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1. INTRODUCTION

The fuzzy differential and integral equation (see e.g. [2, 3, 4, 6, 7, 10, 11, 19, 20,

, 23, 24] and references therein) are a very important topic of fuzzy analytic theory
as well as on their applications (see e.g.[1, 12, 21]). The study of fuzzy differential
equation has been extended to the random fuzzy differential equations (see e.g.
[13, 14, 15, 16, 25, 26, 27]). The random fuzzy differential equations (RFDEs) can
provide good models of the dynamics of real phenomena which are subjected to two
kinds of uncertainty: randommness and fuzziness, simultaneously. Here, it is called
a fuzzy random variable. We can find various definitions of fuzzy random variables
in [17, 18, 28]. The relations between different concepts of measurability for fuzzy
random variables are contained in the paper of Kim [28]. Malinowski [13] studied the
existence and uniqueness of solution to RFDEs under classical Hukuhara derivative.
In [14, 15] the different types of solution to RFDEs with kinds of two different
concepts of fuzzy derivative is studied. For the existence and uniqueness of solution
to RFDEs in [13, 14, 15, 16], author used the method of successive approximations.
From the idea of the paper [13, 14, 15, 16], Park and Jeong [9] discussed the existence
and uniqueness of solution to random functional fuzzy differential equations.

In this paper, inspired and motivated by Fei (see [25, 26]) and Malinowski (see
e.g. [13, 14, 15, 16]). We consider the random fuzzy integral equations of Urysohn-
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Volterra type. The paper will be organized as follows: In section 2 we collect the
fundamental notions and facts about fuzzy set space. We recall the notions of fuzzy
random variable and fuzzy stochastic process. In section 3, we prove the existence
and uniqueness results for the random fuzzy integral equations of Urysohn- Volterra
type. The continuity of solutions with respect to the coefficients of the equations is
discussed. In Section 4, we provide examples to illustrate the results.

2. PRELIMINARIES

Let K.(R?) denote the collection of all nonempty compact and convex subsets
of R?. The addition and scalar multiplication in K.(R?), we define as usual, i.e.
A, B € K.(R%) and X € R, then we have

A+B={a+blac A bec B}, A ={)Xa|a € A}.
The Hausdorff distance dg in K.(R9) is defined as follows

di (A, B) = max{sup inf — b|| pa, sup inf — bl pa
(A, B) mx{a‘gljé&”a IIRdvbgg;gAlla | re )

where A, B € K.(R%), ||.||g+ denotes the Euclidean norm in R%. It is known that
(K.(R%),dp) is a complete a metric space.
Denote E% = {u : R? — [0, 1] such that u(z) satisfies (i)-(iv) below}
(i) w is normal, that is, there exists an zg € R? such that u(zy) = 1;
(i) wis fuzzy convex, that is, for 0 < A < 1, u(Az1+(1—X)z3) > min{u(zy1), u(z2)},
for any 21, 2o € R%;
(iii) w is upper semicontinuous;
(iv) [u]® = cl{z € R : u(z) > 0} is compact.

Although elements of E¢ are often called the fuzzy numbers, we shall just call them
the fuzzy sets. For a € (0, 1], denote [u]® = {z € R% |u(z) > a}. We will call this set
an a—cut ( a— level set) of the fuzzy set u. For u € E? one has that [u]* € K.(R%)
for every a € [0,1]. For two number fuzzys uj,us € E? | we denote uy < us if and
only if [u]” C [ua]®.

If g : R4 x R — R? is a function then, according to Zadeh’s extension principle,
one can extend g to E? x B4 — E? by the formula

g(ur,uz)(z) = S(Up )min{ul(zl)vuz(@)}-
zZ2=g(z1,22

It is well known that if ¢ is continuous then [g(ui,u2)]* = g([u1]¥, [us]®) for all
up,up € B4 a € [0,1]. Especially, for addition and scalar multiplication in fuzzy set
space B, we have
[ur + uo]® = [ur]® + [ug]™, [Aua]™ = Alua].
where uy,us € E4 A € R\ {0} and « € [0, 1].
Let us denote

D(uq,uz2) = sup{dg ([u1]®, [ua]®) : 0 < a < 1}

the distance between u; and uy in B, where dg ([u1]®, [uz]®) is Hausdorff distance
between two set [u1]®, [uz]® of K.(RY). It is easy to see that D is a metric in E<.
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Some properties of metric D are as follows:

D(uy +ug,uz +uz) = D(uy,uz),
D()\’uh)\’l,Lg) = |)\|D(U1,U2),
D(Ul,UQ) < D(ul,U3)+D(U3,Uz),

for all uy,us,us € E% and A € R.

Let uy,us € E<4, if there exists us € E® such that w3 = us + ug then ug is
called the H-difference of uq,us and it is denoted u; © us. Let us remark that
up O ug # uy + (—1)uy.

We define 0 € E4 as 0(z) = 1 if x = 0, and 0(z) = 0 if z # 0.

The following remarks can be verified (see [4, 14, 15]).

Remark 2.1. If for fuzzy sets ui,us, us € E? there exist H-difference of u; © ug
and u1 © ug then D(uy © ug,0) < D(ug,u2) and D(u; © ug,u1 © uz) < D(uy,us).

Remark 2.2. If for fuzzy sets w1, ug, us, us € E¢ there exist H-difference of 1, © us
and uz © uy then D(uj © ug, uz © uyg) < D(ug + ug, us + uq).

Let (Q,F,P) be a complete probability space. A function x : Q — E? is called
fuzzy random variable, if the set-valued mapping [z(:)]* : Q — K.(R9) is a measur-
able multiplication for all a € [0,1], i.e. {w€ Q|[x(w)]* N B # @} € F for every
closed set B C R™. A mapping z : [a,b] x Q — E? is said to be a fuzzy stochastic
process if z(-,w) is a fuzzy set-valued function with any fixed w € , and z(¢,-) is
a fuzzy random variable for any fixed ¢ € R*. In [13], z(-,w) function is called a
trajectory. Beside concepts above, a fuzzy stochastic process z(t,w) € E? is called
continuous if for almost all w € Q the trajectory z(-,w) is a continuous function on
[a, b] with respect to the metric D.

Assume that u : [0,b] x Q x B¢ — E9 satisfies:

(c1) u.(t,z) : @ — E?is a fuzzy random variable for every ¢ € [0,b] and every
x € B,

(c2) with P.1, the function wu,(-,-) : [0,0] x EY — E9 is a continuous fuzzy
mapping at every point (tg,zo) € [0,b] x E? i.e. there exists Qg C © with
P(Qp) = 1 and such that for every w € Q the following is true: for every
€ > 0 there exists 6 > 0 such that for every ¢ € [0,b], and every z € E% it
holds

max{|t — to|, D(z,20)} < & = D(uy,(t, ), uw(to, o)) < €.
3. MAIN RESULT

In this paper, we consider the two kinds of random fuzzy integral equations of
Urysohn- Volterra type as follows:

(3.1) x(t,w) [O’b]:’]P'lxo(w) + / 9w (t, 8, u (8, 2(s5,w)))ds
0
and
(3.2) xo(w) (08, P-1 x(t,w) & (—1)/ 9w (ty 8, uu (8, 2(5,w)))ds
0
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Where g : Q x [0,b] x [0,b] x EY — E? x5 : Q — E? is fuzzy random variable and
u:Qx[0,b] x B4 — E? are a fuzzy stochastic process.

Denote %,(z9) = {x € E%: D(z,z0) < p}, p > 0. Assume that g : Q x [0,b] x
[0,b] x B,(z0) — E% and u : Q x [0,b] x B,(x0) — E¢ and satisfy the conditions:

(g1) there exists a constant M, > 0 such that D(g,(t,s,2),0) < M,, for every
(t,s) € [0,0] x [0,b], every & € B,(x0).

(g2) there exists a stochastic process Ly : [0,b] x Q@ — R, L,(-,w) is continu-
ous with P.1 such that D(gw(t,s,2), 9u(t, s,v)) < Lg(t,w)D(z,y), for every
(t,s) € [0,b] x [0,b], every z,y € B,(xo).

(ul) there exists a stochastic process L,, : [0, b] X
with P.1, such that D(u,(t,x), uy(t,y)) <
[0,0], every z,y € B,(xo).

Q — R, L,(-,w) is continuous
L, (t,w)D(z,y), for every t €

Theorem 3.1. Let g : Q2 x [0,0] x [0,b] x B,(x0) — E¢ and u: Qx[0,b] x B, (z0) —
E4 satisfy assumptions (g1) - (g2), (ul) and (c1) - (c2). Assume that there exist

0,8, B.1
some positive constant M, such that D(u(t, zo(t,w)),0) < M,. Then (3.1) has

unique solution z(¢,w) on [0, b].

Proof. The proof of Theorem 3.1 is similarly the proof of Theorem 3.2. Therefore,
we shall prove Theorem 3.2. O

Theorem 3.2. Let g : Q x [0,b] x [0,b] x B,(z0) — E¢ and u : Q% [0,b] x B,(z0) —
E4 satisfy assumptions (g1) - (g2), (ul) and (cl1) - (c2). Assume that there exist

_[04],P1
some positive constant M,, such that D(u (¢, zo(t,w)),0) < M,. Assume that

there exists > 0 such that the sequence {z,,}22 to (3.2) given by

0,n],P.1
zo(t,w) L 2o (w),

t
zat,w) " o (w) & (<1) / G (b5, ts (5, 1 (5,0)))ds, n=1,2,....
0

is well-defined, i.e. the foregoing Hukuhara differences do exist. Then (3.2) has
unique solution z(¢,w) on [0, 7], r < b.

Proof. Define v := {b, ng_l}. Note that for every t € [0,7], every w €  we have

[0,9],P.1

D(z1(t,w),zo(t,w)) = D(mo(w)@(—l)/o gw(t,s,uw(s,xo(w)))ds,xo(w)>

[0,9],P.1 t 2\ [0,9],P.1
< D / 9w (t, 8, U (8, 20(w)))ds, 0 < Myy.
0
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and for every n > 2
[0,7), P.1 k !
D({En(t, W);xnfl(t,w)) = D gw(t,s,uw(s,xn,l(s,w)))ds, gw(t,s,uw(s,xn,g(s,w)))ds
0 0

0], P.1 [t
< / D(gw(t, 8, uu (8, Tn-1(8,w))), 9w (t, 8, Uuw (8, n—_2(w))))ds
0

[05],P1 ft
< /Lg(s,w)D(uw(s,xn_l(s,w)),uw(s,xn_g(s,w)))ds
0

[0,7],P.1 t
L) [ Lulss)Dlarn1(5,), 0na(s.0))ds
0
(0,7],P.1 ¢
Lg(w)Lu(w)/ D(2p-1(8,w), Tn—2(s,w))ds
0
P.1 P.1
where Lg(w) = sup Lgy(s,w), Ly(w) = sup Ly(s,w).
s€[0,7] s€[0,7]

In particular,

0,7, P.1

D(;vg(t,w),acl(t,w))[ = D(/O gw(t,s7uw(s,$1(s,w)))ds,/0 9w (t, s,uw(s,xo(s,w)))ds>

D5l 1 D)t 1005, ) s
0

t

[0,7],P.1
Ly(s,w)D(uy(s,z1(s,w)), uu(s,zo(s,w)))ds

S~

[0,9],P.1 ¢
0 SJP’ Ly(w)Lu(w) /0 D(z1(s,w), zo(s,w))ds
[0,721?.1 M, [Lg(w)Ly(w) - t)]2

T Lyw)Lu(w) 2! ’

where Lg(o.))ﬂmi1 sup Lg(s,w), Ly(w) = sup Ly(s,w).
5€[0,7] 5€[0,7]

Further, if we assume that

[0,7], .1 ¢
D(zp-1(t,w),tn—2(t,w)) < Lg(w)Lu(w)/O D(zp—2(s,w), 2n-1(s,w))ds
[O’Vym M, . [Lg(w)Lu(w) - ]!
T Ly(w)Ly(w) (n—1)! '
then we have
0,7], P-1 t
D(z,(t,w), xn-1(t,w)]) < Lg(w)Lu(w)/O D(zp-1(s,w),zp—2(s,w))ds
0LPT My [Ly(@)Lu(w) 4"
T Lg(w)Ly(w) n!
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Hence, for n > m > 0 we have

. o) e (o LM, " [Ly(w) Ly (w) - 1)
Sy Pl e S TG 2 R

n [Lyg(w)Ly(w) - ¢)*
The almost sure convergence of the series > [£g() k'(w)

k=m+1 :
any € > 0 one can find n € N large enough, such that for n > m > ng,

implies that for

P.1
(3.3) sup D (wy(t,w), T (t,w)) < e
te[0,7]

We can infer that there exists Qg C Q such that P(g) = 1 and for every w € Qg the
sequence {z, (-, w)} is uniformly convergent. For w € €, let us define = : [0,7] xQ —
E? in the following way: z(-,w) = 2*(-,w) if w € Qp, and in the case w € Q\Qo,
x(-,w) as freely chosen fuzzy function. Then sup D(z,(t,w),z(t,w)) = 0, as n —
t€[0,9]

oo with P.1 and z(t,w) is a continuous fuzzy stochastic process.

We shall prove that x(t,w) is a solution of the problem (3.2). Since for every
t € [0,] one has

sup D(mo(w)e(—l)/o gw(t7s7uw(s,xn(s,w)))ds,xo(w)9(—1)/0 gw(t,s,uw(s,x(s,w)))ds>

te(0,7]

P.1
< Ly@)Ly(w) sup D(aa(t,w),(t,w)).
t€[0,7]

Thus, by Lesbesgue dominated convergence theorem, as n — oo, we infer that

D (xo(w) e (—1)/0 9w (t, 8, U (8, 2n (8, w)))ds, zo(w) © (—1)/O Ju(t, s, uw(s,x(&w)))ds) Blo.

Note that

te(0,7]

sup D(x(t,w),xo(w)@(—l)/o gw(tasauw(saf(svw)))d*S)

P.1 t
S sup D(x(t,w),mn(t,w)) + sup D l’n(t,w),l’o(UJ)@(*l)/ gw(tasvuw(s7xn—l(saw)))ds
t€[0,7v] t€[0,v] 0

t€[0,7]

+ sup D(mo(w)Q(l)/O gw(t,s,uw(s,:z:n_l(s,w)))ds,zg(w)@(71)/0 gw(t,s,uw(s,x(s,w)))ds>

P.1 t
< sup D(z(t,w),z,(t,w)) + sup D<xn(t,w),xo(w)@(—1)/ gw(t,s,uw(s,xn_l(s,w)))ds>
te[0,v] te[0,] 0
+ Ly(w)Ly(w) sup D(zn—1(t,w),z(t,w))
t€[0,7]
150
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It is easy to see the first term of the right-hand side of the inequality uniformly
converges to zero, whereas the second is equal to zero. One obtains

D(x(t7w)7$0(w) O (_1)/0 gw(t,s,uw(s,x(s,w)))ds> OALELy

Hence the fuzzy process z(t,w) is a solution to (3.2). O

In what follows, we will discuss the continuity of the solution to the random fuzzy
integral equations of Urysohn- Volterra type with respect to the coefficients of the
equations. Let us consider the equation

[0,4],P.1

(3.4) x(t,w) zo(w) © (—1)/0 9w (t, s, uy (s, z(s,w)))ds

and a sequence of equation

(3.5) (£, w) L

t
Zo,n(w) © (—1)/ G (ty 8, U (8, Tn (s, w)))ds.

0
Theorem 3.3. Let g : Qx [0,b] x [0,b] x B,(x0) — E¢ and u: Qx[0,b] x B,(z0) —
E4 be such as in Theorem 3.2. Let z(¢,w) denote the solution of (3.4) and =, (t,w)
denote the solution of (3.5). Then

P.1
sup D(zp(t,w), z(t,w)) < Mexp{Ly(w)L,(w)b},
te[0,7]

sup Lg(s,w), Lu(w) = sup Lu(s,w).

s€[0,7] s€[0,7]

[0,4],P.1 P.1

where M D(x,n(w), o(w)), Ly(w)

Proof. For every t € [0,7], every w €  we have
D(z,(t,w), z(t,w))

= D(zo(w) S (71)/0 Gu(t, s, uu(s, z(s,w)))ds, xo.n(w) S (71)/O gw(t, s, uw(s,xn(s,w)))ds>

[07"/]a]p‘1 t t
< D(zoyn(w),xo(w))—l—D(/ gw(t,s,uw(s,x(s,w)))ds,/ gw(t,s,uw(s,xn(s,w)))ds>
0 0
[0,4],P.1
< D(zgn(w),zo(w / D(gu,(t, s,uy(s,z(s,w))), gu(t, s, uw (s, zn(s,w))))ds
[0,4],P.1
< D(zon(w),zo(w)) + / D(z,(s,w),x(s,w))ds
Due to Gronwall’s lemma in [13] we obtain
[017]7P'1
D(an(t,w), 2(t,w)) < Mexp{Ly(w)Lu(@)t,
whereM[Oﬁ’P'ID(xovn(w),zg(w)),Lg(w)Pil sup Lg(s,w),Lu((,u)IPi1 sup Ly, (s,w).
s€[0,7] s€[0,7]
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Corollary 3.4. Under the assumptions of Theorem 3.3. Let z(t,w) and x,(¢,w)
denotes the solution of (3.5). Then

P.1
sup D(zp(t,w),z(t,w)) < 0.
t€[0,7]

4. EXAMPLE

In the section, we shall consider the special case of the random fuzzy integral
equations of Urysohn- Volterra type. If u,(¢,2(t,w)) = z(t,w) then the problem
(3.2) can be written as

(4.1) x(t,w) oeLF1 zo(w) & (-1) /0 9w (t, 8, x(t,w))ds.

Let us denote the a-cuts (a € [0,1]) of  as [z(t,w)]* = [z{(t,w), z&(t,w)] and
[Zo(w)]* = [ff(t,w), [X(t,w)], where z{(t,w), x0(t,w) f(t,w) and f(t,w) are
some real-valued stochastic process. Let (Q, F,P) be a complete probability space.
Consider the following random fuzzy integral equations

t
(4.2) x(t,w) [O’b]z’P'lxo(w) S (—1)/ k(t, s,w)xz(s,w)ds.
0
Using the a-cuts of z, f we obtain
(tw) T )+ [y (s, w)at (5, w)ds,
0.8, P.1 -
(43) wtw) " () + fy s w)a (s w)ds
P.1
CC?(O,LL}) = fla(o’w)’
« 1 «
Ly (O7w) = I (Oaw)
or
w(tw) O fp ) + [ Rl s w)e” (s, w)ds,
N (0,6],B.1 ., t -
) 2 (t,w) " pa(tw) + [ R s w)a (s, w)ds,
x?(O,w) le fla(o’w)v
« ]P'l «
22(0,0) 2 £2(0,).
where
Kts,waf(s0), k(tsw) =
t,s,w)xi(s,w), t,s,w > 0,
k(t, s, w)z® (s, w) = l 0..7.1

k(t,s,w)zd(s,w), k(t,s,w) < 0,
[0,b], P.1
k(t7 S,OJ)CC?(S, w)’ k(t’ S’ w) Z 0’

[0,b],P.1
k(t,S,W).’E?(S,W), k(ty S,Cd) <

k(t,s,w)z*(s,w) =

Example 4.1. Let Q = (0,1), F- Borel o-field of subsets of {2, P-Lebesgue measure
on (£, F). Let us consider the integral equation

t
[—w,O,w}—/ x(s,w)ds,
0
152
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where 2o (w) mjé?i[—w,O,w], k(t,s,w) 1.

To determine the initial condition, we substitute ¢ = 0 into both sides of (4.5)
to find z(0,w) Pz'l[—w,O,w]. Then the problem (4.5) is equivalent to the following
system:

[0,5], P.1

1 (t,w) " 0 - D — ) a3 (s, w)ds,
N [0,5], P.1 N
(4.6) & (t,w) . 1: (1-a)w— fg z(s,w)ds,
2 (0, w) = (o — Nw,
22(0,w) = (1 - a)w

0
The exact solution z(-,-) : [0,5] x Q — E* is given by
[z(t,w)]* = [(a — Dwe™,0, (1 — a)we™].

0.25

02F 1
™ Lelf solution

0151 ™ Right solution i

RN b

0.0ar B

¥t 112)
=

00ar R

01 -

0.2F B

025 1 1 1 1 1 1 1 1 1
0 : ; : :

FIGURE 1. Graph 2D of the solution to (4.5)

From the graph of [z(¢,w)]* is drawn Fig 1. We see that diameter of valued of
solution [z(-,w)]®, w is fixed, is decreasing with P.1.
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FIGURE 2. Graph 3D of the solution to (4.5)

Example 4.2. Let 2 = (1, 3), F- Borel o-field of subsets of €2, P-Lebesgue measure

n (Q,F). Let us consider the integral equation
t
(4.7 x(t,w) 0.2L% [1 +w,24+w,3+w| — / e (W) (s, w)ds,
0

where zo(w) “L10, k(t,5,0) VL1,
To determine the initial condition, we substitute ¢ = 0 into both sides of (4.7)

to find z(0,w) Pﬁl[l +w,2 + w,3 4+ w]. Then the problem (4.7) is equivalent to the
following a system:

;z:;l(t,w)[o‘im(1+ —a) fote (140) 205, w)ds
o (0,5],P.1 _ t (14+w)
(4.8) x&(t,w) o (3 ) — [ye (s, w)ds,
zr(Ow)=14+w—q,
(0, w) Z34tw—a

The exact solution z(-,-) : [0,5] x Q — E! is given by
[2(t, W)™ = [(1+w —a)e” T (3w —a)e” H)],

—~
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— x|°° . Lelf solution

sy Right solution

FIGURE 3. Graph 2D of the solution to (4.7)

FIGURE 4. Graph 3D of the solution to (4.7)

From the graph of [z(¢,w)]* is drawn Fig 3. We see that diameter of valued of
solution [z(-,w)]®, w is fixed, is decreasing with P.1.
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