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ABSTRACT. In this paper, we attempt to derive a metric ( or s-metric)
form a fuzzy metric in a sense of A. George and P. Veeramani [1], where
the infimum of a D- induced interval is used to evaluate distance between
two points. It is proved that every fuzzy-metric space (X, D, x) with its
continuous t-norm * between 7. (= Einstein product) and 7, (= minimum)
induces at least an s-metric space (X, d). The topological properties such
as the compactness and metrizabilty (fuzzy metrizabilty) of a fuzzy met-
ric induced topological space (X, 7p) are investigated using its D-induced
metric (or s-metric ) induced topological space (X, 7). Similarly, we inves-
tigated the completeness and completion of a fuzzy metric space (X, D, x)
using the completion and completeness of its corresponding D-induced(or
D-induced s-) metric space (X, d).
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1. INTRODUCTION

Since the theory of fuzzy sets, introduced by L.A. Zadeh [35] appeared in 1965
it has been used in a range of areas of mathematics and many authors developed the
theory of fuzzy sets and their application in different ways(see, [1,18,21,27,29,30,30]).
Fuzzy topology is one example of use of Zadeh’s theory. Authors of this field have
pursued the definition of a fuzzy metric space from different points of view (see for
instance [2,7,10,11,20,26] ) so that the distance between different elements can be
established according to degrees of closeness and remoteness. Authors continued to
characterise the theory of fuzzy metric space and apply it in fixed point theory in
fuzzy settings(see, [3,5,8-10,12-17,23,24,28,31-34]).

Completeness and completion are very useful properties in the context of fuzzy
and metric spaces. Sherwood proved in [25] in the framework of probabilistic metric
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spaces that every fuzzy metric space in a sense of Kramisol and Michelak [11] has
a completion which is unique up to isometry, with the help of the completeness
properties of Levy’s metric. Unfortunately, there is a fuzzy metric space in a sense
George and Veeramani (see [1]) with no completion (see [8]). We will take advantage
of this desirable characteristic in order to investigate the completeness of a fuzzy
metric space in a sense of George and Veeramani using the completeness of its
corresponding induced metric or s -metric space.
The objectives of this paper are:

e to extract a metric or s-metric from a fuzzy metric introduced by George
and Veeramani ( [1]);

e to investigate the completeness and completion of a fuzzy metric spaces in
relation to its induced metric or s- space and ;

e to study the (fuzzy) metrizabilty of a pre-determined topological space with
respect to a fuzzy metric space, (X, D, %) using its notion of induced metric
space or s -metrics space.

2. PRELIMINARIES

In this section, we briefly summarize important points in fuzzy metric spaces.

Notation. Throughout this paper the following notations are used.

7 = Topology derived by s -mapping; 7 = topology;

R, = the set of non negative real numbers; a A b = min(a,d) ;

7p = Topology derived by fuzzy -metric, D; a V b = max(a, b);

74 = Topology derived by induced-metric (or induced s-metric), d;

T, = minimum t-norm; 7T, = Einstein product t-norm;

bo = (-, a) and ¢! = ¢(t,_) ; where ¢ : [0,00) x (0,1) — (0, 1].

Definition 2.1 (See [19]). Let X be a non-empty set. A function

d: X? —[0,00] is said to be metric on X if it satisfies:

(1) d(z,y) =0iffz =y

(2) d(z,y) =d(y,x) for all z,y € X

(3) d(z,y) < d(z,z) +d(z,y) for all x,y,z € X.

Definition 2.2 (B. Schweizer and A. Sklar [22]). A binary operation

% :[0,1] x [0,1] — [0,1] is a continuous t-norm if * satisfies the following conditions:
(1) = is associative;
(2) * is commutative;

(3) ax1=a forall acl0,1];

(4) axb<cxd whenever a < cand b<d, a,b,c,de€|[0,1].

A t-norm x is continuous if it is continuous with both variables.

Lemma 2.3. Let o be a t-norm. If T, < o < T,,, then there exists constant, ¢ € [1,2]
2
such that a o b > @, Ya,b € [0,1].

Proof. Let a,b € [0,1] be arbitrary. Clearly, T}, (a,b) = (aAb) > (a A b). For Eintein
product (that is, Hamacher ¢- norm for A = 2), we have

Te(a,b) = 2+ab“_b(a+b) > 2+(a(fl:;b_)ia+b) > (a/;b)z. Thus, for T, < o, it follows that
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o(a,b) > T, > (a/;b) Therefore, for each t-norm with T, < ¢ < T,,, aob > a/\b)
Va,b € [0,1] and for some ¢ € [1,2]. ‘O

Definition 2.4 ( [11]). A 3-tuple (X, D, «) is said to be a fuzzy metric space if X
is an arbitrary non-empty set, * is a continuous ¢t— norm and D is a fuzzy set on
X x X x [0,00) satisfying the following conditions:

(D1) D(z,y,0) =0 for all z,y € X;

(D2) D(z,y,t) =11if and only if x = y;

(D3) D(z,y,t) = M(y,x,t) for all z,y € X and t > 0;

(Dy) D(z,y,t)*« M(y,z,s) < D(x,z,t+s) for all x,y,z € X and for all s,¢ > 0;
(Ds) D(z,y,-):(0,00) — [0,1] is left continuous, x,y € X and t,s > 0.

In 1994 , George and Veeramni [1], slightly modified the notion of fuzzy metric
introduced by Kramosil and Michalek by replacing (D7) and (Dj) of Definition 2.4
respectively by

(D) D(z,y,t) > 0 for every fixed z,y € X and for all ¢ > 0;

(D) D(z,y,-):(0,00) — (0,1] is continuous for all z,y € X.

Lemma 2.5. If (X, D, o) is a fuzzy metric space and * is a continuous t-norm such
that x < o, then (X, D, *) is a fuzzy metric space.

Proof. We need to verify only Definition 2.4(Dy). Since (X, D, ) is a fuzzy metric
space, for all z,y,z € X and t,s € (0,00), D(x,y,s +t) > D(z,z,s) o D(y, z,1).
Since x < o, D(x,2,8) ¢ D(y, z,t) > D(x, z,5) * D(y, z,t). Thus,

D(z,y,s+1t) > D(x,z,s) * D(y, z,t). Hence the result holds. O

Remark 2.6 (M. Grabiec, [5]). If (X, D, o) is a fuzzy metric space, then D(z,y,_) is
a non-decreasing for all z,y € X.

Definition 2.7 (V. George and P. Veeramani [4]). Let (X, D, *) be a fuzzy metric
space.
(i) A sequence {x,} C X is said to be D-Cauchy sequence, if for each r € (0,1)
and ¢t > 0,there exists n(r) € N such that D(x,,, zp,,t) > 1 —r for all m,n > n(r).
(ii) A sequence {x,} is said to be D-convergent to € X, if for each r € (0,1)
and ¢ > 0,there exists n(r) € N such that D(z,,z,t) > 1 —r for all n > n(r).
(i) (X, D, ) is said be complete, if every D-Cauchy sequence is D-convergent.

3. METRIC SPACE INDUCED BY FUZZY METRIC SPACE

In this section, we attempted to derive a metric from a given fuzzy metric in a
sense of A. George and P. Veeramani [1]. We study the completeness and completion
of some class of fuzzy metric spaces with respect to completeness and completion of
their respective induced metric spaces.

Lemma 3.1. If (X, D, *) is a fuzzy metric space, then D is continuous.

Proof. Let lim, z, = z, and lim, y, = y, in (X,D,*). We need to show that

lim,, D(Zpn, Yn,t) = D(Zo,Yo,t). Since lim, z, = z,, lim, y, = yo, by Definition

2.7, it follows that lim,, D(x,, x,,t) = 1, lim, D(yn,yo,t) = 1. From Definition 2.4,
831
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for s > t, we have

(3.1) (Vn € N) D(x0,Yyo,5 + t) D(z0, @, t) * D(Ty, Yo, S)

>
> D(xoaxnvt) * D($n7yn7 s = t) * D(yn7y07t)

By letting n — oo in (3.1), for all s > t, we get

D(20,Yo,8 +1) > lim, {(D(z0, Tn,t) * D(Yo, Yn,5)) * D(Tn,Yn,s — 1)}

= (1% 1) *lim,, D(xn,Yn,t) = lim,, D(2n, yn, s — t).

Since D(z,y, ) is continuous,

D(-TOa Yo, 3) = limy_,o+ D(-rOv Yo, S+ t)

> limy_,o+ lim,, D(zy,, yn, s — t) = lim,, D(xy, Yn, S)-

Thus, D(xo,Yo,s) > lim, D(zy,Yn,s). Similarly, lim, D(x,, Yn, s) > D(ze, Yo, S)-

From the above discussions, we conclude that D(zg, yo, s) = lim, D(2y,Yn,s). O

Definition 3.2. Let X be a non-empty set and let v : X x X x [0,00) — [0,00) be
a mapping such that

(i) ~y is continuous; y(z,y,t) = y(y,z,t) for all z,y € X and ¢t > 0;

(i) ~z,y = (z,y,-) is a non-decreasing function;

(i) 0 < y(z,y,t) for all z,y € X and for all t > 0.
We denote I' = {v: X x X x [0,00) — [0,00) : v satisfies (i) to (iii)} .

Lemma 3.3. Lety € I'. If v, , is onto mapping, then v, ,(0) =0 for all z,y € X.

Proof. Let 7, be onto. If v, ,,(0) # 0 for some z,y € X, then there exists r > 0 such
that 0 < r < 7,,(0). Since 7, , is onto, there exists o > 0 such that v, ,(to) = r.
Hence, vz,4(t0) < Ya,y(0). This contradicts to Definition 3.2 (ii). Therefore,

Va,y(0) = 0. O

Definition 3.4. Let ¢ : [0,00) x (0,1) — (0, 1] be such that

(i) ¢ is continuous;

(ii) o(t, B) < P(s,a), VB <aand V s < t.

(iii) for each t € (0,00) and o € (0,1), 0 < ¢(¢t, ) < 1. We denote & = {¢ :
[0,00) x (0,1) — (0,1] : ¢ satisfies (i) to (iii)} .

Lemma 3.5. Let (¢,7,a,tp) € (& xI' x (0,1) x (0,00) be fized and let v € I'. Let
a € (0,1), tg € (0,00) and z,y € X be arbitrary.

(i) ¢a = ¢(_, @) is non-increasing; ¢ = ¢(to, ) is a non-decreasing.

(i7) If o is an onto mapping, then ¢, (0) = 1.

(111) If ¢o and v, are onto mappings, then ¢q(vz,y(0)) = 1.

Proof. Using Definition 3.4 (ii) and Definition 3.2, it is easy to verify the validity
of the statements in Lemma 3.5(i). If ¢,(0) # 1, then there exists r € (0,1) with
0 < ¢a(0) < r < 1. Since ¢, is onto, there exists k € (0,00) such that ¢4 (k) = r.
By (i) of Lemma 3.5, ¢, is non -increasing. Hence r = ¢, (k) < ¢o(0) < r. This is a
contradiction. Therefore, ¢,(0) = 1. Hence (ii) is proved. The proof of (iii) follows
from Lemma 3.3 and (ii) of this lemma. O

Lemma 3.6. Let (X, D,*) be a fuzzy metric space, (¢,7) € ® x I'. Assume that
a,x,y,u,v € X and that a, B € (0,1) with a < 8 are fized.
(i) If D(z,y,t) > D(u,v,t), Yay(t) > Yu(t) for allt >0 and

A= {t >0:D(x,y,t) > ¢a(7w,y(t))};
832
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B={t>0:D(u,v,t) > ¢po(Vun(t))}, then AD B.
(”) IfA:{t>0:D(a?,y,t)>¢g('y ())}
B={t>0:D(z,y,t) > (ba(%y(t))} then A C B.
(1) If A={z€ X :inf{t >0: D(a,z,t) > ¢a(Va,-(t)} < to} and
B={z€ X :D(a,zt,) > ¢a(Va:(to))}, then B = A.
() If o and vz are onto, A={t>0:D(x,y,t) > ¢a(Vay(t))} and
B={t>0:D(u,v,t) > ¢po(Vun(t))}, then AN B # @.
(v) If po and v, are onto and D(x,y,t) > ¢po(Vay(t)) for allt >0, then x = y.

Proof. Tt is easy to show the validity of (i) and (ii). So we verify only the validity
of (iii) to (v). If y ¢ A, then inf{t > 0 : D(a,y,t) > ¢a(Vay(t))} > to. That is,
D(a,y,to) < ¢da(Vyoy(to)) = y ¢ B. Thus, B C A. Conversely, if y ¢ B, then
D(a,y,to) < ¢a(Vay(to)) = inf{t > 0 : D(a,y,t) > ¢a(Vay(t))} > t,. Hence

y ¢ A= A C B. Therefore, A = B. Hence (iii) is proved.

Since D(x,y,_) is non-decreasing and ¢, is non-increasing, if tg € A for some
to € (0,00), then t € A for all t > ty. Since ¢, is onto mapping, there exists s > 0
such that ¢a(va,y(s)) = ;7. Now, Assume AN B = @. Then for ¢y € A, we have
(32)  D(u,v,t0) < da(Va.y(t)) < dals) = -

Form (3.2), it follows D(u,v,tp) # 1 for all ty € A and

for all t > max(¢g, s).

to
1 — D(u,v,tp)
Since we can take ty € A as large as we wish, Inequality (3.3) is valid only if
D(u,v,k) = 0 for some k € A. But, this contradicts to (D}). Thus, our assumption
was wrong. Therefore, AN B # &. Thus, (iv) is proved.

Since ¢, and 7., are onto, by Lemma 3.5 and Continuity of ¢, it follows that
$a(0) =1 =1limy_ 0+ o (Vay(t)) <lim; o+ D(z,y,t) < 1. That is,

(3.4) lim D(z,y,t) = 1.
t—0+

(3.3) D(u,v,ty) < o, for all ty € A.

Since D(z,y,-) is non-decreasing and (3.4) is valid, we get D(z,y,t) = 1 for all
t > 0. Thus = y. Thus, Lemma 3.5 is proved. Hence the result. g

Remark 3.7. Let (X, D, *) be a fuzzy metric space. If (¢,v,a) € ¥ xI" x (0,1) and
x,y € X are fixed, then A = {t > 0: D(z,y,t) > ¥a(V2,y(t))} is interval.

Definition 3.8. Let (X, D,*) be a fuzzy metric space, (¢,v,a) € ¥ x ' x (0,1)
and z,y € X be fixed. Aset A= {t >0:D(z,y,t) > VYa(7Vz,(t))} is said to be a
D-induced interval.

Lemma 3.9. If B,ACR, and AN B # &, then
(i) inf(AN B) <inf(A)+ inf(B), whenever A and B are intervals;
(i) inf{A+ B} = inf(A) + inf(B).

Definition 3.10. Let (X, D, %) be a fuzzy metric space. We say that a fuzzy metric
D induces a metric on X if there exist an « € (0,1), ¢ € ® and v € T such that a
function, d : X? — [0, 00) defined by
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d(z,y) = inf{t > 0 : D(z,y,t) > da(Vay(t))} is a metric on X. We call the
corresponding metric space, (X, d), D-induced metric space of (¢, 7, a).

Notation: Hereafter, we refer (X,d) as D-induced metric space of (¢,t, ), if
Va,y(t) =t for all z,y € X and for all £ > 0.

Theorem 3.11. Let (X, D, *) be a fuzzy metric space, (¢,7v,a) € & x T' x (0,1).
Assume that both ¢o and v, , are onto mappings for every fixed x,y, € X. Let
A={t>0:D(z,y,t +5) > ¢pa(Vz,y(t))} and

B ={t>0: D20 > dalre(O)h C = {t > 0: D(z,y,t) > da(r24(®)},
E=BnNC.IfEC AV x,y,z € X, then D induces a metric on X.

Proof. Let (X, D,x), (¢,7), A, B, C and FE be as stated in Theorem 3.11 . Define
d:X? —[0,00) by d(z,y) = inf{t > 0: D(z,y,t) > da(Vzy(t))}. Then

0 =d(z,y) = inf{t > 0: D(2,y,t) > ¢a(Vay(t))} = D(@,y,t) > da(Vay(t)) for
all ¢ > 0. Therefore, by Lemma 3.6, we have x = y. The converse is clear. Thus,
do(z,y) = 0 iff = = y. Since D(z,y,t) = D(y,x,t) for all ¢ > 0, it follows that
d(z,y) = d(x,y) for all z,y € X. Let A and E be as stated in Theorem 3.11. By
Lemma 3.6, it follows that E # @. If E C A, then inf(A) < inf E and by Lemma
3.9, we get min(A) < inf(E) < inf(B) + inf(C). That is,

d(z,y) = inf(A) < inf(F) < inf(B) + inf(C) = d(z, 2) + d(z, y). O

Theorem 3.12. Let (X, D, *) be a fuzzy metric space, (¢,7,a) € & x ' x (0,1).
Assume that both ¢o and v, are onto mappings for every fived x,y € X. Let
A={t>0:D(z,y,t) > ¢a(Vay(t))} and

B =1{t>0:D(5,2) > dulry®)} C = {5 > 0 D(2,9,5) > ba(r-()},
E=B+C. ECAV z,y,z € X if and only if D induces a metric on X.

Proof. Let (X, D, %), (¢,7,a), A, B, C and E be as stated in Theorem 3.12. Define
d:X? —[0,00) by d(x,y) = inf{t > 0: D(z,y,t) > ¢a(Vay(t))}. If 0 =d(z,y) =
inf{t > 0 : D(z,y,t) > ¢a(V2,y(t))}, then D(x,y,t) > ¢a(Vz,y(t)) for all t > 0.
Therefore, by Lemma 3.6, we have = y. The converse is clear. Thus, d(z,y) =
0iff  =y. Since D(z,y,t) = D(y,x,t) for all t > 0, it follows that d(x,y) = d(z,y)
for all x,y € X. Let A and E be as stated in the Theorem. By Lemma 3.6, it follows
that £ # @. If E C A, then inf(A) < inf(E) and by Lemma 3.9, it follows that
min(A) < inf(E) = inf(B) + inf(C). That is,
d(z,y) = inf(A) < inf(B) + inf(C) = d(z,2) + d(z,y). Conversely, let d be a
D-induced metric of (¢,7,a) and both ¢, and ~,, be onto mappings for every
fixed x,y € X. Since ¢o(7Vz,y) is onto for every fixed z,y € X and non-increasing;
D(z,y,_) is a continuous for for every fixed z,y € X and non-decreasing, there
exists t,, € (0,00) such that D(z,y,tzy) = @a(¥(tzy)) for each x # y. Thus, if d is
a D-induced metric on X, then d(x,y) = t;y and
{t >0:D(x,y,t) > pa(Va,y(t))} = (tay,00). If 2,3,z € X is arbitrarily fixed, then
B={t>0:D(z,z21t) > da(Vz,y(t)} = (tsz,0),
C={t>0:D(@51) > bu(tay(t))} = (ty,00),
A=1{t>0:D@,y,1) > Galtag(D)} = (lryso0) and B = B+ C = (b + Ly, 00).
Now if £ A, then A C E. Consequently, inf £ < inf A. That is,
d(z,z) +d(z,y) = inf E < inf A = d(z,y). This is a contradiction to assumption d
is a D-induced metric on X. Therefore, £ C A. O
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Corollary 3.13. If (X, D, A\) be a fuzzy metric space, then D induces a metric on
X, where a A b= min(a,b) for all z,y € [0,1].

Proof. Let a € (0,1) be arbitrarily fixed. Consider
¢ :[0,00) x (0,1) — (0,1] and and v : X x X X [0, 00) defined by
o(t,B) = % and v(x,y,t) = t respectively. Clearly, (¢,t) € ® x I’ and both ¢, and
Ye,y are onto mappings for every fixed o € (0,1) and z,y € X respectively.
Let A={t+s>0:D(x,z,t+ ) > ¢po(t + 5), s,t >0}
B={t>0:D(z,2,t) > ¢pa(t)} + {s > 0: D(z,y,s) > ¢u(s)}
C={t+s>0:min{D(z,2,t),D(z,y,8)} > ¢t +s) s,t >0}
Now we need to show that A O B. Since A O C, it suffice to show C' O B.
Indeed, if kg = t, + so ¢ C, then min{D(x, z,t,), D(2,9,50)} < ¢alto + so). That
is, either D(z, z,t0) < dalto + S0) < dalto) or D(z,y,80) < dalto + S0) < dalso).
Hence k, = to + so ¢ B. Thus, B C C. So, B C A. Therefore, all assumptions
and conditions of Theorem 3.12 are satisfied and hence the conclusion of Corollary
follows by Theorem 3.12. d

Theorem 3.14. Let (X, D, x) be a fuzzy metric space such that
Q={a€(0,1):dyis a metric on X induced by D} # @. If

ap = 1nf(Q) and By = sup(Q),and By # o, then {dn, @ € (a,Bo)} is an increas-
ing collection of metrics on X with respect to a € (0,1).

Proof. Since Q # &, there exists (¢,v,a) € & x I' x (0,1) such that

do(z,y) = inf{t > 0: D(x,y,t) > ¢a(Va,y(t))} defines a metric on X. Let ap and
Bo be as stated in the theorem and let «, 8 € (ap, o) such that o < . Define
A={t>0:D(xy,t) > ¢a(Vz,y(t)} and B = {t > 0: D(z,y,t) > ¢(V2,4(t))}.
By Lemma 3.6, B C A. Hence inf(A) < inf(B). That is d,(x,y) < dg(x,y) for all
z,y € X. O

Theorem 3.15. Let (X, D,x) be a fuzzy metric space. If (X,d) is a D-induced
metric space of (¢,t,a), then every D-Cauchy sequence is a d-Cauchy sequence.

Proof. If {x,} is a D-Cauchy sequence, then for 1 > r > 0 and ¢ > 0, there exists a
k € N such that D(zp, Zm,t) > 1—r for allm > n > k. Now let 0 < tg be arbitrarily
fixed. For ro = 1 — ¢o (%), there exists ng € N such that

D(2p, Tm, L) > (1=10) = ¢pa (%) for allm > n > ng > k. By definition of D-induced
metric of (¢, ¢, ), we have do (2, 2m) = inf{t > 0: D(zp, T, t) > ¢a(t)} <L <ty
for all m > n > ng. Since 0 < ty, was arbitrary, we conclude that {z,} is a d-Cauchy
sequence. [l

Theorem 3.16. Let (X, D,*) be a fuzzy metric space. If (X,dy) be a D-induced
metric space of (¢,t, ). Then every D-convergent sequence is d-convergent sequence.

Proof. The proof is similar to that of Theorem 3.15. O

Corollary 3.17. Let (X, D,x*) be a fuzzy metric space and (X,d) be a D-induced
metric space of (¢,t,). If (X,d) is a complete metric space, then (X, D,x*) is a
complete fuzzy metric space.

Proof. Proof of corollary follows from Theorem 3.15 and Theorem 3.16. O
835
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Corollary 3.18. Let (X, D,*) be a fuzzy metric space. If (X,d) is a D-induced
metric space of (¢,t,a), then (X, D,*) has a completion.

Proof. Since (X, d) is a metric space, it has a completion (see, [19]), (X™*,d). There-
fore, the result follows by Corollary 3.17. 0

Theorem 3.19. Let (X, D, *) be a fuzzy metric space, (X,d) be a D-induced metric
space of (¢,t,a) and dq is an onto mapping. A sequence {x,} C X is a d-Cauchy
sequence if and only it is a D-Cauchy sequence.

Proof. Let (X, D,x),(X,d) and ¢, be as stated in the Theorem. If {z,} is a d-
Cauchy sequence, then lim,, ,,, do (T, ) = 0. That is,

(3.5) 0 = lim{inf{t > 0: D(zp,Tm,t) > da(t)}}
= inf{¢t > 0:lim D(xy, Tm,t) > ¢u(t)}
n,m
From (3.5), it follows that
(3.6) lHm D(%p, Ty, t) > ¢o(t) for all £ > 0.

n,m

By continuity of ¢, and Lemma 3.5, we have

3.7 li o(t) = 1.

(3.7) m da(t)

From (3.6) and (3.7), it follows limy, ,, D(Zn, Zm,t) = 1 for all £ > 0.

The Converse follows from Theorem 3.15. O

Theorem 3.20. Let (X, D, ) be a fuzzy metric space, (X,d) be a D induced-metric
space of onto pair (¢,t,a) and ¢y is an onto mapping. A sequence {x,} C X is a
D- convergent if and only if it is a d-convergent .

Proof. The proof of the theorem is similar to that of Theorem 3.19. O

Corollary 3.21. Let (X, D, ) be a fuzzy metric space, (X,d) be a D-induced metric
space of onto pair (¢,t,«). (X, D,*) is a complete fuzzy metric space if and only if
(X, d) is a complete metric space.

Proof. Proof of corollary follows from Theorem 3.19 and Theorem 3.20. g

Theorem 3.22. Let (X, D,*) and (X, D,o) be fuzzy metric spaces. Then (X, D, o)
induces a metric space iff (X, D, *) induces metric space.

Proof. If (X, D, ) induces a fuzzy metric space, then there exists

(¢,7,0a) € @ x I x (0,1) such that d, : X? — [0, 00) defined by

do(z,y) = {t > 0: D(x,y,t) > ¢pa(Vs,y(t))} defines a metric on X. Consequently,
we have D(z,y,t) > ¢a(V2,y(t)) V> 0= 2z =y and do(z,y) = du(y, ) for all
zoye X. fA={t: D(x,y,s+t) > ¢a(t)}, B={t: Dz, 21t) > da(Vzy(t))},
C ={t:D(z,y,t) > ¢a(V2,y(t))} and E = B + C, then by Theorem 3.12, E C A
for all z,y,z € X, t,s > 0 irrespective of t-norm involved. Thus, (X, D, %) induces
a metric space if and only if (X, D, o) induces a metric space. O
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4. s-METRIC AND INDUCED s-METRIC SPACES

In this section, we introduce the concept of an s-metric and derive it from a fuzzy
metric in a sense of A.George and P. Veeramani. We study the completeness and
completion of some class of fuzzy metric spaces with respect to completeness and
completion of their respective s-metric spaces.

Definition 4.1. Let X be nonempty set. A mapping d : X? — [0, 00) is said to
be s- metric on X if there exists a continuous mapping (s-mapping)
s:X? — [0,00) with s(z,y) = s(y,z), Vy,z € X such that

(1) d(z,y) >0 and d(z,y) =0 iff z = y;

(2) d(z,y) =d(y,z) Vz,y € X;

(3) d(z,y) < s(z,z)+ s(z,y) Va,y,z € X;

A pair (X,d) is said to be an s-metric space. If s is metric, we call d almost
metric and (X, d) almost metric space

Ezxample 4.2. Every metric is a s - metric.

Ezample 4.3. Let X = [1,00) and let D be a fuzzy set in X2 x (0,00) defined by
D(z,y,t) = % A mapping, da,, on X2 defined by
do(z,y) = inf{t > 0 : D(x,y,t) > ;55 } is a s - metric on X, where a € (0,1) is

fixed.

Proof. Let d,, and D be as stated in the Example. Then
do(z,y) =inf{t > 0: D(z,y,t) > 5} = 70((”?;)/\_;“?/))

= do(z,y) = 0iff z =y, do(z,y) = du(y,z) and do(z,y) < alz — y|. Define
s: X2 —[0,00) by s(x,y) = alr — y|. Thus, du(z,y) < s(z,y) < s(z,2) + s(2,7).
Hence d is a s-metric on X. Moreover, d is almost metric on X. O

We define, a convergent sequence and a Cauchy sequence in an s-metric space as
usual.

Definition 4.4. Let (X, d) be a s- metric space.
(1) A sequence {z,} C X is said to be d-convergent if for every given ¢ > 0,
there exists ng € N such that d(z,,y) < € for some y € X and V n > nyg.
(2) A sequence {z,} C X is said to be d-Cauchy if for given € > 0,
there exists ng € N such that d(z,,zm,) <€, Vm >n > ng.

Proposition 4.5. Let (X,d) be an s-metric space. (i) A sequence {xp} in X is
convergent to x € X iff lim, d(x,,x) = 0.
(15) A sequence {xy,} in X is d-Cauchy iff limy, p, d(zy, Tm) = 0.

Proof. (i) If lim,, z,, = x, then by definition given r € (0,1), the exists ng € N such
that d(z,z,) < r for all n > ng. Since r € (0,1) was arbitrary, we conclude that
lim,, d(x,2,) = 0. The converse is clear. Similarly, (i) holds. O

Definition 4.6. Let (X, d) be an s- metric space. We define
(1) s-open ball with center zy and radius ¢ by
Bg(zo,m0) ={y € X : S(xo,y) <o} if s(x,z) =0forallz € X
(2) d-open ball with center z, and radius ro by
By(zo,m0) = {y € X : d(z0,y) <710}
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Proposition 4.7. If (X,d) is an s-metric space with s(x,z) = 0 for all z € X,
then for each x € X and each r > 0 (i) Bs(z,r) C By(x,r); (i) 3t > 0 such that
Bi(z,r) C Bs(z,t).

Proof. Let (X,d) be an s-metric space and let z € X, r > 0 be arbitrary.

(¢) Since (X, d) a s- metric space, for every x,y € X, we have d(x,y) < s(z,y).
So, if z ¢ Bg(x,r), then s(x,z) > d(z,z) > r. That is,
z ¢ Bs(z,r) = Bs(z,7) C By(z,7).

(#4) Suppose to the contrary Bg(z,r) € Bs(x,t) for each ¢t > 0. Assume r < 1.
So, if By(z,1) € Bs(x,t), then there exists z € By(x,r) such that
z ¢ Bs(z,t) = r > s(x,z) >t (by (i)) = r > t. This is the contradiction to
r < t. Thus, there exists ¢t > 0 such that Bg(x,r) C Bs(x,t). O

Definition 4.8. Let (X, d) be an s-metric space such that s(z,2) = 0 for all € X.
(1) A non-empty set A C X is said to be s-open if for each z € A, there exists
ro > 0 such that Bs(z,7,) C A.
(2) A non-empty set A C X is said be d-open if for each z € A, there exists
ro > 0 such that By(z,r,) C A.

Proposition 4.9. Let (X,d) be an s-metric space such that s(z,z) = 0 for all
zeX. Ifre={AC X :Aiss-open set } and 74 = {A C X : A isd open set },
then 14 = 74.

Proof. If A € 74, then for every x € A, there exists r > 0 such that

Bs(z,r) C A. By Proposition 4.7, there exists ro > 0 such that

Bi(z,r9) C Bs(x,r) C A. Therefore, A is a d-open set in X. Thus, A € 74. That
is 7¢ C 7q. Conversely, if A € 74, then for every x € A, there exists r > 0 such
that Bg(x,r) C A. By Proposition 4.7, Bg(x,r) C Ba(x,r) C A. Therefore, A is a
s-open set in X. Thus, A € 75. That is, 74 C 7s. O

It is not difficult to show 74 (also 74 if s(x,x) = 0 for all z € X) is a topology on
X. We call, this topology d-derived topology on X.

Definition 4.10. Let (X, D, %) be a fuzzy metric space. We say that a fuzzy metric
D induces an s-metric on X if there exists (¢,y,a) € ® x ' x (0,1) such that a
function, d : X2 — [0, 00) defined by

d(z,y) = inf{t > 0 : D(z,y,t) > da(Vay(t))} is an s-metric on X. We call the
corresponding induced s-metric space (X, d) a D-induced s-metric space of(¢, v, a).

Theorem 4.11. Every D-induced s-metric of (¢,v, ) is continuous.

Proof. Let (X, d) be a D-induced s-metric space of (¢, v, «). If lim,, z,, = z, lim, y,, =
y, then by Lemma 3.1, Definition 3.2, Definition 3.4 and Definition 4.10, it follows
that
lim,, d(xna yn) = inf{t > 0: lim, D(xna Yny t) > limn(;sa(’}’mn,yn (t))}
inf{t > 0: D(z,y,t) > dpa(Vay(t))}
=d(z,y).
Therefore, d-is continuous. O

Corollary 4.12. If (X,d) is a D-induced s-metric space of (¢,v, ), then a limit of
d-convergent sequence is unique.
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Proof. Let (X,d) be D-induced s-metric space. Let {x,} be d-convergent sequence.
If lim,, ,, = = and lim,, x,, = y, then by Theorem 4.11, we get

d(z,y) = lim, d(x,x,) = d(z,x2) = 0. Therefore, by Definition 4.1 it follows that
T =1y. U

Theorem 4.13. Let (X, D,x) be a fuzzy metric space. If T, < * < T,,, then D
induces an s-metric.

Proof. Suppose(X, D, ) is a fuzzy metric space such that T, < x < Ty,. Let
(¢, t,a) € & xT' x (0,1) and ¢, be an onto mapping. Define
d:X? —1[0,00) by da,(z,y) = inf{t > 0: D(z,y,t) > da(Vz,y(t))}. By lemma 3.6,
inf{t > 0: D(z,y,t) > ¢o(t)} = 0 if and only if z = y. That is, d(z,y) = 0 if and
only if z = y. Since D(z,y,t) = D(y,x,t) for all z,y € X, t > 0, it follows that
d(z,y) = d(y,z) for all z,y € X. Let z,y,z € X and s,t € (0,00) be arbitrary. By
Lemma 2.3 and Definition 2.4, we have
D(z,y,k) > D(z,2,t) * D(2,y,8) > (D(w’z’t)ﬁD(z’y’s))Q for some

€ [1,2], where k = s+ t. Define

A="{k>0:Dla,y.k) > dalh)},

B= {k>0:D(z,z238)*D(z,y,t) > da(k)},

C= {k>0:(D(x,21t)AD(z,y,5))? > con(k)}.
Lemma 3.6, it follows that A D B D C. So, inf(A) < inf(B) < inf(C). That is,
d(z,y) = inf(A) < inf(C). But

inf(C) <inf{t > 0: (D(z,2,t)® > cpa(Vay()} + {5 > 0D(2,y, 5)* > cda(s)}

= s(x, z) + s(z,y), where

s is a mapping s : X2 — [0, 00) defined by
s(z,y) = inf{t > 0: D(x,y,t) > \/cha(Vay(t))}. Clearly, s(z,y) = s(y,z) for all
x,y € X. Also, d(z,y) < s(x,2) + s(z,y) for all z,y € X. O

Theorem 4.14. Let (X, D, x) be a fuzzy metric space such that T, < x < T,,. If
(X,d) is a D-induced s metric space of (¢,t, ) and ¢, is an onto maping, then a
sequence {x,} C X is D-Cauchy iff d-Cauchy.

Proof. The proof the theorem is similar to proof Theorem 3.19. 0

Theorem 4.15. Let (X, D, x) be a fuzzy metric space such that T, < x < T,,. If
(X,d) is a D-induced s metric space of (¢,t,a) and ¢, is onto mapping, then a
sequence {x,} C X is D-convergent if and only if d-convergent.

Proof. The proof is similar to that of Theorem 4.14. O

Corollary 4.16. Let (X, D, «) be a fuzzy metric space such that T, < x < T,,. If
(X,d) is a D-induced s metric space of onto pair (¢,t, ) and ¢, is onto mapping,
then (X, D, %) is a complete fuzzy metric space if and only if (X,d) is a complete
s-metric space.

Proof. Proof of corollary follows from Theorem 4.14 and Theorem 4.15. 0

5. ON TOPOLOGICAL SPACES (X,7p) AND (X, 74)

In this section, we investigate the relationship between fuzzy metric D-induced
topology Tp and that of D-induced metric (or s-metric) induced topology 74.
839



Gebru Gebray et al. /Ann. Fuzzy Math. Inform. 10 (2015), No. 5, 829-846

Definition 5.1. Let (X, D, *) be a fuzzy metric space and let (X,7p) be a corre-
sponding topological space induced by a fuzzy metric D. A set A C X is said to
be a Tp-open if and only if given ¢y > 0, there exists 0 < r < 1 such that for each
a € A, B(a,r,ty) C A.

Theorem 5.2. Let (X, D, %) be a fuzzy metric space. If (X,d) is a D-induced metric
space of (¢,v,a), then 74 C Tp.

Proof. Let (X,d) be a D-induced metric space of (¢,7, ). If A € 74, then for each
a € A, there exists t, € (0,1) such that Bg(a,t,) C A. That is,

B={be X :d(a,b) < ty} C A or equivalently,

B={be X :inf{t >0:D(a,b,t) > ¢a(Vap(t))} <to} C A. By Lemma 3.6(iii), it
follows that B ={b€ X : D(a,b,t,) > ¢da(Vap(to))} C A.

Since B = {b € X : d(a,b) < to} is closed and bounded subset of a metric
space, it is compact set in (X,74) and by continuity of @u(7Ya, (o)), there exists
V' € B such that t{, = ¢a(Var (to)) = max, 5 @a(Va,b(to)). By Definition 3.2 and
Definition 3.4, 0 < t;, < 1. Put tj; = 1 — r for some r € (0,1), and consider
C={be B:D(a,b,t,) >1—r}. We claim C C B. For if C Z B, then there exists
z € C with z ¢ B. But z ¢ B = D(a, z,ty) < ¢a(Va,2(to)) <ty =1 —r (since
z € B) i.e z ¢ C. This contradicts to assumption z € C. Thus, C C B C A i.e
A€ Tp. O

Corollary 5.3. Let (X, D, *) be a fuzzy metric space, (X,d) be a D-induced metric
space of (¢, v,a). If A C X is compact in (X,74), then it is compact in (X, 7p).

Proof. Proof of the corollary follows by Theorem 5.2. 0

Corollary 5.4. Let (X, D, x) be a fuzzy metric space and let (X,d) be a D-induced
metric space of (¢,7v,a). If a mapping G : (X,7p) — (X, 7p) is continuous, then
G: (X,17p) — (X, 7q) is continuous.

Proof. Let G : (X,7p) — (X, 7p) be continuous mapping and let V' be open in
(X, 74), then by Theorem 5.2, V is open in (X, 7p). Since

G : (X,7p) — (X,7p) is continuous mapping, G=*(V) is open in (X, 7p). Thus,
G: (X,7p) — (X, 74) is continuous. O

Theorem 5.5. Let (X, D,x) be a fuzzy metric space. If (X,d) is a D-induced
metric space of (¢,7v,a) and both ¢, and v, are onto mappings for each fized
(a, (z,y)) € (0,1) x X2 | then p = 74.

Proof. Let (X, D,*) and (X,d) be as stated in the theorem. If & # A € 7p, then
for each xg € A and ty > 0, there exists 9 € (0,1) such that B(xg,ro,t0) C A,
ie B={be X : D(xgb%) >1-rg} C A Now fix such ry € (0,1). Since
both ¢, and 7,,, are onto mappings for each fixed («, (z,y) € (0,1) x X? ), there
exists t, € (0,00) such that ¢ (Vs (ts)) = 1 — 19 for each b € B. If we put
th = inf{ty : pa(Vao,b(ts)) = 1—7} and so = min{t), 2}, then Y (va, s(t5)) = 1—70
forallb € Band B={b€ X : D(x0,b, %) > Ya(Va, 5(th))} C B, ie B C A.
Observe that t; > 0. For if t{, = 0, then there exist a subset
C = {bx : X € I = some index set} of B and sequence
{tv, : A € I = some index set} C {t : da(Vuo.p(ts)) = 1—70} such that limy ¢, = 0.
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By continuity of ¢a(7z,y) and Lemma 3.5, we have

1 = lHmy @ (Yao,bs (tey)) > 1 — 170 = da(Va,by (tsy)) > 1 — 1o for some by and its
corresponding 5, . But, this contradicts to assumption

®a(Vao.by (tny)) = 1 — ro. Therefore, ¢ # 0.

Using Remark 2.6, Definition 3.2, and Lemma 3.5, we have the following:

D(an bv 80) < min{D(xm ba %O)» D(x07 ba £ )}a
(5:1) { max{ 6o (Yoo 0 (2); Ga(Ye0s(t4))} < G (Yuos(50)), ¥a € (0,1) 70 EX

Define E = {be X : D(x0,b,50) > ¢a(Vauo.b(50))} We claim that E C B. Indeed,
if y ¢ B, then by (5.1 ), it follows that

D(z0,y,50) < D(20,9, %) < Ga(120,6(th)) < Pa(Vaos(s0)). Hence y ¢ E. Thus,
E C B. By definition of induced d, for each b € F, it follows that

d(xg,b) = inf{t > 0: D(zg,b,t) > Pa(Vao.6(t))} < so. Therefore,

{b € X :inf{t > 0 : D(x0,b,t) > da(Vaop(t))} < so < to} CTE C B C Aor
equivalently, {b € X : d(z0,b) < so < to} € E C A. Since 9 € A was arbitrary,
for each x € A, there exists a tg > 0 such that {b € X : d(z0,b) < to} C A. Thus,
A € 14. The converse follows by Theorem 5.2. O

Corollary 5.6. Let (X, D, x) be a fuzzy metric space . If (X,d) is a D-induced
metric space of (¢,v,) and both ¢o and vz, are onto mappings for every fized
(a, (m,y)) € (0,1) x X2, then X is Tp compact if and only if X is 74 compact.

Proof. Since both ¢, and 7., are onto for every fixed z,y € X, by Theorem 5.5,
7p = 74. Therefore, X is 7p compact iff X is 74 compact. O

Corollary 5.7. Let (X, D,x*) be a fuzzy metric space. If (X,d) is a D- induced
metric space of (¢,7, ), both ¢o and v, are onto mappings for every fized

(o, (x,y)) € (0,1) x X2 and (X, T) is a fuzzy metrizable with respect to fuzzy metric
D, then (X, T) is metrizable topological space.

Proof. Since both ¢, and 7, , are onto mappings, by Theorem 5.5 7p = 74. Thus,
(X, 7) is fuzzy metrizable with respect to D implies that 7 = 7p = 74. O

Corollary 5.8. Let (X,D,A) is a fuzzy metric space, Where a A'b = min(a,b) for
all a,b € [0,1]. If (X, 7) is a fuzzy metrizable topological space with respect to fuzzy
metric D, then (X,7) is a metrizable topological space.

Proof. The proof Corollary follows by Corollary 3.13 and Corollary 5.7. O

Theorem 5.9. Let (X, D,x) be a fuzzy metric space. If (X,d) is a D-induced
s-metric space of (¢,t, ), then 74 C Tp.

Proof. Let (X, D, ) and (X, d) be as stated in the theorem. If @ # A € 74, then for

each a € A, there exists tg € (0,1) such that By, (a,t9) C A. That is,

{b€ X :d(a,b) < tp} C A or equivalently,

{b € X :inf{t > 0: D(a,b,t) > ¢a(t)} < to} C A. By Lemma 3.6, it follows that

{b€ X : D(a,b,t,) > ¢pa(to)} C A. By putting ¢, (t9) = 1 — r for some 0 < r < 1,

we get {b€ X : D(a,b,t,) >1—r} C A. Hence A € 7p. O
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Theorem 5.10. Let (X, D, x) be a fuzzy metric space such that T, < x < T,,. If
(X,d) is a D-induced s-metric space of (¢,t,a) and ¢q is an onto mapping, then
Td = TD-

Proof. The proof is similar to that of Theorem 5.5. Hence omitted. O

6. APPLICATION OF INDUCED METRIC AND $- METRIC

In this section, the idea of induced metric and induced s- metric are applied to
investigate the completeness, completion and (or metrizability) of some well know
fuzzy metric spaces (or topological space).

Theorem 6.1. Let X = (0,00),a%b=ab for all a,b € [a,b] and D be fuzzy set on
X2 x (0,00) defined by D(x,y,t) = iigiczg Then

(i) (X, D, ) is not complete fuzzy metric space;

(i) (X, D, *) has a completion ;

(#ii) (X, 7p) is metrizable topological space.

Proof. (X, D, x) is fuzzy metric space ( V. Gregori et al. [6]). Define

v: X x X x[0,00) — [0,00) and ¢ : [0,00) x (0,1) — (0,1] by y(x,y,t) = ¢ for
all z,y € X, t > 0 and ¢(¢t, 8) = % for all 8 € (0,1), ¢t > 0 respectively. Clearly,
(¢,7) € & x T and ¢a(vz,y) is an onto mapping for every fixed o € (0, 1) and every

2,y € X with ¢o(72,y(t)) = 55 for all z,y € X. Since T, < * < Ty, by Theorem

4.13, a mapping d : X2 — [0, 00) defined by

) ) o _—(:Jc/\y)+\/(x/\y)2+4a|x—y|

d(x,y)—lnf{t>0.D(:1c7y,t)>OH_t}— 5
is an s-metric on X. Moreover, d(z,y) < v/alx —y| = s(z,y) for all z,y € X,
where s is a mapping s : X2 — [0,00) defined by s(z,y) = /alz —y|, i.e. (X,d)
is a D-induced s-metric space of (¢,t,«) and ¢, is an onto mapping. By Corol-
lary 4.16, (X, D,«) is complete if and only if (X,d) is complete. Therefore, it
suffice to show that (X,d) is not complete. But {z,}nen is d-Cauchy sequence
= limy, 1, d(zp, T) =0
7(:1:,1/\zm)+\/(:1:n/\1m)2+4a\zn7:Dm| _

= lim,, 5 0
< lim,, p, |y, — T | = 0 <= {x), }nen is s-Cauchy sequence. Since (X, s) is not
complete metric space, it follows that (X,d) is not complete s-metric space. Thus
(X, D, %) is not complete fuzzy metric space. Hence (i) of the theorem is proved.
To prove (ii), we observe that a sequence {z,} is D-Cauchy iff it is s-Cauchy.
Since s is metric on X, it has a completion. By Corollary 3.18, D has a completion.
Hence By Proposition 4.9, d = 7, . Since (X,d) is a D-induced s-metric space of
(¢,t, ) and ¢, is an onto mapping for every fixed a € (0,1), by Theorem 5.10,
we have 7p = 74. Therefore, (X, 7p) is metrizable. Thus, (iii) of the theorem is
proved. O

Theorem 6.2. Let X = (0,00), axb=ab, a,b € [0,1], and
D : X? x (0,00) — (0,1] defined by D(x,y,t) = % Then
(i) (D, Tp) is metrizable topological space;
(i) (X, D, ) is a complete fuzzy metric space.
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Proof. One can easily verify that (X, D, %) is a fuzzy metric space.

(i): Define v : X x X x [0,00) — [0,00) and ¢ : [0,00) x (0,1) — (0,1] by
v(z,y,t) = m and ¢(t,a) = 5 respectively. Clearly, (¢,7) € & x T and
both ¢, and v, , are onto mappings for every fixed (z,y,a) € X x X x (0,1) with

ba(Vay(t)) = _min(ev)e o1 all 2,y € X and £ > 0. A mapping

min(z,y)a+t
d: X x X — [0,00) defined by
d(z,y) = inf{t>0:D(x,y,1) > ¢alVa,y(t))}
— inf{t>0: min(x,y) min(z, y)a )

max(x,y) ~ min(z,y)a+t
= a(max(z,y) — min(x,y)) = a|z — y|

is metric on X. Since (X, d) is an D-induced metric of (¢, 7y, «) and both an (Va,y) 18

an onto mappings for every fixed (z,y, @) € X x X x (0,1), by Theorem 5.5 7p = 74.

That is, (X, 7p) is metrizable topological space.

(ii): Define v: X x X x [0,00) — [0,00) and ¢ : [0,00) x (0,1) — (0, 1] by
v(z,y,t) =t and ¢(t,a) = a‘j_t i . Clearly, ( ,y) € @ x T and ¢ (Va,y)
is an onto mapping for every fixed (z,y,0) € X x X x (0,1) with ¢ (7z,4(t)) =
$a(t) = ;5 for all z,y € X and t > 0. since T, < x < Tp, by Theorem 4.13, a
mapping d : X x X — [0, 00) defined by

d(z,y) = nf{t >0:D(z,y,t) > ¢a(Vay(t))}
min(z,y) ! }

a(max(z,y) —min(x,y))  alr —y|

= inf{t>0:

max(x,y) ~ a+t

min(zx,y) ~ min(z,y)

is an s-metric on X i.e. (X,d) is a D-induced s-metric space of (¢,t,«). Since ¢,

is onto mapping for evert fixed a € (0, 1), by Corollary 4.16, (X, D, *) is complete if

and only if (X, d) is complete. Therefore, it suffice to show that (X, d) is complete.
Now, we observe that, any null sequence {z,}neny C X with respect to usual

metric on R is not d-Cauchy. For if a null sequence {x,}neny € X with respect to

usual metric on R is a d-Cauchy, then given € > 0, there exists ng € N such that

(6.1) A xp,xm) <€, ¥Yn,m>ng

Since {zn}neny C X and lim, z, = 0, there exists a decreasing sub-sequence
{@n; }n;en of {Tn}nen such that lim,, z,, = 0. Hence for ng as in (6.1), we have

(6.2) d(zj, @) <€, ¥Yn; >n; >ng
By fixing n;, in (6.2), we have, ¥V n; > n;, > ng
d alwn_j _xnio‘ Oé‘zn,j _wnio‘ 1— nlo
(xnj’x"io) <€ Ty Ay T al T
= lim,, a|l — % = 00 (since @, # 0 is fixed and lim,; ,, = 0). This

contradicts to both ( .1) and (6.2). Hence, given e > 0, there is no ng € N satisfying

(6.1). Therefore, every null sequence in X with respect to usual metric on R is not

d-Cauchy sequence. If {z,}neny C X be a d-Cauchy sequence, then given € > 0,
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|z, —Tm|
T NTm

there exists ng € N such that d(x,,x,) < € = <€ YV n,m>ng,ie.
(6.3) alz, — x| < €@y Azy), ¥V n,m>ng.

Since {xn}tnen C X is a d-Cauchy sequence, form first part we have, z,, A x,, #
0V n,m > ng. Thus,

fo%3
(6.4) —— >0, Vn,m>ng
Ty N\ T,
By replacing € in (6.3) by ——%<— in (6.4), we obtain that, ¥ n,m > n,,
|z, =z, | < ﬁ(mn/\xm) = |Tp—xm| <€, Vn,m >ng. Thatis {z, }neny C X

is a Cauchy sequence in (R, | |). Since (R, | |) is complete, lim, 2,, = = € R. Since
lim, x, # 0 (by first part of the proof) and {x,}neny C X,lim,x, = x > 0, it
follows that lim,, x,, = x € X. Therefore, (X, d) is a complete s-metric space. Thus,
(X, D, x) is a complete fuzzy metric space. g

Note: Theorem 6.2 (ii) has been proved by V.Gregori et al. [6] using an other
method.

7. CONCLUSION

In this paper, we derived a metric ( or s-metric) form a fuzzy metric in a sense
of A. George and P. Veeramani [1], where the infimum of an induced interval is
used to evaluate distance between two points. It is proved that every fuzzy-metric
space (X, D, ) with its continuous t-norm % between 7.(= Einstein product) and
Tm (= minimum) induces at least an s-metric space (X, d).

The topological properties such as the compactness and metrizabilty (fuzzy metriz-
abilty) of a fuzzy metric induced topological space (X, 7p) are investigated using its
D-induced metric induced topological space (X, 74) or D-induced s-metric induced
topological space (X, 74). Similarly, we investigated the completeness and comple-
tion of a fuzzy metric space (X, D, *) using the completion and completeness of its
corresponding D-induced metric space (X, d) or D-induced s-metric space (X, d).

Since every fuzzy-metric space (X, D, *) with continuous ¢-norm * between T, and
T, induces at least an an s-metric space (X, d), the completeness and completion(
respectively,compactness and metrizablity) of (X, D, x)( respectively, of (X, 7p)) can
be treated form the perspective of its D-induced metric (or s-metric). we believe
that this result will be helpful to study and characterize fuzzy-metric using its cor-
responding D-induced metric or D-induced s-metric and to apply it to fixed point
theory in fuzzy settings.

Similar results can be obtained for fuzzy metric space in a sense of I. Kramosil
and J. Michalek [11].
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