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ABSTRACT. Many scientists have studied and improved the soft set
theory, which is initiated by Molodtsov [34] and easily applied to many
problems having uncertainties from social life. In the present paper, we
continue the study on fuzzy soft topological spaces and investigate the
properties of fuzzy B-open (closed) soft sets, fuzzy S-soft interior (closure),
fuzzy [-continuous (open) soft functions and fuzzy (B-separation axioms
which are important for further research on fuzzy soft topology. In par-
ticular we study the relationship between fuzzy ([-soft interior fuzzy (-soft
closure. Moreover, we study the properties of fuzzy soft S-regular spaces
and fuzzy soft S-normal spaces. We hope that the findings in this paper
will help researcher enhance and promote the further study on fuzzy soft
topology to carry out a general framework for their applications in practical
life.
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1. INTRODUCTION

In real life situation, the problems in economics, engineering, social sciences,
medical science etc. do not always involve crisp data. So, we cannot successfully
use the traditional classical methods because of various types of uncertainties pre-
sented in these problems. To exceed these uncertainties, some kinds of theories were
given like theory of fuzzy set, intuitionistic fuzzy set, rough set, bipolar fuzzy set,
i.e. which we can use as mathematical tools for dealings with uncertainties. But,
all these theories have their inherent difficulties. The reason for these difficulties
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Molodtsov [34] initiated the concept of soft set theory as a new mathematical tool
for dealing with uncertainties which is free from the above difficulties. In [34, 35],
Molodtsov successfully applied the soft theory in several directions, such as smooth-
ness of functions, game theory, operations research, Riemann integration, Perron
integration, probability, theory of measurement, and so on. After presentation of
the operations of soft sets [32], the properties and applications of soft set theory have
been studied increasingly [0, 28, 35]. Xiao et al.[44] and Pei and Miao [38] discussed
the relationship between soft sets and information systems. They showed that soft
sets are a class of special information systems. In recent years, many interesting
applications of soft set theory have been expanded by embedding the ideas of fuzzy
sets [4, 5, 7, 9, 16, 26, 30, 31, 32, 33, 35, 36, 47]. To develop soft set theory, the
operations of the soft sets are redefined and a uni-int decision making method was
constructed by using these new operations [10].

Recently, in 2011, Shabir and Naz [41] initiated the study of soft topological spaces.
They defined soft topology as a collection 7 of soft sets over X. Consequently, they
defined basic notions of soft topological spaces such as open soft and closed soft
sets, soft subspace, soft closure, soft nbd of a point, soft separation axioms, soft
regular spaces and soft normal spaces and established their several properties. Min
in [43] investigate some properties of these soft separation axioms. In [17], Kandil
et. al. introduced some soft operations such as semi open soft, pre open soft, a-open
soft and S-open soft and investigated their properties in detail. Kandil et al. [25]
introduced the notion of soft semi separation axioms, which extended in [13]. The
notion of soft ideal was initiated for the first time by Kandil et al.[21]. They also
introduced the concept of soft local function. These concepts are discussed with a
view to find new soft topologies from the original one, called soft topological spaces
with soft ideal (X, 7, E,I). Applications to various fields were further investigated
by Kandil et al. [18, 20, 22, 23, 24, 27]. The notion of supra soft topological spaces
was initiated for the first time by El-sheikh and Abd El-latif [14]. They also in-
troduced new different types of subsets of supra soft topological spaces and study
the relations between them in detail. The notion of b-open soft sets was initiated
for the first time by El-sheikh and Abd El-latif [12], which is extended in [1, 19].
Maji et. al. [30] initiated the study involving both fuzzy sets and soft sets. In [3]
the notion of fuzzy soft set was introduced as a fuzzy generalization of soft sets and
some basic properties of fuzzy soft sets are discussed in detail. Then, many scientists
such as X. Yang et. al. [15], improved the concept of fuzziness of soft sets. In [2, 3]
Karal and Ahmed defined the notion of a mapping on classes of (fuzzy) soft sets,
which is a fundamental important in (fuzzy) soft set theory, to improve this work
and they studied properties of fuzzy soft images and fuzzy soft inverse images of
fuzzy soft sets. Chang [11] introduced the concept of fuzzy topology on a set X by
axiomatizing a collection ¥ of fuzzy subsets of X. Tanay et.al. [12] introduced the
definition of fuzzy soft topology over a subset of the initial universe set while Roy and
Samanta [39] gave the definition f fuzzy soft topology over the initial universe set.
Some fuzzy soft topological properties based on fuzzy semi open soft sets namely,
fuzzy semi open soft sets, fuzzy semi closed soft sets, fuzzy semi soft interior, fuzzy
semi soft closure fuzzy semi separation axioms and fuzzy soft semi connectedness,
were introduced by Kandil et. al. in [16, 20].
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The purpose of our paper, is to introduce some new concepts in fuzzy soft topo-
logical spaces, such as fuzzy (-open soft sets, fuzzy B-closed soft sets, fuzzy (-soft
interior, fuzzy [-soft closure and fuzzy (-separation axioms. To facilitate our dis-
cussion, we first review some background on soft set and fuzzy soft set. In section 3,
we gave the notion of fuzzy [-open soft sets, fuzzy [-closed soft sets, fuzzy S-soft in-
terior, fuzzy (-soft closure and study various properties and notions related to these
structures. In section 4, we introduce the notion of fuzzy S-soft function in fuzzy
soft topological spaces and study its basic properties. In section 5, we introduce the
notions of fuzzy soft S-separation axioms in fuzzy soft topological spaces and study
some of its basic properties. Finally, some conclusions are pointed out in Section 6.

2. PRELIMINARIES

From the literature, we recall the following definitions and results for the devel-
opment of soft set theory and fuzzy soft set theory, which will be needed in this
paper.

Definition 2.1 ([46]). A fuzzy set A in a non-empty set X is characterized by a
membership function g4 : X — [0, 1] = I whose value p4 () represents the ”degree
of membership” of z in A for x € X.
Let I denotes the family of all fuzzy sets on X. If A, B € IX. Then some basic
set operations for fuzzy sets are given by Zadeh [406], as follows :

(1) A<B & pa(z) < pup(z)VzeX.

(2) A=B & pa(x)= puplx)VreX.

8) C=AVB & uc(r) =palz)Vuplx)VeeX.

(4) D=AAB & up(z)=palx)App(x) Ve e X.

B) M=A & uy(x)=1—-pa(z) Ve X.

Definition 2.2 ([34]). Let X be an initial universe and E be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A pair
(F, A) denoted by F4 is called a soft set over X , where F' is a mapping given by
F: A — P(X). In other words, a soft set over X is a parametrized family of subsets
of the universe X. For a particular e € A | F(e) may be considered the set of
e-approximate elements of the soft set (F, A) and if e ¢ A, then F(e) = ¢ i.e
Fy={F(e):e€c ACE, F: A— P(X)}. The family of all these soft sets over X
denoted by SS(X)a4.

Definition 2.3 ([30]). Let A C E. A pair (f, A), denoted by f4, is called a fuzzy
soft set over )S , where fis a mappiflg given by f : A7—> IX defined by fa(e) = K5,
where p, =0if e ¢ A and puj, # 0if e € A where O(e) =0V z € X. The family
of all these fuzzy soft sets over X denoted by F.SS(X)a.

Proposition 2.1 ([5]). Every fuzzy set may be considered a soft set.

Definition 2.4 ([40]). The complement of a fuzzy soft set (f, A), denoted by (f, A)’,
is defined by (f,A) = (f',A), f4 : E — I* is a mapping given by M?i\ =1-
1, Ve € Awhere 1(e) = 1V x € X. Clearly (f})" = fa.

Definition 2.5 ([32]). A fuzzy soft set fa over X is said to be a NULL fuzzy soft
set, denoted by 04, if for all e € A, fa(e) = 0.
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Definition 2.6 ([32]). A fuzzy soft set fa over X is said to be an absolute fuzzy
soft set, denoted by 14, if for all e € A, fa(e) = 1. Clearly we have (14)" = 04 and
(04) = 14.

Definition 2.7 ([10]). Let fa, g5 € FSS(X)g. Then, f, is fuzzy soft subset of gp,
denoted by fa C gp, if AC B and pu}, Cpug, Vee€ A e pf, (2) <pg (v) Ve
X andVe e A.

Definition 2.8 ([40]). The union of two fuzzy soft sets f4 and gp over the common
universe X is also a fuzzy soft set he, where C = AU B and for all e € C,
ho(e) = pj,, = p$, V pg, Ve € C. Here, we write he = fa U gp.

Definition 2.9 ([410]). The intersection of two fuzzy soft sets f4 and gg over the
common universe X is also a fuzzy soft set he, where C = AN B and for all e € C,
ho(e) = pj,, = p$, A pg, Ve € C. Here, we write he = faMgp.

Theorem 2.1 ([4]). Let {(f,A); :j € J} C FSS(X)g. Then the following state-
ments hold :

(1) [Wjes (£, A)) = Mies (1, A);.
(2) [Mjes(f, A);) = Ujes(f, A)j.

Definition 2.10 ([10]). Let ¥ be a collection of fuzzy soft sets over a universe X
with a fixed set of parameters F, then ¥ is called a fuzzy soft topology on X if

(1) 1g,0p € T, where 0p(e) =0 and 1g(e) =1, Ve € E.

(2) The union of any members of ¥, belongs to <.

(3) The intersection of any two members of T, belongs to ¥.

The triplet (X, %, E) is called a fuzzy soft topological space over X. Also, each
member of T is called a fuzzy open soft in (X, T, E). We denote the set of all fuzzy
open soft sets by FOS(X,%, E), or FOS(X).

Definition 2.11 ([10]). Let (X, ¥, E) be a fuzzy soft topological space. A fuzzy soft
set fa over X is said to be fuzzy closed soft set in X, if its relative complement [/, is
fuzzy open soft set. We denote the set of all fuzzy closed soft sets by FCS(X, %, E)
or FCS(X).

Definition 2.12 ([37]). Let (X,%,E) be a fuzzy soft topological space and f4 €
FSS(X)g. The fuzzy soft closure of f4, denoted by Fel(fa) is the intersection of
all fuzzy closed soft super sets of f4. i.e.,

Fel(fa) =M{hp : hp is fuzzy closed soft set and fa C hp}.

The fuzzy soft interior of g5, denoted by Fint(gp) is the fuzzy soft union of all fuzzy
open soft subsets of gg.i.e.,

Fint(gp) = U{hp : hp is fuzzy open soft set and hp C gp}.

Definition 2.13 ([29]). The fuzzy soft set f4 € F'SS(X)g is called fuzzy soft point
if there exist # € X and e € E such that p§, (r) = a (0 < a < 1) and u§,(y) =0
for each y € X — {z}, and this fuzzy soft point is denoted by z¢ or fe.

Definition 2.14 ([29]). The fuzzy soft point x¢ is said to be belonging to the fuzzy
soft set (g, A), denoted by xg (g, A), if for the element e € A, a < pg ().
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Theorem 2.2 ([29]). Let (X, %, E) be a fuzzy soft topological space and f, be a fuzzy
soft point. Then, the following properties hold:

(1) If fe€ga, then fegg;x-

(2) fe€ga # fi€d4-

(3) Every non-null fuzzy soft set fo can be expressed as the union of all the fuzzy
soft points belonging to fa.

Definition 2.15 ([29]). A fuzzy soft set gp in a fuzzy soft topological space (X, ¥, E)
is called a fuzzy soft neighborhood of the fuzzy soft point z¢, if there exists a fuzzy
open soft set ho such that z6€he T gp. A fuzzy soft set gp in a fuzzy soft
topological space (X,%, F) is called a fuzzy soft neighborhood of the soft set fa
if there exists a fuzzy open soft set hc such that f4 C he C gg. The fuzzy soft
neighborhood system of the fuzzy soft point x¢, denoted by Nz (%), is the family
of all its fuzzy soft neighborhoods.

Definition 2.16 ([29]). Let (X, %, E) be a fuzzy soft topological space and ¥ C X.
Let hy, be a fuzzy soft set over (Y, E) such that hy, : E — I such that h}(e) = pufy,
EBE

r (I):{ 1,z €Y,
hi 0, z¢Y.

Let Ty = {hY, Mgp : g € T}, then the fuzzy soft topology Ty on (Y, E)is called
fuzzy soft subspace topology for (Y, F) and (Y, Ty, E) is called fuzzy soft subspace
of (X,%,E). If hY, € T (resp. h) € T), then (Y, Ty, E) is called fuzzy open (resp.
closed) soft subspace of (X, %, E).

Definition 2.17 ([37]). Let F'SS(X)g and FSS(Y)x be families of fuzzy soft
sets over X and Y, respectively. Let u : X — Y and p : E — K be mappings.
Then, the map fp, is called a fuzzy soft mapping from X to Y and denoted by
fpu: FSS(X)g — FSS(Y)k such that,

(1) If fa € FSS(X)g. Then, the image of f4 under the fuzzy soft mapping fp.,
is the fuzzy soft set over Y defined by fyu(fa), where Vk € p(E), Vy €Y,

i) = { ey (oI, e

(2) If gg € FSS(Y)k, then the pre-image of gg under the fuzzy soft map-
ping fp, is the fuzzy soft set over X defined by fz;} (9B), where V e €

p_l(K), VreX,
oo = { gD o €8

The fuzzy soft mapping fp, is called surjective (resp. injective) if p and u are
surjective (resp. injective), also it is said to be constant if p and u are constant.

Definition 2.18 ([37]). Let (X, %1, E) and (Y, %2, K) be two fuzzy soft topological
spaces and fp, : FSS(X)g — FSS(Y)k be a fuzzy soft mapping. Then, f,, is
called

(1) Fuzzy continuous soft if f,.'(95) € T1 V (9B) € Ta.

(2) Fuzzy open soft if f,,(g4) € T2V (ga) € T1.
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Theorem 2.3 ([2]). Let FSS(X)g and FSS(Y )k be two families of fuzzy soft sets.
For the fuzzy soft function fp, : FSS(X)g — FSS(Y)k, the following statements
hold,
(1) £l (9. BY) = (£M(0. B)'Y (9. B) € FSS(¥)x
(2) fpu(fiu ((9:B))) E (9,B)Y (9, B) € FSS(Y ). If fpu is surjective, then the
equality holds.
(3) (f;A) C fru (fpul(fL AV (f, A) € FSS(X)p. If fpu is injective, then the
equality holds.
4) fpu(OE) =0x, fpu(lE) C k. If fyu is surjective, then the equality holds.
) pu (1K)—1E andf (OK)—OE
) If (f,A) E (g,A), then fpu(f, A)E fpu(g,A)'
) If(fv )—( ) thenf (fv )Ef;;L(g7 ) (f7B)7(g7B)€FSS(Y)K
) fou Wjes (£, B)j) = Ujes fpu (f, B)j and f,(Mjes(f, B);) = Njes fpu' (f, B)j,
(f7 B); € FSS(Y)k.

9) fpulUjes(f, A);) = '—'Jlepu(ﬂ A)j and fpu(Mies(f,A);) E Miesfoulf, A);
V(f,A); € FSS(X)g. If fpu is injective, then the equality holds.

(
(5
(6
(7
(

8

Definition 2.19 ([17]). Let (X, 7, E) be a soft topological space and F4 € SS(X)g.
If FaCcl(int(cl(Fa))), then Fy is called S-open soft set. We denote the set of all
B-open soft sets by SOS(X, 7, E), or SOS(X) and the set of all S-closed soft sets
by BCS(X, T, E), or BCS(X).

Theorem 2.4 ([20]). Let (X,%,E) be a fuzzy soft topological space and fa €
FSS(X)g. Then

(1) fa € FSOS(X) if and only if Fcl(fa) = Fel(Fint(fa)).
(2) If gg € T, then gg M Fel(fa) C Fel(gp MgB).

Definition 2.20 ([20]). Two fuzzy soft points f. = zf, and g. = y§ are said to be
distinct if and only if x # y.

3. Fuzzy [-OPEN (CLOSED) SOFT SETS

Various generalizations of closed and open soft sets in soft topological spaces were
studied by Kandil et al. [17], but for fuzzy soft topological spaces such generalization
have not been studied so far. In this section, we move one step forward to introduce
fuzzy P-open soft sets, fuzzy [-closed soft sets and study various properties and
notions related to these structures.

Definition 3.1. Let (X, T, E) be a fuzzy soft topological space and f4 € FSS(X)g.
If fo C Fcl(Fint(Fel(fa)), then f4 is called fuzzy S-open soft set. We denote the
set of all fuzzy S-open soft sets by FLOS(X,%, E), or FSOS(X) and the set of all
fuzzy B-closed soft sets by FBCS(X,%, E), or FBCS(X).

Theorem 3.1. Let (X, %, E) be a fuzzy soft topological space and fa € FSOS(X).
Then

(1) Arbitrary fuzzy soft union of fuzzy B-open soft sets is fuzzy B-open soft.
(2) Arbitrary fuzzy soft intersection of fuzzy [-closed soft sets is fuzzy B-closed
soft.
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Proof. (1) Let {(f,A);:j€J} CFBOS(X). Then, Y j € J,
(f,A); C Fcl(Fint(Fcl(f,A);)). It follows that
U;(f; A)j E Ui (Fel(Fint(Fel(f, A);)))

= Fcl(UjFint(f, A);) C Fel(Fint(U;Fel(f, A);)
= Fel(Fint(Fcl(U;(f, A);)))-

Thus U,(f, A); € FBOS(X)V je J.

(2) By a similar way.
0

Theorem 3.2. Let (X, T, E) be a fuzzy soft topological space and fa € FSS(X)g.
Then, fa € FBOS(X) if and only if Fcl(fa) = Fel(Fint(Fel(fa))).

Proof. It is obvious. O

Definition 3.2. Let (X, %, E) be a fuzzy soft topological space, fa € FSS(X)g
and fo€FSS(X)g. Then

(1) fe is called fuzzy B-interior soft point of f4 if 3 g5 € FBOS(X) such that
fe€gn E fa. The set of all fuzzy SB-interior soft points of f4 is called
the fuzzy B-soft interior of f4 and is denoted by Ffint(fa) consequently,
Fpint(fa) =U{gp : g5 C fa, gp € FBOS(X)}.

(2) feis called fuzzy -closure soft point of f4 if falhe # 0V hp € FBOS(X).
The set of all fuzzy [-closure soft points of f4 is called fuzzy S-soft closure
of f4 and denoted by FBcl(fa). Consequently, Fcl(fa) = NM{hp : hp €
FACS(X), fa C hp}.

Theorem 3.3. Let (X, %, E) be a fuzzy soft topological space and fa, g5 € FSS(X)E.
Then, the following properties are satisfied for the fuzzy B-interior operator, denoted
by FBint.

(1) FBint(ig) = 1p and FpBint(0g)) = 0p.

(2) Fpint(fa) E (fa

(3) Fpint(fa) is the largest fuzzy B-open soft set contained in f4.
(4) If fa € gp, then FBint(fa) C FBint(gp).

(5) Fpint(FBint(fa)) = FBint(fa).

(6) Fpint(fa)U Fﬁmt(gB) C FBint[(fa) U (98)]-

(7) FBint[(fa) N (gp)] E FBint(fa) N FBint(gp).

Proof. Obvious. a

Theorem 3.4. Let (X, %, E) be a fuzzy soft topological space and fa, g5 € FSS(X)g.
Then, the following properties are satisfied for the fuzzy B-closure operator, denoted
by FBcl.

( ) Fﬁcl(iE) = iE and FBCZ(OE) = ()E

(2) (fa) E FBcl(fa).

(3) FBcl(fa) is the smallest fuzzy B-closed soft set contains fa.

(4) If fa E g, then FBcl(fa) T Fpcl(gp).

(5) FRel(FAcl(fa)) = FAcl(fa).

(6) FBcl(fa) U FBcl(gp) C FBl[(fa) U (98)]-
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(7) FBC(fa) T (98)] T FBl(fa) M FBcl(gp)-
Proof. Tt is obvious. O

Remark 3.1. Note that the family T of all fuzzy S-open soft sets on (X,%,E)
forms a fuzzy supra soft topology, which is a collection of fuzzy soft sets contains
1g,0p and closed under arbitrary fuzzy soft union.

Lemma 3.1. FEvery fuzzy open (resp. closed) soft set in a fuzzy soft topological
space (X, %, E) is fuzzy B-open (resp. closed) soft.

Proof. Let fa € FOS(X). Then Fint(fa) = fa. Since fa C Fecl(fa),

fa C Fc(Fint(fa)) C Fcl(Fint(Fcl(fa))). Thus fa € FFOS(X). O

Remark 3.2. The converse of Lemma 3.1 is not true in general as shown in the
following example.

Example 3.1. Let X = {a,b,c}, E = {e1,ez2,e3} and A, B,C, D C E where,
A={ei,es}, B={es,e3}, C ={e1,e3} and D = {ea}.
Let T = {1g,0g, fia, foB, 3D, far, f5sB, fop} where fia, foB, f3p, faE, fsB, fop are
fuzzy soft sets over X defined as follows :
M%A = {ao.5,b0.75, co.4}, M,ecfA = {ao.3,b0.8; co.7},
15, = {ao.4,bos, cost, u5, = {ao2,bo.a,scous},
1%, ={a0.3,bos. o3},
15, = {a0.5,b0.75, co.a}, ,l:jch = {ao.a,bo.s; cor}, w5, = {ao.2,bo.4,coss},
1s, = {aoa,bos,cort, p, = {ao.2, bo.a, co.us},
1, = {aos,bos,cor}.
Then, ¥ defines a fuzzy soft topology on X. Thus the fuzzy soft set kg where,
iy, = {@0.4,00.3, co.2}, i, = {ao.6,bo.9, co7}, pis, = {ao.2,bo.3,co.1}-
is fuzzy S-open soft set of (X, %, F), but it is not fuzzy open soft.

Theorem 3.5. Let (X,%,E) be a fuzzy soft topological space and fa € FSS(X).
Then

(1) Fgint(f}) =1—[FBcl(fa)).
(2) FBel(f)) =1 — [FBint(fa)).
Proof. (1) Since FBcl(fa) =™ hp:hp € FBCS(X), fa E hp},
1—FBel(fa) ={h} : hyy € FBOS(X), by, T fu} = Fpint(f,).
(2) By a similar way.
O

Theorem 3.6. Let (X, T, E) be a fuzzy soft topological space, f4a € FOS(X) and
g € FBOS(X). Then faMgp € FBOS(X).
Proof. Let fa € FOS(X) and gg € FBOS(X). Then, from Theorem 2.4 (2),
faTgp E Fint(fa) N Fel(Fint(Fcl(gp)))
C FC[Fint(fa) N Fint(Fel(gg)))
= Fc(Fint[Fint(fa) N Fcl(gs)])
C Fel(Fint(Fcl[(fa) T (g8)])))-

Thus faNgp € FBOS(X). O
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Theorem 3.7. Let (X, T, E) be a fuzzy soft topological space and fa € FSS(X)g.
Then fa € FBCS(X) if and only if Fint(Fcl(Fint(fa))) E fa.

Proof. Let fa € FBCS(X). Then f/) is a fuzzy S-open soft set. This means that
4 CF(Fint(Fel(lg — fa))) = 1g — (Fint(Fcl(Fint(fa)))). Thus
Fint(Fcl(Fint(fa))) C fa.

Conversely, let Fint(Fcl(Fint(fa)) C fa. Then 1g— fa C Fel(Fint(Fel(1g — fa)).
Thus 1z — fa is a fuzzy S-open soft set. So f4 is fuzzy S-closed soft set. O

Corollary 3.1. Let (X, %, E) be a fuzzy soft topological space and fa € FSS(X)E.
Then fa € FBCS(X) if and only if fa = fa U Fint(Fcl(Fint(fa)).

4. Fuzzy B-CONTINUOUS SOFT FUNCTIONS

In [2], Karal et al. defined the notion of a mapping on classes of fuzzy soft sets,
which is a fundamental important in fuzzy soft set theory, to improve this work
and they studied properties of fuzzy soft images and fuzzy soft inverse images of
fuzzy soft sets. Kandil et al. [25] introduced some types of soft function in soft
topological spaces. Here, we introduce the notions of fuzzy B-soft function in fuzzy
soft topological spaces and study its basic properties.

Definition 4.1. Let (X,%;,FE), (Y,%2,K) be fuzzy soft topological spaces and
fou : FSS(X)g — FSS(Y)k be a fuzzy soft function. Then the function f,, is
called :

(1) Fuzzy S-continuous soft if f,,!(9p) € FBOS(X)V gp € Ts.

(2) Fuzzy B-open soft if fy,(ga) € FBOS(Y )V ga € ;.

(3) Fuzzy [-closed soft if fp,(fa) € FBCS(Y)Y fa € F.

(4) Fuzzy S-irresolute soft if f.'(95) € FBOS(X)V gp € FROS(Y).

(5) Fuzzy S-irresolute open soft if fp,(g4) € FBOS(Y )V ga € FLOS(X).

(6) Fuzzy [-irresolute closed soft if fp,(fa) € FBCS(Y)V fa € FBCS(Y).

Example 4.1. Let X =Y ={a,b,c}, E ={e1,e2,e3} and A C E where,
A={e1,ea}. Let fpu : (X,%1,E) — (Y, %2, K) be the constant soft mapping where
¥1 is the indiscrete fuzzy soft topology and ¥, is the discrete fuzzy soft topology
such that u(x) = a for each x € X and p(e) = e; Ve € E. Let fa be fuzzy soft set
over Y defined as follows :

/ljc: = {ao 3, b0.5, Co. 6} M?A = {ao 6,b0.2, Co. 5}
Then, fa € Tz. Now, we find f, L(fa) as follows:

fol (fa)(er)(a) = fa(p(er))(u(a)) = fa(er)(a) = 0.3,
fod (fa)(e1)(b) = falp(er))(u(d)) = faler)(a) = 0.3,
fod (fa)(er)(e) = fa(p(er))(u(e)) = faler)(a) = 0.3,
fou (fa)(e2)(a) = fa(p(e2))(u(a)) = fa(er)(a) = 0.3,
Fou (fa)(e2)(b) = fa(p(ea))(u(b)) = faler)(a) = 0.3,
fo (fa)(e2)(c) = fa(ple2))(u(c)) = fa(er)(a) = 0.3,
fo (fa)(e3)(a) = fa(p(es))(u(a)) = fa(er)(a) = 0.3,
foid (fa)(e3)(b) = fa(p(es))(u(d)) = faler)(a) = 0.3,
fod (Fa)(e3)(c) = fa(p(es))(u(c)) = fa(er)(a) = 0.3.
Thus f,.}(fa) & FBOS(X). So fpu is not fuzzy S-continuous soft function.
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Theorem 4.1. Every fuzzy continuous soft function is fuzzy [-continuous soft.

Proof. 1t is clear from Lemma 3.1. O

Theorem 4.2. Let (X, %1, E), (Y,%2, K) be fuzzy soft topological spaces and fp, be
a soft function such that fp, : FSS(X)g — FSS(Y)x. Then the followings are
equivalent :

(1) fpu is a fuzzy [-continuous soft function.

(2) f.l(hs) € FACS(X)¥ hy € FAS(Y).

(3) fpu(Fﬁcl(gA) C Fels, (fpu(9a)) V 94 € FSS(X)E.
( ) Fﬂcl( ( ))Efpu (FCIIQ(hB))VhBEFSS(Y)K
(5) f (Fmtgz(hB)) C Fpint(f,,! (hp)) ¥V hp € FSS(Y)k

Proof. (1) = (2): Let hp be a fuzzy closed soft set over Y. Then
Wy € FOS(Y) and fpu (hlz) € FBOS(X) by Definition 4.1.
Since f,.!(h’z) = (f,.} (hp))" from Theorem 2.3, f, ! (hp) € FBCS(X).

(2) = (3): Let g4 € FSS( )g. From (2) and Theorem 2.3, since
94 C [ (frulga)) C fﬁ(Flezz(fpu(gA))) € FBCS(X),
ga C FBcl(ga) C fo, (Felz, (fpu(9a)))-

Thus, from Theorem 2.3,
fou(FBCl(ga)) T fpu(fpu (Felz, (fpu(9a)))) E Felz, (fpu(ga)))-
So fpu(Fcl(ga)) E Felz,(fpu(ga))-

(3) = (4): Let hp € FSS(Y )k and ga = f;,! (hp). Then, from (3),
fou(FBelfy}(hp)) E Fels,(fpu(fp (hp))). From Theorem 2.3, it follows
that

FBel(fp (7)) E fou (fou(FBel(f) (h5)))
C fou (Felz, (fpu(fou (h5))))
C f,u (Felz, (hp)).
Thus Fﬁcl(f,;}(hB)) C fz;}(Fclgz(hB)).

(4) = (2): Let hp be a fuzzy closed soft set over Y. Then, from (4),
Fﬁcl(f_ (hp)) C f};l, (Fclz,(hp))V hg € FSS(Y)k. But clearly
Tou (hB) C FBel(fy, (hp)). This means that f,.!(hp) = FBcl(f,,! (hp)).
So f. (hp) € FBCS(X).

(1) = (5): Let hg € FSS(Y)k. Then f;,;}(Fint;cz(hB)) € FOS(X ) from
(1). Thus £} (Fints, (hp)) = Fint(f,.] Fints, (hp)) € Fint(f (hs)).
S0 fpu (Fmtzz (hp)) E FBint(f,, (hs)).

(5) = (1) Let hp be a fuzzy open soft set over Y. Then, from (5),

Fintrgz (hB) = hp
and
f;ul(Fintf;Q(hB)) f_l((hB)) FBint(f,, 1(hp)). But, we have
Fpint(fp! (hp)) € fp! (hp).
This means that Fgint(f,,' (hp)) = f,.!(hg) € FBOS(X). Thus fp, is a
fuzzy (B-continuous soft functlon

U
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Theorem 4.3. Let (X,%1,E) and (Y, %2, K) be fuzzy soft topological spaces and
fpu be a soft function such that fp, : FSS(X)g — FSS(Y)k. Then the following
are equivalent :

(1) fpu is a fuzzy B-open soft function.

(2) fpu(Fintz,(ga)) T FBint(fpu(ga)) V ga € FSS(X)p.

Proof. (1) = (2): Let g4 € FSS(X)g. Since Fintz,(ga) € %1,

fou(Fintz, (ga)) € FBOS(Y)V ga € 1 by (1). It follow that

fou(Fintz, (94)) = FBint(fpuFintz, (9a)) € FBint(fpu(ga))-
Thus fpu(Fints,(ga)) C FBint(fpu(ga)) V ga € FSS(X)g.
(2) = (1): Let g4 € 1. By hypothesis,
fou(Fintz, (94)) = fpu(9a) E FBint(fpu(ga)) € FBOS(Y).
But Fﬁint(fpu(gf\)) C fpu(gA)- Thus Fﬁi”t(fpu(gA)) = fpu(gA)
€ FBOS(Y) VY ga € T1. So fpy is a fuzzy B-open soft function.
g

Theorem 4.4. Let f, : FSS(X)g — FSS(Y)k be a fuzzy B-open soft function.
If there exist kp € FSS(Y)k andlc € %Y such that fI;}(kD) C lc, then there exists
hp € FBCS(Y) such that kp C hp and f,,!(hp) Clc.

Proof. Let kp € FSS(Y )k and lc € ¥ such that f.!(kp) C lc. Then fu,(l¢) E
k%, from Theorem 2.3 where I, € ¥;. Since fp, is fuzzy B-open soft function,
we have fp,(l;) € FBOS(Y). Take hg = [fpu(lp)]. Thus hg € FBCS(Y) such
that kp C hp and fpj}(hB) = 1;1([fpu(l’c)]') C f;}(kb)’ = I;}(kp) C lc. This
completes the proof. O

Theorem 4.5. Let (X, %1, F) and (Y,%a, K) be fuzzy soft topological spaces and
fpu be a soft function such that fp, : FSS(X)g — FSS(Y)k. Then the following
are equivalent :

(1) fpu is a fuzzy B-closed soft function.
(2) Fel(fyalha)) C fpu(Felz, (ha)) ¥ ha € FSS(X).

Proof. Tt follows immediately from Theorem 4.3. 0

5. FUZZY SOFT [3-SEPARATION AXIOMS

Soft separation axioms for soft topological spaces were studied by Shabir and Naz
[41]. Kandil et al. [25] introduced and studied the notions of soft S-separation axioms
in soft topological spaces. Here, we introduce the notions of fuzzy soft S-separation
axioms in fuzzy soft topological spaces and study some of its basic properties.

Definition 5.1. A fuzzy soft topological space (X, %, F) is said to be a fuzzy soft
B-T,-space if for every pair of distinct fuzzy soft points f., g. there exists a fuzzy
[B-open soft set containing one of the points but not the other.

Examples 5.1. (1) Let X = {a,b}, E = {e1, e2,e3} and ¥ be the discrete fuzzy
soft topology on X. Then (X, ¥, E) is fuzzy soft 8-T,-space.
(2) Let X = {a,b,c}, E = {e1,e2} and T be the indiscrete fuzzy soft topology
on X. Then ¥ is not fuzzy soft 5-T,-space.
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Theorem 5.1. A soft subspace (Y, Ty, E) of a fuzzy soft -T,-space (X, %, E) is
fuzzy soft B-T,.

Proof. Let he, g be two distinct fuzzy soft points in (Y, E). Then these fuzzy soft
points are also in (X, E). Thus there exists a fuzzy S-open soft set f4 in T containing
one of the fuzzy soft points but not the other. So h¥%Mf4 is a fuzzy S-open soft set in
(Y, %y, E) containing one of the fuzzy soft points but not the other from Definition
2.16. Hence (Y, %y, E) is fuzzy soft 5-T,. O

Definition 5.2. A fuzzy soft topological space (X, ¥, F) is said to be a fuzzy soft
B-T'-space if for every pair of distinct fuzzy soft points fe, g there exist fuzzy S-open
soft sets fa and gp such that fo€fa, ge@fa; and feZgp, ge€gn.

Example 5.1. Let X = {a,b}, E = {e1,e2,e3} and ¥ be the discrete fuzzy soft
topology on X. Then (X, %, E) is fuzzy soft 8-T;-space.

Theorem 5.2. A fuzzy soft subspace (Y, Ty, E) of a fuzzy soft 5-T1-space (X, T, E)
is fuzzy soft B-T7.

Proof. Tt is similar to the proof of Theorem 5.1. g

Theorem 5.3. If every fuzzy soft point of a fuzzy soft topological space (X, %, E) is
fuzzy B-closed soft, then (X,%, E) is fuzzy soft 5-T1.

Proof. Suppose that f. and g. be two distinct fuzzy soft points of (X, FE). By
hypothesis, f. and g. are fuzzy S-closed soft sets. Thusf. and g, are distinct fuzzy
B-open soft sets where f.€g., goZg, and f.&f., g.€f.. So (X,%,E) is fuzzy soft
BTy 0

Definition 5.3. A fuzzy soft topological space (X, ¥, F) is said to be a fuzzy soft
B-Ty-space if for every pair of distinct fuzzy soft points f., g. there exist disjoint
fuzzy (-open soft sets f4 and gp such that f,€f4 and g.€gp.

Example 5.2. Let X = {a,b,c}, E = {e1,e2,e3} and T be the discrete fuzzy soft
topology on X. Then (X, %, E) is fuzzy soft 8-Tz-space.

Proposition 5.1. For a fuzzy soft topological space (X, %, E) we have :
fuzzy soft B-Th-space = fuzzy soft 5-T1-space = fuzzy soft 5-T,-space.

Proof. (1) Let (X, %, E) be a fuzzy soft 5-T>-space and let fe, g. be two distinct
fuzzy soft points. Then there exist disjoint fuzzy -open soft sets f4 and gp
such that f.€f4 and g.€gp. Since f4a Ngp = 0, f.€gp and geng Thus
there exist fuzzy B-open soft sets fa and gp such that f.€fa, ge&fa and
fe?9B, ge€gp. So (X, %, E) is fuzzy soft B-T}-space.

(2) Let (X, %, E) be a fuzzy soft 8-Ti-space and let fe, ge be two distinet fuzzy
soft points. Then there exist fuzzy [-open soft sets f4 and gp such that
fe€fa, ge@fa and foZgp, ge€gp. Thus we obtain a fuzzy B-open soft set
containing one of the fuzzy soft point but not the other. So (X,%, F) is
fuzzy soft 5-T,-space.

O
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Theorem 5.4. Let (X, %, E) be a fuzzy soft topological space . If (X, T, E) is fuzzy
soft B-Ts-space, for every pair of distinct fuzzy soft points fe.,ge there exists a fuzzy
B-closed soft set ka such that containing one of the fuzzy soft points ge€ka but not
the other fedka and g.&FBcl(ky).

Proof. Let fe,g. be two distinct fuzzy soft points. By assumption, there exists
disjoint fuzzy S-open soft sets ba and hp such that f.€ba, g.Ehp. Thus g€, and
feébf4 from Theorem 2.2. So b/, is a fuzzy (-closed soft set containing g. but not f.
and f.&FBcl(V,) = V,. O

Theorem 5.5. A fuzzy soft subspace (Y,Ty, E) of fuzzy soft B-Te-space (X, T, E)
is fuzzy soft B-T5.

Proof. Let je, ke be two distinet fuzzy soft points in (Y, E). Then these fuzzy soft
points are also in (X, F). Thus there exist disjoint fuzzy [-open soft sets f4 and
gp in T such that j. € fa and k. € gp. So h¥ M fa and hY M gp are disjoint fuzzy
(B-open soft sets in Ty such that j. € h}; M fa and ke € h}g Mgp. Hence (Y, Ty, E)
is fuzzy soft 5-T5. 0

Theorem 5.6. If every fuzzy soft point of a fuzzy soft topological space (X, %, E) is
fuzzy B-closed soft, then (X, %, E) is fuzzy soft -Ts.

Proof. Tt similar to the proof of Theorem 5.3. O

Definition 5.4. Let (X, %, E) be a fuzzy soft topological space, h¢ be a fuzzy -
closed soft set and g. be a fuzzy soft point such that geéhc. If there exist disjoint
fuzzy B-open soft sets fs and fy such that g.€fs and gg C fy. Then, (X,%,E)
is called fuzzy soft B-regular space. A fuzzy soft B-regular T7-space is called a fuzzy
soft B-T3-space.

Proposition 5.2. Let (X,%, E) be a fuzzy soft topological space, he be a fuzzy B-
closed soft set and g. be a fuzzy soft point such that g.&he. If (X,%, E) is fuzzy soft
B-regular space, then there exists a fuzzy B-open soft set fa such that ge€fa and
faTlhe =0g.

Proof. Obvious from Definition 5.4. d

Theorem 5.7. Let (X, %, E) be a fuzzy soft B-regular space and be a fuzzy B-open
soft set gp such that f.€gp. Then, there exists a fuzzy B-open soft set fs such that

fe€fs and Fpcl(fs) C gp.

Proof. Let gp be a fuzzy p-open soft set containing a fuzzy soft point f. in a fuzzy
soft B-regular space (X, ¥, E). Then ¢/ is a fuzzy S-closed soft such that f.d g5 from
Theorem 2.2. By hypothesis, there exist disjoint fuzzy B-open soft sets fg and fy
such that f.€fs and g C fw. Thus fj, C gp and fs C f{,. So FBcl(fs) C fiy T
gp. Hence we have a fuzzy [-open soft set fg containing f. such that FBcl(fs) C
9B- 0

Theorem 5.8. Fvery fuzzy soft B-Ts-space, in which every fuzzy soft point is fuzzy
B-closed soft, is fuzzy soft B-Ts-space.
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Proof. Let f., g. be two distinct fuzzy soft points of a ft}zzy soft 5-Ts-space (X, T, F).
By hypothesis, g, is fuzzy p-closed soft set and f.&Zg.. From the fuzzy soft (-

regularity, there exist disjoint fuzzy B-open soft sets k4 and hp such that f.€ka
and g, C hp. Thus f.€ks and g.€hp. So (X, T, E) is fuzzy soft 5-Te-space. O

Theorem 5.9. A fuzzy soft subspace (Y, Ty, E) of a fuzzy soft 3-Ts-space (X, T, E)
is fuzzy soft B-T3.

Proof. By Theorem 5.2, (Y, %y, E) is fuzzy soft 8-T;-space. Now, we want to prove
that (Y, %y, E) is fuzzy soft S-regular space. Let kg be a fuzzy S-closed soft set in
(Y, E) and let g. be a fuzzy soft point in (Y, E) such that g.&kg. Then kg = hYNgp
for some fuzzy S-closed soft set gp in (X, FE). Thus geéhSE/ Mgp. But g.€hY. So
ge?gp. Since (X, %, E) is fuzzy soft 5-Ts, there exist disjoint fuzzy S-open soft sets
fs and fy in T such that g.€ fs and gg C fi. It follows that A% M fs and h¥X M firr
are disjoint fuzzy B-open soft sets in Ty such that g.ERY M fs and kg T Y N fu.
Hence (Y, %y, E) is fuzzy soft 5-Ts. O

Definition 5.5. Let (X, %, E) be a fuzzy soft topological space and h¢, gg be dis-
joint fuzzy (-closed soft sets. If there exist disjoint fuzzy [-open soft sets fg and fy
such that he C fs, gg C fw. Then, (X, %, F) is called fuzzy soft S-normal space.
A fuzzy soft S-normal Ti-space is called a fuzzy soft 5-T4-space.

Theorem 5.10. Let (X, T, E) be a fuzzy soft topological space. Then the following
are equivalent :
(1) (X,%,E) is a fuzzy soft S-normal space.
(2) For every fuzzy f-closed soft set ha and fuzzy B-open soft set gg where he ©
9B, there exists a fuzzy B-open soft set fs such that he C fg, FBcl(fs) C gp.

Proof. (1) = (2) : Let he be a S-closed soft set and let gp be a fuzzy S-open
soft set such that h¢ C gp. Then h¢, g are disjoint fuzzy S-closed soft sets.
It follows, by (1), there exist disjoint fuzzy S-open soft sets fs and fy such
that he C fs, gy C fw. Now, fs C fly. Thus FBcl(fs) C FBelfy = fiy,
where gp is fuzzy S-open soft set. Also, fi;; C gg. So FBcl(fs) T fiy C gB.
Hence h¢ C fs, FBcl(fs) C gp-

(2) = (1) : Let g4 and gp be disjoint fuzzy S-closed soft sets. Then g4 C ¢5.
By hypothesis, there exists a fuzzy (-open soft set fs such that g4 C fg,
FBel(fs) C gy Thus gp C [FAcl(fs)]', ga = fs and [FAcl(fs)!' T fs = O,
where fg and [FBcl(fs)] are fuzzy S-open soft sets. So (X, %, F) is fuzzy
soft S-normal space.

O

Theorem 5.11. A fuzzy [-closed fuzzy soft subspace (Y, %y, E) of a fuzzy soft B-
normal space (X, %, E) is fuzzy soft B-normal.

Proof. Let ga and gp be disjoint fuzzy S-closed soft sets in Ty . Then g4 = h5 M fo

and gg = hL N fp for some fuzzy B-closed soft sets fo, fp in (X, E). Thus fc, fp are

disjoint fuzzy S-closed soft sets in ¥. Since (X, T, E) is fuzzy soft S-normal, there

exist disjoint fuzzy S-open soft sets fg and fy in T such that fo C fs, fp E fw.

It follows that hY M fs and kY, M fy are disjoint fuzzy B-open soft sets in Ty such
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that ga = h5 M fo ChL N fs and gg = A5 N fp T AL N fw. So (Y, Ty, E) is fuzzy
soft B-normal. O

Theorem 5.12. Let (X,%1, F) and (Y,%o, K) be fuzzy soft topological spaces and
fou : SS(X)g — SS(Y)k be a fuzzy soft function which is bijective, fuzzy (-
irresolute soft and fuzzy B-irresolute open soft. If (X, %1, E) is a fuzzy soft f-normal
space, then (Y,%q, K) is also a fuzzy soft B-normal space.

Proof. Let fa,gp be disjoint fuzzy [-closed soft sets in Y. Since fp, is fuzzy S-
irresolute soft, f,.!(fa) and f,.!(gp) are fuzzy (-closed soft set in X such that
Fou (F2) T £l (gB) = fru'[faTM gl = f.'[0x] = O from Theorem 2.3. By hy-
pothesis, there exist disjoint fuzzy [-open soft sets ko and hp in X such that
f;,}(fA) C kc and fp_u1 (98) € hp. From Theorem 2.3, it follows that

fA = fpu[fp_ul(fA)] C fpu(kC) gB = fpu[f;z;}(gB)] E fpu(hD)

and

Sou(kc) T fou(hp) = foulkc M hp] = fpul0E] = Ok

Since fp,, is fuzzy S-irresolute open soft function, fp.(kc), fpu(hp) are fuzzy S-open
soft sets in Y. So(Y, %, K) is a fuzzy soft S-normal space. O

6. CONCLUSION

Recently, many scientists have studied the soft set theory, which is initiated by
Molodtsov [34] and easily applied to many problems having uncertainties from social
life. In the present work, we have continued to study the properties of fuzzy soft
topological spaces. We introduce the some new concepts in fuzzy soft topological
spaces such as fuzzy B-open soft sets, fuzzy S-closed soft sets, fuzzy [-soft interior,
fuzzy [-soft closure and fuzzy [-separation axioms and have established several
interesting properties. Since the authors introduced topological structures on fuzzy
soft sets [8, 15, 42], so the S-topological properties, which introduced by Kandil
et al.[25], is generalized here to the fuzzy soft sets which we hope to be useful in
the fuzzy systems. To extend this work, we will study the connectedness and other
interesting properties based on fuzzy [-open soft sets. Because there exists compact
connections between soft sets and information systems [38, 44], we expect that, the
results deducted from the studies on fuzzy soft topological space may improve these
kinds of connections. We hope that the findings in this paper will help researcher
enhance and promote the further study on fuzzy soft topology to carry out a general
framework for their applications in practical life.
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