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ABSTRACT. In this paper, we introduce the concept of interval valued
(a, B)-fuzzy subnear-rings and ideal of near-rings, where «, 8 any two of
the {€,q, € V¢, € Aq} with a #€ Ag, by using belongs to relation € and
quasi-coincidence with relation ¢ between interval valued fuzzy points and
interval valued fuzzy sets. We also discussed some characterizations of in-
terval valued (o, € Vq)-fuzzy ideals(subnear-rings), mainly discuss interval
valued (€, € Vq)-fuzzy ideals(subnear-rings) of near-rings.
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1. INTRODUCTION

A near-ring satisfies all axioms of an associative ring, except commutative of
addition and one of the two distributive laws. In 1965, the fundamental concept of
a fuzzy set was first initiated by Zadeh[24]. Then the fuzzy sets have been used in
the reconsideration of classical mathematics. Ten years later Zadeh[25] introduced
the concept of interval valued fuzzy subsets, where the values of the membership
functions are the intervals instead of numbers. Rosenfeld[19] introduced the concept
of fuzzy subgroup and give some of its properties. The concept of the interval valued
fuzzy subgroup was first discussed by Biswas[0] in 1994. Abou-zaid [1] proposed the
notion of fuzzy subnear-rings and ideals of near-rings. A new type of fuzzy sub-
group, namely, (a, 3)-fuzzy subgroup was introduced by Bhakat and Das[3, 4, 5]
using the relation “belongs to” (€) and “quasi-coincidence” (q) of fuzzy points and
fuzzy sets initiated by Pu Pao-Ming and Liu-Ming[18].The (€, € Vq)-fuzzy subgroup
is an important and useful generalization of Rosenfeld’s fuzzy subgroup. In [12],
Dudek et al. introduced the concept of («, §)-fuzzy ideals and («, 8)-fuzzy h-ideals
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in hemirings. Davvaz[7, 8] used this concept in the theory of near-rings and intro-
duced (€, € Vq)-fuzzy subnear-rings ( ideals, R-subgroups ) of near-rings. Young Bae
Jun[22, 23], gave some results on («, 3)-fuzzy h-ideals in hemirings and discussed
some properties of (€, € Vqy)-fuzzy subalgebras in BCK/BCI- algebras. Narayanan
and Manikandan[16] introduced the notion of an (€, € Vq)-fuzzy quasi-ideals in near-
rings. Asger Khan[?2] introduced the notion of generalized fuzzy ideals of ordered
semigroups. Muhammad Shabir[15], initiated the concept of interval valued general-
ized fuzzy ideals of regular LA-semigroups. Deena and Coumaressane|[l 1] proposed
the notion of (€, € Vqi)-fuzzy subnear-rings and ideals of near-rings which is a gen-
eralization of (€, € Vg)-fuzzy subnear-rings and ideals. In [13, 14], Zhan et al. have
considered the idea of interval valued (a,8)-fuzzy hyperideals of hypernear-rings
and a new view of fuzzy hypernear-rings. Davvaz[9, 10], discussed few concepts
of fuzzy ideals of near-rings and generalized fuzzy H,-submodules endowed with
interval valued membership functions.

2. PRELIMINARIES
In this section, we present some elementary definitions that we use in the sequal.

Definition 2.1 ([3, 17]). A near-ring is an algebraic system (R, +,-) consisting of
a non empty set R together with two binary operations called 4+ and - such that
(R,+) is a group not necessarily abelian and (R, -) is a semigroup connected by the
following distributive law:x - (y + 2) = x -y + = - z valid for all z,y, 2 € R. We will
use the word ‘near-ring ’to mean ‘left near-ring ’. We denote zy instead of z -y. An
ideal I of a near-ring R is the subset of R such that (i) (I, +) is a normal subgroup
of (R,+), (il) RICI, (ili) (x+a)y —axy € I, for any a € I and z,y € R.

Note that I is a left ideal of R if I satisfies (i) and (ii), and right ideal of R if I
satisfies (i) and (iii).

Definition 2.2 ([7]). A fuzzy subset p of R is said to be an (€, € Vq)-fuzzy subnear-
ring of R if for all z,y € R and t,r € (0, 1]:

(1) z4,y, € p implies (= + Y)minfr.r} € Vau,

(2) x; € p implies (—z); € Vqpu,

(3) w¢,yr € p implies (TY)minge,ry € Vau-
w is called an (€, € Vq)-fuzzy ideal of R if u is a (€, € Vq)-fuzzy subnear-ring of R
and

(4) x4 € p implies (y +x — y): € Vau,

(5) yr € p and x € R implies (xy), € Vqu,

(6) a; € p and x,y € R implies ((x + a)y — zy): € Vqu, for any z,y,a € R.

Definition 2.3. A fuzzy subset u of R is a map u: R — [0,1]. A fuzzy subset of

the form
te(0,1], ify=u=,
n(y) = .
0, if y £ x.
is called a fuzzy point with support = and value ¢ and is denoted by ;.
For a fuzzy point x; and a fuzzy subset p of the same set R, Pu Ming and
Liu Ming[18] introduced the symbol x;au, where a € {€,q,€ Ag, € Vq}. A fuzzy

point z; is said to belong to (resp.quasi-coincident with) a fuzzy subset u, written
36
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as xy € p(resp. weqp) if p(x) > t(resp. p(x) +¢ > 1). The symbol z; € Vgu means
that x; € p or xyqu. Similarly, ; € Aqu denotes that x; € p and xiqu. x4€p and
+€ Vqu means that z; € yu and x; € Vgu do not hold, respectively.

Notation 2.4 ([10, 20]). By an interval number @, we mean an interval [a™,a™]
such that 0 < a= < at < 1 where o~ and a' are the lower and upper limits of
a respectively. The set of all cosed subintervals of [0,1] is denoted by D[0,1]. We
also identify the interval [a,a] by the number a € [0,1]. For any interval numbers
@ = [a7,af],b; = [b;,bf] € D[0,1],i € I we define

107 i 07

max {a“b } = [max{a;,b; },max{a;}, b] }],
min {al,b } = [min{a; ,b; }, min{a; b+}]
infa; = [ﬂai, ma;rl ,Sup a; = ani, Uaj]
iel el iel i€l

1) a<b<=a" <b” and a™ < bT,
)a=b<=a" =b" and a* = b",
3) a<be=a<banda#b,

) ka = [ka™, ka™], whenever 0 < k < 1.

/\Az—\
[\

(4

Definition 2.5 ([20]). Let X be a non-empty set. A mapping i : X — DI0,1] is
called an interval valued fuzzy subset of X. For any z € X, u(z) = [u~ (x), p*(z)],
where 1~ and p™T are fuzzy subsets of X such that p~(x) < p*(z). Thus fi(z) is an
interval(a closed subset of [0, 1]) and not a number from the interval [0,1] as in the
case of a fuzzy set.

Let 11,7 be interval valued fuzzy subsets of X. The following are defined by

(1) i < 7 & fi(z) < 7(x). (2) i = 7 & fi(x) = P(x).

(3) (AUD) = maxi{i(@), 5@}, (4) (AND) = min'{ilx), 5()).
Definition 2.6 ([20]). Let & be an interval valued fuzzy subset of X and [t1,ts] €
D[0,1]. Then the set U(fi : [t1,t2]) = {z € X |Ji(z) > [t1, 2]} is called the upper
level set of .

Definition 2.7 ([20]). Let I be a subset of a near-ring R. Define a function f; :

R — D[0,1] by
Fia) = {1 ifxel

0 otherwise
for all z € R. Clearly ﬁ is an interval valued fuzzy subset of R and ]?1 is called the
interval valued characteristic function of I.
3. INTERVAL VALUED («, 3)-FUZZY IDEALS

We now extend the idea of quasi-coincident of fuzzy point with a fuzzy set to the
concept of quasi-coincidence of a interval value fuzzy point with an interval valued
fuzzy set as follows.

Definition 3.1. An interval valued fuzzy set i of a near-ring R of the form
37
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~ ?7& [070]7 lfyZLL',
(y) = :
[Oa0]7 1f7y7é337
is said to be an interval value fuzzy point with support z and interval value ¢ and is
denoted by z7. An interval value fuzzy point z; is said to belong to (resp. be quasi-
coincidence with) an interval valued fuzzy set 1, written as x; € i (resp. xzqp) if
fi(z) >t (vesp. fi(z) +t > [1,1]). If 27 € i or 7qfi, then we write z; € Vi and if
xy € [t and zzqp, then we write 27 € Agpr. The symbol € Vg means € Vg does not
hold.

Throughout this paper R will denote a left near-ring and « and 3 denote any one
of {€,q, € Vg, € Aq} unless otherwise specified. Also fi(z) = [~ (z), ut ()] satisfies
the following conditions:

(1) Any two elements of D[0, 1] are comparable.

(2) [u (x), pt(z)] > [0.5,0.5] or [u~(z), u"(x)] < [0.5,0.5], for all z € R.

In this section, we present some fundamental concepts and characterizations of
interval valued («, 8)-fuzzy ideals in which the central role is played by («, € Vq)-
fuzzy ideals, especially (€, € Vq)-fuzzy ideals.

We first extend the idea of fuzzy ideals to interval valued (o, §)-fuzzy ideals of
near-rings.

Definition 3.2. An interval valued fuzzy set i of R is said to be an interval valued
(o, B)- fuzzy subnear-ring of R with oo #£€ Ag if it satisfies the following conditions:

(1) zzap and yragi implies (2 + y),y,imi 7,7y 81

(2) zzafi implies (—z);67,

(3) @zoqi and yrap implies (2Y),,ini (7,7 88, for all t,r € (0,1] and 2,y € R.
Definition 3.3. An interval valued fuzzy set i of R is said to be an interval valued
(a, B)- fuzzy ideals of R with o #£€ Aq if the following conditions hold:

4) 11 is an interval valued («, )- fuzzy subnear-ring of R,

5) zzap and y € R implies (y + x — y);60

6) yzopt and « € R implies (2y);04,

7) zzap and z,y € R implies ((z+2)y—zy);0n, for all ¢t,r, € (0,1] and z,y, z € R.

The conditions (1) and (2) in Definition 3.2 is equivalent to the following condi-
tion:

(1) zzap, and yraqu implies (x — y)mini{?f}ﬂ/j‘

Let 1z be an interval valued fuzzy subset of R such that f(z) < [0.5,0.5] for all
z € R. Suppose that z € R and ¢ € (0,1] such that 27 € Agfi. Then fi(z) > ¢ and
fi(z) +t > [1,1]. Tt follows that [1,1] < fi(z) +t < fi(z) + fi(z) = 2fi(x). This means
that f(x) > [0.5,0.5], and so {z; | z; € Agu} = @&. Therefore the case o =€ Ag in
Definitions 3.2 and 3.3 are omitted.

(
(
(
(

Example 3.4. Let R = {a,b,c,d} be a set with two binary operations defined as
follows:

+lalb|lc|d alblc|d
a |a|lblc|d alalalala
b |blald]|c blalalala
clcld|bl|a clalalala
d|dlclalb dla|blc|d
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Then (R, +,-) is a near-ring and I = {a,b} is its ideal. Let iz : R — D[0,1] be
an interval valued fuzzy subset of R defined by f(a) = [0.8,0.9], z(b) = [0.6,0.7] and
i(c) = [0.5,0.5] = (d). Then, clearly, v is an interval valued (€, € Vq)-fuzzy ideal
of R. But

(1) m is not an interval valued (&, €)-fuzzy ideal of R, since

b[o 58,0.68) € 1 but ((c +b)d — ed)(0.58,0.68) = d[0.58,0. 68]€ .-
(2) 1 is not an interval valued (g, q)-fuzzy ideal of R, since

a[o.z,o.g]QM and b[0‘48,0‘58]QM but (a — b) [0.2,0.3] = b[o‘z,o‘s]q A
(3) 1 is not an interval valued (g, € Aq)-fuzzy ideal of R, since

Cl[().z,().g]ql7 and C[o.58,0.59]q,l7 but (a — C)[0.2,0.3] = d[o.z,o.sﬁ f
(4)  is not an interval valued (€, € Aq)-fuzzy ideal of R, since

bjo.58,0.68] € f and ¢[o.48,0.49] € F but (b — ¢)0.48,0.49] = C[0.48,0.49] € NG [i-
(5) p is not an interval valued (€ Vg, € Aq)-fuzzy ideal of R, since

bjo.58,0.68] € Vqui and ¢(g.48,0.49] € Vi but (b—c)(0.48,0.49] = €[0.48,0.49)€ NG [
(6) 1 is not an interval valued (€, ¢)-fuzzy ideal of R, since

b[0.58,0.68] € p and C[0.48,0.49] € o but (b — C)[0.48,0.49] = C[0.48,0.49] A
(7) m is not an interval valued (g, €)-fuzzy ideal of R, since

b[o.ss,o.tazz]‘]ﬁ and €[0.52,0.54] qp but (b —c) [0.52,0.54] = 0[0.52,0.54]€ H
(8) m is not an interval valued (€ Vg, €)-fuzzy ideal of R, since

b[o 58,0.68] € Vi and C[0.52,0.54] € Vi but (b — C)[O 52,0. 54] = C[0.52,0. 54]€ L
(9) pis not an interval valued (€ Vg, q)-fuzzy ideal of R, since

af0.2,0.2] € Vait and byg.3,0.4) € Vit but (a — b)[0.2,0.2) = bj0.2,0.27 -

In the next theorem, using an interval valued («, 8)-fuzzy ideal of R, we present
a method of constructing an ideal of R.

Theorem 3.5. Let i be an interval valued (a, B8)-fuzzy ideal of R. Then the set
Sp ={x € R|p(xz) > [0,0]} is an ideal of R.

Proof. S; = {x € R | fi(x) > [0,0]}. Let 2,y € Sy be such that fi(x) > [0,0] and
p(y) > [0,0]. Let u(z —y) = [0,0]. If o € {€,€ Vq}, then zj,) ap and yg,) o
but fi(w — y) = [0,0] < min‘ {7(z), i(y)} and fi(w — y) + min {(z), FHy)} < [0,0] +
[1 1] [ ] SO ( - y)mml{ﬂ(x }6:“’ for every B € {G q,€ Vg, € /\Q}a which
is a contradiction. Hence fi(x — y) [0,0], that is, 2 —y € Sz. Also, xy 10 and
Y gp but (z —y) Ll]ﬁ,u for every 5 € {€,q, € Vq, € Aq}, a contradiction. Hence
p(z —y) > [0,0], that is, z —y € Sz. Now, let € S;, y € R implies zi(x) > [0, 0]
and we assume that g(y +z —y) = [0,0]. If o € {6 € Vq} then zj)apn but
(y+z— y)ﬁ(w)Bﬁ, for every S5 € {€,q, € Aq, € Vq}, a contradiction, this means that
(y+x—y) € Sz. Also, xpy,11q1 but (y+x—y); 1B for every § € {€,q,€ Vg, € Aq}.
This leads to a contradiction and so fi(y +x —y) > [0,0], that is, y + = —y € Sp.
Again, let y € S, x € R implies fi(y) > [0,0]. Let p(xzy) = [0,0]. If a € {€, € Vq}
then yg(,)au but (:ﬂy)ﬁ(y)gﬁ for every 8 € {€,q, € NAq, € Vq}, a contradiction, this
implies that xy € S;. Also, y1,1j9p but (xy)[Ll]Bﬁ for every 8 € {€,q, € Vg, € Aq}.
This leads to a contradiction and so p(xy) > [0,0], that is, zy € S;. Let z € S;
and z,y € R. Then (z) > [0,0]. Suppose that u((z + 2z)y — zy) = [0,0]. If « € {€
, € Vq}, then zzyam, but ((x + 2)y — my)u(z)Bﬁ, for every 8 € {€,q,€ Vg, € Aq},
a contradiction. Thus f((x + 2z)y — xy) > [0,0], that is ((z + 2)y — zy) € Si. Also,
39
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21,1198 but ((z + 2)y — zy);1,1B80 for every B € {€,q,€ Vg, € Ag}, a contradiction.
Thus zi((z + 2)y — xy) > [0,0], implies, (z + 2)y — xy € S;. This shows that S is
an ideal of R. O

Theorem 3.6. If I is an ideal of R, then an interval valued fuzzy subset i of R
such that
-~ >[0.5,0.5] ifxel

0,0] otherwise

is an interval valued (o, € Vq)-fuzzy ideal of R.

Proof. (a) Let 2,y € R and t,7 € D[0,1] with £,7 # [0,0] be such that x; € i and

# € Ji. Then fi(z) > t and Ji(y) > 7 Thus 2,y € I and so ¢ —y € I, that is,
fi(z —y) > [0.5,0.5]. If min’{z,7} < [0.5,0.5], then fi(z —y) > [0.5,0.5] > min’{#,7}.
Hence (2 — y)inizr € A- 1f min 1,7} > [0.5,0.5], then fi(z — y) + min*{t,7} >
[0.5,0.5]+[0.5,0.5] = [1,1] and so (x— y)mml{t 7 a#. Therefore (z—y), i 77 € \/q,u
Now, let z,y € R and te DJ0, 1] with t # [0,0] be such that z; € . Then f(z) >
which implies z € l and soy+x —y € I. Consequently w(y +x —y) >10.5,0.5]. If
t < [0.5,0.5], then fi(y+x —y) > [0.5,0.5] > t. Hence (y+x —y); € fi. If t > [0.5,0.5],
then fi(y + 2 —y) + ¢ > [0.5,0.5] 4 [0.5,0.5] = [1,1] and so (y + = — y)zqfi- Thus
(y + = — y)7 € Vaii. Also, let 2,y € R and ¢t € D[0,1] with ¢ # [0,0] be such
that y; € 7i. Then fi(y) > t. Thus y € I and so xy € I, that is ,u(acy) [0.5,0.5].
If ¢ < [0.5,0.5], then fi(zy) > [0.5,0.5] > t. Hence (vy); € fi. If £ > [0.5,0.5], then
fi(zy)+t > [0.5,0.5]4-[0.5,0.5] = [1, 1] and so (xy);qfi- This implies that (zy); € V.
Similarly, we can prove that ((z+z)y —zy); € Vgu. Therefore f1 is an interval valued
(€, € vq)-fuzzy ideal of R.

(b) Let 2,5 € R and t,7 € D[0,1] with ¢,7 # [0,0] be such that zzqp and yqQ.
Then z,y € I,fi(x) +t > [1,1] and fi(y) + 7 > [1,1]. Since z —y € I, we have
fi(z —y) > [0.5,0.5]. If min*{¢,7} < [0.5,0.5], then i(z —y) > [0.5,0.5] > min’{#,7}.
Hence (2 — y)yini(zm € A- If min Ht,7} > [0.5,0.5], then fi(z — y) + min*{t,7} >
[0.5,0.5] +[0.5,0.5] = [1,1] and s0 (2 — Y) yini (77324 Thus (2 — Y) iz € Vah-
Now let z,y € R and t € D[0, 1] with ¢ # [0,0] be such that x7gji. This means that
fi(z) +t > [1,1). Thus € I and so y + = — y € I. This implies that fi(y +2 —y) >
0.5,0.5]. If £ < [0.5,0.5], then fi(y +2 —y) > [0.5,0.5] > t. Hence (y+z —y); € fi. If
t > [0.5,0.5], then fi(y+z—y)+t > [0.5,0.5]4+[0.5,0.5] = [1,1] and so (y -+ —y)7qi.
Thus (y + = — y); € Vgi- Let 2,y € R and ¢ € D[0, 1] with ¢ # [0, 0] be such that
yzqpi implies fi(y) +¢ > [1,1]. Then y € T and so zy € I. This implies that fi(zy) >
0.5,0.5]. If £ < [0.5, 0.5], then fi(zy) > [0.5,0.5] > t. Hence (zy); € fi. If t > [0.5,0.5],
then fi(zy) 4+t > [0.5,0.5] 4 [0.5,0.5] = [1, 1] and so (zy)zqfi. Hence (zy); € Vapi. Let
z,y,2 € R and t € D[0,1] with ¢ # [0,0] be such that z;qi. Then fi(z) + ¢ > [1,1]
and it follows that z € I. Then (z+ 2)y — 2y € I and so u((z+ z)y —zy) > [0.5,0.5].
If t < [0.5,0.5], then fi((z + 2)y — zy) > [0.5,0.5] > t. Hence ((x + 2)y — zy); € [i.
If t > [0.5,0.5], then fi((z + 2)y — xy) +t > [0.5,0.5] 4+ [0.5,0.5] = [1,1] and so
((z + 2)y — zy)zqp. Thus ((z + 2)y — xy); € Vgp. Hence p is an interval valued
(q, € Vq)-fuzzy ideal of R.
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(¢) Similar consequence of (a) and (b), we have to prove that i is an interval
valued (€ Vg, € Vq)-fuzzy ideal of R. O

Remark 3.7. The following example proves that every interval valued fuzzy set
defined in Theorem 3.6 is an interval valued («, € V¢)-fuzzy ideal of R but i is not
an interval valued (o, 8)-fuzzy ideal of R, for every 8 € {€,q, € Vq, € Aq}.

Example 3.8. Let R = {a,b,c,d} be a set with two binary operations defined as
follows:

+lalb|lc|d alblc|d
a |albl|lc|d alalalala
b |blald]|c blalalala
clcld|b|a clalalala
d|d|lclal|b dlalalbl|b

Then (R,+,-) is a near-ring and I = {a,b} is its ideal. Let i : R — DJ[0,1]
be an interval valued fuzzy subset of R defined by ji(a) = [0.6,0.7], z(b) = [0.5, 0.6]
and pi(c) = [0,0] = p(d). Then, clearly, i is an interval valued (€, € Vq)-fuzzy
ideal of R. Since, a[o_gﬁ,ovgg] S ﬁ Then, (a — a)[0'2670_28] = a[0_2610_28] S Vqﬁ but
(a—a)[0.26,0.28) = @[0.26,0.28]7 K, Which implies that (a—a)(0.26,0.28) = @[0.26,0.28)€ NG [
Then, zi is not an («, € Agq)-fuzzy ideal of R.

4. INTERVAL VALUED (€, € Vq)-FUZZY IDEAL OF NEAR-RINGS

In this section, we introduce the notion of interval valued (€, € Vq)-fuzzy ideal of
near-ring and investigate some of its properties.

Definition 4.1 ([21]). An interval valued fuzzy subset u of a near-ring R is said to
be an i-v (€, € Vq)-fuzzy subnear-ring of R if for all ,y € R and ¢,r € (0, 1]:

(1) Tz € /7 and Yr € ﬁ implies (Z‘ + y)yllini{?,F} € \/q/jv

(2) x7 € @ implies (—z); € Vgp,

(3) 7 € @ and y7 € & implies (xy)min,-{;f} € Vqpu,

The conditions (1) and (2) in Definition 4.1 is equivalent to

(1) 2z, yr € f1 implies (z — Y)yini (77 € VK-

Definition 4.2. An interval valued fuzzy subset p of R is said to be an interval
valued (€, € Vq)-fuzzy ideal of R if it satisfies the following conditions for all ¢,r €
(0,1] and z,y,z € R,

(1) 1 is an interval valued (€, € Vq)-fuzzy subnear-ring of R,

(2) xy € pand y € R implies (y + = — y); € Vqg,

(3) yy € it and = € R implies (zy); € Vgp.

(4) zz € pand z,y € R implies ((z + 2)y — zy); € Vqp.

Theorem 4.3 ([21]). An interval valued fuzzy subset [i of R is an interval valued
(€, € Vq)-fuzzy subnear-ring of R if and only if

(1) fi(z — y) > min*{fi(z), i(y), [0.5,0.5]},
(2) p(xy) > min*{u(x), g(y), [0.5,0.5]}, for all x,y € R.
Lemma 4.4. Let fi be an interval valued fuzzy subset of R and t,7 € DI0, 1] with

t,7 #[0,0]. Then
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(1) (a) pis an (€, € Vq)-fuzzy subnear-ring of R and
(b

) A(z—y) > min'{f(2), ily), [0.5,0.5]}, f(xy) > min'{fi(z), i(y), [0.5,0.5]}
for all Y € R are equzvalent

(
(d) N(y + 2 —y) > min'{zi(x), [0.5,0.5]}, for all x,y € R are equivalent.
(3) (e) yy € o and x € R implies (J;y) € Vqu and
(f) fi(zy) > min*{7i(y), [0.5,0.5]}, for all 2,y € R are equivalent.
(4) (9) zz € p and z,y € R implies ((x + 2)y — zy); € Vg and
(h) fi((x+2)y—zy) > min*{fi(2),[0.5,0.5]}. for all z,y, € R are equivalent.

=

Proof. Let i be an interval fuzzy subset of R.

(1) (a) <= (b), Theorem 4.3.

(2) (¢) = (d): Suppose that (d) is not valid, then there exists z,y € R such
that fi(y + = — y) < min*{zi(z), [0.5,0.5]}. Now, we aries the following two cases:
(i) p(z §[05 0.5] (ii) pa(z) > [0.5,0.5].

)
Case (i): We have Ji(y+x —y) < fi(z). Choose an interval ¢ such that fi(y+z —y) <
t < ji(z). This implies z; € i and (y + = — y);€ Vq i, which contradicts (c). So,
iy + % —y) > fi(z) = min' {fi(x), [0.5,0.5]}.
Case (ii): We have f(y + 2 —y) < [0.5,0.5]. Then o505 € g and (y +x —
Y)[0.5,0.5]€ Vq i, which is a contradiction to (c). Hence fi(y + x —y) > [0.5,0.5] =
min*{i(z), [0.5,0.5]}.
(d) = (c): Let #7 € i and y € R. Then fi(z) > t. Now (d), we have fi(y +x —y) >
min’{(z),[0.5,0.5]} > min*{¢,[0.5,0.5]}. If £ < [0.5,0.5] then fi(y + = — y) > ¢ and
so (y+z—y); € fi. If t > [0.5,0.5], then fi(y +z —y)+t > [1,1] and so (y+z — y)7qfi.
This implies that (y + « — y);7 € Vgp.
(3) (¢) = (f): Let us assume that (f) is not valid. Then z,y € R, we can write
fi(zy) < min*{fi(y),[0.5,0.5]}. We consider the following two cases:
() f(y) < 0.5.05] (i) fi(y) > 05,05, _ )
Case (i): We have fi(zy) < (y). Choose t such that p(zy) <t < f(y). Then y; € 1,
but (zy);€ Vq 1, which contradicts (e).
Case (ii): We have pi(zy) < [0.5,0.5] < p(y). This implies that yjo.50.5 € f, but
(%Y)[0.5,0.5]€ Vq ft, which contradicts (e). Therefore (zy);€ Vg fi.
(f) = (e) : Let y; EﬁandxeRbesuchthatﬁ( ) >t~Wehave,u( y)
min'{i(y), [0.5,0.5]} > min*{z, [0.5,0. 5]}, which implies that fi(zy) > t or Ji(zy)
0.5, 0.5] according to t < [0.5,0.5] or ¢ > [0.5,0.5]. Therefore (zy); € Vgji.
Similarly, we can prove (4)(g) = (h) and (h) = (g). This completes the
proof. O

IV IV

By Definition 4.2 and Lemma 4.4, we obtain the following theorem.

Theorem 4.5. An interval valued fuzzy subset [i of R is an interval valued (€, € Vq)-
fuzzy ideal of R if and only if
(1) g is an interval valued (€, € Vq)-fuzzy subnear-ring of R,
wy +x —y) 2 min‘{x (), [0.5,0.5]},
fi(zy) > min' {i(y), [0.5,0.5]},
u((z + 2)y — xy) > min*{j(2),[0.5,0.5]}, for all z,y,z € R.
42
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In the following theorem, we explain the construction of an interval valued gen-
eralized fuzzy ideal form an ideal.

Theorem 4.6. Let I be an ideal of R. For every t € D[0,0.5] with t # [0,0] there
exists an interval valued (€, € Vq)-fuzzy ideal i of R such that U(fi : 1) = I.

Proof. Let i be an interval valued fuzzy subset in R defined by

i) t ifeel
€Tr) =
H [0,0] otherwise

for all z € R, where £ € D[0,0.5] with ¢ # [0,0]. Obviously, U(fi : ) = I. Assume
that fi(z —y) < min"{zi(x), i(y),[0.5,0.5]}, for some ,y € R. Since |Im(f)| = 2, it
follows that fi(z — y) = [0,0] and min’{zi(z), fi(y), [0.5,0.5]} = t. Hence fi(z ) = t=
Zi(y) and so z,y € I. Thus z—y € I, since I is an ideal of R and so fi(z—y) = t, which
is a contradiction. Therefore fi(x — y) > min*{fi(x), fi(y), [0.5,0.5]}. Let us suppose
that fi(y +x —y) < min’{fi(z),[0.5,0.5]}, for some z,y € R. It follows that fi(y +z —
y) = [0, 0] and min’{i(z),[0.5,0.5]} = t. Hence Ji(z) =t and so x € I. Since I is an
ideal of R, then y+xz—y € I. Thus p(y+x—y) = t, which is a contradiction and hence
f(y +x —y) > min*{fi(x),[0.5,0.5]}. Assume that fi(zy) < min’{zi(y),[0.5,0.5]}, for
some z,y € R. Then fi(xy) = [0,0] and min*{fi(y), [0.5,0.5]} = t. Hence fi(y) = t
and so y € I. Since I is an ideal of R, then xy € I. Thus Ji(zy) = t, which is
a contradiction and therefore fi(zy) > min’{Ji(y),[0.5,0.5]}. Similarly, the same
procedure we have [i((x + 2)y — zy) > min*{i(2), [0.5,0.5]}. O

The next theorem brings out the relationship between interval valued (€, € Vq)-
fuzzy ideals of R and the crisp ideals of R.

Theorem 4.7. A nonempty subset I of R is an ideal of R if and only sz[ is an
interval valued (€, € Vq)-fuzzy ideal of R.

Proof. Let I be an ideal of R. Then ]71 is an interval valued (€, € Vq)-fuzzy ideal of
R by Theorem 4.6.

Conversely, assume that f 7 is an interval valued (€, € Vq) fuzzy ideal of R. Then
clearly, fr(z—y) > min'{fi(x), f1(y),[0.5,0.5]} = min{[1,1],[0.5,0.5]} = [0.5,0.5] #
[0,0], which implies f;(z —y) = [1,1] and so # —y € I. Let # € I and y € R. Then,
frly + @ —y) > min'{f;(2),[0.5,0.5]} = min‘{[1,1],[0.5,0.5]} = [0.5,0.5] # [0,0].
This implies that f]( +r—y) = [1 landsoy+z—y €l Lety €l andz € R be

such that fr(y) = [1,1]. Then, fr(@y) > min®{f(y),[0.5,0.5]} = [0.5,0.5] # [0,0].
This implies that fj(my) = [1,1] and so zy € I. Similarly, we proceed like this
(x+2)y—zy el O

Now, we characterize the interval valued (€, € Vq)-fuzzy ideals using their level
ideals.

Theorem 4.8. An interval valued fuzzy subset it of R is an interval valued (€, € Vq)-
fuzzy ideal of R if and only if the level subset (7(/7 : tN) is an ideal of R for all
[0,0] < £ <[0.5,0.5].

43



V. Chinnadurai et al. /Ann. Fuzzy Math. Inform. 11 (2016), No. 1, 35-51

Proof. Let Ji be an interval valued (€,€ Vq)-fuzzy ideal of R and [0,0] < t <
[0.5,0.5]. Let z,y € Ui : ~) then fi(z) > t and fi(y) > t. Now by Theorem
4.5, we have u(m —y) > mmz{u( ), i(y),[0.5,0.5]} > min*{¢,t,[0.5,0.5]} = t. So
t—yeU:1).1fz e U :1) and y € R. Then Ji(x) > £. Consequently by
Theorem 4.5, we have Ji(y + = — y) > min*{fi(z), [0.5,0.5]} > min'{t,[0.5,0.5]} = ¢.
Soy+x—yeUGi:t). Let y € U(fi: 1) and z € R. Then Ji(y )>f Since f is an
interval valued (€, € Vq)-fuzzy ideal of R, we have u(xy) > min‘{{(y), [0.5,0.5]} >
min’{t, [0.5, 0. 5]} = t. Thus zy € U(fi, ) and so U(fx ) is a left ideal of R. Also,
for every z € U(fi : t) and x,y € R such that fi(z) > . Then fi((z + 2)y — xy)
mln{u()[0505]}>m1n{t [0.5,0.5]} = 7 and so (z + 2)y —ay € Ui : ).
Therefore U (fi : 1) is an ideal of R.

Conversely, assume that i is an interval valued fuzzy subset of R such that U (1
t)(# @) become an ideal of R, for all [0,0] < t < [0.5,0.5]. Let z,y € R. Suppose
that i(z—y) < min*{u(z), u(y), [0.5,0.5]}. Then we can choose ¢ such that Aa—y) <
t < min'{u(z), u(y), [0.5,0.5]}. This implies that =,y € U(f : 1). Since U( D 1) is
an additive subgroup of R, then (z —y) € U(fi : %v) and so ,u(x — ) > t, which
is a contradiction. Thus fi(z — y) > min‘{fi(x), i(y), [0.5,0.5]}. Let us assume
that ity + = — y) < min*{fi(z),[0.5,0.5]}. Choose ¢ such that fi(y + = — y) <
T < min{ji(z),[0.5,0.5]}. Then z € U(fi : ©) and so y+tao—ye U(fi : 1), since
U(fi : 1) is a ideal of R. This implies that ji(y + 2 — y) > £, which contradicts to
our hypothesis. Hence fi(y + = — y) > min*{fi(z), [0.5,0. 5]}. Suppose that p(zy) <
min’{7i(y), [0.5,0.5]}, for all 2,y € R. Then there exist ¢ such that f(zy) < t <
min’{fi(y),[0.5,0.5]}. Thus y € U(fi : t) and so zy € U(ji : 1), since U(fi : )
is an ideal of R. Hence Ji(zy) > t, which contradicts to our hypothesis. Hence
fi(zy) > min‘{zi(y),[0.5,0.5]}. Similarly, we can prove that fi((z + 2)y — zy) >
min®{Ji(z), [0.5,0.5]}. Therefore /i is an interval valued (€, € Vq)-fuzzy ideal of R. [

Next, we discuss the relationship between these generalized interval valued fuzzy
ideals.

Theorem 4.9. Every interval valued (€ Vg, € Vq)-fuzzy ideal of R is an interval
valued (€, € Vq)-fuzzy ideal of R.

Proof. Let i be an interval valued (€ Vg, € Vq)-fuzzy ideal of R. Suppose that
z,y € R and t,7 € D[0,1] with ¢,7 # [0,0] such that z; € 1 and y7 € . Then
xy € Vgu and yr € Vgpu. By the hypothesis (x )mml{t 7 € Vgur. Now z,y € R
and ¢ € D[0,1] with £ # [0,0] such that 27 € fi. Then 27 € VqJi, so by hypothesis
(y + = — y)7 € Vgu. Similarly, we prove (zy); € Vgi and ((z + 2)y — xy); € Vqp.
Therefore ji is an interval valued (€, € Vq)-fuzzy ideal of R. 0

The following theorem gives the connection between interval valued (€, €)-fuzzy
ideal and interval valued fuzzy ideal.

Theorem 4.10. An interval valued fuzzy subset i of R is an interval valued (€, €)-
fuzzy ideal of R if and only if it is an interval valued fuzzy ideal of R.

Proof. Assume that g is an interval valued fuzzy ideal of R. Let z,y € R and
t,7 € D[0,1] with ¢,7 # [0, 0] be such that x;, y7 € f1. Then p(x) >t and f(y) > 7.
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Since fi is an interval valued fuzzy ideal of R, we have fi(z —y) > min‘{fi(x), fi(y)} >
min’{¢,7}, it follows that (z — Ymingi,7y € A- Now let 2,y € R and t € D[0,1] with
t # [0,0]. Then z; € i and so i(x) > t. Since Ji is an interval valued fuzzy ideal of R,
we have fi(y+x —y) > fi(z) > t. Hence (y+z—y)7 € fi. Let 2,y € R and t € D[0,1]
with ¢ # [0,0]. Then y; € fi and so fi(y) > t. Hence fi(zy) > fi(y) > t, because i
is an interval valued fuzzy ideal of R. Thus (zy); € f1. Again let x,2,y € R and
t € D[0,1] with ¢ # [0,0] be such that 7i(z) > t. Since Ji is an interval valued fuzzy
ideal of R, then fi((z+2)y —ay) > [i(z) > t. Thus ((z+2)y — 2y); € fi and therefore
@ is an interval valued (€, €)-fuzzy ideal of R.

Conversely, assume that [ is an interval valued (€, €)-fuzzy ideal of R. On the
contrary assume that there exist 2,y € R such that fi(z —y) < min’{z(z), i(y)}.
Choose ¢ such that fi(x —y) < ¢t < min*{fi(z), fi(y)}. Then z7,y; € fi and (z —y);€ fi.
This is a contradiction to our assumption that j is an interval valued (&, €)-fuzzy
ideal of R. Thus fi(x — y) > min*{fi(z), z(y)}. Suppose that fi(y +z —y) < f(z),
for some x,y € R. Choose ¢ such that fi(y + 2 —y) < t < fi(z). Then 27 € i and
(y+x—y);€ 11, which is a contradiction and hence fi(y+x—y) > fi(z). Let us assume
that fi(zy) < Ji(y), for some 2,y € R. Then there exist ¢ such that fi(zy) < t < fi(y).
This implies that y; € @ but (zy);€ g. This contradicts our hypothesis. Hence
w(xy) > p(y). Again the contrary assume that there exist z,y,z € R such that
(x4 2)y —zy) < Ji(z). Let ¢ be such that fi((x + 2)y —xy) < t < fi(z). Then z; € i
but ((x + 2)y — zy);€ ft, which is a contradiction and so p((x + 2)y — zy) > p(2).
Therefore i is an interval valued fuzzy ideal of R. O

Theorem 4.11. Every interval valued (€, q)-fuzzy ideal of R is an interval valued
(€, € Vq)-fuzzy ideal of R.

Proof. The proof is straightforward. g

The converse part of the above Theorem 4.11 is not true is general as shown in
Example 3.4(6).

Theorem 4.12. Every interval valued (€, €)-fuzzy ideal of R is an interval valued
(€, € Vq)-fuzzy ideal of R.

Proof. The proof is straightforward. O

The converse part of the above Theorem 4.12 is not true is general as shown in
Example 3.4(1).

In the following theorem, we give a condition for an interval valued (€, € Vq)-fuzzy
ideal of R to be an interval valued (€, €)-fuzzy ideal of R.

Theorem 4.13. Let i be an interval valued (€, € Vq)-fuzzy ideal of R such that

i(x) < [0.5,0.5] for all x € R. Then [ is an interval valued (€, €)-fuzzy ideal of R.

Proof. Let z,y € R and t,7 € D0, 1] with ,7 # [0,0] be such that z7, y7 € fi. Then

fi(z) > t,7i(y) > 7. Since fi is an interval valued (€, € Vq)-fuzzy ideal of R, then

fi(z —y) > min'{zi(z), i(y), [0.5,0.5]} > min’{t,7,[0.5,0.5]} = min’{¢,7} and so

(T = Y)mini (77} € A- Let 2,y € R and t € D[0,1] with £ # [0, 0] be such that x; € fi.

Then fi(z) > t. Thus fi(y 4+« —y) > min’{fi(z), [0.5,0.5]} > ¢, since /i is an interval
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valued (€, € Vq)-fuzzy ideal of R. Hence (y+2—y)7 € fi. Let x,y € Rand t € D[0,1]
with ¢ # [0,0]. Then y; € 1z implies fi(y) > t. So fi(zy) > min’{i(y),[0.5,0.5]} > ¢,
since p is an interval valued (&, € Vq)-fuzzy ideal of R. Thus (xy); € f. Similarly,

we can prove that ((z+2)y —zy); € [i. Therefore 11 is an interval valued (€, €)-fuzzy
ideal of R. g

Theorem 4.14 ([21]). If {i;|i € Q} is a family of interval valued (€, € Vq)-fuzzy
subnear-ring of a near-ring R, then fn = () fi; is an interval valued (€, € Vq)-fuzzy
i€Q

subnear-ring of a near-ring R, where § is any index set.

Theorem 4.15. If {j1;|i € Q} is a family of interval valued (€, € Vq)-fuzzy ideal of

R, then = () i is an interval valued (€, € Vq)-fuzzy ideal of R, where Q is any
1€

index set.

Proof. Let z,y,2z € R. Then, clearly, & = [ f; is an interval valued (€, € Vq) fuzzy
ieQ
subnear-ring of R from Theorem 4.15. Then,

iy+x—y) = (Namy+z—y) = nf'{Gy+z—y):icQ}
i€Q
> mfi{minf{m(x), [0.5,0.5]} : i € Q}
= min*{inf"{f;(x) : i € Q},[0.5,0.5]}

= min’ {ﬂ i (), [0.5, 0.5]}

i€Q
= min*{f(x),[0.5,0.5]}.

iley) = () f(ey) = inf{@(ey):ieQ}
1€Q
> inf {min’{{;(y), [0.5,0.5]} : i € Q}
= min*{inf" {7 (y) : i € Q},[0.5,0.5]}

= min’ {ﬂ i(y), [0.5,0.5]}

1€Q
= min'{zi(y), [0.5,0.5]}

Similarly, fi((z+2)y—=2y) > min’{fi(2), [0.5,0.5]}. Therefore i = (] f; is an interval
i€Q
valued (€, € Vq) fuzzy ideal of R. O

Theorem 4.16 ([21]). Let u be an interval valued fuzzy subset of R. i1 = [u~, put]
is an interval valued (€,€ Vq)-fuzzy subnear-ring of R if and only if =, u* are
(€, € Vq)-fuzzy subnear-ring of R.

The following theorem establishes the connection between interval valued (€, €
Vq)-fuzzy ideal of R and (€, € Vq)-fuzzy ideal of R.
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Theorem 4.17. Let i be an interval valued fuzzy subset of R. 1= [p~,u™] is an
interval valued (€, € Vq)-fuzzy ideal of R if and only if =, u™ are (€,€ Vq)-fuzzy
ideal of R.

Proof. Let i be an interval valued (€, € Vq)-fuzzy ideal of R. For any z,y,z € R.
-y = Az -y)

minz:{ﬁ(l’)vﬁ(y ,[0.5,0.5]}

= min'{[n" (2), u" (@)], [~ (y), " ()], [0.5,0.5]}

= [min{p"(z),n (y), 0.5}, min{u™ (2), x* (y),0.5}].

™ (x—y),p

\%

It follows that p~ (z —y) > min{u~(x), u~ (y),0.5} and p*(z —y) > min{u*(z),
pt(y),0.5}. And

( fily +x—y)

min‘{7i(z), [0.5,0.5]}

= min'{[p" (), u* (2)], [0.5,0.5]}
[min{y~ (x),0.5}, min{u" (z),0.5}].

= (y+z—y),pn" (y+2z—y)

v

It follows that p~ (y+x—y) > min{u~(2),0.5} and p* (y+z—y) > min{u*(z),0.5}.
Further,

(W™ (wy), " (xy)] = f(zy) > minf{ﬁ(y),[0-5,0-5}}
= min'{[u"(y),x" (y)],[0.5,0.5]}
= [min{u~(y),0.5}, min{p" (y),0.5}].

It follows that p~ (zy) > min{u~(y),0.5} and p* (zy) > min{u*(y),0.5}. Similarly,
p ((z+2)y—xy) > min{p = (2),0.5}, p((z+2)y—=xy) > min{u*(2),0.5}. Therefore
pt and p~ are (€, € Vq)-fuzzy ideal of R.
Conversely, assume that u* and p~ are (€, € Vq)- fuzzy ideal of R. Let x,y,z € R.
Then,

iz —y) = [p(z-y),pn (z-y)
(min{u~ (), u~(y), 0.5}, min{p™ (x), 4" (), 0.5}]
min'{[p” (z), u* (2)], [0~ (y), 1™ (y)], [0.5,0.5]}
= mlnz{ﬁ(x)a ﬁ(y)v [057 05]}

Y

Further,

W (y+z—y),n (y+z—y)
[min{p~ (x),0.5}, min{u™(z),0.5}]
min' {11~ (x), p* (x)], [0.5,0.5]}
min’{zi(z), [0.5,0.5]}.
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And
a(zy) = [p (zy), u* (zy)]
> [min{x"(y),0.5}, min{x" (y),0.5}]
= min'{[z" (y), 1" ()],(0.5,0.5]}
= min*{zi(y), [0.5,0.5]}.
Similarly, zi((z + 2)y — xy) > min’{fi(2),[0.5,0.5]}. O

Definition 4.18. For any interval valued fuzzy subset i of R and ¢ € D0, 1] with
t # [0,0] we consider two subsets: Q(u, t) = {z € Rlazqi} and [fil; = {2 € R|r; €

Vgfi}. Obviously, [y = U (fi : t) U Q(fi: 1).
We call []; as an € Vg- level ideal and Q(u, t) a g-level ideal of Ji.

Lemma 4.19. Every interval valued fuzzy subset pi of R satisfies the following as-
sertion t € D[0,0.5] with t # [0,0] implies iz = U(f - D).

Proof. Let t € D[0,0.5] with ¢ # [0,0]. Clearly, U( 1) C [y Let = € [y If
x ¢ U(fi : 1), then Ji(x) < £ and so fi(z )+t < t+t = 2t < [1,1]. This implies that 2;g1,
that is = ¢ Q(,u, t). Thus = ¢ U(,u HUQ(:t) = (i J;. This leads to a contradiction
and so z € U(fi : £). Thus [fi]; € U(fi : £). Therefore i)y = Ui : ). O

Using the (€ Vg)-level ideals of near-rings, we characterize the interval valued
(€, € Vq)-fuzzy ideals of near-rings.

Theorem 4.20. An interval valued fuzzy subset i of R is an interval valued (€, €
Vq)-fuzzy ideal of R if and only if [fi](# @) is an ideal of R.

Proof. Assume that 1 is an interval valued (€,€ Vq)-fuzzy ideal of R and let
t € D[0,0.5] with £ # [0,0] be such that [i](# @). Let x,y € [z such that fi(x) >

or fi(x )+t> [1,1] and Ay ) >tor fi(y) +t > [1,1]. We can consider four cases:
(i) () > T and fiy )>t

(i) i) > and fily) +1 > [1,1],

(iii)ﬁ()+£>[1 1] and ()Zt

(iv) fi(z) + ¢ > [1,1] and fi(y) + ¢ > [1, 1].

Consider Case (i): fi(z) >t and Ji(y) > t. This implies that

fi(z —y) > min*{fi(z), i(y), [0.5,0.5]} > min*{t, [0.5,0.5]}

~ J[0.5,0.5] if £ > [0.5,0.5]

O\t if £ < [0.5,0.5]
If t > [0.5,0.5], then fi(x — y) > [0.5,0.5] and so fi(z — y)+t > [0.5,0.5] +[0.5,0.5] =
[1,1], that is, (x — y)zqp. If £ < [0.5,0.5], then fi(x —y) > ¢ and thus (z — y)7 € Ji.
Therefore, (z — y)7 € Vqi, that is, (z —y) € [z Case(ii): fi(z) >t and fi(y) +t >
[1,1]. If £ > [0.5,0.5], then fi(z — y) > min*{7i(z), i(y), [0.5,0.5]} > min*{¢, [1,1] —
t,[0.5,0.5]} = [1,1]—t, that is, i(x—y)+t > [1, 1] and thus (x y)zqp. I £ < [0.5,0.5],
then fi(x — y) > min' {fi(z), fi(y), [0.5,0.5]} > min*{t, [1,1] — ¢, [0.5,0.5]} = ¢, that is,

(x —y); € it and thus (z — y); € Vgpu. This means that o —y € [ fi]. Similarly, we
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can prove the result for the case(iii). Next we consider the case(iv): zi(z) +t>[1,1]
and Ji(y) + 1t > [1,1]. Ift > [0.5,0.5], then fi(z —y) > min{fi(z ), 1i(y),[0.5,0.5]} >
min*{[1,1] — £,[1,1] — £,[0.5,0.5]} = [1,1] — £. So, fi(z — y) + ¢ > [1,1], that is,
(x y)~qu If £ <[0.5,0. 5] then ,u(m y) > min*{fi(z), fi(y), [0.5,0.5]} > min{[1,1] —
t,[1,1] = £,[0.5,0.5]} = [0.5,0.5] > ¢, that is, (z — y); € i and hence (z — y); € Vqfi.
ThlS means that  —y € [f];. Consequently, [u]; is a subnear-ring of (R,+). Let
z € [y and y € R such that i(z) > ¢ and fi(z) + ¢ > [1,1] and we consider two
cases:
Case(i): fi(x) > t. Since i is an (€, € Vq)-fuzzy ideal of R, we have fi(y + = —y) >
min’{fi(z),[0.5,0.5]} > min'{£,[0.5,0.5]}. If & > [0.5,0.5], then ji(y + 2 —y) >
[0.5,0.5] and so p(y+x— y)+?> [0.5,0.5]4-[0.5,0.5] = [1, 1], that is, i(y+z—y)+t >
[1,1]. Thus (y+z—y)zqp. If ¢ < [0.5,0.5], then fi(y+2—y) > t. Hence (y+z—y); € i.
Case(ii): fi(z) +t > [1,1]. Since i is an interval valued (€,€ Vag)- fuzzy ideal of
R, we have fi(y + = — y) > min'{fi(x),[0.5,0.5]} > min*{[1,1] — ¢,[0.5,0.5]}. If
> 10.5,0.5], then fi(y +z —y) > [1,1] = £. Thus (y +2 — y)zqpi. If ¢ < [05 0.5], then
fi(y+xz—y) > [0.5,0.5] > t. Hence (y+x—y); € fi. This means that (y+z—y); € Vaf,
that is, y+z—y € i ] Let y € [fily and « € R. Then fi(y) >t or fi(y) +t > [1,1].
Assume that Ji(y) > t. Since fi is an (€, € Vq)-fuzzy ideal of R, we have fi(zy) >
min’{7i(y), [0.5,0.5]} > min’{t,[0.5,0.5]}. If £ > [0.5,0.5], then fi(zy) > [0.5,0.5]

implies fi(zy) + ¢ > [0.5,0.5] + [0.5,0.5] = [1,1]. So, fi(zy) + ¢ > [1,1] and thus
(zy)zq. If t < [0.5,0.5], then ji(zy) > t. Hence (zy); € fi.
Let us assume that fi(y) + ¢ > [1,1]. Since [ is an interval valued (€, € Vq)-fuzzy

ideal of R, we have fi(xy) > min*{fi(y),[0.5,0.5]} > min’{[1,1] — ¢,[0.5,0.5]}. If
t > [0.5,0.5], then fi(zy) > [1,1] — . So, (zy)qi. If t < [0.5,0.5], then fi(xy) >
0.5,0.5] > . Thus (zy); € fi. This means that (zy); € Vqfi, that is, zy € [ji]; and
717 is a left ideal of R. Again, let z,y € R and z € []; for [0,0] < t < [1,1].
Then z; € VqJi, that is, fi(z) >t and fi(z) +¢ > [1,1]. Since Ji is an interval valued
(€, € Vq)-fuzzy ideal of R, then we have fi((z + 2)y — xy) > min’{fi(2), [0.5,0.5]}.
Similarly, we can prove that (z + z)y — zy € []y and [z]; the ideal of R. Therefore,
()7 is a right ideal of R.

Conversely, assume that @ be an interval valued fuzzy subset in R and let [0,0] <
t < [1,1] be such that []; is an ideal of R.
Suppose that fi(z —y) < min*{fi(z), 7i(y), [0.5,0.5]}. Choose ¢ such that fi(x —y) <
T < min’{fi(z), ii(y), [0.5,0.5]}. Then [0,0] < £ < [0.5,0.5] and x,y € U(fi : t) C [z
Since [fi]; is an ideal of R, then z—y € [ji]; and we have fi(z —y) > t or fi(x —y)+t >
[1,1], which is a contradiction. Thus p(z —y) > mlnl{,u( ), #(y), [0.5,0.5]}, for all
z,y € R. Now, let z,y € R be such that fi(y + = —y) < t < min*{Ji(x),[0.5,0.5]}.
Then [0,0] < ¢ < [0.5,0.5] and = € U(fi : 1) C [aly- Since [p]; is an ideal of R,
then y +x —y € [y and so fi(y +x —y) >t or fi(y +2 —y) +¢ > [1,1]. This
is a contradiction to our assumption. Hence fi(y +z —y) > mlnz{,u( ),[0.5,0.5]},
for all 2,y € R. For, let ,y € R be such that fi(zy) < t < min*{zi(y),[0.5,0.5]}.
Then [0,0] < ¢ < [0.5,0.5] and y € U(fi : 1) C [A];. Since [g]; is an ideal of R,
then zy € [fi]; and so fi(zy) > t or fi(zy) +t > [1,1] which is a contradiction to
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our assumption. Hence pi(zy) > mini{ﬁ(y), [0.5,0.5]}, for all z,y € R. Similarly we
have to prove ji((x + z)y — xy) > min*{ji(z), [0.5,0.5]} and therefore [ is an interval
valued (€, € Vq)-fuzzy ideal of R. O

Theorem 4.21. If i is an interval valued (€, € Vq)-fuzzy ideal of R, then the set
Q(fi;t)(# @) is an ideal of R for all [0.5,0.5] <t < [1,1].

Proof. Assume that 1 is an interval valued (€,€ Vq)-fuzzy ideal of R and let
[0.5,0.5] < £ < [1,1] be such that Q(fi; ) # @. Let z,y € Q(fi; ) be such that fi(z)+
t > [1,1] and fi(y) +t > [1,1] and we have fi(z — y) > min’{fi(z), 7i(y), [0.5,0.5]}. If
min' {7i(z), i(y)} > [0.5,0.5], then fi(z—y) > [0.5,0.5] > [1,1]—¢t. fmin'{fi(z), i(y)} <
[0.5,0.5], then fi(x — y) > min{zi(z), fi(y)} > [1,1] — t. This implies that  —y €
Q(fi:t). Now, let z € Q(fi;1) and y € R be such that fi(z) + ¢ > [1,1]. Since
It is an interval valued (€, € Vq)-fuzzy ideal of R, then we have p(y + = — y) >
min®{fi(x), [0.5,0.5]}. If fi(z) > [0.5,0.5], then fi(y + = — y) > [0.5,0.5] > [1,1] —¢.
If fi(z) < [0.5,0.5], then fi(y +x —y) > fi(z) > [1,1] —t. Thus y +z — y € Q(f1; ).
Similarly, let y € Q(fi;¢) and = € R, then zy € Q(ji;1). Again let z,y € R
and z € Q(ji;1) be such that fi(z) +¢ > [1,1]. Since [i is an interval valued
(€, € Vq)-fuzzy ideal of R, then we have fi((z + 2z)y — xy) > min’{zi(2),[0.5,0.5]}. If
fi(z) >[0.5,0.5], then fi((z + 2)y — xy) > [0.5,0.5] > [1,1] —t and if ji(2) < [0.5,0.5],
then Zi((z + 2)y —xy) > fi(z) > [1,1] — ¢ and thus (2 + 2)y — 2y € Q(fi; 1). Therefore

Q(p;t) is an ideal of R. O
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