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ABSTRACT. The notions of (&, a)-cubic new-ideal of PU-algebras are
introduced, and several related properties are investigated. Character-
izations of (&, @)-cubic new-ideal on PU-algebras are established. The
relations between (&, a)-cubic subalgebras and (&, )-cubic new-ideal of
PU-algebras are investigated. Moreover, the homomorphic image (pre im-
age) of (&, a)-cubic new-ideal of a PU-algebra under homomorprhism of a
PU-algebras is discussed.
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1. INTRODUCTION

In 1966, Imai and Iseki [3, 4, 5] introduced two classes of abstract algebras:
BCK-algebras and BCl-algebras. It is known that the class of BCK-algebras is a
proper subclass of the class of BClI-algebras. In [I, 2], Hu and Li introduced a

wide class of abstract algebras BCH-algebras. They have shown that the class of
BCl-algebras is a proper subclass of the class of BCH-algebras. Neggers et al.[l1]
introduced the notion of Q-algebras, which is a generalization of BCH/BCI/BCK-
algebras. Megalai and Tamilarasi [8] introduced the notion of a T M-algebra which
is a generalization of BCK/BCI/BCH-algebras and several results are presented.
Mostafa et al.[9] introduced a new algebraic structure called PU-algebra, which is
a dual for T'M-algebra and investigated several basic properties. Moreover they
derived new view of several ideals on PU-algebra and studied some properties of
them. The concept of fuzzy sets was introduced by Zadeh [13]. In 1991, Xi [12]
applied the concept of fuzzy sets to BCI, BCK, MV-algebras. Since its inception,
the theory of fuzzy sets , ideal theory and its fuzzification has been developed in
many directions and applied to a wide variety of fields. Mostafa et al [10] introduced
the notion of a-fuzzy new-ideal of PU-algebra. They discussed the homomorphic
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image (pre image) of a-fuzzy new-ideal of PU-algebra under homomorprhism of
PU-algebras. Jun et al. [6] introduced the notion of cubic sub-algebras /ideals in
BCK/BCl-algebras, and then they investigated several properties. They discussed
the relationship between a cubic sub-algebra and a cubic ideal. Also, they provided
characterizations of a cubic sub-algebra/ideal and considered a method to produce
a new cubic subalgebra from an old one.

In this paper, we modify the ideas of Jun [7] in order to introduce the notion
(&, a)-cubic new-ideal of PU-algebra. The homomorphic image (preimage) of (&, «)-
cubic new-ideal of PU-algebra under homomorprhism of PU-algebras are discussed.
Finally, many related results have been derived.

2. PRELIMINARIES

Now, we will recall some known concepts related to PU-algebra from the litera-
ture, which will be helpful in further study of this article

Definition 2.1 ([9]). A PU-algebra is a non-empty set X with a constant 0 € X
and a binary operation x satisfying the following conditions :

(1) 0xx ==z,

(IT) (x* 2z) * (y * 2) = y*x for any z,y,z € X. On X we can define a binary
relation 7 <7 by: x <y if and only if y x z = 0.

Example 2.2 ([9]). Let X ={0,1,2,3,4} in which * is defined by

* 0112|314
0j0|1|12|3]|4
114(0]1]12|3
21314|0]|1]2
3123|401
41112131410

Then (X, *,0) is a PU-algebra.

Proposition 2.3 ([9]). In a PU-algebra (X, *,0) the following hold for all x,y, z €
X7

(a) zxx=0.

(b) (x*2)%2z=ux.

(c) xx(y*xz)=yx*(xx*z).

(d) z* (y*x)=y=*0.

(e) (x*xy)*x0=1yxx.

(f) If x <y, then x %0 =y 0.

(9) (x*xy)*«0=(xx*2)x*(y=*2z).

(h) xxy <z if and only if zxy < x.

(i) x <y if and only if yxz < x * z.

(5) In a PU-algebra (X, *,0), the following are equivalent:

(1) z =y, (2) x*xz=1y=*z, (8) zxx=2z%y.

(k) The right and the left cancellation laws hold in X .

(1) (zxa)* (zxy) =z xy,

(m) (x+xy)*xz=(z*xy)*x.

(n) (xxy)* (zxu) = (x*x2)x(y*xu) for all x,y,z and u € X.

20
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Definition 2.4 ([9]). A non-empty subset I of a PU-algebra (X, *,0) is called a
sub-algebra of X if x xy € I whenever x,y € I.

Definition 2.5 ([9]). A non-empty subset I of a PU-algebra (X, *,0) is called a
new-ideal of X if,

(i)0el,

(ii) (a* (bxx))*xx €I, for all a,b € T and x € X.

Example 2.6 ([9]). Let X = {0, a,b, ¢}, in which * is defined by the following table:

x| 0|la|blc
0Ol0jla|b|c
ala|0|lc|b
bi{b|c|0]a
clc|blal|0

Then (X, *,0) is a PU-algebra. It is easy to show that I = {0,a}, I = {0,b},
I3 = {0, ¢} are new-ideals of X.

Lemma 2.7 ([9]). If (X,*,0) is a PU-algebra, then (z* (y*z))*z = (y*0)*x for
all xz,y,z € X.

Theorem 2.8. Any sub-algebra S of a PU-algebra X is a new-ideal of X.

Proof. Let S be a sub-algebra of a PU-algebra X. Let x € S, it follows by the
definition of sub-algebra and properties of PU-algebra that zxxz = 0 € S. Let
a,be Sand x € X. Since 0 € S, then bx0 € S. Hence (bx0)*a € S. It follows (by
Lemma 2.7), that (a * (b*xx)) *x = (b*0) * a. Then we have (ax (b*xx))xz € S.
Therefore S is a new-ideal of X. O

Definition 2.9 ([9]). Let (X, *,0) and (X’,*’,0’) be PU-algebras. A map f: X —
X' is called a homomorphism if f(x *y) = f(z) " f(y) for all z,y € X.

Proposition 2.10 ([9]). Let (X,*,0) and (X', +',0") be PU-algebras and f : X —
X' be a homomorphism, then ker f is a new-ideal of X .

Definition 2.11 ([13]). Let X be a non-empty set, a fuzzy subset p in X is a
function p: X — [0,1].

Remark 2.12. An interval-valued fuzzy subset (briefly ¢ — v fuzzy subset) A de-
fined in the set X is given by A = {(z, [uf(z), Y (x)])}, for all z € X. (briefly, it
is denoted by A = [u4(z), uY (x)] where p&(x) and uY (z) are any two fuzzy subsets
in X such that pf(z) < pf(x) for all z € X. Let fia(x) = [uh(z), u4(z)], for all
x € X and D[0,1] be denotes the family of all closed sub-intervals of [0,1]. It is
clear that if p4(x) = u4(x) = ¢, where 0 < ¢ < 1, then fia(z) = [c,¢] in D[0,1],
then fia(z) € D[0m1], for all z € X. Therefore the interval-valued fuzzy subset A is
given by: A{(z,fia(x)) : x € X} where iaX — DJ0,1]. Now we define the refined
minimum (briefly » min) and order ” < ” on elements D; = [a1,b1] and Dslasg, bo)
of D[0,1] as follows:

rmin(Dy, Dy) = [min{ay, az}, min{by,b2}], D1 < Dy < a3 < az and by < bs.
21
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Similarly we can define (>) and (=). Also we can define Dy + Dy = [a1 + ag, by +ba],
and if ¢ € [0,1], then ¢Dy = [cay,cby]. Also if Dy = [a;,b;],i € I, then we define
rsup(D;) = [sup a;,sup b;] and rinf(D;) = [inf a;, inf b;]. We willconsider that 1 =
[1,1] and 0 = [0, 0].

Jun et al. [6], introduced the concept of cubic sets defined on a non-empty set X as
objects having the form: A = {(z, ia(z), \a(z)) : * € X}, which is briefly denoted
by A = (fia, Aa), where the functions fis : X — F[0,1] and A4 : X — [0, 1].
Denote C(X) by family of all cubic sets in X.

In what follows, let X denotes a PU-algebra unless otherwise specified.

3. (&, @)-CUBIC NEW-IDEAL OF PU-ALGEBRA

In this section, we shall introduce a new notion called (&, «)-cubic new-ideal of a
PU-algebra and study several properties of it.

Definition 3.1. Let X be a PU-algebra. A cubic set A = (fia, A4) in X is called
a cubic sub-algebra of X if

(SC)pa(z +y) = rmin{fa(z), a(y)},

(SC2)Aa(z xy) < max{Aa(x),Aa(y)}, where fig : X — DI[0,1] and A4 : X — [0, 1]
for all z,y € X.

Definition 3.2. Let A = (jia, Aa) be a cubic set of a PU-algebra X. Let & € D[0, 1]
and a € [0,1]. Then the cubic set A®®) = (%, \%) of X is called the (&, a)-cubic
subset of X (w.r.t. cubic set A = (fia, A4)) if

(@)% (x) = rmin{jia, (z),a} and

(D)A% () = max{Aa(x),a}, for all z € X.

Remark 3.3. Clearly, (i}, \%) = (fia, Aa).

Lemma 3.4. (fia, A\a) is a cubic sub-algebra of a PU-algebra X such that Al&a) g
a (&, a)-cubic subset, where & € D[0,1] and o € [0,1], then

5 (e 4 y) > rmindiG (2), i (1)} and X3 (w0 * y) < max{Ag(2), A4 (1)}, for all 2,y €
X.

Proof. Let X be a PU-algebra, @ € D0, 1] and « € [0,1]. Then by Definition 3.2.
we have that
A (wy) = rmin{ia(e + ), 6} > rmingrmin{ia(z), fa@)} &)
= rmin{r min{ji4(z), a} rmin{ia(y),a}}
= rmin{i4(z), 15 (y)}, for all z,y € X
And
A (z*xy) =max{Aa(z*y),a} < max{max{ia(z), a(y)},a}
:max{max{)\A(x),a},max{)\A( ), at}
= max{\%(x), A% (y)}, for all z,y € X.

O

Definition 3.5. Let X be a PU-algebra. A cubic subset A(®®) = (%, \%) in X is
called (&, ov)-cubic sub-algebra of X if
(Ca)i (x +y) = rmin{if (z), a3 (y)},
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(Co)A% (z *y) < max{A%(x), % (y)}, for all z,y € X.

It is clear that (&, a)-cubic sub-algebra of a PU-algebra X is a generalization of
a cubic sub-algebra of X and a cubic sub-algebra of X is a special case when & = 1
and a = 0.

Definition 3.6. Let (X,#*,0) be a PU-algebra, a cubic subset A = (fia, Aa) in X
is called a cubic new-ideal of X if it satisfies the following conditions:
(A1)fa(0) > fra(z) and A4 (0) < Aa(z),
(A2)fa((z#(y+2)*z) = rmin{fia(z), fa(y)} and Aa((zx(y+2)*2) < max{Aa(z), Aa(y)},
for all z,y,2z € X.
Lemma 3.7. A = (fia,Aa) is a cubic new-ideal of a PU-algebra X, such that
Al s q (&, a)-cubic subset, where & € D[0,1] and o € [0,1], then
1. 75(0) > i (@) and A5(0) < A3(a),
2. G ((x = (y x 2) * 2) > rmin{fg (z), 4% (y)},
3. A% ((x * (y * 2) * 2) < max{A\q(x), A4 (v)}, for all z,y,z € X.
Proof. Let X be a PU-algebra, & € D[0,1] and « € [0,1]. Then we have that:

75 (0) = rmin{740), &} > rmin{iyz), a} = 4 (),
A% (0) = max{A4(0),a} <max{Aa(z),a} =A% (x), for all z € X. And

,a}
)},

a}

A4 ((w = (y = 2) + 2)  =rmin{fia((z = (y * 2)) * 2),&} > rmin{rmin{fia(2), fia(y)}, &
= rmin{rmin{is(z), &}, rmin{ia(y),a}t} = rmm{uA( )%

Aa((z* (y*2))*2z) =max{As((z* (y*2)) *2),a} < max{max{/\A( ), Aa(y)},
= max{max{\a(z),a}, max{Aa(y),a}} = max{A%(x), A% (y)}, for allz,y, z € X.
0

Definition 3.8. Let (X, ,0) be a PU-algebra, (&, a)-cubic subset A = (35, \%)
in X is called (&, «)-cubic new-ideal of X if it satisfies the following conditions:

(AG™™)5(0) > i () and X5 (0) < X (a),

(AP (2 3+ 2)) ) > 7 min i (). 7)) am

S O‘)))\%((x * (y*2)) * 2) <max{\(z),\5(y)}, for all z,y,2 € X.

It is clear that (&, a)-cubic new-ideal of a PU-algebra X is a generalization of a

cubic new-ideal of X and a cubic new-ideal of X is special case, when & = 1 and
a=0.

Example 3.9. Let X = {0,1,2,3} in which x is defined by the following table:

*|0]1]2]3
0j0[1]|2]3
111(0]3]|2
2121301
31312(1|0

Then (X, *,0) is a PU-algebra. Define (&, )-cubic subset A(%%) = (1%, \%))) in
X by

D>Q‘

. [ rmin{&,[0.3,0.9]} if z € {0,1}
fia(r) = rmin{a, [0.1,0.6]} otherwise
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and

A (z) = max{a, 0.3} if z € {0,1}

AN max{a, 0.7} otherwise.

Routine calculation gives that A(®®) = (3§, \4) is an (&, )-cubic new-ideal of X.
Lemma 3.10. Let A% = (3%, \%) be (&, )-cubic new-ideal of a PU-algebra
X. If the inequality x « y < z holds in X, then % (y) > rmin{i5(z), 1% (z)} and
A% (y) < max{Af (), A%(2)}-
Proof. Assume that the inequality z * y < z holds in X, then z* (z % y) = 0 and by
(A% we have

0

. e N . . .
i ((zx (2 xy) xy) = rmin{pg (), 153 (2)}-
Since % (y) = % (0 * y), then we have that % (y) > r min{i% (x), 2% (2)}.
By (Aéo“o‘))7 we obtain
0

—_—~—
A (2 (zxy)) xy) < max{AG (), A%(2)}-
Since A% (y) = A% (0 x y), therefore we have that A% (y) < max{\%(z), % (2)}. O

Corollary 3.11. Let A = {jia,Aa) be a cubic new-ideal of a PU-algebra X. If the
inequality x xy < z holds in X, then fia(y) > rmin{ia(z),ia(2)}. and Aa(y) <
max{Aa(z), Aa(2)}.
Lemma 3.12. If A(&’?‘) = (a5, \%) is (&, a)-cubic subset of a PU-algebra X and
z <y, then fig(z) = @5 (y) and X5 (z) = A4 (y).
Proof. If © < y, then y xx = 0. Hence by the definition of PU-algebra and
its properties we have that i%(z) = rmin{fia(z),a} = rmin{fia(0 x z),a} =
Fmin{jia((y+ o) <), 3} = rmin{fa(y), &) — i (y) and A% (@) — max{\a(w),a} =
max{A4(0*x),a} = max{As(y),a} = A\ (y). O
Corollary 3.13. If A = (fia, Aa) is a cubic subset of a PU-algebra X and if x <y,
then fia(x) = fa(y) and Aa(z) = Aa(y).
Definition 3.14. Let A(®*) = (%, %) and B(®%) = (3%, \%) be two (&, a)-cubic
sets in a PU-algebra X, then we define
A@ N B@®) = {{z,rmin{if (), 4F ()}, max{Ag (2),\G(2)}) : ¢ € X}
= {{z, 13 () N A% (2), A4 (z) UAp(2))) : © € X}
Proposition 3.15. If {Agd’a)}iej is a family of (&, a)-cubic new-ideals of a PU-
algebra X, then Al(-a’o‘) is (&, a)-cubic new-ideal of X.
i€l
Proof. Let {Agd’a)}ig be a family of (&, a)-cubic new-ideals of a PU-algebra X,
then for any z,y,z € X,
() A5)(0) = rinf(A%, (0))ier = rinf(aG, (2)ier = () A%,)(@)

iel i€l
24
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and
(U X5)(0) = sup(X, (0))ier < sup(A, (@))ier = (U X5)(@),
(ﬂ [Li)((x x(y*2))*z2)= rinf(/]ﬁi((l” * (Y x 2))) * 2)ier
> rlnf(rmln{uA (), 1%, () }ier
= rmin{rinf(25, (z )%elﬂ’mf(ﬂA (Y))ier}
= rmin{( () 75,)(0). () 75, 0))
and

(%JI A% (@ (y x 2) x 2) = sup(AG, (2 * (y * 2) % 2)ier < sup(max{A} (2), p%, (Y)})ier
= max{sup(A%, (x))icr, sup(A%, (y))ier} = max{() A3 )(z), (,QI A% ()}

iel

This completes the proof. O

Theorem 3.16. If A% = (7%, \q) is (&, a)-cubic subset of a PU-algebra X, then
A = (3% %) is (&, a)-cubic new-ideal of X if and only if it satisfies:

(V€ € D0, 1))(U(ia%;8) # ¢ = U(a§;€) is a new-ideal of X),

where, U(%;€) = {z € X : i%(x) > €} and (Ve € [0,1],(L(\%;e) # ¢ = L(\%;¢e)
is a new-ideal of X ), where L(A\%;¢e) = {z € X : A§(x) < ¢e}.

Proof. Assume that A = (5, \%) is an (&, a)-cubic new-ideal of X. Let & €
DI[0,1] be such that U(ji%;&) # ¢. Let z € U([Li;é), then g (z) > £. Since
A% (0) > a5 (z) for all x € X, then 5(0) > &. Thus 0 € U(a%;é). Let x € X
and a,b € U(ji%;€), then i (a) > & and 5 (b) > . Tt follows by the definition of
(@r)-cubic new-ideal that i ((a * (b * x)) * x) > min{ag (a), 15 (b)} > &, so that
(ax (bxx))*xz € U(Eg;&). Hence U(iG;é) is a new-ideal of X. Let € € [0,1] be
such that L(A%;e) # ¢. Let x € L(\%;¢€), then A (z) < e. Since A (0) < A% () for
all z € X, then A\ (0) <e. Thus 0 € L(A%;¢). Let © € X and a,b € L(\%;¢€), then
A5 (a) <eand A5 (b) <e. It follows by the definition of (&, )-cubic new-ideal that
A ((a* (bxx)) *x) < max{A(a), \4(b)} < ¢, so that (a* (bxx))*xz € L(A\};¢e).
Hence L(\%;¢) is a new-ideal of X.
Conversely, suppose that (V& € D[0,1])(U(i%;€) # ¢ = U(i%;é) is a new-ideal
of X), where U(%;¢) = {x € X : g% (x) > &} and (Ve € [0,1])(L(\S;¢e) # ¢ =
(L(X%;¢e) is a new-ideal of X), where (A%;e) = {z € X : A9(x) < e}. If a%(0) <
i (x) for some z € X, then 15 (0) < &y < % (x) by taking &y = (a5 (0) + 14 (z))/2.
Hence 0 ¢ U(i%;&0), which is a contradiction. If A%(0) > A% (z) for some x € X,
then A% (0) > g9 > A% (x) be taking 9 = (A4(0) + A% (z))/2. Hence 0 &€ L(\S;¢€),
which is a contradiction.
Let a,b,c € X be such that g% ((a * (b *c)) x ¢) < rmin{i4(a), 1% (b)}. Taking
g1 = (a5 (a* (b*c) *c) +rmin{i5(a), a5 (b)})/2, we have & € D[0,1] and a5 ((a *
(bxc))*c) < & < rmin{ji4(a), 2% (b)}. It follows that a,b € U(a%;€1) and (ax (bx*
¢)) xc ¢ U(ii%;€1). This is a contradiction.
Let a,b,c € X be such that A% ((a % (b * ¢)) * ¢) > max{\%(a),\%(b)}. Taking
e=(A%(a* (b*c) x ¢) + max{A\%(a), A% (b)})/2, we have ¢ + 1 € [0,1] and A% ((a *
(b*c)) xc) > e1 > max{A%(a),\5(b)}. It follows that a,b € L(A\%;e + 1) and
25



Samy M. Mostafa et al. /Ann. Fuzzy Math. Inform. 11 (2016), No. 1, 19-34

(ax(bxc))*c g L(\y;e1), which is a contradiction. Therefore A(®) = (%, ) is
(&, a)-cubic new-ideal of X. O

Corollary 3.17. Let A = (jia, a) be a cubic subset of a PU-algebra X. Then
A= {ia,Aa) is a cubic new-ideal of X if and only if it satisfies:

(Ve € D[0,1))(U(f1a,€) # ¢ = U(fia;€) is a new-ideal of X ),

where, U(fia,&) = {z € X : i(z) > &}; and Ve € [0,1](L(Aa;e) # ¢ = L(Aa;e) is
a new-ideal of X ), where (Aa;e) = {zx € X : Aa(x) <e}.

Definition 3.18. Let f be a mapping from X to Y. If (A%, A\) is an (&, a)-cubic
subset of X, then the (&, a)-cubic subset (3% v*) of Y defined by
o s @) if M) £
FE*)(y) = p(y) =4 =e/'w)

0 otherwise

and

z€f~H(y)
1 otherwise

inf Az 7 -1
f(A“)(y)va(y){ () if 7 # 0

is said to be the image of (%, \*) under f.

Similarly if (3% ~*) is an (&, a)-cubic subset of Y, then the (&,a)-cubic subset
(A%, A%) = (B f,y%o f) of X, where (8% f)(x) = B (f(2)), (v*o f)(x) = v*(f(x))
for all z € X) is called the pre-image of (8%,~v*) under f.

Theorem 3.19. Let (X,*,0) and (X',+',0") be PU-algebras and f : X — X' be a
homomorphism. If (3%,~%) is an (&, a)-cubic new-ideal of X' and (7™, \*) is the
pre-image of (55‘,7“> under f, then (i%,\%) is an (&, a)-cubic new-ideal of X .

Proof. Si{lce (n%, )\O‘)~is the pre-image of (35‘770‘> under f, then for all z,y,z € X,
A%(0) = BE(f(0)) = BY(f(x)) = 4% (=) and A*(0) = 7*(f(0)) < y*(f(x)) = A*(2),

i
p((zx (y x 2)) xz) = B(f((x % 2)) * 2)
(flz=(y=*2))« f(z))

(f(@) + fly=2))+ f(2))
(@) ()= FEN < 1)
min{5(f(x)), B%(f(y))} = r min{a*(x), 2% (y)}
and

A ((xx(y*z2))*z) =

Therefore (i% \*) is (&, a)-cubic new-ideal of X. O

Theorem 3.20. Let (X, *,0) and (Y,+',0") be PU-algebras, f: X —Y be a homo-
morphism, (i% \*) be an (&, a)-cubic subset of X, (Bé‘,'ya> be the image of (A%, \)
under f and i%(x) = B(f(x)), \*(z) = v*(f(x)) for all z € X. If (A% \*) is an
(&, a)-cubic new-ideal of Y.
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Proof. Since 0 € f=1(0'), then f=1(0") # ¢. It follows that

Lo
B0 =7 sup A%(t) = a%(0) > i(x),
tef=1(0")

for all z € X. Thus B%(0') =r sup [%(t) for all 2/ € Y. So f%(0') > 5%(z') for
tef~1(z')

allz’ €Y.

Since 0 € f=1(0"), f~1(0') # ¢. It follows that

*(07) = inf A%(t) = A%(0) < A%(x),

tef=1(0")

for all z € X. Thus v*(0') = finlf( )/\a( ) for all 2’ € Y. So v*(0") < ~*(z’) for
tef—1(z’

allz’ €Y.

For any 2',y',2" € Y. If f~ Ya') = ¢ or f~1(y') = ¢, then B%(2') = 0 or f(y') = 0.
It follows that rmin{3%(z’'), 3%(y')} = 0. Thus

(@), 6%(y")}.
2'),y0 € f~(y), be such that
&(t). It follows by given and

B((a" # (¢ ¥ 2)) ¥ 2) = rmin{5*
Suppose f~* (') # ¢ and f~(y') # ¢. Let zo € f(
i(wg) = v sup (1) and i(ye) = 1 sup i
tef~1(a’) tef=1(y’)
properties of PU-algebra that

B+ (Y ¥ ) ¥ 2y = BH((2' ' (v ¥ )+ &)
(v + ('« 2") ¥ a') = Bd((y ' 0') ¥ 2”)
“((f(yo) ¥ £(0)) ¥ f(w0)) = B*(f(yo * 0) % 0))
(0*0)*%) i ((yo * (0 20)) * Zo)

xa0) = % ((o * (Yo * 20)) * 20)

= rmin{ sup ﬁ (1), sup (1)} =rmin{B%(2), B*(y)}.
tef-1(z’) tef=1(y’

For any 2/,%/,2' € Y, if f~Y(z') = ¢ or f~1(y') = ¢, then y*(z') = 1 or y*()

1. Tt follows that max{y*(z’),y*(y’)} = 1. Thus v*((z' ¥ (¢ «' 2")) ' 2/)

max{y*(z),7*(y')}-

suppose f~1(z') # ¢ and [7L(y) # 6. Let 29 € [~1(2'), 50 € [~1(y/) be such

that A%(z9) = inf A*(¢) and A\*(yo) = inf A*(¢). It follows by given and
tef—1(z’) tef=1(y’)

properties of PU-algebra that

V(@' (Y # 2)) K ) = (T (Y K )+ )

=" ¥ (& 2) ¥ ) =4y 01) /) '2") = 4 ((f(yo) ' f(0)) *' f(x0))
=7*(f((yo % 0) x z)) = A” ((YO #0) x o) = A%((yo * (20 * 20)) * o)

= A*((20 * (yo * 20)) * o) = A*((wo * (yo * 2))) * 20)

< max{\”(zo), A" (y0)}

= max{te inf  A*(¢t), inf A*(t)} = max{y*(z),7*(¥)}.

f=1(’) tef~1(y')
27
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Therefore (3%,4) is an (&, a)-cubic new-ideal of Y.
O

Corollary 3.21. Let (X, *,0) and (y,*, 0'2 be PU-algebras, f : X —'Y be a homo-
morphism, (i, \) be a cubic subset of X, (8,7) be the image of (fi, \) under f, and

i(z) = B(f(x),Mx) = y(f(x)) for all x € X. If (i, \) is a cubic new-ideal of X,
then (B,7) is a cubic new-ideal of Y.

4. CARTESIAN PRODUCT OF (&, a)-CUBIC new-IDEAL OF PU-ALGEBRA

In this section, we introduce the concept of Cartesian product of an (&, ar)-cubic
new-ideal of a PU-algebra.

Definition 4.1. Let S be a non-empty set. The cubic set (%, A\%) is called an (&, «)-
cubic relation on S if 4% and A* are two functions defined by i : S x S — D|0, 1]
and A*: S x S — [0,1].

Definition 4.2. If (i% \%) is an (&, a)-cubic relation on a set of S and ([?5‘ @) is
an (&, a)-cubic subset of S, then (A%, \*) is an (@&, a)-cubic relation on (3%, %) if
(2, y) < rmin{F%(z), 5% (y)}, and A (z, y) > max{y® (@)my*(y)} for all 2,y € 5.

Definition 4.3. If (3%,4%) is an (@, a)-cubic subset of a set 5, the strongest (&, a)-
cubic relation on S~that is~an (a“)-cubic relation on (5, y%) is <ﬂ%‘d,)\?y‘a> given by
5 (2, y) = rmin{3%(z), 8%(y) } and AJa (z,y) = max{y*(z),y*(y)} for all z,y € §

Definition 4.4. We define the binary operation * on the Cartesian product X x X
as follows: (z1,z2) * (y1,y2) = (z1 * y1, T2 * y2) for all (x1,x2), (y1,y2) € X x X.

Lemma 4.5. If (X,*,0) is a PU-algebra, then (X x X,%,(0,0)) is a PU-algebra,
where (x1,22) * (Y1,y2) = (1 * y1, 22 * y2) for all (x1,x2), (y1,y2) € X x X.

Proof. Clear. O

Theorem 4.6. Let (3%,~7%) be an (&, o)-cubic subset of a PU-algebra X and <[Lg“ s AJa)

be the strongest (&, «)-cubic relation on X, then <6~5‘, ¥*) is an (&, o) -cubic new-ideal
of X if and only if ([Lga,)\fy‘J is an (&, a)-cubic new-ideal of X x X.

Proof. (=): Assume that~<6~ ;) is an (&, ar)-cubic new-ideal of X, we note that:
(15 (0,0) = rmin{(0), 5%(0)} > Tmln{ﬁ (x), B%(y)} = [, (x,y) and

A4 (0,0) = max{y*(z), ( )} = AJa(m,y) for all z,y € X.

Now, for any (z1,x2), (y1,¥y2), (2’1,22) € X x X, we have:
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e (@1,22) = (g1, 2) * (21, 22)) * (21, 22))
) * (21, 22))
(21, 22)

= A5 (1% (Y1 * 21), 22 * (y2 * 22)) * (21, 22))

= s (w1, 22) * (y1 % 21,92 * 22)) *

= ﬂgd«xl s (g1 % 21)) * 21, (@2 * (g2 * 22)) * 22)

= rmin{ﬁd((:m * (Y1 % 21)) * 21), /354((@ (Y % 22)) * 22)}
> rmin{r miniB&(xl)lBa@l)},Tmin{?&(x2)7~55‘(y2)}}

= min{r m}n{ﬁa(m), 5_0‘(@)}, rmin{3%(y1), B%(y2)}}

= rmin{ﬂg(—, (z1,x2), ﬂga (y1,92)}

and

ASa (1, 22) * (Y1, y2) * (21, 22))) * (21, 22))
= /\f:a(((xla@) * (Y1 % 21,2 * 22)) * (21, 22))
) * )

t\z

= )‘?/a((xl (Y1 x 21), 02 * (Y2, 22 (21,
= Ao ((z1 % (y1 % 21)) * 21, (T2 * (y2 * 22)) * 22)

= max{y*((z1 * (y1 * 21)) * 21), 7" (w2 * (y2 * 22)) * 22)}
> max{max{y*(z1),7"(y1)}, max{y*(z2), v*(y2)}}

= max{max{y*(z1), a(fﬂz)} max{y*(y1),7" (y2)}}

= max{AJa (z1,72), \Je (Y1,y2) }-

2
~
Y
Hence (ﬂg‘d,)\?ja) is an (&, a)-cubic new-ideal of X x X.

(«): For all (z,z) € X x X, we have

ﬁg& (0,0) = rmin{B&(O),Bd(O)} > ,[Lga (z,2)

and
X8 (0,0) = max{7%(0),7°(0)} < A (. 7).
Then
B3(0) = rmin{ 3% (0), F5(0)} > r min{F%(x), 5% ()} = % (x)
and

7%(0) = max{y*(0),7*(0)} 2£9 max{y*(z),y*(z)} = 7*(x),
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for all x € X. Now, for all z,y,z € X, we have

F((ax(ys2)ez) = rminffi((o

= 3 ((z* (y

= 15 ((z * (y
=15, (((z, 2
_ %, (o
> 7"Imn{,u6 (x,x
= rmin{r mm{ﬁ

x), B%(x)},r min{3%(y), B%(y)}}
—rmln{ﬂa( ), B4 Y)

}-

A"

and,

YU ((z* (y * 202) = max{y(( *Z)*Z))ﬁa((x*(y*Z))*Z)}

y*2), (yx2))) * (z,2))
= A (((=, Y, y) * (2,2))) * (2,2))
< max{Aa (2, 2), \Sa (¥, y) }
max{max{y*(z),7"(x)}, max{y*(y),v*(y) }}
max{y*(z),7*(y)}-

)

—_——

(
(
= Ao (((z,2
(

Hence (3% ~*) is an (&, o)-cubic new-ideal of X. O

Definition 4.7. Let (fi, \) and ((5, 1)) be cubic subsets in X. The Cartesian product
(i, \) x (9, ) is defined by (i x ) : X x X — D[0,1] and (A x ¢) : X x X — [0, 1],
where (fi x 0)(z,y) = rmin{ji(x),d(y)} and (A x ¢)(x,y) = max{\(z), ¥ (y)} for all
z,y € X.

Definition 4.8. Let (3%, A%) and (6%, ¥ be (&, a)-cubic subsets in X. The Carte-
sian product (%, A*) x (6%,9*) is defined by (7% x 6%) : X x X — D[0,1] and
(A x ®) : X x X — [0,1], where (i% x 6%)(z,y) = rmin{i%(x),0%(y)} and
(A x ) (x,y) = max{\*(x),v*(y)} for all z,y € X.

Theorem 4.9. If (i%, \*) and (0%,1*) are (&, a)-cubic new-ideals in a PU-algebra
X, then (A%, A*) x (0%, 4 is an (&, o)-cubic new-ideal in X x X.

Proof.

(A% x 6%)(0,0) = rmin{%(0),6%(0)}

> rmin{fi®(21),6%(x2)} = (A% x 6%)(z1,z2)
and

(A% x9%)(0,0) = max{A%(0),%(0)}
< max{A*(21), ¥ (22)} = (A" x ) (21, 22).
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for all (x1,22) € X x X. Let (21, 22), (y1,92), (21,22) € X x X. Then we have that

(A% % 6%) (w1, @2) * ((y1,92) * (21, 22))) * (21, 22))
= (A% x 0%)(((w1, w2) * (Y1 * 21, Y2 * 22)) * (21, 22))

= (A% x 0%)((w1 % (y1 * 21), 2 * (y2 * 22)) * (21, 22))

= (A% x 0%)((z1 % (y1 % 21)) * 21, (w2 * (y2 * 22)) * 22)
= rmin{a% (@1 * (y1 * 21)) * 21), 0% (w2 * (y2 * 22)) * 22)}
> rmin{r rnin{[fj‘(ncl)7 A%(y1)}, rmin{ 6% (z2), 6% (y2) }}
= rmin{(a% x 6 (1, z2)

and
(A" x %) (21, w2) * ((y1,92) * (21, 22))) *
= (A" x ) (1, 22) * (Y1 * 21, Y2 * 22)) (21, 22))
= (A" x ) (@1 * (y1 * 21), w2 * (y2 * 22)) * (21, 22))
= (A" x ) (w1 * (y1 * 21)) * 21, (22 * (Y2 * 22)) * 22)
= max{A"(z1 * (y1 * 21)) * 21), ¥ (v2 * (y2 * 22)) * 22)}
> max{max{A\“(z1), \*(y1)}, max{y*(22),¥*(y2)} }
= max{(A* x ) (z1, 2), (A" X *)(y1,92)}.

Therefore (%, A\%) x (6%,4®) is an (&, o)-cubic new-ideal in X x X. O

(21, 22))

5. CONCLUSIONS

In the present paper, we have introduced the concept of (&, a)-cubic new-ideal
of PU-algebras and investigated some of their useful properties. We believe that
these results are very useful in developing algebraic structures also these definitions
and main results can be similarly extended to some other algebraic structure such
as PS-algebras, Q-algebras, SU-algebras , I S-algebras, 8 algebras and semirings. It
is our hope that this work would other foundations for further study of the theory
of BClI-algebras. In our future study of fuzzy structure of PU-algebras, may be the
following topics should be considered:

(1) To establish the interval value, bipolar and intuitionistic a-fuzzy new-ideal in
PU-algebras.

(2) To establish (7, p)-interval-valued a-fuzzy new-ideal of PU-algebras.

(3) To get more results in (&, «)-cubic new-ideal of PU-algebras and it’s application
(Cubic soft sets with applications in PU-algebras).

Acknowledgements
The authors would like to express sincere appreciation to the referees for their
valuable suggestions and comments helpful in improving this paper.

Algorithms for PU-algebra
Input (X: set with 0 element, *: Binary operation)
Output ("X is a PU-algebra or not”)
If X = ¢ then;
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Go to (1.)

End if

If 0 ¢ X then go to (1.);
End If

Stop: = false

1 =1;

While ¢ < | X| and not (Stop) do
If 0 % x; # x;, then

Stop: = true

End if

J=1

While j < |X]|, and not (Stop) do
k=1,

While k£ < |X| and not (stop) do

If (z; % zx) * (xj * x1) # x; * x;, then
Stop: = true

End if

End while

End if

End while

If stop then

Output ("X is a PU-algebra”)

Else

(1.) Output (”X is not a PU-algebra”)
End if

End.

Algorithms for PU-ideal in PU-algebra
Input (X: PU-algebra, I: subset of X)
Output ("1 is a PU-ideal of X or not”)
If I = ¢ then

Go to (1.);

End if

If 0 ¢ I then

Go to (1.);

End if

Stop: = false

1 =1;

While ¢ < |X| and not (stop) do

j=1

While j < |X| and not (stop) do

k=1

While £ < |X| and not (stop) do

If x; x2; € I, and x; * x1, € I then

If x; * x3, & I then

Stop: = false
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End if

End while

End while

End while

If stop then

Output ("I is a PU-ideal of X”)

Else

(1.) Output (I is not ("I is a PU-ideal of X7)
End if

End.

Algorithm for fuzzy subsets

Input (X: PU-algebra, A: X — [0,1]);
Output (" A is a fuzzy subset of X or not”)
Begin

Stop: =false;

i:=1;

While ¢ < |X| and not (Stop) do

If (A(z;) < 0) or (A(x;) > 1 then

Stop: = true;

End If

End While

If Stop then

Output (" A is an anti fuzzy subset of X”)

Else
Output (" A is not an anti fuzzy subset of X”)

End If
End

Algorithm for new-ideal in PU-algebra
Input (X: PU-algebra, I: subset of X);
Output ("I is an new-ideal of X or not”);

Begin

If I = ¢ then go to (1.);

End If

If 0 ¢ I then go to (1.);

End If

Stop: =false;

1:=1;

While ¢ < |X| and not (Stop) do
ji=1

While j < |X| and not (Stop) do
k=1

While k£ < | X| and not (Stop) do
If ;,z; € I and x, € X, then
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If (z; * (x; * 2x)) * o & I then

Stop: = true;
End If
End If
End While
End While
End While
If Stop then

Output (" Iis is new-ideal of X”)
Else (1.) Output ("I is not is new-ideal of X”)

End If
End
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