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ABSTRACT. In this paper, we introduce the notion of fuzzy filter of
residuated multilattices and investigated related properties. We establish
the relation between fuzzy filter, fuzzy homomorphism and fuzzy congru-
ence in the framework of multilattices. Finally, we prove that the quotient
of a residuated multilattice by a fuzzy filter is a residuated multilattice.

2010 AMS Classification: 06D72, 06B75, 06B10,08A72
Keywords: Fuzzy filter, Pocrim, Residuated multilattices.

Corresponding Author: B. B. N. Koguep (koguep@yahoo . com)

1. INTRODUCTION AND PRELIMINARIES

Several fuzzifications of formal concept analysis have been proposed to deal with
uncertain information with application in different fields such as network
calculus, algebraic structures used in soft constraint satisfaction problems, or when
considering the fuzzy extensions of crisp formalisms, for instance, description logic or
formal concept analysis. In this paper we will focus on fuzzy filter of
residuated multilattices. Firstly we recall the existing definitions of m-filter and
filter and introduce some new concepts such as fuzzy m-filter, fuzzy filter of residu-
ated multilattice. We give a new characterization of fuzzy m-filter and fuzzy filter
in term of a-cut set.

Residuation has a prominent role in the algebraic study of logical systems. We
recall preliminaries definitions and results.

Definition 1.1 ([2]). A = (4,< ®,—,T,) is said to be partially ordered com-
mutative residuated integral monoid, briefly a pocrim, if the following properties
hold:
(1) (4,®,7T) is a commutative monoid with neutral element T.
(2) (A, <) is a poset with a top element T.
(3) The operations @ and — satisfy the adjointness condition, a ® ¢ < b if and
only if ¢ < a — b, for all a,b,c € A.
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We now recall the following useful conditions that hold in the pocrim A. For all
a,b,c € A, we have:

Pl aob<a, a®b<y;

P2a0(a—=b)<a<b—(a®b)anda® (a =b) <b<a— (a®b);

P3 Ifa<bthena®e<boOc,c—>a<c—bandb—c<a— c

Paa—>(b—c)=bb— (a— 0

P5 (a—=0)0(b—c)<a—cg

P6a—-b<(a®c)—= (bOc);

P7ra—-b<(c—a)—=(c=banda—b<(b—c)— (a—c).

Notation 1.2. Given (M, <) a poset and a, b € M. aUb denotes the set of multi-
supremum of {a,b} (a multi-supremum of {a,b} is a minimal element of the set
of upper bounds of {a,b}). The set of multi-infimum will be denoted by aMb (a
multi-infimum of {a,b} is a maximal element of the set of lower bounds of {a,b}).
Therefore, U and M are hyperoperations from A x A to P*(A) (the power set of A
minus the empty set).

Definition 1.3 ([6]). A poset (M, <), is a join-multisemilattice if, for all a,b,c € M,
a < ¢ and b < ¢ implies that there exists z € a LI b such that x < c.

Dual property defines the concept of meet-multisemilattice.

A multilattice is a poset (M, <) which is a meet and join-multisemilattice.

A multilattice is said to be full, if aLlb # @ and a b # & for all a,b € M.

Several authors have given definition of multilattice distributivity (m-distributivity),
here we consider the definition in [5].

Definition 1.4 ([5]). A multilattice (M,M,U) is said to be m-distributive if the
following conditions hold, for all a, b € M witha <band x € M,alz C (aUz) N
(bUz)and bMz C (aMz)U (bMa).

Definition 1.5 ([2]). A residuated multilattice is a pocrim whose underlying poset
is a multilattice. If in addition, there exists a bottom element, the residuated mul-
tilattice is said to be bounded.

Lemma 1.6 ([2]). Every residuated multilattice is full.

Notation 1.7. Given a residuated multilattice (M, <,®,—,M1,U,T), ®, —, M and
U can be extended to P*(M) as follow: for all A, B€ P*(M), Ao B={a®bac

Aandb € B}, A - B = {a — bja € Aandb € B}, AUB = |J (alUb),
a€A,beB
ANB= [\ (anb). Particularly, forallze M, A — z, A®z, AUz and ANz
acA,beB

will stand respectively for A — {z}, A®{z}, AU{z} and AT {z}.
For alla, b, ce M, allb=c and anb = ¢ stand for allb = {c} and aMb = {c}.

Proposition 1.8 ([0]). Let (M, <,M,U) be a multilattice.
M and U are idempotent, i.e., for alla € M, aMa=a and alUa = a.
M and U are m-associative, i.e, for all a,b,c € M,
axb=b= (axb)*xcCax(bx*c), wherex € {I,U}.

In the following, we recall the Comparability properties which have an important
role in multilattice theory.
930



B. B. N. Koguep et al. /Ann. Fuzzy Math. Inform. 10 (2015), No. 6, 929-948

Proposition 1.9 ([6]). In any multilattice (M,<,M,U), the following properties
(called comparability laws) are satisfied

e (C1) c€alb implies that a < c et b < c.

e (C3) c € amlb implies that a > c et b > c.

e (C5) c,d € axb and c <d implies that c = d, where x € {M,U}.

Proposition 1.10 ([2]). In a residuated multilattice M, the following inclusions

hold for all a,b,c € M :
(i) (a—=c)n(b—¢)
(ii) (c—=a)N(c—b)

C(alUb) —c.

Cc— (amb).

Proposition 1.11 ([2]). Let (M, <,®,—,M,U,T) be a residuated multilattice. For
all a,b,c € M, such that a < b, if z € bUc (resp. w € alc), then there exists
w € alle (resp. z € bUc) such that w < z.

Proposition 1.12 ([2]). Let (M,<,®,—,M,U,T) be an m-distributive residuated
multilattice. For all, a,b,c € M, ifa <b and w € aUc (resp. z € bM¢), then there
exists z € b c (resp. w € aMc) such that w < z.

Due to the combination of two structures (pocrim and multilattice) on any resid-
uated multilattice, we have the notion of filter of pocrim (p-filter) and the notion of
filter of multilattice (m-filter).

Definition 1.13 ([2]). Given A = (A4,<,®,—,T) a pocrim, a non empty subset
F C A is said to be a p-filter if the following conditions hold:

(i) if a,b € F, then a © b € F};

(ii) if a <band a € F, then b € F.

F' is a deductive system if it satisfies:

(1) T eF;

(2) a—wbeFanda€F,imply be F, for all a,b € A.
Remark 1.14. Filters and deductive systems of a pocrim are equivalent.

Definition 1.15 ([2]). Let (M,U, M) be a multilattice. A non-empty set F C M is
said to be a m-filter if the following conditions hold: for all a,b € M,
(i) a,b € F implies @ #aMNbC F;
(ii) a € F implies aUz C F, for all x € M;
(ii) If (aUWb)NF # @, then alUb C F.

Let us now recall the definition of filter in a residuated multilattice.

Definition 1.16 ([2]). Let M be a residuated multilattice. A non-empty set F' C M
is said to be a filter if it is a deductive system and the following condition holds:
a —be Fimplies (aUb) - bC Fand a — (aMb) C F.

The following result is the link between, the notion of filter and m-filter.
Theorem 1.17 ([2]). Let M be a residuated multilattice and F a deductive system
of M, then F is a filter if and only if:

(i) Fis a m-filter;
and for all a, b e M,
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(ii) For allz,y € aUb, ifc -y € F, theny —> x € F;
(iii) For allz,y € aMb, ifx >y € F, theny >z € F.

Definition 1.18. Let (M, <,®,—,T) be a residuated multilattice. A deductive
system F is said to be consistent if for all a,b,c € M the following conditions hold:
(i) fa—c¢,b—ceF, then (aUb) = c C F;
(ii)) fc—a,c—be F,thenc— (aMb) C F.

The notion of congruences and that of homomorphism between hyperstructures
are studied in literature and applies in various field such as: logic-based approaches
to uncertainty, computer science, fuzzy reasoning. We now recall the definition
introduced by I.P. Cabrera et Al in the frame work of multilattices.

Let ~ be a binary relation on M, then ~ induces a binary relation ~ on P*(M)
as follow: for all A, B € P*(M), A ~ B if and only if, for all a € A, there exists
b € B such that a ~ b and for all b € B, there exists a € A such that a ~ b.

Definition 1.19 ([4]). Let (M,U, M) be a multilattice. A congruence on M is any
equivalence relation ~ on M such that, if a ~ b, then (alc)~(bMc) and (alc)~(bUc),
for all a, b, c € M.

Theorem 1.20 ([4]). Let (M,U,N) be a multilattice and ~ be a binary relation on
M. Then ~ is a congruence relation if and only if the following hold:
(i) ~ is reflexive.
(ii) a ~ b if and only if there exist x € aMb and y € a Ub with x ~ y.
(iii) Ifa<b<cwitha~bandb~c, then a~ c.
(iv) If a < b with a ~ b, then (aMz)~(bMx) and (aUz)~(bUx), for allz € M.

Definition 1.21 ([2]). Let M be a residuated multilattice. An equivalence relation
~ on M is said to be a congruence on M, if for all a,b,c € M, a ~ b implies
(ale) = (bU¢), (aNec) ~ (bMNc), (a®c) ~ (bOe¢), (a = ¢) ~ (b = ¢) and
(c—a)~(c—b).

Definition 1.22 ([2]). Let h : (M, <,0,—,M,U,T) —» (M',<,®,—,M,U,T') be
a map between residuated multilattices, h is said to be a residuated multilattice
homomorphism if / is a multilattice homomorphism i.e.,

h(aUbd) = (h(a) Uh(b)) NA(M), h(ab) = (h(a) M A((b)) NA(M), h(a = b) =
h(a) — h(b) and h(a ® b) = h(a) ® h(b), for all a,b € M. One can observe that
hT)=T"

Definition 1.23 ([7]). Let h : M — M’ be a residuated multilattice homomorphism.
Then A induced a congruence relation, namely Kernel relation ~,, defined as a ~, b
if and only if h(a) = h(b).

Ker(h) ={x € M,h(z) =T'} is a filter called the kernel filter of M, where T" is
the top element of M’.

2. FUzzY FILTERS OF RESIDUATED MULTILATTICE

From the definition of deductive system, p-filter, m-filter, filter, given in [2] and
recalled in the previous section, we introduce the notion of fuzzy p-filter, fuzzy m-
filter, fuzzy filter as follow.

From now on, [0, 1] would stand for the unit interval of reals.
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Definition 2.1 ([10]). A fuzzy subset of a non-empty set M is a function p :
M —[0,1].

Let 4 be a fuzzy subset of M. For a € [0,1], the set o = {z € M | u(z) > a} is
called a o — levelsubset or a — cutset of p.

Definition 2.2. Let (M,<,®,—,T) be a pocrim. A fuzzy subset p of M is called
a fuzzy p-filter of M if it satisfies,
() Va,be M, p(a®b) > min{pu(a), u(b)};
(ii) Ya,b e M, a <b= p(a) < u(d) (ie., u is order preserving).
A fuzzy subset u of M is said to be a fuzzy deductive system if the following hold:
(1) Yae M, w(T) > p(a);
(2) Va,be M, p(b) = min{pu(a), u(a — b)}.

Proposition 2.3. Let (M,<,®,—,T) be a pocrim. A fuzzy subset p of M is a
fuzzy p-filter of M if and only if it is a fuzzy deductive system.

Proof. Assume that p satisfies conditions (1) and (2). Let a,b € M.

If a < b, then a - b =T, and so u(b) > min{u(a), u(T)} = u(a).

Since b < a — (a ®b) (from P2), we have u(b) < pla — (a ® b)) and then
p(a © b) > minfyu(a), 1(b)}.

Conversely suppose that p is a fuzzy p-filter. Let a,b € M.

We have a < T, then u(a) < u(T).

Since a ® (@ — b) < b (from P2), we have u(b) > p(a ® (@ — b)). Thus u(b) >
min{u(a), p(a — b)}. This complete the proof. O

Definition 2.4. Let (M, U, M) be a multilattice. A fuzzy subset p of M is said to
be a fuzzy m-filter if the following conditions hold: For all a, b € M,
(i) Vo € anb, pu(x) > min{u(a), u(b)};
(i) Vo € aUd, p(z) = max{u(a); u(b)};
(il) V2, y € alb, u(z) = p(y).

Example 2.5. Let (M, U, M) be a multilattice described in the following figure:
T

|

f
d/\

/

T
Cc

a

:
AN
1, if f<z

Let n be the a fuzzy subset of M given by: n(x) = { %7 otherwise
n is a fuzzy m-filter.
Remark 2.6. If u is a fuzzy m-filter of M, then p is order preserving (i.e.,V z, y €
M,z <y = p(z) < p(y)) and therefore, for all a, b € M, u(xz) = min{u(a), u(b)},
Vzealb.
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The following proposition is the characterization of fuzzy m-filter of M in term
of a-cut set.

Proposition 2.7. Let (M,U,MN) be a full multilattice. A fuzzy subset p of M is a
fuzzy m-filter of M iff, for all a € |0,1] the level set py, is either empty or a m-filter.

Proof. (=) Let p be a fuzzy m-filter of M and « € [0,1]. If p, = & there is nothing
to prove.
Let us assume that p, 7 @. We will prove that:

(i) a, b € po implies aMb C pg.
(ii) a € pg implies aUb C pq, for all b € M.
(iii) For all @, b€ M, if (aUb) N po # &, then aUb C pq.

For (i), let a, b € po. By the property (i) of the fuzzy m-filter, for all z € a M b,
p(x) > min{p(a), u(b)} > a, ie., € po. Hence aMb C pg.

For (ii), let @ € po. By the properties of the fuzzy m-filter, for all b € M,
Vaealbd, u(r) > max{u(a); u(d)} > pula) > a. Hence a Ub C pu,, for all b € M.

For (iii), let a, b € M. Assume that (aUb) Ny, # @. Then there exists z, € M,
such that z, € aUb and p(x,) > a. For all z € (aUb), p(x) = p(x,) > «a, because
u is a fuzzy m-filter. Therefore, a Ub C po. Thus, pe is a m-filter of M.

(<) Conversely, suppose that for any « € [0, 1], such that p, # &, i, is a m-filter.

Let a, be M.

For o = min{p(a), u(b)}, we have a,b € po. Because pq is a m-filter, aMb C p,.

Therefore, for all © € aMb, u(z) > o = min{u(a), u(d)}.

For o = max{u(a), u(b)}, we have a € py or b € pg. Then, a b C py, because
o is a m-filter of M. Hence, for all z € a Ub, p(x) > o = max{u(a), u(b)}.

Let z, y € aUb. By hypothesis 1,(,) and p,(,) are m-filters of M. Since x €
(aUb) N pty(zy and y € (@LIb) N gty (yy, We have y € allb C gy (o) and x € allb C fu, (-
Then, pu(y) > p(z) and p(z) > u(y), ie., p(x) = py).

Thus, p is a m-fuzzy filter of M. 0

Let us now introduce the notion that we are interested in throughout this work.
From now on, M will be a residuated multilattice.

Definition 2.8. A fuzzy subset p of M is said to be a fuzzy filter if it is a fuzzy
deductive system and for all a, b € M,

min{ inf  p(t), tEai—I>1(faI_Ib) u(t)} = pu(a — b)

te(allb)—b

Example 2.9. Let (M, <,®,—,,M,T) be the residuated multilattice described in
the following figure and the operation ® and — defined as follows:
934
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SN, S
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U
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b c
a
©lalblc|d|e|f|lg|h|i]j|T —la|blc|d|e|flg|lh|i]|j]|T
alalalalalalalalal|a|a]|a a|T|T|T|T|T|T,|,T|T|T|T|T
blajajalalalalala|la|la|b b|lj|T|;|T|T|T|T|T|T|T|T
clalalalalalalalalala|c cljlj|Tlj|T|T|T|T|T|T)|T
dla|ala|lalala|la|la|la|a]|d d|jl;|;|T|yT|T|yT,T|T|T|T
e|lalalalale|le|e|e|el|le]|e e|d|d|d|d|T|T|T|T|T|T|T
flajla|lala|e|e|e|e|el|e|f fldjd|{d|d]|j|T]|;|T|T|T|T
glalalalale|e|lg|lglglglg gl|d|d|d|d|f|f|T|T|T|T|T
hlalalala|le|e|lg|gl|lg|gl|h h|d|d|d|d|f|f|j|T|j|T|T
ilajlalalal|ele|g|lglglg]|i ifd|djd|d|f|f|;]j|T|T|T
jlalalalalele|lglglglg]|] jldldjdjd|f]f]|j|j|j|T|T
Tla|b|c|d|e|f|g|h|i]|j]|T Tla|b|c|d|e|f|g|h|i|]j]|T
1, ife<z
let 1 and v be the two fuzzy subsets of M given by: u(x) = 1 and
3’ otherwise

1
v(z) = 1

—, otherwise
w is a fuzzy filter, a fuzzy m-filter and a fuzzy p-filter.

1
v is fuzzy p-filter but it is not a fuzzy filter because v(h — i) = v(j) = 3
1

and inf v(t) = inf{v(h — f),v(h — ¢)} = inf{v(f),v(j)} = - and then,
teh— (hri) 3
inf t h —1).
tehgl(hm‘) V( ) 7& V( - Z)

The following result is the link between the notion of fuzzy filter and fuzzy m-filter.

Theorem 2.10. Let u be a fuzzy deductive system of M, then i is a fuzzy filter of
M if and only if,
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(i) w is a fuzzy m-filter;
and for all a, b€ M,
(ii) for allz,y € alb, uly — z) = plz — y);
(iii) for all z,y € aTb, ply = x) = plz — y).

Proof. (=) Assume that p is a fuzzy filter of M. Firstly let us prove that u is a
fuzzy m-filter.

Let a,b € M.

e For all + € a b, since u is a fuzzy deductive system and because

inf  p(t) = pla — b) and a — b > b, we have
tea—(alb)

u(z) > minfu(a), p(a — 2)} > min{u(e), pu(a > b)} > min{p(a), u(b)}.

e For all x € alUb, we have © > a and > b. Therefore, pu(z) > u(a) and
p(x) > p(b).

Thus, pu(xz) > max{u(a); u(b)}, Ve € aUb.

e We want to prove that, V z, y € aUb, u(z) = u(y).

If a L b is a singleton, there is nothing to prove.

Otherwise let = and y € a U b such that z # y. As a,b < z,y there exist
two different elements a’,’ € x My such that ¢ < @’ and b < ¥'. We also have
z,y € @ LY. By P3 we have, x < y — x then, pu(z) < p(ly — x). Since p

is a fuzzy filter of M, we obtain inf pu(t) = p(ly — x) > wp(x). Therefore,
tey—axly

w(y = b') > p(x), because b’ € x My. Using the fact that, x € ' U and y > o,

we have pu(z — V') > inf  u(t) =pld =) > ply =) > plx). From
te(a’Lb )b’

b < y we obtain pu(z — V') < p(z — y). Thus, u(y) > min{u(z), u(z — y)} >
min{p(z), p(z = )} > p(z).

Similarly, we prove that, u(z) > u(y).

Thus, pu(z) = u(y), for all x, y € a U b.

We will now prove item (i7) in the statement. If a Ub is a singleton, there is
nothing to prove.

let z,y € aUb, such that z # y. As a,b < x,y there exist two different elements
a',b € xMy such that a < a’ and b <V and also z,y € o’ LY. Because p is a fuzzy
filter inf u(t) =p(r - y). @’ € xMNythen z — o’ € v — x My. Thus, we have

tex—xly

ple =) 2 _inf plt) = ple = ) (+).

From b’ < x we obtain by P3 z — o/ <% — ' by the properties of fuzzy filter and

(%), we obtain u(b — a’) > p(x — y) and e iunf pt) =pl —d). yead oty
cb’'Ua’—a’

implies pu(y — o) > p(V = a') > ple — y).

Since a’ < x, we have y — o’ < y — z. Once again by the properties of fuzzy
filter, we have u(y — x) > p(y — o’) > p(z — y). Finally p(y — ) > plx — y).

Following the same pattern we have u(y — z) < u(z — y).

The proof for item (iii) is similar.

(<) Conversely suppose now that p is a fuzzy m-filter satisfying condition (ii)
and (iii). As we are assuming that p is a fuzzy deductive system, we have just to

that V a, b € M, mi inf t inf t)p = b).
prove that v.a, b € M, mln{te(allr_llb)ﬁb'u( ) teagl(aﬂb)'u( )} nla=b)
Let a,b € M.
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By proposition 1.10 we have,

[(la=b)nb-ob]=(e—=bNT={a—>b} C(alb) —b.

Thus there exists 1 € a U b such that a — b =21 — b. If a LUb is a singleton
there is nothing to prove.

Otherwise, for all ¢t € (a Ub) — b, such that ¢ # z; — b, there exists x9 € a U,
such that x1 # x4 and t = x9 — b. By the hypothesis

w(xe — 1) = p(r1 — z2) (**) and since p is a fuzzy deductive system, we obtain
(e — b) > min{p(z1 = b), u((x1 = b) = (z2 = b))}

By (P7), (x1 — b) = (2 — b) > 2o — x1, then p((xy — b) — (x2 — b)) >
w(xe = x1) and p(t) = p(ze — b) > min{p(z; — b), u(res = x1)} = min{u(z, —
b), p(x1 — @2)} by using (xx).

From z9 > b, we have 1 — x2 > 1 — b, then u(t) = p(ze — b) > p(z —
b) = p(a — b). Therefore, by (P7) pla — b) >  inf  pu(t) > pla — b) and
te(alb)—b
inf t) = b).
te(allr_llb)—w'u( ) =pla=b)
Similarly, we prove the other condition, inf  u(t) = p(a — b), finally
tea—(alb)
Va, b € M, mi inf t), inf t)r = b). O
oovetrmind _inf u) inf w} = o

Using the transfer principe for fuzzy set [3] we can obtain that, a fuzzy subset u
of M is a fuzzy filter of M if and only if, for all a € [0, 1] the level set i, is either
empty or a filter.

In the following, we are interested in the class of fuzzy filters and fuzzy deductive
systems in residuated multilattice in which the implication behaves consistently with
multiinfima and multisuprema.

Definition 2.11. A fuzzy deductive system p is said to be consistent if for all
a,b,c € M, the following conditions hold:
(i) inf  p(¢) > min{u(a — ¢), u(b = ¢)}.
te(alb)—c
(ii) inf  p(t) > min{u(c — a), u(c — b)}.
tEc— (alb)
Proposition 2.12. Every consistent fuzzy deductive system is a fuzzy filter.

Proof. We have just to prove the specific condition in Definition 2.8. We have by
(i), that  inf  p(t) > min{u(a = ¢), u(b — ¢)}. Replacing ¢ by b in (i) and by
te(alb)—c
using b — b = T we obtain, inf  u(t) = p(a — b). Similarly we prove that
t€(allb)—b

inf  p(t) = pla —b). O
tea—(alb)

The converse of the previous proposition is not true, as the following example
shows.

Example 2.13. The fuzzy filter p in the Example 2.9, is consistent. Let 7, be the

. 1 ifx=T .
fuzzy subset given by n(x) = { 1 . , 1 is a fuzzy filter, but not fuzzy
5 otherwise
consistent. Because inf () =if{n(),n(M)} =n() = %,
te f—(hmi)
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min{n(f = h),n(f =)} = min{n(T),n(T)} = n(T') = 1, and
inf  n(t) <min{n(f = h),n(f —)}.
tef—(hni)
Several papers have been published on the relation between filters and congruences
on different algebraic structures ([1], [6], [2]). In this paper, we now study the notion
of fuzzy congruence on residuated multilattices setting.

3. FUzZzYy CONGRUENCE RELATION OF RESIDUATED MULTILATTICE

In [2] I. P. Cabera et al. have studied some properties of congruence relation
on multilattices and in [3] the authors have studied fuzzy congruence relation on
non-deterministic groupoids. As we have seen above (notation 1.7), given a multi-
lattice (M;<,®,—,M,U), the operations ®, — and the hyperoperations M, L can
be extended to the power set 2M. On the other hand, given A an arbitrary set
and < a preorder (reflexive and transitive relation) defined over A, it is possible to
extend the preorder structure to the powerset 24 by the so-called Hoare, Smyth,
and Egli-Milner powerset preorders defined for all X, Y C A by

X<, YeVeeX, JyeY, z<y.
X< Y&eVyeY, dJreX, z<y.
X<, YeVvVreX, dJyeY, z2<yandVyeY,dJzec X, z<y.

o~ ~

It is obvious that X <_ YV = X ESY and X <_ Y =X gHY. One can see

—EM —EM
that none of the above preorders is antisymmetric like the following example proves.

Example 3.1. Let (M, L, M) be the multilattice described in example 2.5. Consider
the subsets X = {a;b;d; f} and Y = {a;c;e; f} of M. We have X <_ YV and
Y <., X but X #Y.

As we will see in this section, any fuzzy binary relation p on M can be extended
to a fuzzy binary relation p on the power set 2. We will now focus our interest on
the compatibility of p with ®, —, M and U as the extended operations on 2M .

Let us First introduce the notations which will be useful hereafter.

Definition 3.2 ([9]). i) Let X and Y be non-empty sets. A function p : X X
Y — [0,1] (i.e., a fuzzy subset of X x Y') is called a fuzzy relation between
the set X and the set Y.
ii) Let M be a non-empty set. For every fuzzy relation p on M. The power set
extension of p is defined as follows:

ﬁiP(M)XP(M)H[0,1]Withﬁ(X»Y)—min{< AV p(fcay)); (/\ \ p(fﬂ,y)>},

zeX yey yeY zeX
for all non-empty subsets X and Y of M.
iii) Let p be a fuzzy relation on a non-empty set X. p is said to be:
o reflexive if, p(z,z) = 1, for all z € X
e symmetric if, p(z,y) = p(y, x), for all z,y € X;
e Transitive if, min{p(x,y), p(y, 2)} < p(x, 2) for all z,y,z € X.
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iv) A reflexive, symmetric and transitive fuzzy relation on X is called a fuzzy
equivalence.
v) A fuzzy equivalence relation p on X is called a fuzzy equality if for any
z,y € X, p(x,y) =1 implies x = y.
Definition 3.3. A fuzzy equivalence relation p on M is said to be a fuzzy congruence
relation if and only if, for all a, b, c,d € M we have the following
pla®b,c®d) > min{p(a,c); p(b,d)};
pla— bye— d) > min{p(a, o) p(b, )}
plamb,end) > min{p(a,c); p(b,d)};
plalUb,cUd) > min{p(a,c); p(b,d)}.
Proposition 3.4. Let p be a fuzzy equivalence relation on M. Then p is a fuzzy
congruence relation on M, if the following condition are satisfied. Ya,b,c € M
e p(a®b,cOb) > pla,c);
e pla—b,c—b) > pla,c);
e plamb,cMd) > p(a,c);
e plalUb,clUd) > p(a,c).

Proof. If p is a fuzzy congruence relation on M, then by replacing in definition 3.3
d by b, we have the result. The converse is proved by using the transitivity of p. O

In [3] the authors, proved that, if p is a fuzzy relation in a non empty set M and
p its power set extension, p is a fuzzy equivalence relation if and only if p is also a
fuzzy equivalence relation.

Theorem 3.5. Let p be a fuzzy relation on a residuated multilattice
(M, <,0,—,0,U,T). Then, p is a fuzzy congruence relation if and only if p is
a fuzzy equivalence relation on the power set 2M and for all X, Y, Z € 2M,
X *xZY«xZ)>p(X,)Y).

Proof. Since p is a fuzzy equivalence relation on M if and only if p is a fuzzy
equivalence relation over 2™, we need only to prove that for all X, Y, Z € 2M,
X *xZYxZ)>p(X,)Y) e Va,y,z€ M, plxxz,y*z)> plx,y).

Suppose that for all X, Y, Z € 2™ 5(X*Z,Y xZ) > p(X,Y). Then, particularly
for X ={xz}, Y = {y}, Z = {z} we have, p(z * z,y x 2) = p({z} * {2}, {y} » {2}) >
Aieh, {}) = ple,y).

Conversely, assume that Va,y,z € M, p(a * z,y * z) > p(z,y) with x € {®,—
,M,U}. Then,

For * € {r, U} we have

p(X*ZYx*Z) = min /\ \/ plw*z,y*2); /\ \/ plox*z,yx*2)

xxzCX*Z yxz' CY*Z yx2' CY*Z xxzCX+Z

> min /\ \/ﬁ(m*z,y*z), /\ \/ﬁ(w*z,y*z)
zxzCXxZ yeY yxzCY*xZ xeX

> ming A\ p@w) N\ V ela.y) p =5(X,Y).
zeX yeyY yeY zeX
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For x € {®, =},  * z is assume to be {z * z}. Following the same pattern as above
we have p(X x Z,Y = Z) > p(X,Y). O

Regarding the extension of the definition of fuzzy congruence to the non-deterministic
case, the following definition of compatibility, in the case of an underlying hyper-
structure, was introduced by Bakhshi and Borzooei [1].

Definition 3.6. Let (M, <,®, —,M,U,T) be a residuated multilattice. Then a fuzzy
relation p on M is said to be compatible if for all x € a * ¢ there exists y € b* ¢ and
for all y € b« ¢ there exists € a * ¢ such that p(x,y) > p(a,b), for all a,b,c € M
and * € {®,—, M, U}

In [1] Bakhshi and Borzooei have proved that a fuzzy relation that is compat-
ible (in the sense of Definition 3.6) with a non-deterministic operation # satisfies
Conditions of proposition 3.4, but the converse is not in general true. To have the
equivalence, we need the sup property given in the following definition.

Definition 3.7 ([3]). Let M be a non-empty set and p a fuzzy relation on M. We

say that p satisfies the right (resp. left) sup property if for all a € M and for all non-

empty X C M, there exists yo € Y (resp z¢ € X) such that sup p(a,y) = p(a,yo)
yey

(resp. sup p(z,a) = p(zo,a)).

zeX
Lemma 3.8. Let p be a fuzzy equivalence relation on a residuated multilattice (M, <
, @, —, M, U, T) which satisfies the right and left sup property. Then p is a fuzzy
congruence relation if and only if p is compatible with ©®,— M, U (in the sense of
Definition 3.6).

Proof. Let us suppose that p is compatible. Let = € allc, then there exists y € blc

such that p(z,y) > p(a,b). So \/ p(z,y) > p(a,b)and AV p(z,y) > p(a,b).
yeblc r€allcyeblc

Analogously AV p(z,y) > p(a,b), therefore, p(allc,blUc) > p(a,b). Similarly,

yEblc z€allc
plafe,bMe) > p(a,d).
Let © = a — ¢, then there exists y = b — ¢ such that p(x,y) > p(a,b), that is,
pla = ¢c,b — ¢) > p(a,b). Similarly, p(a ® ¢, b ® ¢) > p(a,b).
Conversely, let us suppose p is a fuzzy congruence relation. Then, p(a U ¢, b U

¢) > p(a,b). In particular A \/ p(z,y) > p(a,b). By the right sup property,
r€allcyeble

for all x € a U c there exists yo € bU ¢ such that \/ p(z,y) = p(x,yo). Since
yeblc

N plx,y0) < p(x,y0), we obtain p(a,b) < p(x,yo). Similarly, by the left sup
xealle

property for all y € bl ¢ there exists ¢y € allc such that p(a,b) < p(zg,y). We only
check one hyperoperation because the other ones follows the same scheme.
The prove is straightforward for ® and —. O

Lemma 3.9. Let p be a fuzzy congruence relation on residuated multilattice M,

then for all a, b € M, p(a,b) = min{p(a, c); p(c,b)} for all c € a*b with x € {U,N}.

Moreover, if the product is idempotent then, p(a,b) = min{p(a,a ® b); p(a © b,b)}.
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Proof. Let a, b € M. Because M is full, alUb # &. Let ¢ € alUb, then p(a,b) >
min{p(a, ¢); p(c,b)} by transitivity.

Since a Ua = {a} and bU b = {b}, p(a,b) < p(a,a L d) and p(a,b) < p(a U b,b),
because, p is a fuzzy congruence relation on M. Therefore, p(a,b) < p(a,c) and
p(a,b) < p(c,b). Thus p(a,b) < min{p(a, c); p(c,b)}. Finally, p(a,b) = min{p(a, ¢); p(c, b)}.

Similarly, we have p(a,b) = min{p(a, ¢); p(c,b)} for all ¢ € a M b.

Since p is a fuzzy congruence relation on M and © is idempotent, p(a,b) <
pla ® a,a ®b) = p(a,a ®b) and similarly, p(a,b) < p(a ® b,b), which implies that
pla,b) < min{p(a,a ® b);p(a ® b,b)}. By transitivity and symmetry, p(a,b) >
min{p(a,a ® b); p(a ® b,b)}. Thus, p(a,b) = min{p(a,a © b); p(a © b,b)}. O

Theorem 3.10. Let (M, <,®,—,M,U,T) be a residuated multilattice with idempo-
tent product ®, and let p be a fuzzy equivalence relation. Then p is a fuzzy congruence
relation on M, if and only if for all a,b,c € M with a < b, the following condition
holds:

(3.1) plaxc;bxc) > pa,b), with x € {®,—,U,M}.

Proof. Proposition 3.4 prove the necessity, thus we will just prove the sufficiency.
Let a, be M.

For all z € a Ub, we have a < z and b < z and by Lemma 3.9, we have p(a,b) =
min{p(a, z); p(z,b)}. Then, by condition (3.1) plalc; zUc¢c) > p(a,z) and p(zUc;bL
¢) > p(z,b). Therefore, by transitivity of p, we have

plaUec;bUce) > min{plaUc;zUc); p(zUc;bUc)} > min{p(a, z); p(z,b)} = p(a,b).

For M, the prove is similar to the previous.

By P1 we have, a ©b < a and a ® b < b. Then, by condition (3.1) p((a ® b) ®
ca®ce) > pla®@b;a) and p((a©b) ©®c;bO ¢) > p(a®b;b). Therefore, by transitivity
and reflexivity of p we have,

pla®cboe) > min{pla®ec,(a®b)®c), p((a®b)©c;b®c)}
> min{p(a,a ®b),p(a ®b,b)} = p(a,b).

Once again by P1 a ©b < a and a ® b < b. By the hypothesis, we have
p(a®b = c;a — ¢) > p(a®b, a) and p(a®b — ¢;b — ¢) > p(a®b, b). Therefore, by
transitivity of p, we have p(a — ¢;b — ¢) > min{p(a; a®b); p(a®b;b)} = p(a,b). O

Proposition 3.11. Let (M, <,®,—,MN,U,T) be a residuated multilattice and p be
a fuzzy congruence relation of M.

For all a,b,c € M such that a < b, if there exist w € a*c and z € bx ¢, such that
w < z then p(w, z) > p(a,d), where x € {U,MN,®, —}.

Proof. Let a,b,c € M such that a < b. Suppose there exist w € a *x ¢ and z € b* ¢,
such that w < z.

Let % be the hyperoperation L. Then, wllz =z and a < w (i.e., w = aUw) and
since p is a fuzzy congruence relation,

32)  pla,b) <plavwbuw) < \/ N ey = N\ plwy).
rCalw yeblw yebUw

Therefore, it is sufficient to prove that z € b Ll w.
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Because, z € bUcimplies b < zand bz =2, wehave z=bUz e bl (wlUz) C
(bUw) U 2, thus there exists 2/ € bUw such that z € 2’ U z, then 2’ < z.

Similarly, using the inequalities b < 2’ and ¢ < w < 2/, there exists 2"’ € bl c
satisfying 2” < 2’ and therefore 2” < z and because z € b U ¢, Property (C3)
of Proposition 1.9 leads to z” = z. Finally, we have 2z’ < z and z < 2/, hence
z =2 € bUw. Thus applying (3.2), p(w, z) > p(a,b).

The prove for the hyperoperation M follows the same pattern as above.

Let % be the operation —. Let suppose there exist w = a — cand z = b — ¢,
with w < z that is, a = ¢ < b — ¢, since a < b implies a — ¢ > b — ¢ then w = z.
Thus, p(w, 2) = p(w,w) =1 > p(a,b).

Finally, let % be the operation ®. Then w = a® c and z = b ©® ¢ with w < 2.
Therefore, p(a ® ¢,b® ¢) > p(a,b), that is p(w, z) > p(a,b). O

Theorem 3.12. The set FCon(M) of the fuzzy congruence relations on a m-distributive
residuated multilattice M, is a sublattice of the set FEq(M) of the fuzzy equivalence
relations on M, moreover is a complete lattice wrt the fuzzy inclusion ordering.

Proof. Let {p,}ica be a set of fuzzy congruence relations on M, consider p_ to be
their intersection. Since p is a fuzzy congruence relation on M, by Theorem 3.10
we have just to check that, for every a,b,c € M with a < b, p_(aUc,blUc) > p.(a,b).

From Proposition 1.11, if z € bU ¢ then there exists w € a U ¢ such that w < z
and, then, Theorem 3.11 implies p, (w, z) > p,(a,b) for all : € A. So,

Vo= V oowa= V Aswaz \ Apabh)=pab)
zr€allc w<z,wEallc w<z,wEallci€A w<z,weallci€A

Analogously, from Propositions 1.11 and 3.11, if w € alJc then there exists z € bU ¢
such that w < z

\/ Pn (way) > \/ Pa (’LU,Z) = \/ /\ pi(w’z) 2 \/ /\ pi(G’?b) = pm(a,b).

y€Ebllc z>w,z€bUc z>w,z€bUciEA z>w,z€bUciEA
Therefore, p_(aUc,bUc) > p.(a,b).
The proof for transitive closure of union follows by a routine calculation. O

4. COSETS OF FUZZY FILTER

In this section, M will stand for the residuated multilattice (M, <, ®,—,M, U, T).
Let pu be a fuzzy filter of M. For all a € M, u* is the fuzzy subset of M, called a
coset of the fuzzy filter p and defined by p%(x) = min{u(a = x), u(z — a)}.

Lemma 4.1. Let u be a fuzzy filter of M, then u® = ub, if and only if p(a — b) =
(b — a) = u(T).

Proof. If u® = p®, then p®(a) = p®(a). That is pu(a — a) = u(T) = min{u(a —
b), u(b — a)}. Which implies that u(T) < p(a — b) and u(T) < pb — a). So
mla —b) = pb— a) = u(T).

Conversely let u(a — b) = p(b — a) = pw(T). Let z € M, since p is a fuzzy
filter of M, we have u(z — a) > min{u(z — b), u((z = b) — (2 — a))}. Therefore,
w(z = a) > min{u(z — b), u(b — a)}, because (z — b) = (z = a) > b — a. Thus,
u(z = a) 2 min{u(z = b), w(T)} = p(z — b).
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Similarly we have u(z — b) > u(z — a). Therefore, p(z — b) = pu(z — a).
We also have u(b — 2) = p(a — 2z). Thus, u®(z) = pb(z), for all z € M. ie.,
pt = pb. O

Let p be a fuzzy filter of M and « € [0, 1]. Consider on M the relation ~, defined
by, a ~4 b if and only if u®(b) > «, for all a, b € M. Therefore, from Lemma 4.1,
p® = pb, if and only if @ ~u(T) b.

Proposition 4.2. Let u be a fuzzy filter of M. Then, for all a € [0, u(T)], ~q is
an equivalence relation on M.

Proof. Let « € [0, u(T)]. Let x, y, z € M.
o &~ x, because pu(x — z) = pu(T) > «a.
e Obviously, we have x ~, y if and only if y ~, x.
e Suppose that x ~, y and y ~,, z.
T ~q Yy implies min{u(z — y),uly — =z)} > « and , y ~, 2z implies
min{p(y — 2), u(z = y)} > «. Since p is a deductive system,
p(@ — z) = min{p(y = 2), u((y = 2) = (x = 2))} = min{u(y — 2),p(z = y)} =2 a.
Similarly, we have pu(z — ) > a. Then x ~, z.
Therefore, ~,, is an equivalence relation on M. 0

Proposition 4.3. Let u be a fuzzy filter of M and « € [0, u(T)].
Then
(i) Vx,y,z € M), (x ~qy= ((x = 2) ~0 (y = 2) and (z = ) ~4 (2 = ¥)));
(it) (Va,y,a,b € M), ((x ~ay) and (a ~a b) = (z — a) ~a (y — b))

Proof. Straightforward. d

Proposition 4.4. Let u be a fuzzy filter of M and « € [0, u(T)], then ~q is con-
gruence relation of pocrim.

Proof. By Proposition 4.2 and 4.3 we already know that ~, is an equivalence relation
compatible with the operation —. We only have to prove the compatibility with the
product.

Let © ~o y. By P6, we have (x ©2) - (y©2) >z — y and (y © z2) —
(x ®z) >y — x. Since p is a fuzzy p-filter p((z © 2) = (y © 2)) > plx — y) and
p((y ©2) = (x© 2)) 2 ply — x). Thus, (z©2) ~a (YO 2). O

Theorem 4.5. Let y1 be a fuzzy filter of M then ~ 7y is a congruence relation on
M.

Proof. By Proposition 4.4 ~ 7y is a congruence of pocrims. We have to prove that
~u(T) is a congruence of multilattice by using the Theorem 1.20. Since ~ (7 is an
equivalence relation, the items (¢) and (¢4¢) of Theorem 1.20 are satisfy. We will only
prove items (i¢) and (iv) of that Theorem.

For item (ii), we should prove that for all a,b € M, a ~, ¢y b if and only if there
exist z € allb and w € a U b such that z ~, 1) w.

Let a,b € M, then for all z € aMband w € alUb, we have z < w, s0 z > w="T
and p(z = w) = pu(T) (*).

Suppose that a ~ ) b, then we have u(b — a) = u(T). Since p is a fuzzy

filter, (binf) w(t) > p(b — a) and particularly, for w € a Ub, p(w — a) = p(T).
te(bla)—a
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Analogously, z € a Mb implies p(a — z) > pu(a — b) = p(T'). Since p is a fuzzy
filter of M, p(w — 2) > min{p(w — a),u((w = a) = (w = 2))} > min{u(w —
a), (e — z)} > p(T). Which implies p(w — z) = u(T') ().

(x) and (sx) ensure that w ~ ) .

Conversely, assume that there exist 2 € aMb and w € a U such that z ~, 1) w.
Then p(w — z) = p(T). From z < b and P3 we obtain w — z < w — b, then
wlw — b) = wu(T). Likewise, from w > a we have w — b < a — b. Then,
w(T) = p(w — b) < pla — b). Analogously we obtain u(b — a) = p(7"). Thus,
@ ~pu(r) b.

Now, for item (iv), let a,b € M such that a < b and a ~ ) b. We have to prove
that, for all c € M, (aM¢) ~, ) (bMe) and (aUc) <~y (bUC).

For x € alMe, since z < a <band x < ¢, Jy € blMc such that =z < y.

On one hand pu(x — y) = w(T) (1).

On the other hand, since b > y, we have b — a < y — a, which implies u(T') =
w(b— a) < u(y — a). Because p is a fuzzy filter  inf  p(t) > ply = a) = w(T).

tey—(aly)
x € aMy and, hence, pu(y — x) = u(T) (2).
(1) and (2) implies © ~ (1) y- O

Lemma 4.6. Let p be a fuzzy filter of M and x,y,a,b € M. If u* = p® and
My — /~Lb1 then uw—)y _ Ma—)b’ Ma:@y — Ma@b’ luwuy _ ual.lb and ,ua:l—!y _ ,u“mb, Where
p = {uf c € alUb} and p = {uc, c € amb}.

Proof. Suppose p* = p® and p¥ = pub, then ~u(T) @y Y ~pu(r) b Because ~ 7y is

a congruence relation on M, we have (z = y) ~, 1) (@ = b), (O Y) ~yu1) (@O D),

(zUy)~, 1 (alb) and (zMy)~, 1) (aMb). Therefore, by Lemma 4.1, p* 7% = p*—°

and *®Y = p®©? and by the definition of <7 and Lemma 4.1, we have p™ =
allb

U and uzﬂy — ual‘lb. O

Let u be a fuzzy filter of M. Let M/, denote the set of all cosets of u, i.e., M, =
{u*,a € M}. For any p® pu* € M,,, we defined p*Up’ = p°, poTipb = pom®,
pu — b = po 4% © pb = pe®b. Therefore, Lemma 4.6 proves that ®, —, TT and
U are well defined on M, .

Lemma 4.7. Let p be a fuzzy filter of M and =< be the relation on M, defined by
pu® < pbif and only ifa —b="T.
Then, = s a partial order on M.

Lemma 4.8. Let ju be a fuzzy filter of M. Then (M, ,=,©,—,TT,, uT) is a resid-
uated multilattice.

Proof. Since (M;,,=,®,—,u") satisfies items (1) and (2) of Definition 1.1 and

(M /H,ﬁ, U, uT) is a multilattice, we should prove only the adjointness condition.
Let u®, ub, pc € My, . Then plopt 2 ut e (a®b) »c=Tea0b<csa<

b=scea—(b=c)=T p® =< pub — pue. O

Theorem 4.9. Let p be a fuzzy filter of M and define the mapping o : M — M/,
by i(a) = p®, for alla € M. Then,
(1) 1 s a surjective homomorphism of residuated multilattice;
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(“) ker(p) = fu,(1);
(@48) M/ = M/p,r,-

Proof. For (i), let a, b € M. We have fi(a ® b) = u®®® = 2 © pb = fi(a) © u(b),
fila = b) = p*7" = p® = p* = fi(a) — f(b), flaUb) = p™* = pUp® = fi(a)Up(b),
alanb) = p = poTu’ = f(a)m(b), and @(T) = uT. This show that i is a
surjective homomorphism.

(ii) x € ker(z) if and only if fi(z) = pT if and only if u* = u” if and only if
x ~, ) T if and only if 2 € p, (7). Hence, ker(jz) = pu, (7).

(4¢43) By previous items we have M/, = M/ O

Hu(T)
5. Fuzzy HOMOMORPHISM

Definition 5.1 ([7]). Let p and o be a fuzzy equalities defined on the sets A and B,
respectively. A partial fuzzy function ¢ from A to B is a mapping ¢ : Ax B — [0, 1]
satisfying the following conditions for all a,a’ € A and b,V € B:

e min{y(a,b),p(a,a’)} < ¢(d’,b);
e min{p(a,b),o(b,b')} < @(a,b);
e min{p(a,b), p(a,b')} < o(b,b);

If in addition, the following condition holds: for all a € A there is b € B such
that p(a,b) = 1, we say that ¢ is a perfect fuzzy function.

Definition 5.2. Let (M, <,®,—,U,MN,T) and (M’, <,®, —, U, M, T") be residuated
multilattice endowed with fuzzy equalities p and o, respectively. A perfect fuzzy
function ¢ € [0, l]MXM/ is said to be fuzzy homomorphism if for all a;,as € M and
b1,by € M’ the following condition hold:

e (a1 ®as, b1 ©bz) > min{p(a1,b1); p(az, b2)};

plar = az, by — b2) > min{p(ar, br); p(az, b2) };

P(a1 Uaz, by Ubz) = min{p(ar, b1); p(az, b2)};

P(a1 Maz, by Mbg) > min{p(ar, b1); p(az,ba)};

o(T, T") = 1.

Moreover, ¢ is said to be complete if the following conditions hold:
(1) if \V ¢(a,y) =1, then there exists y € Y such that p(a,y) =1

yey
(2) if V o(z,b) =1, then there exists € X such that p(z,b) = 1.
z€X

Theorem 5.3. Let h : M — M’ be a homomorphism between residuated multilat-
tices, and p a fuzzy filter of M, then the inverse image of u denoted by h='(u) is a
fuzzy filter of M, where ¥ x € M, h=(p)(z) = p(h(z)).
Proof. e For all a € M, we have h(a) < T' = h(T). Because p is order preserving,
we have u(h(a)) < p(T") = u(h(T)). ie., K~ (u)(a) < b~ (u)(T).

o Let a,b € M. min{h='(u)(a),h"1(1)(a — b)} = min{u(h(a)), u(h(a = b))} =
min{p(h(a)), p(h(a) = h(b)} < p(h(b)) = h="(1)(b).

L M. ill h i inf -1 inf -1

eLeta,be We will prove that min {te(allillb)%bh (n)(t), teagl(al‘lb) h (u)(t))}

h=t(u)(a — b).
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Because p is a fuzzy filter of M’, we have h='(u)(a — b) = u(h(a) — h(b)) =

min inf s), inf s) p. Since, (h(a) U k(b)) — h(b) 2
{sE(h(a)LJh(b))—)h(b) M( ) s€h(a)—(h(a)Nh(b)) M( )} ( ( ) ( )) ( )
h((a U b) — b) and h(a) — (h(a) M h(b)) 2 h(a — (a M b)), we have
inf < inf = inf h(t d
sE(h(a)ul}?(b))ah(b)u )= seh((gll_lb)ab)u(s) te(al{llb)—ﬂ)'u( () an
inf < inf = inf h(t)). Th
seh(a)%l(lilz(a)ﬂh(b))# ) < seh(alg(al‘lb))'u(s) tEagl(al'lb)'u( ®) ot
h=t(p)(a — b) < min{ inf  h71(u)(t), inf h_l(,u)(t))}. By the Proposi-
te(allb)—b tEa— (alb)

tion 1.10, ¢ — b € (aUb) — band ¢ - b € a — (aUb). Then,
inf A7 (p)(t) < ht(u)(a — b) and  inf  ATH(u)(t) < A (u)(a — b).

te(allb)—b t€a—(alld)

Therefore, min{ inf A= (p)(t), inf h_l(,u)(t))} =h7Y(u)(a —b). O

te(alib)—b " tea— (anb)

Let us concentrate now on the relationship between fuzzy homomorphism and
congruences.

Definition 5.4 ([7]). Let ¢ be a fuzzy homomorphism and h a homomorphism from
M to M'. A fuzzy kernel relation induced by ¢ on M, denoted by p,, € [0, 1]M*M
is defined as p,(a,a’) = p(a, h(a’)), where h is the crisp description of .

We adopt here the term kernel as an extension of the crisp case because of the
inequality p,(a,a’) > min{e(a,b), p(a’,b)}.
Proposition 5.5 ([7]). Let ¢ a perfect function from A to B. For all a, a’ € A,
p@(a’7 a‘/) = b\/B min{g@(a7 b)7 QO(G/, b)}
€

The following Lemma shows that the inequality p,(a,a’) > min{p(a,b), ¢(a’,b)}
is still valid for the power set extension of p,.

Lemma 5.6. Forall A, A" € 2™ and B € 2™, 5 (A, A’) > min{B(A, B), 3(A’, B)}.
Proof. Let A, A’ € 2™ and B € 2M’. We have
min{@(A,B),@(ACB)}:miH{ AV oe(abd), ANV e(ab), N\ V e@b), N\ V @(alvb)}

acAbeB beBacA a’€A’ beB beBa'€A’

—uin{ AV plad). A V@0 famin AV o AV o0,

a€AbeB beB a'€A’ beB acA a’€A’ beB
Now, by idempotency and distributivity, we have that min{@(A, B), (4’, B)}
equals

AV (minfetat)l AV o@ ) )AV A (minfela' ) AV plat)).

acAbeB beBa' €A’ beBa' €A’ b'eEBacA

As AV (@ Vt) <V e(@,b) and AV ¢(a,b) < V p(ab), for all
bEBa'cA’ a’ €A’ b'eBacA acA
b € B, we have that

min{G(A, B G B < AV (minfplad). V e@ 0} )aV A (minfela.n), V plab})

acAbeB ) a’€A beEBa' €A’ ) a€A
= AV V (min{p(a,d), e, 0) DAV AV min{p(a’,d),o(a,b)}
acAbeEBa' €A’ beBa'cA’ acA
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= AV (W minota e o )a A V(Y minfola. o). 0.0) ).

acAa’€A’ \beB a’€A’ acA \beB
Since py(a,a’) = \/ min{y(a,b), p(a’,b)} we obtain
beB
min{@(4, B), p(A’, B)} < py(A, A'). O

Theorem 5.7. Let ¢ be a fuzzy homomorphism from M and M'. The fuzzy kernel
relation p, is a fuzzy congruence relation.

Proof. Let us see the compatibility with the hyperoperation L.

Firstly, we will prove that p,(a,a) = 1. From Proposition 5.5 p,(a,a) = \/ ¢(a,b)
beB
because ¢ is a perfect fuzzy function, there exists by € B such that ¢(a,by) = 1.

Then, py(a,a) = 1.
polar Uas, asUay) min{@(a; Uasz, h(az)Uh(aq)), p(az Uaqg, h(az) U h(as))} by Lemma 5.6
min{¢(ar, h(az)), ¢(az,h(az)), ¢las,h(as)), plas, hlas))}

min{p (a1, 02), (a2, 02), pplas, as), po(as,as)} as pola,a’) = pla, ha'))
min{py(a1,az), ps(as, as)}-

The compatibility with L is similar. Let us see the compatibility with ©.

vV IV IV IV

polar ©as,as ®as) = (a1 ©as,h(az © as)),
¢(a1 © as, h(az) © h(as)),
min{p (a1, h(a2)), ¢(as,h(as))}

min{p, (a1, az), ,%(a?n as)}.

AVARLY

The compatibility with — is similar.
Thus, p, is a fuzzy congruence relation on M. g

CONCLUSION

In this paper, we have initiated the study of fuzzy filters in residuated multilattices
and established many important properties.

As future work, given a residuated multilattices (M, <, ®,—,,M,T), one can
study the nature and properties of the induced power set 2™, endowed with the
extended operation ®, —, U and M.

Lattices are the most general algebraic structure of truth-values considered in the
theory of fuzzy concept analysis to evaluate the attributes and objets. It will also
be interesting to use the residuated multilattice as underlying set of truth-values for
these attributes and objets.
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