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ABSTRACT. In this paper, we decompose a rectangular intuitionistic
fuzzy matrix into a product of idempotent and a rectangular intuitionis-
tic fuzzy matrix of the same dimension using implication operators, study
some properties of decomposition and we have obtained equivalent condi-
tion for an intuitionistic fuzzy matrix to be reflexive and transitive.
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1. INTRODUCTION

After the introduction of the Intuitionistc fuzzy set theory by Atanassov [5], the
fuzzy matrix theory has been extended to IFM theory using max-min composition by
Im [11] et.al., and developed by several authors [15, 16, 24, 25, 26, 27]. Yager et.al[28]
represented an Intuitionistic Fuzzy element as Intuitionistic Fuzzy values and for
any two Intuitionistic Fuzzy values (a,a’), (b,b'), the addition and multiplication
have been defined as, (a,a’) + (b,b’) = (max{a,b},min{a’,b'}) and (a,a’)(b,b') =
(min{a,b}, mazx{a’,b'}). The set of all IFMs of order m x n is denoted by .%,,,, and
Fn, means square IFMs of order n. For A € #,,,,, B € #,, the Intuitionistic fuzzy
matrix multiplication is defined as

LAB = (V(air A bis), \(ajy V by;)) by Lee and Jeong [13],

k k

2. AB = (max{min{aik, by;}}, min{maz{aj;, by ;}}) by Liu and Huang[l1] and
3. AB = ((>_ airbyj, [] (ajy, + b)) by Sriram and Murugadas(24].
k=1

All the above three definitions have the same meaning. Pal et al.[20] studied and
developed IFM in 2002. Shyamal and Pal[23] obtained the distance between IFM.
Bhowmik and Pal [0, 7] studied about circulant IFM and generalized IFMs. Khan
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and Pal [12] discussed about intuitionistic fuzzy tautological matrix. Adak et. al
[, 2, 3, 4] discussed some properties of generalized intuitionistic nilpotent fuzzy
matrices over distributive lattice, applied generalized IFM in multi-criteria decision
making and studied some properties of intuitionistic fuzzy block matrix. Mondal
and Pal [17, 18] studied similarity relation, invertibility, eigen values of IFM and
inclined IFM. Further Pradhan and Pal [21, 22] discussed some results on g-inverse
of IFM and Atanassov’s IFMs. The idempotent IFM, transitive IFM and nilpotent
IFM play a vital role in the study of similarity measures in IFM theory.

Lee and Jeong[13] decomposed a transitive IFM into a sum of nilpotent IFM and
symmetric IFM. Sriram and Murugadas[26] decomposed an IFM as a sum of {a, &')-
cut IFMs. Hiroshi Hashimoto[3, 9, 10] used <, < operators in Fuzzy matrices
and obtained some interesting results. Sriram and Murugadas[24] applied this «+
operator to IFM and studied about g-inverse and sub-inverse of IFMs. Normally for
A, B either in FM or in IFM A + B > A, is true if we apply + component wise,
which is used to find superiority between A and B. Similarly A «— B < A, is true if
we apply ~— component wise, which is used to find inferiority between A and B.
Murugadas and Lalitha [19] obtained some relations between the operators < and
— . In this paper we decompose an IFM into a product of idempotent IFM and
rectangular TFM.

2. PRELIMINARIES

Definition 2.1 ([5]). An Intuitionistic Fuzzy Set(IFS) A in E (universal set) is
defined as an object of the following form A = {{x, ua(z),va(z))/x € E}, where
the functions: pa(x) : E — [0,1] and va(z) : E — [0,1] define the membership
and non-membership functions of the element x € E respectively and for every
r€E:0< gy +rvalz) <1

Definition 2.2 ([24]). For (z,z'), (y,
(1,0) if (,
(,a') if (

y'y € IFS, define
> (v,y)
) <

(v,y")
and

x, o'y if (z,2) > (y,y
@y — (y) = 00 T > 6]
(0,1) if (z,2") < (y,9).
Here (z,2') > (y,y’) means z > y and =’ < ¢ and (z,2’) > (y,y’) means either
x>yora <y.

X
(z,2") < (y,y) =
T,T

Definition 2.3 ([20]). Let X = {z1,x2,...x,n} be a set of alternatives and Y =
{y1,y2,...yn} be the attribute set of each element of X. An Intuitionistic Fuzzy
Matrix (IFM) is defined by A = (((zi,y;), pa(xi, y;),valzs,y;))) for i = 1,2..m
and j = 1,2,..n, where g : X XY — [0,1] and v4 : X XY — [0, 1] satisfy the
condition 0 < pa(x;,y;) + va(xi,y;) < 1. For simplicity we denote an intuitionistic
fuzzy matrix (IFM) as a matrix of pairs A = ({(a;;, aj;)) of non negative real numbers
satisfying a;; + a;; <1 for all 4, j.

For any two elements A = (<a1],agj>) B = (<b”, b;]>) € Fmn and C € Fy,,, define

1. A® B = ((max{as;, bi; }, min{aj;, ”}>), (component wise addition).
12
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2. A® B = ((min{a;, bij}, max{aj;b};})) = A® B, (component wise multipli-
cation) forall 1 <i<mand 1 < j <n.

3. J = ({(1,0)) the Universal matrix(matrix in which all entries are (1, 0)).
(1,0 ifi=j
(0,1) ifi#j
The Zero matrix O is the matrix in which all the entries are (0, 1).

5. A> Bif a;; > by anda b for all ¢, j and A > B if a;; > b;; oragj <b;;j
for atleast one i, j, in which cabe A and B are comparable.

6.A= ({(a a;;,aiz)), (complement of A).

7. AT = ((a;s,al;)), (transpose of A).

8. AC = ((maxi_ymin{ar, cx;}, ming_ymax{a, ci;})) = ((Cj=y incrjs [Tem (al+
ij)))-

9. A+ C = (minj_,((aik, ajy) < (crj ki) = (Ngzi (@in, ajy) < (cijs ci;)))-

10. A~ B = ({aij, aj;) ~ (bij, bw>)’ (component wise).

11. For R € Z,,AR = R — R”, (component wise).

Definition 2.4 ([27]). Let R € .%,, then

. If R > I, then R is reflexive.

If R? < R, then R is transitive.

. If R? > R, then R is compact.

. If R is reflexive and transitive, then R is idempotent.

. In R, if all the diagonal entries are (0, 1), then R is irreflexive.

6. R is symmetric if and only if (ri;,r};) = (rji,77;), for all i, j.

7.R is antisymmetric if and only if R® RT < I,,, where I, is the unit matrix with
all entries in the main diagonal as (1,0) and remaining entries with (0,1). R® RT <
L, means (r;;,7;;)(rji,r5;) = (0,1) for all i # j and (7, 7};) < (1,0) for all i. So if
<TZJ’T1]> <1 O> then <TJZ7 jZ> <O’ 1>

8. If R is irreflexive and transitive, then R is nilpotent.

Lemma 2.5 ([21] ). If A= ((a;,a};)) is an m x n IFM, then A < AT is reflexive
and transitive.

i35 Y54

4. I = ((0i,07;)) (Identity Matrix) where (d;;,d;;) = {

Ok W N

3. DECOMPOSITION OF AN IFM USING <~ AND +— OPERATORS

Throughout this section matrix means ITFM.
Let A; be the i'" row of A, if A; > Aj, then (g5, g};) = (1,0), where (gy;,g};) is the
(i,7)" entry of G = A < AT. Hence the matrix G represents inclusion among the
rows of A.

Proposition 3.1. Let G = ({(gij,9i;)) € Fm. Then the following conditions are
equivalent.

1. G is reflexive and transitive.

2.G+«GT =G.

Proof. 1 =2
Suppose \j_; ((9ik, 9ix) < (9jk, 9y)) = (e, ¢) > (0,1).
Setting k = j we have (g5, g;;) > (¢, ).
Next we show that G < G + G7.
13
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Suppose that (gi;, g;;) = (c,¢’) > (0, 1)

If (gi, gi;) < (e,¢') and (gi1, 9;) < (gj1, gj;) for some [, then

(gi1, 95) = (9ig2 950950, 951) = (e W gji g5 = (e, ) ga, ) = (ga, 9}y)- So that
j j

(9i1, 9i1) = (9j1, 9y), which is a contradiction.

Hence Aj_y ({gik> 9i) < (Gjk> Gix)) = (e, ¢) , that is G < G+ GT.

2 = 1 is true from Lemma 2.5 0

Lemma 3.2. If A = ((aij,a;)) € Fmn, then (A AT)A = A.

Proof. Let B = <bw’ 2J> (A <+ ATHA.

That is (bi;, zg> > one1 Ny (e, ajy) (art, agy)){an;, aj;)

Since A + AT is reflexive , A < B. Next we prove that A > B

Suppose that (b;;, b;;) > (a”, a;;), then

Nz (ai, afy) <= (an, ajy)) > (aig, ajy) s (ang, aj,;) > aij, aj;) for some h. For I = j
we have (aij, aj;) (ang, ajp;) > (aij,aj;), so that (a;,aj;) > (a},;ap,;), which is a

contradiction. Hence (b, ;) < (aij,a;;) for all 4, j. Thus A > B. O

Remark 3.3. From Proposition 3.1 and Lemma 3.2 it is evident that (AT < A)7
is also reflexive and transitive and A(AT < A)T = A.

Lemma 3.4. Let A = (<a”, Z]>) € Fmn, and T = (< Zj,t;J>) € Fm, is transitive,
then TA =T(A «— NA), where N = ({n;;,n zj>) € Fp, is nilpotent such that N < T.

Proof. Let B = ((bij,b};)) = TA and C = ({cij, ¢};)) = T(A ~— NA).

Z]? 7,_7
This shows (b;;,b;;) = Zk:1<tik,t§k><akj,a§€j> and
m n
(Cigs Cig) = Dpmr it Tige) (kg ) ~= D202y (e, ) aa, i)

Clearly C' < B, we claim that C > B.
Suppose not, let (b”,b;J> (b,0") > (0,1) and (c;j, ¢};) < (b, b').

This gives (t;;0),t zl( )) (b, 0, {a O)J’a’l(O)]> (b,b") for some k = [(0).
Since (bij,b;;) > (ci;, ci;), we have
Zl 1<nl(0)l7nl(0)l><al])alJ> > <al(0)jaal(0)]> > < , > Thus
<nl(0)l(1)7”l 1)> (b,0'), <al(l)jaal(1)]> (b,v"), < 10)1(1): b ( Y( > > (b, b') for some
I(1).
(1)

Therefore, (ti(1), 21(1)> (0,0), {aiq);, ;(1)j> (0,0, <nl(0)l(1)7nl(0)l(1)> (0,0).
Again since (bij, b;;) > (c};, c};), we have
s oy My (as, agy) = {aygs aiyg) = (0,0).
Thus <”l(1)l(2)»"§(1)l(2)> > (b, V'), <“l(2)jvaf(2)j> > (b, V), <tl(1)l(2)»t§(1)z(2)> > (b,b') for
some [(2). Therefore,

(2) (2)
(tircz)s tiygz)) = (0 V') @iz @iayg) 2 08 (mygopacas Moz = (05 0')-
If we repeat the same procedure we get

(m) /(m)

(til.(m),t;l(m)). > (b, V), <ai(m)j’a;(’.”)j>. > (b, 5), (031 (my M0y (my) = (050)-
This contradicts the fact that N is nilpotent. Hence B < C.
Thus the Lemma holds.
In the dual fashion, we can prove the following Lemma. O

14
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Lemma 3.5. Let A = (<a”, ZJ>) € Fmn, and R = (<n], ”>) € F,, is transitive,
then AR = (A ~— AP)R, where P = ((nij,n};)) € Fn, is nilpotent such that P < R.

PTOOf' AR = (<EZ 1 aZkrk.ﬂHZ 1( 'Lk =+ Tk?j)>)7
A AP = ({agg, af;) ~ (3= aiwbijy [ (@l + 1j;)))
Let AR = ((bij, b};)), A — AP = ({ti;, t;;)),
(A~ AP)R = ((3)=y taerng, oo (G +735))) = ((eigy cj))-
Clearly, ({cij, ;) < ({bij, bi;))-
Let us claim that ((c”,cw>) ((b”,b”)). Suppose ((b”,b”» # ((0,1)) > ((cij,cgj)).
Then (ai, aj;)(rij,m1;) > (tus i) (rij, ry;) for some I.
<all7 zl> > < ily zl>
= (@i, ajy) > [(aa, ajy) ~— (=1 @i, [Tiey (@l + i)
= (air, ayy) > [(air, ajy) ~ (@inPni; aj,, + ply;)] for some n.
<all7 zl> S <a1np7ll7 Mz +pnl> <aln’ 1n><p’ﬂl7pnl>
<a1’ﬂ7 7,n> - <CL1l, zl> and <p7’bl7pnl> - <all’ 1l>
<pnl7pnl><pnl7p'/n,l> = <pnl7p:7,l>(2) > <ail a/‘l>
Proceeding like this we get (p,, pl,;)™ > (as,a;) that is (0,1) > (a;, al;) and hence
(@i, ap;)(rij,ry;) < (0,1) which shows (bi, ;) < (0,1), which is a contradiction to

our assumption. Therefore ({cij,c};)) > ({(bij, b};))- O

Theorem 3.6. If A = ((ai;,a};)) € Fn, then A = (A « AT)(A — NA), where
N = ({nij,n} >) € Fm is nilpotent such that N < (A «+ AT).

Proof. By Lemma 2.5 (A < AT) is transitive, therefore by Lemma 3.4

(A+ ATYA = (A + AT)(A — NA). Using Lemma 3.2

A= (A+ AT)(A— NA).

Similarly we can obtain the following theorem. 0

Theorem 3.7. If A= (<aij,a;j>) € Fn, then

A = (A« AN)(AT « AT, where N € Z, is nilpotent matriz such that N <
(AT « A)T.

Remark 3.8. Since an irreflexive and transitive matrix is nilpotent, in the Theorem
3.6 and Theorem 3.7 we can consider N as even irreflexive and transitive matrix.

Lemma 3.9. Let T = ((tij, t};)),U = ((wij,uj;)) € Fm be transitive matrices. If
T < U, then T ~— U7T is irreflexive and transitive.

Proof. Let V = ((vij,vj;)) =T ~— Ur.
That is (vij,vi;) = (tij, ti;) ~— (ugi, uj;), then (v, vi;) = (tii, 1]
(0,1), so that V' is irreflexive. Suppose (vik, vj)(vkj, vi;) = (¢, ¢)
two cases

Case 1. <tzk>t;k> <C7 Cl>7 <tik>tgk> > <uki7u§m’>’ <tkj7t;cj> > <C, cl>'

Case 2. < ik zk> 2 <C’ C/>a <tkj7t;cj> = <C, Cl>7 <tkj7t;cj> > <ujk7u;'k>'
I casel {fiks ) = (6, ) (i Hy) 2 (0¢) = (i By )t tog) = (b L) 2 ().
Suppose that (uji, u};) > (¢, ).
(Upis upy) > (wijy, up ;) (ujis wf;) > (e, '), which is a contradiction to the fact that
(tir, tiy) = (¢, ), (tin, ty,) > (upi, up,;). In Case 2 also we have (t;;,t;;) > (c,c'),

15
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(Ujky i) > (ugi, uly) (uir, ujy) > (e, ¢’) which is a contradiction.

Therefore (uj;, u’;) < (c,c’), so that (vij,v};) > (c,c’). Thus V is transitive.

O

Using Theorem 3.6,Theorem 3.7 and Lemma 3.9, we obtain the following corol-
laries.

Corollary 3.10. If A € Z,,,,thenA = (A + AT)(A «— AT A),where T = A + AT.

Corollary 3.11. If A € Fpp, then A = (A — AAR)(AT « A)T, where R =
(AT « A)T.

Proposition 3.12. If A € %,,,, and F € #,;, then AF = (A — AN)F, where N
is nilpotent and N < F <+ FT,

Proof. By Lemma 3.5, (A ~— AN)(F «+ FT) = A(F < F7T).
By Lemma 3.2, (F + FT)F = F, thus (A — AN)(F < FT)F = A(F + FT)F. So
that (A — AN)F = AF. O

Proposition 3.13. If T € ., and F € Fpy,then TF = T(F «— NF), where N
is nilpotent and N < (TT + T)T

Proof. Using Lemma 3.4, we have for any transitive matrix 7" and a nilpotent matrix
N,

TF=T(F «— NF),N <T,since (TT +- T)7T is transitive

(TT « T)Y'F = (TT + T)T(F — NF)

T(TT + T)'F =T(TT + T)"(F — NF).

But from Remark 3.1, T(T7 < T)T =T, thus

TF=T(F «— NF) with N < (TT « T)7T. O

Since irreflexive and transitive means nilpotent, in Proposition 3.12 and Proposi-
tion 3.13 we can replace N by AR. In the following Example we decompose an IFM
into an idempotent IFM and a rectangular TFM.

(0.1,0.2) (0.6,0.3) (0.5.0.5) (0.1.0.2)
Example 3.14. Let A= |(0.1,0.2) (0.2,0.4) (0.2,0.6) (0.1,0.2)|. Then
(0.2,0.1) (0.4,0.2) (0.6,0.4) (0.3,0.1)
(1,0)  (1,0) (0.1,0.2)
R=A« AT = [(0.2,0.4) (1,0) (0.1,0.2)
(0.4,0.2) (1,00  (1,0),
0,1)  (1,0)  (0,1)
AR=R—RT=| (0,1) (0,1) (0, 1)]
(0.4,0.2) (1,0) (0,1),
(0.1,0.2) (0.2,04) (0.2,0.6) (0.1,0.2)
ARA=| (0,1) (0,1) (0,1) (0,1)

(0.1,0.2) (0.4,0.2) (0.4,0.2) (0.1,0.2),
16



P. Murugadas et al. /Ann. Fuzzy Math. Inform. 11 (2016), No. 1, 11-18

(0,1)  (0.6,0.3) (0.5,0.5)  (0,1)
A«— ARA = {(0.1,0.2) (0.2,0.4) (0.2,0.6) (0.1,0.2)
(0.2,0.1)  (0,1)  (0.6,0.4) (0.3,0.1),
(0.1,0.2) (0.6,0.3) (0.5.0.5) (0.1.0.2)
R(A — ARA) = [(0.1,0.2) (0.2,0.4) (0.2,0.6) (0.1,0.2)| = A
(0.2,0.1) (0.4,0.2) (0.6,0.4) (0.3,0.1).

4. CONCLUSIONS

Decomposition of rectangular IFM may be useful for decomposition of intuition-
istic fuzzy databases. Decomposition of IFM is closely related to reduction of intu-
itionistic fuzzy retrieval models. Can we decompose any IFM into a product of an
idempotent IFM and a nilpotent IFM?. The question can be extended by replacing
nilpotency by symmetry, transitive, compact etc.
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