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Abstract. In this paper, observing the drawback of the notion of
fuzzy countably compact space introduced by Wong [16] that it is not a
“good extension” of countably compact topological space, we have initi-
ated a new notion of fuzzy countably compactness, namely weakly fuzzy
countably compactness in fuzzy topological space which is a “good exten-
sion” of countably compactness of general topology. The concept of weakly
fuzzy countably compact space generalized both of the notions of weakly
fuzzy compact and fuzzy compact space, but is equivalent to weakly fuzzy
compact space under some certain conditions. Several characterizations
of this notion have been achieved. These besides, we have derived some
conditions under which the product of weakly fuzzy countably compact
spaces is weakly fuzzy countably compact.
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1. INTRODUCTION

Although the notion of compactness in general topology is an old concept, be-
cause of its wide applicability, even to day, a good number of mathematicians have
focused their attention for the various generalizations of this notion. As the results
countably compact, local compactness, paracompactness H-closedness [15], pseudo-
compactness etc. have been discovered.

Following the introduction of fuzzy sets by Zadeh [18], many research has been
carried out in the areas of general theories as well as applications. The fuzzy topology
was introduced by Chang [4]. Chang [4] defined fuzzy compact topological space in
the usual manner. After Chang, several notions of fuzzy compactness were initiated,
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namely countably compactness [16], sequentially compactness [16] and semicompact-
ness [16], weakly fuzzy compact [9] and fuzzy compact due to Lowen [9], strong fuzzy
compactness [9] and ultra-fuzzy compactness [9], α-compact [6] and α⋆-compact [6].
Lowen [9] showed that weakly fuzzy compact, strong fuzzy compactness, ultra-fuzzy
compactness, fuzzy compactness due to Lowen, and α-compactness are good ex-
tensions of compactness, but fuzzy compactness due to Chang and α⋆-compactness
are not good extensions of compactness of general topology. Lowen [9] also estab-
lished that the Tychonoff-like theorem on products are fulfilled by weakly fuzzy
compact, strong fuzzy compactness and ultra-fuzzy compactness, fuzzy compact-
ness due to Lowen and α-compactness, but not fuzzy compactness due to Chang.
Some recent research works related to fuzzy compactness are found in the papers
[2, 3, 7, 10, 11, 12, 13, 17].

In this paper, in section 3, we have first shown that fuzzy countably compact-
ness introduced by Wong [16] is not a “good extension” of countably compactness
of general topology and observing this drawback of the notion of fuzzy countably
compactness of Wong [16], we have proposed a new definition of fuzzy countably
compact space following the definition of weakly fuzzy compact space introduced
by Lowen [8] which is pronounced as weakly fuzzy countably compact space. The
classes of fuzzy countably compact spaces [16] and weakly fuzzy compact spaces [8]
are properly contained in the class of weakly fuzzy countably compact spaces. In
this section, we have established several characterizations of weakly fuzzy countably
compact spaces. We have also shown that fuzzy continuous images of weakly fuzzy
countably compact spaces are weakly fuzzy countably compact space. In section 4,
we have derived some conditions under which the product of weakly fuzzy countably
compact spaces is weakly fuzzy countably compact.

2. Preliminaries

Throughout this paper, spaces (X,σ) and (Y, δ) (or simply X and Y ) represent
non-empty fuzzy topological spaces due to Chang [4] and the symbols I, N and
IX have been used for the unit closed interval [0, 1], the set of all natural numbers
directed by usual order and the set of all functions with domain X and codomain
I respectively. The support of a fuzzy set A is the set {x ∈ X : A(x) > 0} and is
denoted by supp(A). A fuzzy set with only non-zero value λ ∈ (0, 1] at only one
element x ∈ X is called a fuzzy point and is denoted by xλ and the set of all fuzzy
points of a fuzzy topological space is denoted by Pt(X). For any two fuzzy sets A,B
of X, A ≤ B if and only if A(x) ≤ B(x) for all x ∈ X. A fuzzy point xλ is said to
be in a fuzzy set A (denoted by xλ ∈ A) if xλ ≤ A, that is, if λ ≤ A(x). The set of
all fuzzy points of X contained in a fuzzy subset A of X is denoted by Pt(A). The
constant fuzzy set of X with value ϵ ∈ [0.1] is denoted by ϵ. A fuzzy set A is said
to be quasi-coincident with B (written as Aq̂B) [14] if A(x) + B(x) > 1 for some
x ∈ X. A fuzzy set A is said to be not quasi-coincident with B (written as Aq̄B)
[14] if A(x)+B(x) ≤ 1, for all x ∈ X. A fuzzy open set A of X is called fuzzy quasi-
neighborhood of a fuzzy point xλ if xλq̂A. The set of all fuzzy quasi-neighborhood of
a fuzzy point xλ ∈ Pt(X) is denoted by Q(X,xλ). It is well-known that a function
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ψ : X → Y is fuzzy continuous [4] if for every fuzzy point xλ and every fuzzy quasi-
neighborhood V of a fuzzy point ψ(xλ), there exists a fuzzy quasi-neighborhood U
of a fuzzy point xλ such that ψ(U) ≤ V .

An ideal on a non-empty set G is defined as a non-empty family I of subsets
of G satisfying (i) ∅ ∈ I, (ii) A ∈ I and B ⊂ A ⇒ B ∈ I and (iii) A ∈ I and
B ∈ I ⇒ A ∪ B ∈ I. An ideal I on a set G is called non-trivial if G ̸∈ I. A
non-trivial ideal I on G is called admissible [5] if G − {n ∈ N : n ≥ λ} ∈ I, for all
λ ∈ G. Throughout this paper, I stands for an admissible ideal on G. For a net
{Fn : n ∈ D}, where D is a directed set of fuzzy sets in a fuzzy topological space X,
the set F -lim sup =

∨
{xλ ∈ Pt(X) : for each n0 ∈ N and for each U ∈ Q(X,xλ)

there exists n(≥ n0) ∈ D such that Uq̂Fn} is called fuzzy upper limit of the net. In
other case, F -lim sup = 0

¯
. The notion of fuzzy upper limit was generalized by Afsan

[1]. Let {An : n ∈ D}, where D is a directed set be a net of fuzzy sets of a fuzzy
topological space X. Then the fuzzy upper I-limit [1] of {An : n ∈ D} is defined
and denoted by FIUL(An) = ∨{xλ ∈ Pt(X) : for every fuzzy quasi-neighborhood
U ∈ Q(X,xλ), {n ∈ D : Anq̂U} ̸∈ I}.

A family Ω ⊂ IX is said to be fuzzy locally finite if for every fuzzy point xλ ∈
Pt(X), there exists U ∈ Q(X,xλ) such that U is quasi-coincident with finite number
of members of Ω. We recall that a fuzzy point xλ ∈ Pt(X) is called fuzzy cluster
point of a fuzzy sequence S = {xkλk

∈ Pt(X) : k ∈ N} in X if for every U ∈ Q(X,xλ)
and every k ∈ N, there exists an m(≥ k) ∈ N such that Uq̂xmλm

. The set of all fuzzy
cluster points of the sequence S is denoted by A(S). In fact, xλ ∈ A(S) if there
exists a subsequence of T = {x

λ
ki
ki

: i ∈ N} of S that converges to xλ.

3. Weakly fuzzy countably compact space

We first recall the definition of fuzzy countably compact set due to Wong [16]. A
fuzzy subset η ∈ IX is called countably compact if for each family {µk ∈ δ : k ∈ N}
satisfying

∨∞
i=1 µi ≥ η, there exist finite number of indices k1, k2, ..., kp ∈ N such

that
∨p

i=1 µki ≥ η. If η = 1
¯
and η is a countably compact set, then X is called a

fuzzy countably compact space.

The following example shows that fuzzy countably compactness of fuzzy topolog-
ical space due to Wong [16] is not a “good extension” of countably compactness of
general topological space.

Example 3.1. Let X be the closed unit interval [0, 1] with usual topology τ . Then
(X, τ) is compact and so countably compact, but not fuzzy countably compact be-
cause the countable open cover {µn : n ∈ N}, where µn(x) = 1− 1

n for (X,ω(τ)) has
no finite subcover for (X,ω(τ)).

Now we propose a new definition of fuzzy countably compactness, namely weakly
countably compactness following weakly compactness due to Lowen [8] that is a
”good extension” of countably compactness of general topological space.

Definition 3.2. A fuzzy subset η ∈ IX is called weakly countably compact if for
each family {µk ∈ δ : k ∈ N} satisfying

∨∞
i=1 µi ≥ η and for each ϵ > 0, there exist

finite number of indices k1, k2, ..., kp ∈ N such that (
∨p

i=1 µki)(x) ≥ η(x) − ϵ for all
951
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x ∈ X. If η = 1
¯
and η is a weakly countably compact set, then X is called a weakly

fuzzy countably compact space.

Following Theorem shows that weakly countably compactness of fuzzy topological
space is a ”good extension” of countably compactness of general topological space.
Since its proof is almost analogous to Theorem 4.1 in [8], we omit the proof.

Theorem 3.3. The fuzzy topological space (X,ω(τ)) is weakly fuzzy countably com-
pact if and only if (X, τ) is countably compact.

Remark 3.4. (i) Every fuzzy countably compact space due to Wong [16] is weakly
fuzzy countably compact.
(ii) Every weakly fuzzy compact space due to Lowen [8] is weakly fuzzy countably
compact.

Following example shows that none of above statements are reversible.

Example 3.5. (i) Let R be the set of all real numbers. Clearly, for each n ∈ N,
δn = {0

¯
, An, 1

¯
}, where An(x) = 1 − 1

n is a fuzzy topology on R [16] and for each
n ∈ N, (R, δn) is weakly fuzzy countably compact. Then clearly, the product fuzzy
topology on Y =

∏∞
i=1 Ri is δ = {0

¯
, 1
¯
} ∪ {π−1

n (An) : An ∈ δn, n ∈ N}. Then
this space is weakly fuzzy countably compact. In fact, for the fuzzy open cover
Ω = {π−1

n (An) : An ∈ δn, n ∈ N} (or any of its subcover) for Y and for given ϵ > 0,
we can choose an integer p > ϵ−1 such that π−1

p (Ap) ∈ Ω and π−1
p (Ap) ≥ 1− ϵ. But

(Y, δ) is not fuzzy countably compact.

(ii) Let (βN, τ) be the Stone-Cěck cementification of the the space of natural
numbers with usual topology. Then its proper dense subspace (X, τX), where X =
βN−{x} and x ∈ βN−N is not compact, but countably compact. Then by Theorem
4.1 in [8] the fuzzy topological space (X,ω(τX)) is not weakly fuzzy compact space.
Again, Theorem 3.3 ensures that (X,ω(τX)) is weakly fuzzy countably compact.

Definition 3.6. A fuzzy set η ∈ IX of X is said to have weakly fuzzy Lindelöf
property if {µα ∈ δ : α ∈ ∆} satisfying

∨
α∈∆ µα ≥ η and for each ϵ > 0, there exists

countable subset ∆0 ⊂ ∆ such that (
∨

α∈∆0
µα)(x) ≥ η(x) − ϵ for all x ∈ X. If

η = 1
¯
and η satisfies weakly fuzzy Lindelöf property, then X is called weakly fuzzy

Lindelöf space.

Following two Theorems provide the conditions under which weakly fuzzy com-
pactness and weakly fuzzy countably compactness are equivalent.

Theorem 3.7. A fuzzy topological space is weakly fuzzy compact if and only if it is
a weakly fuzzy countably compact space and weakly fuzzy Lindelöf space.

Proof. The proof is straightforward. □
Theorem 3.8. Let X be fuzzy second countable space. Then X is weakly fuzzy
countably compact if and only if X is weakly fuzzy compact.

Proof. It has already been seen that weakly fuzzy compact spaces are weakly fuzzy
countably compact. So, we prove only the reverse implication. Let X be a weakly
fuzzy countably compact space that is fuzzy second countable. Let B be a countable

952



B M Uzzal Afsan /Ann. Fuzzy Math. Inform. 10 (2015), No. 6, 949–958

open cover of X. Consider any fuzzy open cover Σ of X. Then for each V ∈ Σ,
there exists an U ∈ B such that U ≤ V . Clearly {U ∈ B : U ≤ V, V ∈ Σ} is a
countable open cover of X. Now weakly fuzzy countably compactness of X ensures

the existence of finite number of members U1, U2, ..., Uk ∈ B such that
∨k

i=1 Ui ≥
1− ϵ. Consider Vi ∈ Σ such that Ui ≤ Vi for each i = 1, 2, ..., k. Then

∨k
i=1 Vi ≥

1− ϵ. □

Theorem 3.9. For every fuzzy Hausdorff space X, the following conditions are
equivalent: (i) The space X is weakly fuzzy countably compact.
(ii) Every countable family {µk : k ∈ N} of fuzzy closed subsets of X with the property
that there exists ϵ > 0 such that for any finite number of indices k1, k2, ..., kp ∈ N,∧p

i=1 µki ̸≤ ϵ has non-empty intersection.
(iii) For every decreasing sequence {µk : k ∈ N} of fuzzy closed subsets of X, with the
property that there exists ϵ > 0 such that for any k ∈ N, µk ̸≤ ϵ,

∧
{µk : k ∈ N} ≠ 0

¯
.

Proof. (i)⇔(ii): Let X be weakly fuzzy countably compact and {µk : k ∈ N} be
a countable family of fuzzy closed subsets of X with {µk : k ∈ N} = 0

¯
. Then

{µ′
k : k ∈ N} is a fuzzy open cover of X. Let ϵ > 0 be an arbitrary. Then the weakly

fuzzy countably compactness of X ensures the existence of finite number of indices
k1, k2, ..., kp ∈ N such that

∨p
i=1 µ

′
ki

≥ 1− ϵ and so
∧p

i=1 µki ≤ ϵ.
Conversely, let X be not weakly fuzzy countably compact. Then there exists an

ϵ > 0 and a fuzzy open cover {ζk : k ∈ N} of X such that for any finite number of
indices k1, k2, ..., kp ∈ N,

∧p
i=1 ζki ̸≥ 1− ϵ. So {ζ ′k : k ∈ N} is countable family of

fuzzy closed subsets of X with the property that for any finite number of indices
k1, k2, ..., kp ∈ N,

∧p
i=1 ζ

′
ki

̸≤ ϵ. But
∧
{ζ ′k : k ∈ N} = 0

¯
.

(i)⇒(iii): Let X be weakly fuzzy countably compact. Let {µk : k ∈ N} be a
decreasing sequence of non-empty fuzzy closed subsets of X and ϵ > 0 be arbitrary.
Let

∧
{µk : k ∈ N} = 0

¯
. Then {µ′

k : k ∈ N} is a fuzzy open cover of X. The
weakly fuzzy countably compactness of X ensures the existence of a finite number
of natural numbers k1 < k2 <, ..., < kp such that

∨
{µ′

ki
: i = 1, 2, ..., p} ≥ 1− ϵ, i.e.∧

{µki : i = 1, 2, ..., p} ≤ ϵ. Since {µk : k ∈ N} is a decreasing sequence Fkp ≤ ϵ.

(iii)⇒(ii): Let {µk : k ∈ N} be a sequence of non-empty fuzzy closed subsets of X
with the property that there exists ϵ > 0 such that for any finite number of indices
k1, k2, ..., kp ∈ N,

∧p
i=1 µki

̸≤ ϵ. Consider the sequence {ζk : k ∈ N}, ζ1 = µ1, ζk =
µ1 ∧ µ2 ∧ ... ∧ µk for all k = 2, 3, ... . Then {ζk : k ∈ N} is a decreasing sequence of
non-empty fuzzy closed subsets of X, with the property that for any k ∈ N, ζk ̸≤ ϵ
and so

∧
{ζk : k ∈ N} ≠ 0

¯
. Hence

∧
{µk : k ∈ N} ̸= 0

¯
. □

Theorem 3.10. For every fuzzy topological space X, the following conditions are
equivalent:
(i) The space X is weakly fuzzy countably compact.
(ii) Every locally finite countable family {µk : k ∈ N} of non-empty fuzzy subsets
of X, with the property that there exists ϵ > 0 such that for any k ∈ N, µk ̸≤ ϵ, is
finite.
(iii) Every locally finite sequence S = {xkλk

∈ Pt(X) : k ∈ N} in X, with the property
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that there exists ϵ > 0 such that for any k ∈ N, xkλk
̸≤ ϵ, is finite.

(iv) For every fuzzy sequence S = {xkλk
∈ Pt(X) : k ∈ N} in X, with the property

that there exists ϵ > 0 such that for any k ∈ N, xkλk
̸≤ ϵ, A(S) ̸= 0

¯
.

Proof. (i)⇒(ii): LetX be a weakly fuzzy countably compact space. Let {µk : k ∈ N}
be a sequence of non-empty fuzzy subsets of X, with the property that there ex-
ists ϵ > 0 such that for any k ∈ N, µk ̸≤ ϵ whose range is not finite. Consider
the sequence {ζk : k ∈ N}, ζk =

∨∞
i=k cl(µi). Then it is a decreasing sequence of

non-empty fuzzy closed subsets of X, with the property that for any k ∈ N, ζk ̸≤ ϵ
and so by Theorem 3.4,

∧
{ζk : k ∈ N} ̸= 0

¯
. Let xλ ∈ ζk for all k ∈ N. Now

xλ ∈ ζk implies that xλ ∈ cl(µik) for some ik ≥ k. Thus xλ ∈
∧
{cl(µik) : k ∈ N}.

So, for every U ∈ Q(X,xλ), Uq̂µik for all k ∈ N. So {µk : k ∈ N} is not locally finite.

(ii)⇒(iii): The proof is straightforward.

(iii)⇒(iv): If the range of S is finite, then nothing to prove. So, let the range of S
is not finite and A(S) = 0

¯
. Then for each xλ ∈ Pt(X), there exists an U ∈ Q(X,xλ)

and an m ∈ N such that Uq̄xkλk
for all k ≥ m. So S is locally finite and so S is finite,

which is a contradiction.

(iv)⇒(i): Let X be not weakly fuzzy countably compact. Then it has a countable
fuzzy open cover Σ = {Uk : k ∈ N} and an ϵ > 0 such that for any finite number of
indices k1, k2, ..., kp ∈ N such that (

∨p
i=1 Uki)(x) < 1− ϵ for some x ∈ X. Consider

the sequence {xkλk
: k ∈ N}, xkλk

∈ (
∨k

i=1 Uk)
′. Then for any k ∈ N, xkλk

̸≤ ϵ.
Also, for any fuzzy point xλ, there exists an Ui ∈ Σ with the property that λk ≤
1−max{U1(x

k), U2(x
k), ..., Ui(x

k), ..., Uk(x
k)} ≤ 1−Ui(x) for all k(≥ i) ∈ N. Thus

A(S) = 0
¯
. □

Corollary 3.11. Let X be a fuzzy topological space and for every fuzzy sequence
S = {xkλk

∈ Pt(X) : k ∈ N} in X, A(S) ̸= 0
¯
. Then X is weakly fuzzy countably

compact.

Corollary 3.12. If every fuzzy sequence S = {xkλk
∈ Pt(X) : k ∈ N} in a fuzzy topo-

logical space X has a convergent fuzzy subsequence, then X is weakly fuzzy countably
compact.

Corollary 3.13. Let X be a first-countable fuzzy topological space. Then X is weakly
fuzzy countably compact if and only if every fuzzy sequence S = {xkλk

∈ Pt(X) : k ∈
N} in X, with the property that there exists ϵ > 0 such that for any k ∈ N, xkλk

̸≤ ϵ
has a convergent fuzzy subsequence.

Theorem 3.14. Let for every sequence {Fn : n ∈ N} of fuzzy closed sets of a fuzzy
topological space X,, for every ideal I on N with FIUL(Fn) = 0̄ and for every ϵ > 0,
{n ∈ N : Fn ̸≤ ϵ} ∈ I. Then X is weakly fuzzy countably compact.

Proof. Let the condition of the theorem holds. Let Σ = {Un : n ∈ N} be a countable
fuzzy open cover of X and ϵ > 0. Consider the sequence {Fn : n ∈ N}, Fn =∧
{U ′

i : i = 1, 2, ..., n}. Let xλ ∈ Pt(X). Since
∧
{Fn : n ∈ N} = 0

¯
, there exists an

n0 ∈ N such that xλ ̸∈ Fn0 . Then Fn0(x) < λ and so U = F ′
n0

∈ Q(X,xλ). Since
954
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{Fn : n ∈ N} is monotonically decreasing, we have Fnq̄U for every natural number
n ≥ n0. Since I is admissible, N − {n ∈ N : n ≥ n0} ∈ I and so the inclusion
{n ∈ N : Fnq̂U} ⊂ N − {n ∈ N : n ≥ n0} ensures that {n ∈ N : Fnq̂U} ∈ I. Then
FIUL(Fn) = 0̄. Then the hypothesis of the theorem, {n ∈ N : Fn ̸≤ ϵ} ∈ I. Since I
is non-trivial, there exists n0 ∈ N such that

∧n0

i=1 U
′
i = Fn0 ≤ ϵ, i.e.

∨n0

i=1 Ui ≥ 1− ϵ.
Hence X is weakly fuzzy countably compact. □

Using the similar technique, following results can be established.

Corollary 3.15. Let for every net {Fn : n ∈ D}, where D is a directed set of fuzzy
closed sets of a fuzzy topological space X, for every ideal I on D with FIUL(Fn) = 0̄
and for every ϵ > 0, {n ∈ N : Fn ̸≤ ϵ} ∈ I. Then X is weakly fuzzy compact.

Since weakly fuzzy compact space X satisfies the conditions of corollary 3.15 in
[1], we have the characterization of weak fuzzy compact spaces.

Corollary 3.16. A fuzzy topological space X is weakly fuzzy compact if and only if
for every net {Fn : n ∈ D}, where D is a directed set of fuzzy closed sets of a fuzzy
topological space X, for every ideal I on D with FIUL(Fn) = 0̄ and for every ϵ > 0,
{n ∈ N : Fn ̸≤ ϵ} ∈ I. Then X is weakly fuzzy compact.

Since by Theorem 3.8, weakly fuzzy countably compact fuzzy and weakly fuzzy com-
pact are equivalent in presence of fuzzy topological property fuzzy second countability,
we get the following result.

Corollary 3.17. A fuzzy topological space X is weakly fuzzy compact if and only if
for every net {Fn : n ∈ D}, where D is a directed set of fuzzy closed sets of a fuzzy
topological space X, for every ideal I on D with FIUL(Fn) = 0̄ and for every ϵ > 0,
{n ∈ N : Fn ̸≤ ϵ} ∈ I. Then X is weakly fuzzy countably compact.

Theorem 3.18. Let for every sequence {Fn : n ∈ N} of fuzzy closed sets of a fuzzy
topological space X with F -lim sup(Fn) = 0

¯
and for every ϵ > 0, there exists n0 ∈ N

such that Fn ≤ ϵ for every n ≥ n0. Then X is weakly fuzzy countably compact.

Proof. Let Σ = {Un : n ∈ N} be a countable fuzzy open cover of X and ϵ > 0.
Consider the sequence {Fn : n ∈ N} as defined in Theorem 3.14. Then for each
xλ ∈ Pt(X), there exists an n0 ∈ N such that Fnq̄U for every natural number
n ≥ n0. So F -lim sup = 0

¯
. Then the hypothesis of the theorem, there exists

n0 ∈ N such that Fn ≤ ϵ for every n ≥ n0. In particular,
∧n0

i=1 U
′
i = Fn0 ≤ ϵ, i.e.∨n0

i=1 Ui ≥ 1− ϵ. Hence X is weakly fuzzy countably compact. □

Since by Theorem 3.8, weakly fuzzy countably compact fuzzy second countable
space is weakly fuzzy compact, we get the following result.

Corollary 3.19. Let X be fuzzy second countable space. Then X is weakly fuzzy
countably compact if and only if for every sequence {Fn : n ∈ N} of fuzzy closed sets
of a fuzzy topological space X with F -lim sup(Fn) = 0

¯
and for every ϵ > 0, there

exists n0 ∈ N such that Fn ≤ ϵ for every n ≥ n0.

Theorem 3.20. Fuzzy continuous images of weakly fuzzy countably compact sets
are weakly fuzzy countably compact.
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Proof. Let ψ : X → Y be a fuzzy continuous function, η is a weakly fuzzy compact
set of X and Σ = {µi : i ∈ N} be a family of fuzzy open sets of Y such that

∨∞
i=1 µi ≥

ψ(η). Then
∨∞

i=1 ψ
−1(µi) = ψ−1(

∨∞
i=1 µi) ≥ ψ−1(ψ(η)) ≥ η. Now weakly fuzzy

compactness of η ensures the existence of finite number of indices k1, k2, ..., kp ∈ N
such that

∨p
i=1 ψ

−1(µi) ≥ η−ϵ. Then
∨p

i=1 µi ≥ ψ(ψ−1(
∨p

i=1 µi)) = ψ(
∨p

i=1 ψ
−1(µi)) ≥

ψ(η)− ϵ. So ψ(η) is weakly fuzzy countably compact. □

4. Product of Weakly countably compact spaces

In this section, we have derived some conditions under which the product of
weakly fuzzy countably compact spaces is weakly fuzzy countably compact.

Theorem 4.1. Let X be a weakly fuzzy compact space and Y be a weakly fuzzy
countably compact space. Then X × Y is weakly fuzzy countably compact.

Proof. Let Σ = {Uk : k ∈ N} be a countable fuzzy open cover of X × Y . Then
for any fuzzy point (x, y)λ ∈ Pt(X × Y ) there exist Uxλ

∈ Q(X × Y, (x, y)λ) ∩ Σ,
Uxλ
yλ

∈ Q(X,xλ) and V xλ
yλ

∈ Q(Y, yλ) such that Uxλ
yλ

× V xλ
yλ

≤ Uxλ
. Let ϵ > 0

be an arbitrary. For each fixed yλ ∈ Pt(Y ), {U
x 1

k
yλ : x 1

k
∈ Pt(X), k ∈ N} and so

{Uxλ
yλ

: xλ ∈ Pt(X)} is a fuzzy open cover of X. The weakly fuzzy compactness of

X ensures the existence of finite number of fuzzy points x1λ1
, x2λ2

, ..., xpλp
∈ Pt(X)

such that
∨p

i=1 U
xi
λi

yλ ≥ 1X − ϵ. Now for each i = 1, 2, ..., p, V
xi
λi

yλ ∈ Q(Y, yλ) and so

Vyλ
=

∧p
i=1 V

xi
λi

yλ ∈ Q(Y, yλ). Again {Vy 1
k

: y 1
k
∈ Pt(Y ), k ∈ N} and so {Vyλ

: yλ ∈
Pt(Y )} is a fuzzy open cover of weakly fuzzy countably compact space Y and so there

exist finite number of fuzzy points y1λ′
1
, y2λ′

2
, ..., ytλ′

t
∈ Q(Y, yλ) such that

∨t
j=1 Vyi

λ′
i

≥

1Y − ϵ. Clearly,
∨p

i=1

∨t
j=1(U

xi
λi

yλ × Vyj

λ′
j

) ≥ 1X×Y − ϵ. Thus the countable cover

{Uxλ
yλ

× V xλ
yλ

} has a finite subfamily {U
xi
λi

yλ × Vyj

λ′
j

: i = 1, 2, ...p; j = 1, 2, ..., t} such

that
∨p

i=1

∨t
j=1(U

xi
λi

yλ × Vyj

λ′
j

) ≥ 1X×Y − ϵ. Let U j
i ∈ Σ satisfies U

xi
λi

yλ × Vyj

λ′
j

≤ U j
i

for all (i, j) ∈ {1, 2, ..., p} × {j = 1, 2, ..., t}. Then
∨p

i=1

∨t
j=1 U

j
i ≥ 1X×Y − ϵ. So

X × Y is weakly fuzzy countably compact. □

Theorem 4.2. Let X be a fuzzy topological space with the property that for any
sequence S = {xkλk

∈ Pt(X) : k ∈ N} in X, T =
∨
{xkλk

∈ Pt(X) : k ∈ N} is
contained in a weakly fuzzy compact set of X and Y be a weakly fuzzy countably
compact space. Then X × Y is weakly fuzzy countably compact.

Proof. Let {(xk, yk)λk
∈ Pt(X) : k ∈ N} be a sequence in X × Y , with the property

that there exists an ϵ > 0 such that (xk, yk)λk
̸≤ ϵ for all k ∈ N. By the property

enjoyed by X, we can find a weakly fuzzy compact set K of X such that T =∨
{xkλk

∈ Pt(X) : k ∈ N} ≤ K. Now by Theorem 4.1, K × Y is weakly fuzzy

countably compact. Now {(xk, yk)λk
∈ Pt(X) : k ∈ N} is a sequence in K × Y with

(xk, yk)λk
̸≤ ϵ for all k ∈ N and thus it has at least one fuzzy cluster point. So,

X × Y is weakly fuzzy countably compact. □
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Theorem 4.3. Let X be a fuzzy topological space (in fact weakly fuzzy countably
compact) with the property that every sequence {xkλk

∈ Pt(X) : k ∈ N} in X has
a convergent subsequence and Y be a weakly fuzzy countably compact space. Then
X × Y is weakly fuzzy countably compact.

Proof. Let S = {(xk, yk)λk
∈ Pt(X) : k ∈ N} be a sequence in X × Y , with the

property that there exists an ϵ > 0 such that (xk, yk)λk
̸≤ ϵ for all k ∈ N. By

the property enjoyed by X, {ykλk
∈ Pt(X) : k ∈ N} has a convergent subsequence

{xki

λki
: i ∈ N} converging to a fuzzy point xλ1 ∈ Pt(X). If the range of {yki

λki
: i ∈ N}

is finite, there exists a constant subsequence {ykin

λkin

: n ∈ N}, ykin

λkin

= yλ2 of this

sequence. If {yki

λki
: i ∈ N} is infinite, the condition yki

λki
̸≤ ϵ for each i ∈ N and

Theorem 3.10, imply that there exists a fuzzy cluster point yλ2 of {yki

λki
: i ∈ N}.

Now we shall show that (x, y)λ, where λ = min{λ1, λ2} is fuzzy cluster point of the
sequence S. Let U ∈ Q(X × Y, (x, y)λ) and k ∈ N. Then there exist U1 ∈ Q(X,xλ)
and U2 ∈ Q(Y, yλ) such that U1 × U2 ≤ U and positive integer ks such that ks ≥ k.

Since {xki

λki
: i ∈ N} converges to xλ1 , there exists kt(≥ ks) ∈ N such that U1q̂x

ki

λki

for all ki ≥ kt. Since yλ2 is a fuzzy cluster point of {yki

λki
: i ∈ N}, there exists

km ∈ N such that km ≥ kt and U2q̂y
km

λkm
. Clearly, (U1 × U2)q̂(x

km , ykm)λkm
and

so Uq̂(xkm , ykm)λkm
. So, S ̸= 0

¯
and thus by Theorem 3.10, X × Y is weakly fuzzy

countably compact. □
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