) }
= T @10 5.,8,6.c(A) (Y1 5 Y2)s (1 ,5.0,(4)) (U3 * )}
Thus

I (@apms.e.c(A) (Y1 % Y3)) * (Y2 % ya))
> min{/’(‘f(@a,ﬁ,%(i‘e,((‘q) (y1 % y2), uf(@aﬁ,'y,é,é‘f(‘q)(y?’ *ya)}-

Similarly, we can show

VF(@aps.ec(A) (U1 %Y3)) * (y2 % ys))
< mam{yf(@a,ﬁmé,e,c(x“) (y1 % y2), Vf(@a,/sm&e,c(A)(% * )}

Hence f(Ela,g,y,6,e,c(A)) is an IF normal subalgebra of Y. O

5. CONCLUSIONS

In this paper, we study the effect of model operators D, F, g,H,X, H,,X,,
Ha,s:Xa,8, Ea,gsBa.gy Mo g,y Da,8,y,6 and Ba g ~,6,c¢ in intuitionistic fuzzy BG-
algebras. We observed that the effect of these operators is similar to intuitionistic
fuzzy translations and intuitionistic fuzzy multiplications as in [20]. Further each
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of these operators can be represented by a matrix may be called as matrix of the
operator.
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