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ABSTRACT. The purpose of this paper is to introduce the null, conver-
gent, p-absolute convergent series and bounded sequence spaces of interval
valued fuzzy numbers co(E?), c(E?), £,(E?) and £ (E?), respectively, con-
sisting of all sequences u = (uy) such that (uy) is a sequence of interval
valued fuzzy numbers. Also, we have shown that these spaces are com-
plete module spaces. The a—, f— and y—duals of the module spaces of
IVFNs have been computed. In the final section, we have defined the in-
terval valued fuzzy matrix transformation as the way of traditional matrix
transformations.
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1. INTRODUCTION

As it is well known, the idea of fuzzy sets and fuzzy operations was first intro-
duced by A. L. Zadeh [19]. Since then many authors have discussed various aspects
of the theory and its applications such as fuzzy sequence spaces of fuzzy numbers.
But also, Nanda [14], Talo and Bagar [15], Altinok et al. [1, 2, 3] and Hong et al.[3]
studied sequences space of fuzzy numbers and some properties of the sequence of
fuzzy numbers.

Well-known generalization of an ordinary fuzzy set is interval-valued fuzzy set
which is attributed to Gorzalczany [7] and Turksen [16]. They applied to the fields
of approximate inference, signal transmission and control, etc. Yao and Lin [18§]
studied fuzzy shortest-path network problems, S. Jay Chen, S. Ming Chen [4, 7]
studied fuzzy risk analysis based on measures of similarity between interval-valued
fuzzy numbers and handling information filtering problems based on interval-valued
fuzzy numbers.
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In literature, one can reach many documents about interval valued fuzzy set
theory and its applications.

Recently, Chen [9] has introduced the distance between interval valued fuzzy sets
and defined interval valued fuzzy numbers. Also, Hong and Lee [8], Meenakshi and
Kaliraja [12] and Li [9] have studied different properties of interval valued fuzzy
numbers. In this article, the sequence spaces of the interval valued fuzzy numbers
were defined and some properties were researched.

2. PRELIMINARIES

Throughout the paper, we denote the set of real numbers by R, unit closed and
bounded interval by I, that is, I = [0,1] and [I] = {z = [z¢, 2] : 0 < zy <z, < 1}.
An interval number is a closed subset of real numbers [6]. Let’s denote the set of
all real valued interval numbers by F;. Any element of E; is denoted by T. That is
T={reR:a<z<0b}

The set of all interval numbers F; is a metric space with d [13] defined by

(2.1) d(z,7) = max{|z; — ye|, |2+ — yr|}

Moreover, it is known that F; is a complete metric space. In the special case T = [a, a]
and g = [b, b], we obtain usual metric of the R with d(Z,7) = |a — b|.

Let A be a fuzzy set in R which is characterized by a membership function u 4 :
R — [0,1]. A fuzzy number (FN) is a function u from R to [0, 1], which satisfies the
following properties:

FN1. u is normal, i.e., there exists an xy € R such that u(xg) = 1,

FN2. u is fuzzy convex, i.e., for any x,y € R and p € [0,1], u[pz + (1 — p)y] >
min{u(z), u(y)}.

FN3. u is upper semi-continuous,

FN4. The closure of {x € R : u(z) > 0}, denoted by u, is compact.

FN1, FN2, FN3 and FN4 imply that for each a € [0, 1], the a-level set defined
by [u]* = {x € R : u(z) > a} is in E;, as well as the support u’, i.e., [u]* =
[ue(r), uy ()] for each o € [0,1]. We denote the set of all fuzzy numbers by E*.

Define a map d : E* x E' — R by d(u,v) = sup d([u]®, [v]*). It is known that

0<a<l

E! is a complete metric space with the metric d, [11].
Let u,v € E' and A\ € R. Then the operations addition and scalar multiplication
are defined on E! in terms of a—level sets by

utv=ws [w* =+ [v]* and [Au]® = Au|* forall «a€[0,1].

A sequence u = (uy,) of fuzzy numbers is a function u from the set N, the set of all
positive integers, into E', and fuzzy number u;, denotes the value of the function at
k and is called the k' term of the sequence. Let co(E"), c(E') and £ (E') denote
of all null, convergent and bounded sequences of fuzzy numbers, respectively.

In [14], it is shown that co(E'), ¢(E') and £ (E') are complete metric spaces
with the metric Doo(u,v) = supgey d(ug, vy ), where u = (ug),v = (vg) € loo(E")
(or co(EY), c(EY)).

Let X be an ordinary set and [I] = {[a1, as] : a1,a2 € [0,1] and a1 < as}. The
the mapping u : X — [I], = — u(z) is called an interval valued fuzzy set on X, [17].
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The membership function of u is u(z) = [u™ (z),u" ()] for all z € X. The functions
u” : X — [0,1] and uT : X — [0, 1] are called as upper fuzzy set and lower fuzzy
set, the functions ™ (z) and w*(z) are the membership functions of the fuzzy sets
u~ and u™T, respectively.

Suppose that u(z) = [u™(z),u"(z)] is an interval valued fuzzy set on the set R.
If u= and u™ are fuzzy numbers on R and the inequality v~ (z) < u™(z) holds for
all x € R then u is called as interval valued fuzzy number and we may write it for
brief (IVFN).

Let E? denote all interval valued fuzzy numbers on R. For brief, here after, we
shall write v = [u™,u™] instead of u(x) = [u™(x),u*(z)].

Lemma 2.1 ([17]). u € E? if and only if u= and u™ are ordinary fuzzy numbers
with v~ < u™ for all x € R.

Let’s suppose that uy,u; € E? and A € R. Then the partial ordering relation and
some algebraic operations on E? are defined as follows:

Ordering: u; < uz & [uy,uf] < [uy,ui] & uy < uy and uf < ug, Addition:
up +uz = {v € E' :uy +uy; <v <uf +uj}, Scalar multiplication: if A > 0 then
A={veE" : u” <v< A utyandif A <0then \u={ve E': ut <wv<
Au~}, Multiplication : wjus = {v € E' : min{ujuy,ujud,ufuy,ufud} < v <
max{uy uy ,uy ug , uiuy , ufud }}.

Definition 2.2. Suppose that u = [u~,u"] € E?. If u= = u¥, then u is called
degenerate interval valued fuzzy number.

It can be easily seen that a degenerate interval valued fuzzy number is an ordinary
fuzzy number. Thus, we have the following proposition:

Proposition 2.3. The set of all fuzzy numbers E' can be embedded in E>.

Definition 2.4. Let 72 C E? and let us consider function ||.|| : 72 — R. The
function ||.|| is called module on the set 72 if it has the following properties:
M1. ||Ju]| = 0 < u = 0, where 0 is zero element of the set E?

M2. [ Auf| = [Al[ful],

M3. f[u +of| < fful] + ||vf]-

If the function ||.|| : 72 — R satisfy M1, M2 and M3 then 72 is called module
sequence space of the IVFNs. And if 72 is complete with respect to the module ||.|
then 72 is called complete module sequence space of the IVFNs.

Let u,v € E? and we define
(2.2) D(u,v) = max {d(u",v"),d(u",v")}

The module of the IVFN w is defined as the non negative real number D(u, ) which
corresponds to the distance from u to 6.

In [9], it is shown that E? is metric space metric spaces with the metric defined
by (2.2).
Lemma 2.5. Define the module
(2.3) D(u,0) = |Ju||p> = max {d(v",0),d(u",0)},

Then E? is complete module space of the IVFNs with the module defined by (2.3).
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Proof. The conditions M1, M2, and M3 are clearly satisfied. To show that E? is com-
plete in this module, suppose that
(Un) = (U0, U1y Uy ey Uny ) = ([ug,ug |, [uy s uf], -y [ug, uf], ...) be a fundamen-

tal(Cauchy) sequence in E?(see, [J]) for each n. Then we have

[t — um|| g2 = max {d(u,, ,u,,), d(u},ut)} <e.
Hence we obtain d(u, ,u,,) < € and d(u;},u;) < e. This shows that (u;,) and (u;})
are Cauchy sequence of fuzzy numbers in E'. However, E' is complete and so (u,,)
and (u;}) are Convergent in E' for all n € N. Let us suppose that lim,, u,, = uy and
lim,, u+ = ug for each k € N. Since d(u;,,u;,) < € and d(u;, u}) < e for all n,m >
k, limy, o0 d(uy,  up,) = d(uy, , lim, uy,) = d(uy, ,ug ) < € and limg, 00 E(u;r ut) =
d(ub, limp, u)) = d(u)f,ud) < e. This means that u, — ug asn — oo and ul — ug
as n — oo in B2 ie., (u,) — ug as n — oco. On the other hand, since

luollp2 = max {d(ug , u, — ), d(ug, uy —ui)}

=max {d(uy —0,u,, —u,),d(ug —0,u} —uf)}
< max {d(ug ,uy, ), d(ug, w})} +max {d(0,u, ),d0,u})} < oo
this shows that ug € E? . O
Now, let us give the following new definitions:

Definition 2.6. A sequence space of IVFNs is subspace of w(E?), where w(E?) =
{(ur) = ([ug ufDken : u : N = E2 k — u(k) = [ug,u)] and u, ,uf € B}, If
(ug) € w(E?) then (uy) is called a sequence of IVFNs.

Definition 2.7. A sequence (uy) € w(E?) is said to be bounded if and only if there
exists two IVFNs m and M such that m < wu, < M for all kK € N.

Definition 2.8. A sequence u = (uy) of IVFNs is said to be convergent to the IVFN
ug, written as limy up = wo, if for every € > 0 there exists a positive integer m such
that D(ug,up) < € for k& > m that is a sequence u = (uy) of IVFNs is said to be
convergent to the IVFN wq if for each € > 0 there exists a positive integer m such
that D(ug, uo) = supmax {d(uy ,ug ), d(u},ug)} < e for all k> m.

k

Definition 2.9. A sequence u = (uy) of IVFNs is said to be fundamental sequence
if for every € > 0 there exists a positive integers n,m such that D(un,u,,) < € for
n,m > k.

Definition 2.10. Let A(E?) be a sequence space of the IVFNs. If the function
I[]] : AM(E?) — R is satisfies M1, M2 and M3 then A\(E?) is called module sequence
space of the IVFNs. And if A\(E?) is complete with respect to a module then A\(E?)
is called complete module sequence space of the IVFNs.

Since the set of all close intervals on R is a quasivector space [10], the set w(E?)
can be regarded as a quasivector space. For u = (ug),v = (vx) and «, 8 € R, the
following rules are clearly satisfied: (ug)+ (vg) = (vg) + (ug); (ug) + [(ve) + (2x)] =
[(ur)+ (vr)] + (2k); (ur)+(ve) = (ur)+(2r) implies (vr) = (2x); of(ur)+(vr)] =
alwn) + a(og); (o + B)(ug) = alu) + Blup), (where af > 0 a(B(ug)) =
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(af)(ug); (ug) = [1,1](ux). The zero element of w(E?) is the sequence 6 = (6;,) =
([0 ,0;]) all terms of which are zero interval valued fuzzy number, where 6, = 0
and 07 = 0.

The rest of this paper proceeds as follows:

In section 3, we have introduced the sequence spaces of IVFNs. In section 4,
we have stated and proved the theorems determining the a—, f— and y—duals of
the sequence space IVFNs. Finally, in section 5, the classes (foo(E?) : oo(E?))
and (co(E?) : co(E?)) of infinite matrix of IVFNs are characterized. Now, we can
introduce sequence spaces of IVFNs.

3. THE SEQUENCE SPACES OF IVFNS

Now, let us define the sequence spaces co(E?), ¢(E?), cs(E?), bs(E?), £,(E?) and
loo(E?) as the set of all null sequences of IVFNs, the set of all convergent sequences
of IVFNs, the sets of all convergent series of IVFNs, the sets of all bounded series
of IVFNs, p-absolutely convergent series of the IVFNs and the set of all bounded
sequences of IVFNs, respectively, that is

Co(E2) ={u = ([u ,uk}) € w(EQ) lilgnmax {E(uk ,0), a(uk, )} =6},
c(E?) = {u = ([uy ,up ) € w(E?) : liinmax {E(u;,uo ), E(uk Uy )} =0},

cs(E?) = {u = (uy) € w(E?): 117?1max{8(z u;,u_),a(z ut,ut)} =0},

k=0 k=0
bs(E?) = {u = (uy) € w(E") : sup max{d( Zuk, 78(2 u™,0)} < oo},
k=0 k=0

0,(E?) = {u = (uy) € w(E?): (Z(max{d(u;,0),d(u$,0)})p < oo, 1<p<oo},
k

We may begin with the following results which are essential in the text.

Theorem 3.1. The spaces co(E?), ¢(E?) and {+(E?) are complete module sequence
space of the IVFNs with the module defined by

(3.1) llulle (m2) = Sllip max {E(uk ,0), E(u,C , )}

Proof. We shall only consider ¢(E?). It is very easy to see that, on c(E?), ||.|| is a
module defined by (3.1). To show that ¢(E?) is complete in this module, suppose
that (u) = (uf,u?,ud,...) be a fundamental sequence in ¢(E?) for each n. Then,
we have

[|lug — ug'lle (B2 :supmax{a(uzf,uk )E(uk Juy }<e.

Hence we obtain d(u}~,u}'”) < € and d(u}",u]"*) < e. This shows that (u}~) and
(uZJr) are fundamental sequence of fuzzy numbers in E'. However, E' is complete

and so (u}~) and (u} ") are convergent in E' for all n € N. Let us suppose that
779
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lim, z;;" = u; and lim, 2" = u] for each k € N. Since D(u},uf) < ¢ for all
n,m >k,
lgn d(up™,ul™) =d(up " limu]™) = d(u} " ,u; ) <e and

lim d(upt,upt) =d(upt, limul™) = d(upt,uf) <e.

m— 00
This means that u}'~ — uy and u)'" — u; as (n — 00) that is (u}) = uy, (n — o)
in /o (E?). On the other hand, since

Juk — (uf — w)|ewe (£2) = Sup max {d(ug s upy™ —up "), d(uf, up ™ —up™)}

< supmax {d(uy ,up "), d(u), ul™)}
k

+ sup max {d(0,u}~),d(0,u} ")}
k

< Ju = uklle oy + [lurlle, o) <00

oo (E2)

this shows that (uy) € loo(E?) . O

oo (E2)

Proposition 3.2. The space {,(E?) is complete module sequence spaces of the IVFNs
with respect to module

||u||gp(E2) = <Z(max{d(uk ,0), E(uk7 )})p> < 0o, where p>1.

k

Proof. Clearly the space £,(E?) is a module sequence space of the IVFNs with the
function ||ulls,(g2). Let us suppose that v = (u;) be a fundamental sequence in

(,(E?), where (uy) = (uél)7 ugz), ug), .). Then, for any e > 0 there exists an integer
ng such that

(3.2) ||u?c _uin,,(E% = (Z(max{d(uk v“k ) E(“k v“?f)}) ) <e

k

for 7,j > ng. It follows that for every k& = 0,1,2,... have E(uz_,uf) < € and

d(u}j,u?j) < € This shows that the sequences (uj ) = (ufco_),ug_),u,(f_),...),
(uit) = (u §€O+),u,(€1+),u,(€2+), ...) are fundamental sequence in £,(E"). It converges

since the space l,(EY) is complete [14]. Let us suppose that u](f_) — u, and
ugﬁ — UZ for ¢ — oco. Now using these limit points, define the sequences 2z~ =
+ o T

(ug ,uy,uy,...), 2% = (ud,uf,uj,...) and we show that z=,z% € £,(E') and
z, — 27,z — 2% . If we consider (3.2) then we have
1
n 5
(Z(max{d(ui,u%),d(uz+7u§j)})p> < €. From here, for i — oo and i > no,
k=0

=

we have (Z(max{d(u;, uif),a(u:, ufr)})p) <e. If n — oo then we obtain
k=0
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=

(Z max{d(uy, ,u)”,), d(u},ul ") })P > < e. This step shows that (u; —u™) €
k

(EY) and (uf —u™) € £,(E"). Furthermore, for (ug)) € (,(E?),

Il — () = ui)|le, (2 =<Z max{d(uy ) — ), d(uf, ul — uﬁ)}))
k

(Z max{d(u; ,uk 7). E(uk,ufj)}) >
k

P

+ <Z(max{d(9k,ui_) a(o;, ]+)}) )
&

< Mlu = ey (2 + 1y 2) < 00
This step completes the proof. O
Theorem 3.3. The inclusions co(E?) C ¢(E?) C loo(E?) strictly hold.

Proof. The inclusion cq(E?) C ¢(E?) is clear. To show the validity of the inclusion
relation ¢(E?) C £+ (E?), let u € ¢(E?) then;

liin D([uy, ,uf], [u”,ut]) =0 = liin (max{d(uy ,u™),d(uf ,ut)}) =0
= d(u,,u”) < e duf,ut) <e
= (uy) € ¢(BY), (u))€c(EY).
Since ¢(E') C loo(E ), we see that (uy) € lo(EY) and (uf) € lo(EY), that is

u = ([ug,u;]) € loo(E?). Hence inclusion ¢(E?) C fo(E?) holds.
Consider the sequence (uy) of IVNFs defined by

z+3, xz€[-3,-2 r+2, x€[-2,-1]
U = —x—1, ze€[-2,-1] , —x, z € [—1,0] , if k=2n, n€N,
i 0, otherwise 0, otherwise
and
[ z, x € [-3,—-2] z—1, =zel[-2—1]
up = —z+1, ze€[-2,-1] ,{ —xz+2, x€[-10] , if k=2n+1,
i 0, otherwise 0, otherwise
Since
x+3, xze[-3,-2] r+2, zel-2-1]
—x—1, ze[-2,-1] , -z, x€[-1,0] , if k=2n, neN,
Jim = 0, otherwise 0, otherwise
k x, z € [—3,-2] z—1, x€[-2-1]
—z+1, ze€[-2,-1] ,{ —xz+2, zx¢€[-1,0] , if k=2n+1,
0, otherwise 0, otherwise

the sequence (uy) is not convergent sequence of IVFNs, i.e., (ux) ¢ c(E?) but (ux) €
lo(E?). That is to say that the inclusion ¢(E?) C o (E?) strictly holds. O
781
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Theorem 3.4. The spaces co(EY), ¢(EY) and {o(EY) consisting of the null, con-
vergent and bounded sequences of fuzzy mumbers are subsets of the spaces co(E?),
c(E?) and l+(E?), respectively.

Proof. Since every element of co(E)(or c¢(E'), lo(E')) is a degenerate sequences
IVFNs by Definition 2.2 and Proposition 2.3, the proof is clear. 0
Theorem 3.5. For any (ug), (vi) € w(E?), if (ux) — uo and (vg) — ug then we
have

(1) uk +vg — ug + vo, as k — oo.
(2) ur — v — ug — vo, as k — oo.
(3) ugvk — uovg, as k — oo.

Proof. Since the proof can also be obtained in a similar way for (2) and (3) we will
only deal with (1). Let us suppose that limy ux = u and limk v = v. From defini-

tion (2.8) we have D(ux,u) = sip max {d(uy ,u”), d(uf,ut)} < = and D(vg,v) =
Sl}ip max {E(vk_, 7),d(vi v )} < % for all k > m.
D(u + vk, u+v) = s%p max {d(uy + v, u” +v7),d(u; +vf,ut +oh)}
< sipmax {d(uy; ,u™) + d(vy ,v7), d(uf ,u™) + d(v),vT)}
< sipmax {d(uy ,u™), d(uf ,uh)} + supmax {d(vy,v7),d(vi,vh)}

<fifo.
2 2

This step completes proof. O

Definition 3.6. A sequence space A(E?) is said to be symmetric if, when u in
A(E?), then v is in A(E?) when the coordinates of v are those of u, but in a different
order.

Theorem 3.7. The spaces co(E?) and c(E?) are symmetric spaces.

Proof. Since the proof can also be obtained in a similar way for co(E?) we consider
only ¢(E?). Let us consider the sequence (u) in ¢(E?) defined by

Gt @ € [0, 24 gt — 1, € [1, 3=
(u ) B 1, o= [Qk—l7 2k+1} 17 T e [Sk 1 31?—1]
W —#(Z‘—Zl), HARS [2k+174] ’ _ﬁ(m_5)a S [3k+1 5]
0, otherwise 0, otherwise
Clearly we see that
2kk_1x’ ! 621[:071%271:]1 %L_lx - [1 13’“;;]1
. : 1 x € [2E=l 2kl 1 x € [ —1 3k+l]
1 =1 ’ k 7k ) T
TR -, weEHg (@-5). vl
0, otherwise 0, otherwise
iz, r €[0,2] %x—L r€[1,3]
= %($—4), HAES [2a4] ’ —5(33—5), T E [335]
0, otherwise 0, otherwise
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Let (vg) be a rearrangement of (uy) which is defined by (vg) = (u1, us, ug, wg, us, Uz, g, Us, ...).
Then

iz, r €0,2] %x -1, r € 1,3
lim vy, = —3(@—4), ze[2,4 ,{ —3(x-5), =z€]3,5 ,
F 0, otherwise 0, otherwise

i.e the sequences (uy) and (vy) have the same limit points. Therefore, from definition
3.6, we see that c(E?) is symmetric space. O

Let us give a theorem about the metric defined by (3.1).

Theorem 3.8. If u, v, w, 7 € ¢(E?),(or co(E?),l(E?)) and p € R then the
following cases hold:

(1) D(u+ w,v+w) < D(u,w) + D(w,v),

(2) D(pu, pv) = |p|D,

3) D(u+v,w+ 2) < D(u,w) + D(v,z) and

(4) D(uv,0) = D(u,0)D(v,0).

Proof. We will consider only (3) since the proof of others are similar to this one.
D(u+v,w+ z) = supmax {d(u;, + v, ,wy, + 2z, ),d(u; + v, wf +2z)}
k
< sup max {(d(uy s wy), d(uy,wid)) + (d(vy s 2), d(vf, 50)) }
< supmas { @ ), 8t i)} + smpmas @ 2. A0, 5)

= D(u,w) + D(v, 2).
g

4. THE DUALS OF THE SEQUENCE SPACES OF THE IVFNs

In this section, by using techniques in [15], we have stated and proved the theorems
determining the a—, 3— and y—duals of the spaces \(E?) .
For the sequence spaces A(E?) and p(E?), define the set S(A(E?), u(E?)) by

(4.1)
SNE?), w(E?)) = {z = () € w(E?) : (zp2x) € p(E?) for all z = (zx) € A(E?)}.

With the notation of (4.1), the a—, f— and y—duals of a sequence space A(E?), which
are respectively denoted by A*(E?), \?(E?) and \7(E?) are defined by \*(E?) =
SAE?) , L(E?)), N(E?) = S(ME?), cs(E?)) and X7 (E?) = S(A(E?), bs(E?)).

Definition 4.1. Let us suppose that A\(E?), u(E?) are sets of the sequences of IVFNs
and \(E?) C u(E?). Then A\(E?) is called cofinal in p(E?) if for (ug) € A(E?) there
is (vg) € u(E?) such that D(ug,0) < D(vg,0) for all k € N.

If \(E?) is cofinal in p(E?) then A*(E?) = u®(E?); the converse of this assertion
is not true.

Now, we may give results concerning the a-, 3- and y-duals of the sets co(E?),
c(E?) and (o (E?).
783



Mehmet Sengdniil /Ann. Fuzzy Math. Inform. 10 (2015), No. 5, 775-788

Theorem 4.2. The a-dual of the set {o(E?) of sequence spaces IVFNs is the set
(1 (E?).

Proof. Let (ug) € €% (E?). If we consider (vy) = ([1,1]) € £oo(E?) then the series
Zmax{g(u,:v,:, 0),d(u; v;,0)} = Zmax{d Uy,
k
to say that (ux) € £1(E?). Therefore we have
(12) (5 (B?) € 00(2)

Conversely, let us suppose that (ux) € o (E?) and (vy) € ¢1(E?). Then there
exists a K > 6 such that K = sup, max {d(u; ,0),d(u; ,0)} < co. From here we
have

0),d(u;,0)} converges, that is

Z max{d(u;, v; ,0),d(ufv;,0)} = Zmax{a(u;, d(uy, }Z max{d(v;;,0),d(v;,0)}
ko
<KZmax{d vy, 0), E( )}:KH””&C(EQ) <00

which gives that
(4.3) 01(B?) C L5, (E?).
From (4.2) and (4.3) we see that (1 (E?) = (2 (E?).
O

Theorem 4.3. The interval valued fuzzy sequence spaces co(E?), ¢(E?) are cofinal
in Lo (E?).

Proof. Denote any of the spaces co(E?) and c¢(E?) by A(E?), and suppose that
D(ug,0) < D(vg,0) holds for some (vi) € p(E?). Then we can easily see that
supy, D(ug,0) < supy, D(vg,0), limy D(ug,8) < sup, D(vg,0) which lead us to the
desired results. O

Theorem 4.4. The a-dual of the sets co(E?) and c(E?) of sequence spaces IVFNs
are the set {1(E?).

Proof. Since the sets co(E?) and c¢(E?) are cofinal in £, (E?) (see, Theorem 4.3),
the proof is clear. O

Theorem 4.5. The 3-dual of the sets ¢(E?) and lo(E?) of sequence spaces IVFNs
are the set {1(E?).

Proof. We give the proof only for the set fo(E?). Let (ux) € 61(E2) and k) €
lso(E?). Then there exists a M > 0 such that M = sup;, max {d(v ,0),d(v},0)} <
00. Since (vy) € £oo(E?), we have following equality:

Zmax{a(u;v,;, 0), d(u;f v;,0)} = Zmax{d (u;;,0)d (v, ,0),d(uf,0)d(vy,0)}
k

< Z max{Mid(uy, ,0), Mad(u},0)}
k

<MY max{d(u;;,0), d(w,0)} = ||uller, (52),
k
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where M = max{My, Ms}.

From here, we have ¢, (E?) C (5 (E?).

Finally, we will show that the inclusion 2 (E?) C ¢;(E?) ho
that (vg) € €5 (E?). Then we have Y, max{d(u, v , 0),d(u v
(uk) € Lo (E?). This holds for the sequence (ux) = ([1,1]) € loo

Ugy = “Zc =—land u_ = ufk =1, we can write

Let us suppose
)} < oo for all

1ds.
;.0
(E?). Then, since

Zmax{d (uj, vy, 0), d(uf v, 0)}

—Zmax{ sup d(uy, (a)vy (@),0(a)), sup d(uy (a)vy (@),0(a))}

a€el0,1] a€el0,1]
< zk:max{azl[lop {max{lvg ()], [v.(@)[}}, bur?l]{max{lvzk( a)l [v (@)} }}
= [[vlle, (2)-
This shows that v € ¢1(E?). O

Corollary 4.6. The y-dual of the set {o(E?) of sequence spaces IVFNs is the set
0 (E?).

5. MATRIX TRANSFORMATIONS ON SEQUENCE SPACES OF IVFNs

Let A(E?) and u(E?) be two sequence spaces of IVFNs and A = (a,;) be an
infinite matrix of IVFNs a,) and u = (uy) € A(E?), where n,k € N = {0,1,2,...}.
Then, we can say that A defines a matrix mapping from )\(EQ) to p(E?), and we
denote it by writing A : A\(E?) — u(E?), if for every sequence u = (uy) € A(E?) the
sequence Au = {(Au),}, the A-transform of u, is in u(E?), where

(5.1) Ap(u) = Zankuk = Z la,, nk> nk][uk 7uk} Zk[mln{R} max{R}],

R = {a_u; ,aul,at vy ahul} and a,,up,uf,af, € E'. For simplicity in
notation, here and in what follows, the summation without limits runs from 0 to co.
By (A(E?) : u(E?)), we denote the class of matrices A such that A : A\(E?) — u(E?).
Thus, A € (A(E?) : u(E?)) if and only if the series on the right side of (5.1) converges
for each n € N and every u € A(E?), we have Au = {(Au)n},cy € u(E?) for all
u € A\(E?).

When does A € ((oo(E?) : £o(E?))? In the following theorem the necessary
and sufficient condition i s obtained For this question, the necessary and sufficient
condition is given by following theorem:

Theorem 5.1. A= ([a,,,a],]) € (boo(E?) : loo(E?)) if and only if

(5.2) A4l = sup 3= max{a, 0) A, 0} < oo
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Proof. Let us suppose that (5.2) holds and u € £, (E?). Then,

[|Aulle (B2) = supmax{d Za pUp 0 Za Lui, 0
k
<sup » max{d(a,,,0),d(a},,0) max{d(u; ,0),d(u,0)}
"ok

< Mlulle., (m2) < oo,

that is Au € o (E?).

Conversely, let us suppose that A = ([a_,,a!,]) € (l(E?) : l(E?)) and u €
ls(E?). Then, since Au € {,(E?) exists, the series Y, [a_,,a’,][u; ,u] converges
for each fixed n € N. and hence A € ¢2 (E?). This holds for the sequence (uy) =
([-1,1]) € oo (E?). Then, since uy, () = uf (o) = —1 and u_, (@) = uf, (o) = 1 we
can write

| Aull¢ 52y = supmax{d() _ a,u;;,0),d>_ afuf,0)}
" k

k
< supz max{d(a_,,0),d(a},,0) max{d(u ,0),d(u},0)} < oo
n k
which means that (5.2) holds. O

Example 5.2. Now let us show that there exists a matrix A = ([a,,,a},]) which
satisfies condition of the Theorem 5.1. Define the matrix A = ([a_ nks nk]) by
_ 1+ (k+ 1)z, = <zx<0
a;, =4 W = K withu, (z) =< 1-— Ek + 1§x Okzlx_< ( see, [15])
nk 0, otherwise k ' = k+1 ,
0, otherwise

and
(k+1Dz—k, 11— ==

+ _
at, = Y n—l? with ) (z) = ¢ —kz+k+1, 1<x<w
n 0, otherwise 0 i
, otherwise

for all k,n € N. Since

1 1 2
- 1 k=mn - _ 1—--1 4 2 k=n

— n+1’ + _ n+1 n+1’
d(a, 0) { 0, otherwise and d(a,, 0) { 0, otherwise ’

we have sup,, >, max{d(a,,,0),d(a,},,0)} < co.

Theorem 5.3. Let lim,, max{d(a,,,0),d(a},,0)} =0, (k fived) and suppose (5.2)
holds. Then A = (ank) defines a bounded operator on co(E?) into itself, where
ank € E? for alln,k € N .

Proof. Let u = (u) € co(E?). If u = (up) = ([0 ,07]) = 60 then, A,(u) =
S gty = Splarat um ut] = Y, Jas,, al ][07,07] = 6, for all n € N. Hence
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A(u) € ¢o(E?). Now we suppose that u # 6. Then,

||A ( )||00(E2) - ||Zankuk||co E2) = Hzankuk_" Z a'nkuk||co(E2)

k>N+1

< Manktrllegzy + Y lanktis]leo(s2)

k>N+1

M= M=

max {d(a,,u; ,0),d(a,}, ul,0)}

+
i

max {8<a;kuk ,0),d(a nku;’o)}

o~
\4
2
—

+

Il
-

max {d(a,y,0)d(uy ,0), d(a},, 0)d(u,0)}

ol
Il

1
+ max {d(ay,,,,0)d(u; ,0), d(a,},,0)d(u;,0)}
E>N+1

> |

< Zmax {d(a,,.,0),d(a},,0)} max {d(uj ,0),d(u; ,0)}
P

+ Z max {d(a,,,0),d(a;},,0)} max {d(u ,0),d(u;,0)} .
k>N+1

Since u € ¢o(E?), we take k > N so large that max {d(u;;,0),d(u},0)} < 55 and
from B B
lim,, max{d(a,,,0),d(a},,0)} =0 ( k fixed) we take n so large that

€

2 max {d(u, ,0), d(u;,0)}

Zmax{d an,,0),d(at,,0)} <

k=1

Hence, we have shown that Au € co(E?). Finally, we will show that A is bounded:

[|Aul|cy(z2) = bupmax{d Za L Ur 0 Za kuk,
< S%pZmax{d s 0), E(a ks 0) Hd( uy;,0 E(uk, 0)}
k
<sup y max{d(a,,,0),d(a,,,0)} max{d(u; ,0),d(u},0)}
"ok
= M||UHCO(E2)'

O

The above-mentioned theorem shows that a certain type of matrix of IVFNs defines

a linear operator on co(E?) into itself.
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