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1. INTRODUCTION

The theory of fuzzy sets which was introduced by Zadeh in 1965 [19], has an im-
portant role for solving problems in real life involving uncertainties. Recently many
theories like fuzzy set theory, theory of vague sets, theory of soft ideals, theory of
intuitionistic fuzzy sets, and theory of rough set have been developed for handling
such uncertainties (see [3, 5, 6, 17]). These theories can be used for latest develop-
ment in almost every branch of science. In 1971, Rosenfeld introduced the concept
of fuzzy set theory in groups [16]. Mordeson et. al. [10] have discussed the applica-
tions of fuzzy set theory in fuzzy coding, fuzzy automata and finite state machines.
The theory of soft sets (see [4, 5]) has many applications in many fields such as the
smoothness of function, game theory, operation research, Riemann integration etc.

Fuzzy set theory on semigroups has already been developed [19, 4]. In [11] Murali
defined the concept of belongingness of a fuzzy point to a fuzzy subset under a natural
equivalance on a fuzzy subset. The idea of quasi-coincidence of a fuzzy point with a
fuzzy set was defined in [13]. Bhakat and Das (see [, 2]) gave the concept of («, 5)-
fuzzy subgroups by using the "belongs to” relation € and ”quasi-coincident with”
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relation g between a fuzzy point and fuzzy subgroup, and introduced the concept of
an (€, € Vq)—fuzzy subgroup, where «, 8 € {€,q, € Vg, € Aq} and « #€ Ag. Regular
semigroups are characterized by the properties of their (€, € Vq)-fuzzy ideals in [15].
In [14] semi groups were characterized by the properties of (€, € Vq)- fuzzy ideals.

(¢) A groupoid S is called an LA-semigroup (left almost semigroup) if it satisfies
the left invertive law (ab)c = (¢b)a, for all a,b and ¢ € S.

(#4) In an LA-semigroup medial law, (ab)(cd) = (ac)(bd), holds for all a, b, ¢,
des.

(#7i) An LA-semigroup S with left identity satisfies the paramedial law (ab)(cd) =
(db)(ca), for all a, b, ¢, d € S.

(iv) In the case of an LA-semigroup which contains left identity, the following
law holds,

(1) a(be) = b(ac), for all a,b,c € S.

In this paper, we have introduced (€, €, Vgs)-fuzzy right ideals in ordered LA-
semigroup and observed a variety of some new results. We have characterized an
intra-regular ordered £.A-semigroup by the properties of its (€., €, Vgs)-fuzzy right
ideals.

2. PRELIMINARIES

Definition 2.1 ([9]). An ordered L.A-semigroup (po-L.A-semigroup) is a structure
(S, -, <) in which the following conditions hold :

(¢) (S,-) is an LA-semigroup.

(#) (S, <) is a poset.

(tit) V a,b,x € S, a < b= ax < bz and za < zb.

Example 2.2. Let S = {a,b,c} be an LA-semigroup with the following multiplica-
tion table.

Then S is an ordered L.A-semigroup with the following two orders:

(1) <= {(a’a)’(b7 b)><c7c)7(c7a)>(cvb)}7

(2) <= {(a,a), (b,0), (¢, ¢), (a,¢), (a, b)}.

Let S be an ordered LA-semigroup. A fuzzy subset f of a non-empty set S
is described as an arbitrary mapping f : S — [0, 1], where [0,1] is a usual closed
interval of real numbers. A fuzzy subset f is a class of objects with a grades of
membership having the form f = {(s, f(s)) /s € S}. Let = € A, then

Ay ={(y,2) € S x S \z <yz}.

The product of any two fuzzy subsets f and g of S is defined as:
738
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V {fwArglz)}if o <yzif A, # @.
(fog)z) = (y,2)€AX .
0 if A, = @.

The order relation C between any two fuzzy subsets f and g of S is defined as:
f Cygifand only if f(a) <g(a) Vaeb.

The symbols f A g and fV g means the following fuzzy subsets of an ordered L£.A4-
semigroup S.

(fAng)a) = min{f(a),g(a)}, for all a € S.
(fVvg)la) = max{f(a),g(a)}, forall a € S.

Let A be a non-empty subset of an ordered L£A-semigroup S. Then
(Al={teS|t<a, for someac A}.

For A = {a}, we usually written as (a]. Let A be a non-empty subset of an ordered
LA-semigroup S. Then,

A is called an LA-subsemigroup of S if (4%] C A.

A is called left ideal if (SA] C A.

A is called right ideal if (AS] C A.

A is is called ideal of S if it is both left ideal as well as right ideal.
A is called a bi-ideal of S if ((AS)A] C A and (4% C A.

A is called a generalized bi-ideal of S if ((AS)A4] C A.

A is called quasi-ideal of S if (QS]N (SQ] C Q.

Obviously, every one sided ideal of an ordered L£.A-semigroup S is a quasi-ideal, every
quasi-ideal is a bi-ideal and every bi-ideal is a generalized bi-ideal.
Let f be a fuzzy subset of an ordered £L.A-semigroup S. Then,

e f is called a fuzzy LA-subsemigroup of S if

(1) a <b= f(a) > f(b),for all a, b € S,
(#4) f(ab) > min{f(a), f(b)}, for all a, b and c € S.
e fis called a fuzzy left (right) ideal of S if
(1) a <b= f(a) > f(b),for all a, b € S,
(i1) f(ab) > £(b) (f{ab) > f(a)) for all a, b € S
e f is called a fuzzy ideal of S if it is both fuzzy left and fuzzy right ideal of
S.
e f is called a fuzzy generalized bi-ideal of S if
(1) a <b= f(a) > f(b),for all a, b € S,
(77) f((ax)b) > min{f(a), f(b)}, for all a, x and b € S.
e A fuzzy ordered L.A-subsemigroup f is called a fuzzy bi-ideal of S if
(1) x <y = f(z) > f(y)for all z, y € 5,
(#7) f((za)y) > min{f(z), f(y)}, for all z,a and y € S.

e fis called a fuzzy quasi-ideal of S if (fo¢)A(so f) < f, where ¢ is the fuzzy
subset of S mapping every element of S on 1.
739
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A fuzzy subset f of X of the form

_ €(0,1] ify<u,
fly) = { 0 otherwise,

is said to be fuzzy point with support x and value ¢ and is denoted by x;.

3. (€4,€ Vgs)-FUZZY IDEALS OF ORDERED LA-SEMIGROUPS

Let 7,6 € [0,1] be such that v < §. Let A and B be any sub sets of an ordered
LA-semigroup S such that B C A. Then X‘é p the fuzzy subset of X is defined as:
X,‘;B(:c) > ¢ for all z € B and XgB(x) <~ ifx ¢ B. Clearly, we see that X,‘jB is the
characteristic function of B if v =0 and § = 1. Let f be a fuzzy subset of X.Then
for a fuzzy point x;, we say that

o e, fif f(z) >t >7.

o zqsf if f(x)+1¢> 26

o .y Vasf if oy €, f or xyqsf.
Now we introduce a new relation on F(X), denoted by “C Vq(,s”. Let f and g
be any fuzzy subsets of F(X). Then by f C Vq(,,s)9 we mean that x; €, f implies
xy €4 Vgsg for all z € X and t € (v, 1]. Moreover f and g are said to be (v, §)-equal,
denoted by f =(,5) g, if f € Vq(,.59 and g C Vq(y,s5)f. The following definitions
can be found in [18]

Lemma 3.1 ([8]). In an odered LA-semigroup S, the following are true.
(1) AC (4], forall ACS.
(1) ACBCG= (A C(B], forall A,B C S.

(idi) (A](B] C (AB), for all A, B C 8.

]
(iv) (A] = ((4]], for all AC S.
(v) ((A}(B]] = (AB], for all A,B C S.
)-

Lemma 3.2 ([15]). Let f and g be the fuzzy subsets of F(X). Then f C Vq(y.5)9 if
and only if

max{g(z),v} > min{f(x),d} for all z € X.

Lemma 3.3. Let f, g and h be the fuzzy subsets of F(X). If f C Vq(y,69 and
9 S Vq(y,5)h, then f C Vg 5h

Proof. 1t is straightforward by Lemma 3.2. O

It is shown in [18] that “=(, 5 is equivalence relation on F(X). It is also notified
that f =(, s g if and only if

max{min{f(z),d},v} = max{min{g(x),d},v} forallz € X.

The proof of the following Lemma is same as in [18], therefore we omit its proof.

Lemma 3.4. Let S be an ordered LA-semigroup with left identity and A, B be any
non-empty subsets of S. Then, we have
(i) AC B if and only if Xa C Vq(,, )X 5, Where r € (v,1] and v,d € [0, 1].
(44) X—yA OXWB =(,6) X'y(AﬁB)'
(ii1) Xa 0 Xp =(1.6) X(aB).
740
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Lemma 3.5. In an ordered LA-semigroup S with left identity (ab)? = a?b* = b%a®.
Proof. Tt can be followed by using medial law and paramedial law. O

Definition 3.6. Let S an ordered L£.A-semigroup and f be a fuzzy subset of S.Then
[ is called an (€., €, Vgs)-fuzzy LA-subsemigroup of S if for all z,y € S and
t,s € (v,1], it satisfies

Ty €4 f, ys €, f implies that (2y)mingr,s} €4 Vasf-

Theorem 3.7. Let f be a fuzzy subset of an ordered LA-semigroup S. Then, [ is
an (€, €y Vgs)-fuzzy LA-subsemigroup of S if and only if

max{ f(zy),v} > min{f(z), f(y), 0}, wherey,d € [0,1]

Proof. Let S be an ordered LA-semigroup and f be a fuzzy subset of S such that f
is an (€4, €, Vgs)-fuzzy LA-subsemigroup of S. Assume that z,y € S and t € (v, 1],
such that

maz{f(zy),7} <t < min{f(z), f(y),d}.

This implies that f(zy) < t. This further shows that (2y)min+€+ Vgsf and min{ f(z),
fy),0 >t = f(x) >t >~, fly >t >~ Sox; € f and y, €, f. But
(TY)min{t,s} €4 Vs f, which contradiction to the definition. Hence

max{ f(zy),v} > min{f(x), f(y),d} for all z,y € S.

Conversely, let there exist z,y € S and t,s € (v, 1] such that z; €, f and y, €, f but

(xy)min{t,s}e’y v‘](Sf' Then f('r) >t>7, f(y) >8> 7, f('ry) < mln{f(x)a f(y)76}
and f(xy) + min{t, s} < 26. It follows that f(zxy) < ¢ and so maz{f(zy),v} <
min{ f(z), f(y),d}, which is contradiction. Hence

xy €4 fand ys €, f for all 2,y € S and ¢,s € (0,1].
This shows that (2y)mingt,s} €4 Vgsf for all z,y € S. O

Definition 3.8. A fuzzy subset of an ordered L.A-semigroup with left identity is
called an (€., €y Vgs)-fuzzy left (resp.right) ideal of S if for all z,y € S, we have
Y+ €4 f implies that (zy): €4 Vgsf (resp x; €4 f implies that (zy): €4 Vgsf).
Theorem 3.9. Let S be an ordered LA-semigroup with left identity and f be a fuzzy
subset of S. Then f is an (€, €y Vqs)-fuzzy right ideal of S if and only if
max{ f(xy),v} > min{f(z),d} for all x,y € S.

Proof. Let f be an (€4, € Vgs)-fuzzy right ideal of S. Assume that there exist
a,b € S and t € (v, 1], such that

max{ f(zy), v} <t < min{f(z),d}.
Then, max{f(zy),v} <t < min{f(x),d} implies that (zy):E, f which further shows

that (zy):€, Vg5 f. From min{f(z), f(y),6} >t > v it follows that f(z) >t > ~,
741
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which implies that z; €, f. But (zy):€y Vg¢sf a contradiction to the definition.
Thus

max{f(zy),7} > min{f(z),d}.
Conversely, suppose that there exists z,y € S and ¢, s € (7, 1] such that z, €, f.but
(xy)t€4 Vgsf. Then f(z) >t > v, f(zy) < min{f(z),0} and f(zy) +¢t < 24. It
folows that f(zy) < 0 and so max{f(zy),v} < min{f(z),d}, which is contradiction.
Hence ; €, f this implies that (y)minfe,s} €4 Vgof (respectively z; €, f.implies
that (2Y)min{t,s} €y Vgsf for all z,y € S. O

Example 3.10. Let S = {1,2,3} be an ordered L£.A-semigroup with the following
multiplication table and the order given below:

<= {(17 1)7 (2a 2)7 (37 3)a (3’ 1)7 (3a 2)}

Define a fuzzy subset f on S as follows:

04 ifzx=1
flx)=< 041 ifz=2
0.38 ifz=3.

Then, we have

e fisan (€92, €02 Vqo.22)-fuzzy right ideal,

e fismot an (€, € Vqo.22)-fuzzy right ideal, because f(2.3) < min{f(2), 1=3:22
=.39}.

e fis not a fuzzy right ideal because f(2.3) < f(2).

Lemma 3.11. R is a right ideal of an ordered LA-semigroup S if and only if X,‘;R
is an (€, €y Vqs)-fuzzy right ideal of S.
Proof. (i) Let x,y € R it means that zy € R. Then XSg(xy) > 6, XJp(x) > 6 and

X2p(y) > 6 but 6 > .
Thus

max{XgR(my),v} = XgR(my) and min{Xﬁ?R(x), 5} =4.
This shows that
maX{XﬁjR(a:y),’y} > min{XﬁjR(x),é}.
(ti) Lerx ¢ R,y € R

Case(a) : If xy ¢ R. Then X,‘;R(x) <7, X,‘iR(y) > 6 and X,‘jR(zy) <.
Therefore

maX{XgR(xy),'y} = and min{XgR(x), o} = XgR(x).
742
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This implies that
HlaX{XgR((Ey),’}/} > min{XgR(ac),é}.

Case(b) : If zy € R. Then XSR(xy) >4, X,‘ER(:E) <~ and X,‘;R(y) > 4.
Thus

max{ X7 p(2y), 7} = X2 p(ey) and min{X7p(2),8) = X2 p(a).

So
max{X)p(zy), 7} > min{ X (x), 0}
(i4i) Let x € R, y ¢ R. Then zy € R. Thus X,‘iR(xy) > 0, XfiR(y) < 7 and
Xf/R(:c) > 0.
Thus
maX{Xf/R(xy),’y} = X;;R(xy) and min{XjR(x), o} =0.
Hence

max{ X3 g (wy), 7} > min{ X0 (x), 3}.
() Let z,y ¢ R, then Case(a): Suppose that zy ¢ R. Then by definition we
have X,?R(xy) <7, X,‘;R(y) <~ and XﬁjR(ac) <.
Thus

max{XfiR(xy)ﬁ} =~ and min{XgR(x), 5} = XﬁjR(x).
This shows that
mas{ X (), 7} 2 min{ X p(2), 5},
Case(b) : Suppose that xy € R. Then by definition we have X;;R(xy) > 9,
XfiR(y) < v and XijR(:r) <A.
Thus

max{ X2 p(2y), 7} = X2 p(ay) and min{X7p(2),6) = X2 p(a).

Therefore
max{XjR(xy),'y} > min{XjR(a:),é}.
Coversely, assume that rs € RS, where 7 € R and s € S. By assumption,

maX{XgR(rs), v} > min{XgR(T), 0}.

Since 7 € R, XJp(r) > 6. This implies that min{X’(r), 0} = 0.
Thus
maX{XgR(rs),y} > 0.
This shows that XgR(rs) > 4 this implies that s € R. Hence R is a right ideal of

S. O
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We now introduces the notion of (€, €, Vgs)-fuzzy semiprine ideal in an
ordered L£.A-semigroups.

Definition 3.12. Let S be an ordered LA-semigroup and f be a fuzzy subset of
S.Then f is called (€., €, Vqs)-fuzzy semiprine if 27 €., f implies that z; €, Vgs f
for all z € S and ¢ € (v, 1].

Example 3.13. Consider an ordered LA-semigroup S = {1,2,3,4,5} withe the
following multiplication table and ordered given below:

1 2 3 5

U W N —e
T N W
=N W s Ot
N W s Ot
W o O = N
Ot = N W

<= {(17 1), (2’ 2)7 (27 1)’ (3’ 3), (4’4)’ (57 5)}

It is easy to see that S intra-regular. Define a fuzzy subset f on S as below:

06 ifz=1
0.7 ifz=2
fx)y=4¢ 068 ifz=3
0.63 ifx=4
0.53 ifx=5

Then f an (€¢.4, €0.4 Vgo.5) fuzzy semiprime.

Theorem 3.14. A fuzzy subset f of an ordered LA-semigroup S is (€, €~ Vgs)-
fuzzy semiprime if and only if

max{f(z),7} > min{f(z?),6}.

Proof. Let f be (€4, €, Vgs)-fuzzy semiprime. Assume that there exists = € S and
t € (v, 1], such that

max{f(x),v} <t < min{f(z?),5}.

Then max{f(x),v}< t. This implies that f(z) < t > ~. Now since § > 7, so

f(z)+t < 25. Thus z4€, Vg5 f. Also since min{ f(z?),d} > t, so f(x*) >t > ~. This
implies that 27 €., f. Thus by definition of (€., €, Vgs)-fuzzy semiprime x; €, Vgs f
which is contradiction that z;€, Vgs f. Hence

max{ f(x),v} > min{f(x?),d}, for all x € S.

Conversely, suppose that there exist € S and ¢ € (v, 1] such that 27 €., f.
Then

f(@?) >t >7.
744
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Thus

max{f(z),7} > min{f(2?), 6} > min{t, o}.
We consider to discuss two cases here, Case(a) : If t < 0, then f(z) >t > =, this
shows that z; €, f.

Case(b) : if t > 0, then f(x) 4+t > 24. Thus z; V g5 f. Hence from (a) and (b) we
get x; €, Vgs f, this implies that f is (€4, €, Vgs)-fuzzy semiprime. O
Theorem 3.15. Let S be an ordered LA-semigroup with a left identity and R be a
right ideal of S. Then, the following conditions are equivalent: (i) R is semiprime.

(i1) ijR is (€, €y Vg5)-fuzzy semiprime.

Proof. (i) = (ii) Let R be a semiprime ideal of an ordered L£A-semigroup S. Let
a be an orbitrary element of S such that a € R. Then a® € R. Hence X‘VSR (a) >0
and X0p (a®) > § this implies that max{X)y (a),7} > min{X%, (a*),5}. Now let
a ¢ R. Since R is semiprime, we have a?> ¢ R. This implies that X‘V;R (a) < v and
X%k (a®) < 7. Therefore
max{X,‘iR (a),v} > {minXﬁjR (a2),5}.
Hence
max{ijR (a),v} > {mianiR (a?),0} for all a € S.

(16) = (i) Let XﬁfR be a fuzzy semiprime. If a? € R, for some a in S,
then X‘VSR (a?) > 4. Since inR is an (€,,€4 Vgs)-fuzzy semiprime, therefore
max{X’p (a),7} > {min X%, (a?),d}. This implies that max{XJ, (a),7} > 4. But
d >, s0 X;SR (a) > 4. Thus a € R. Hence R is semiprime. O

4. CHARACTERIZATIONS OF INTRA-REGULAR ORDERED L.A-SEMIGROUPS IN
TERMS OF (€., €4 V(s5)-FUZZY RIGHT IDEALS

An element a of an ordered LA-semigroup S is called intra-regular if there exist
x,y € S such that a < (wa®)y and S is called intra-regular, if every element of
S is intra-regular. In this section, we discuss the characterizations of intra-regular
ordered AG-groupoids.

Theorem 4.1. For an ordered LA-semigroup S with left identity the following con-
ditions are equivalent : (i) S is intra-reqular.

(ii) For any right ideal R of an ordered LA-semigroup S, R C (R?] and R is a
semiprime.

(iii) For any (€, €y Vqs)-fuzzy right ideal f of S, we have f C Vq(y5f o f and
fis (€4, €y Vas)-fuzzy semiprime.
Proof. (i) = (iit) Let f be an (€4, €, Vgs)-fuzzy right ideal of an intra-regular
ordered L.A-semigroup S with left identity. Since S is intra-regular therefore for any
a € S there exist x,y € S such that a < (za?)y. Now, by using (1), para medial law,
medial law and left invertive law we obtain

a < (va’)y = (z(aa))y = (a(za))y = (y(za))a.
y(za) y(x((za*)y)) = [y((za®)(zy))] = [(za®)(zy*)] = [(y*2)(a’2)]

)
[0®((y*2)2)] = [{al(y*z)}(az)
745
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If for any a € S there exist p,q € S such that a < pq, then

max{(f o f)(a), 7} max§ \/ {f(p) A f(@)}.7

a<pq

> max{min{f(a(y’z)), f(az)},7}

> max{min{f(a(y’z)), f(az)},~7}

= min{max{f(a(y2x)) v}, max{ f(ax),v}}
> min {min{f(a),d}, min{f(a),d}}

min{(a), 6.
Thus, by Lemma 3.2, f C Vg5 f o f.Now we show that f is (€, Vgs)-fuzzy

semiprime. Since S = S2, for each y € S there exist y1,72 € S such that y < y1ys.
Thus using (1), para medial law and medial law we obtain

a < (za®)y = (za®)(y1y2)
(y2y1)(a T) = 2[(y2y1)x]
= a’t, where [(yoy1)z] = t.

So

max{f(a),v} < max{f(a’t),v}
> min{ f(a?),d}.

(#3i) = (4i) Suppose that R is any right ideal of S. Then, by (iii) XfiR is
semiprime and by Theorem 3.15,R is semiprime.Now using (ii7) and Lemma 3.4
we get

5 5 5 5 5 5 5
Xr = XSrnr =(v.0) Xor N XSR € Va(.0) X5k © X5 =(v.0) X5(R2)-
Hence, by Lemma 3.4, we have R C (R?].

(ii) = (i) Since Sa? is a right ideal of S containing a so using (ii) it is semiprime.
Now by using Lemma 3.1 we get

€ (Sa®]? = (Sa®](8a’] € ((Sa?)(Sa®)] C ((Sa*)S].
Hence, S is intra-regular. O

Theorem 4.2. Let S be an ordered LA-semigroup with left identity. Then, the
following conditions are equivalent : (i) S is intra-regular.

(i4) For every right ideal R and any subset A of S, RN A C (RA].

(i13) For every (€~, €4 Vqs) fuzzy right ideal and any (€, €y Vqs)-fuzzy subset g,
we have f N g C Va5 (fog) and f (€, €y Vas)-fuzzy semiprime.

Proof. (i) = (tii) Let f be an (€4, €, Vqs)-fuzzy right ideal and g be any (€, €,
Vs )-fuzzy subset of an intra-regular ordered L.A-semigroup S. Since S is intra-
regular, therefore for any a € S there exist x,y € S such that a < (za?)y. Now, by
using medial, para medial laws and (1) we obtain

a < (va®)y = [(z(aa))y] = [(a(za))y] = [(y(za))]a.
746
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y(za) < [y{z((za®)y}] = ly{(za®)(zy)}] = [(za®)(zy?)]

[(y*2)(a?2)] = [a®(y*2?)].
Thus
a < (a®t)a where, (y?2?) =t.

If for any a € S there exist b, c € S such that a < be, then

max{(fog)(a),v}

max{ \/ {f(b) A g(c)},y

a<bc

> max{min{f(a’t), g(a)},7}
min[max{f(a*t),~}, max{g(a),}]
min{min{ f(a),§}, min{g(a),d}}
= min{(f Ng)(a),d}.

Y

So, by Lemma 3.4, we have fNg C Vq(,,s)f o g.To prove that f is an (€., € Vgs)-
fuzzy semiprime see Theorem 4.1.

(#i) = (4i) Let R be a right ideal and A be any subset of S . Then, by Lemma
3.4 and (iii), we get

é & & é é §
X5 (rna) =(3.0) Xqr N X5a © V(1.6 XyRr © X4 =(1.8) Xy(ra)-

Hence, by Lemma 3.4, we get RN A C (RA]. See Theorem 4.1 for the proof of R is
semiprime.

(ii) = (i) Since (Sa?] is a right ideal containing a? . By (ii), it is semiprime.
Now by using Lemma 3.1, we get

a € (Sa’] N (Sa] = ((Sa”)(Sa]] = (Sa”](Sa] C ((Sa®)(Sa)] C ((Sa*)S].

Hence, S is an intra-regular. O

Theorem 4.3. Let S be an ordered LA-semigroup with left identity. Then the
following conditions are equivalent : (i) S is intra-regular.

(i4) For every right ideal R and any subset A of S, RN A C (AR] and R is
semiprime.

(i12) For every (€~, € Vqs) fuzzy right ideal and any (€, €y Vqs)-fuzzy subset g,
we have f N g C Va5 (g0 f) and f is (€, €y Vgs)-fuzzy semiprime.

Proof. (i) = (i4i) Let f be an (€., €, Vgs)-fuzzy right ideal and g be any (&,, €,

Vgs)-fuzzy subset of an intra-regular ordered L.A-semigroup S. Since S is intra-

regular, then for any a € S there exist z,y € S such that a < (za?)y. Now, by using
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medial, para medial laws, (1) we obtain

a < (za®)y = (xa®)(y1y2) = (y2u1)(@’x) = a®[(y2y1 )]
= [z((y2y1)]a® = al{z(y2y1)}a] < a[z{(y2y1) H(za®)y}]
= af(za®)[{z(y291) ] = ally{z(y2p1)})(a*z)]
ala® ([y{z(y291) Ha] = a[(:v[y{w(yzyl)}]GQ]
al(z[y{z(y2y1)}])(aa)]
ala((z[y{z(y2y1)])a)] = a(au), where u = (z[y{z(y2y1)}])a.

If for any a € S there exist b, c € S such that a < bc, then

max{(f o g)(a),7} = max{ \/ {g(b) A

a<be
max{min{g(a), f(au)},v}
min[max{g(a), v}, max{ f(au),~}]
min{min{g(a),d}, min{f(a),d}}
min[g(a), f(a),d]
= min{(f Ng)(a),d}.

Hence, by Lemma 3.2, we have fNg C Vq(, 5 90 f. The rest of the proof is the same
as in Theorem 4.1.

(#3i) = (i1) Let R be an right ideal and A any subset of S. Then, by Lemma 3.4
and (iii), we get

v ol

X2 rnay = X3(anr) =(10) X94 N X3k S Va0 X34 0 X9 =(v.8) X(an)-

So, by Lemma 3.4, we get RN A C (RA]. The rest of the proof is the same as in
Theorem 4.1.

(ii) = (i) Since a? € (Sa?], where (Sa?] is a right ideal of S. So, by (ii),it is
semiprime.Now by using Lemma 3.1, we get

a € (Sa’] N (Sa] = ((Sa®)(Sal] = (Sa”](Sa] C ((Sa®)(Sa)] C ((Sa*)S].

This shows that S is an intra-regular. O

Theorem 4.4. Let S be an ordered LA-semigroup with left identity. Then, the
following conditions are equivalent : (i) S is intra-reqular.

(1) For every right ideal R and any subset A of S, ANR C (AR] and R is a
semiprime.

(tii) For every (€, €y Vqs)-fuzzy right ideal g and for every (€, €~ Vqs) fuzzy
subset f of S, we have fNg C Vq(,s)(fog) and g is an (€., €, Vqs)-fuzzy semiprime

Proof. (i) = (tii) Let g be an (&,, €, Vgs)-fuzzy right ideal and f be an (&, €,

Vgs)-fuzzy subset of an intra-regular ordered L.A-semigroup S. Since S is intra-

regular, therefore for any a € S there exist z,y € S such that a < (xa?)y. Now, by
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using medial, para medial laws and (1) we obtain

a < (za®)y = [(za®)(y1y2)] = [(y211)(a’2)]
= [a ((y2y1) )] = [(z(y2y1))(aa)]
= [a{(2(y2v1))a}] = a(ta),
where a(yayn) = ¢, and ta = t(za?)y] = (va)(ty) = (yt)(a*) = a*[(yt)z].
Thus
a < a(a®v), where (yt)z = v and x(yoy1) = t.
If for any a € S there exist b, c € S such that a < bc, then

max{(f o g)(a),7}

max ¢ \/ {£(b) A
a<bc
> max{min{f(a), g(a’v)},7}
= min{max{f(a), ’y},maX{f(a v),7}}
min{min{f(a), 5}, min{g(a),d}}
= min{(fNg)(a),d}.
So, by Lemma 3.2, we have f N g C Vq(y,s)f © g.To prove that g is an (€, €y Vgs)-
fuzzy semiprime seeTheorem 4.1.

(##i) = (i) Let R be an right ideal and A any subset of S. Then, by Lemma 3.4
and (ii7), we get

Y

4 o o ) 4 )
XJanr) =(.0) X354 N XS € V(4,6 X514 0 XJp =(1,6) XJ(aR):

Hence, by Lemma 3.4, we get AN R C (AR)]. For the rest of the proof see Theorem
4.1.
(ii) = (i) Since (Sa?] is a right ideal containing a?. By (ii),it is semiprime.Now
by using Lemma 3.1, we get
a € (SaJn(Sa’] = ((Sa](Sa’)] = (Sa](Sa®] C ((Sa)(Sa®)]
= ((a®9)(a9)] € ((a*5)S] = (a*(55)S] = (((88)a*)S] C ((Sa*)S].

—~

Hence, S is an intra-regular. O

Theorem 4.5. Let S be an ordered LA-semigroup with left identity. Then, the
following conditions are equivalent : (i) S is intra-reqular.

(#3) For any subsets A, B and any right ideal R of S, we have ANBNR C ((AB)R)]
and R is semiprime ideal.

(t4i) For any (€, € Vas)-fuzzy subsets f, g and for any (€, €y Vgs)-fuzzy right
ideal h, we have f N gNh C Vqu5((fog)oh) and h is an (€, €y Vgs)-fuzzy
semiprime ideal of S.

Proof. (i) = (tii) Let f, g be (€., €, Vgs)-fuzzy subsets and h be any (€., €, Vgs)-

fuzzy right ideal of intra-regular ordered L.A-semigroup S with left identity. Since S

is intra-regular, then for any a € S there exist z,y € S such that a < (za?)y. Now,
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by using medial law, para medial law and (1) we get

a < (xa®)y = (yayn)(a’z) = a®[(y2y1)z] = [2(y2y1)]a”
= al{z(y2y1)}a] = a(pa), where x(y2y1) = p, and

pa < pl(za®)y] = (xa®)(py) = [(yp)(a*)]
= d®[(yp)x] = [z(yp))(aa) = a[{(yp)}d]
= Jla(qa)], where z(yp) = ¢, and
ga = q[(za®)y] = (va®)(qy) = (yq)(a’x)
a*[(yq)z].

Thus
a< a[a(a2c)] = a[az(ac)] = a? [a(ac)], where (yq)x = ¢ and z(yp) = ¢ and (y2y1) = p.
For any a € S there exist b, ¢ € S such that a < be, then

max{((f o g)oh)(a),7} = maX{ V A(fog)b) A h(C)}aV}

a<bc

> max{min{(f o g)(aa), h(a(ac))}, 7}

= { V {@) A g(@)}, hlala ))},7}

aa<pq

> max[min{f(a), g(a)}, h(a(ac))}, ]
= min[max{f(a), v}, max{g(a), v}, max{h(a(ac)),v}]
min[min{ f(a),d}, min{g(a),é}, min{h(a),}]

= min[min{f(a),g(a), h(a)},d]

= min{(fNgnh)(a),d}.
Thus, by Lemma 3.2, we have f N gNh C Vg5 (f og)oh. The rmaining part of
the proof is the the same as in Theorem 4.1.

(#3i) = (i) Let R be a right ideal of S and A, B be any subsets of S. Then, by
Lemma 3.4 and (iii), we get

v

5 S 5 )
X2 anmynr =) X4 N XI5 N X35 C Vg 0(X540 X5) 0 Xk =(y.6) XD(am)m)-

Hence, by Lemma 3.4, we get (AN B)N R C ((AB)R]. For the remaining part of
the proof see Theorem 4.1.

(1) = () Since we know that Sa? is a right ideal of an ordered AG-groupoid S
containing a?. Therefore, by (ii) it is semiprime. Now by using Lemma 3.1, we get

a € (Saln(Sa] N (Sa?] = ((Sa](Sa](Sa?]] = (Sa](Sa](Sa?]
C  ((Sa)(Sa)(Sa®)] = ({(SS)(aa)}(Sa®)] C ((Sa®)S].
Hence, S is an intra-regular. O
Theorem 4.6. Let S be an ordered LA-semigroup with left identity. Then, the

following conditions are equivalent : (i) S is intra-reqular.
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(i) For any right ideal R and for any subsets A, B of S, we have ANBNR C
((AR)B] and R is semiprime ideal.

(i13) For any (€, € Vas)-fuzzy subsets f, h and for any (€, €y Vqs)-fuzzy right
ideal g, we have f N gNh C Vqu,5((fog)oh) and g is an (€4, Vgs)-fuzzy
semiprime of S.

Proof. (i) = (iii) Let f,h be (€, €y Vgs)-fuzzy subsets and g be an (€., €, Vgs)-
fuzzy right ideal of intra-regular ordered L.A-semigroup S with left identity. Since
S is intra-regular, then for any a € S there exist x,y € S such that a < (za?)y. Now
by using medial law, para medial law and (1), we get

a < (za®)y = [(a(az))y] = [y(za))al,
y(za) < yla((za®)y)] = yl(za®)(yx)] = [(xa®)(xy?)
= (¥’2)(0’x) = a*(y*2”) = (aa)(y*2?) = (°y°)(aa) = a[(z°y)a],
(@*y*)a < (®y*)(@a®)y] = (za®)[(«*y*)y] = [y(y°2?)](a’z) = *[{(y(y*z*)} 2]

Thus
a < [a(a®v)]a, where {y(y*z?)}z = v.

For any a € S there exist b, c € S such that a < bc. Then

max{((f o g)oh)(a),7} = maX{ V A(fog)b) A h(C)}ﬁ}

a<bc

> max{min{(f o g)(a(a®v)), h(a)},7}

= maX{ \ {{(f(C)Ag(d)}vh(a)}ﬁ}
a(a2v)<cd
max[min{ f(a) A g(a®v)}, h(a)},7]
= min[max{/(a), v}, max{g(a’v), 7}, max{h(a),7}]
min[min{ f(a),d}, min{g(a), é}, min{h(a), J}]
= min[min{f(a), g(a), h(a)}, ]
= min{(fNgnh)(a),d}.

So, by Lemma 3.2, we have (f Ng) Nh C Vg5 (f og)oh. The rest of the proof is
the the same as in Theorem 4.1.

(#4i) = (it) Let R be a right ideal and A, B be any subsets of S. Then, by Lemma
3.4 and (i), we get

v

X2 anryne =(v.0) X34 N XN X5 C V(.6 (X540 X0g) 0 X0p =(v.5) X3 ((arym)-

Hence, by Lemma 3.4, we get (AN R) N B C ((AR)B]. The rest of the proof is the
the same as in Theorem 4.1.
(ii) = (i) We know (Sa?] is a right ideal of an ordered £.A-semigroup S containing
a®. Therefore, by (ii) it is semiprime. Now by using Lemma 3.1,we get
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a € (SalN(Sa?)N (Sa] = ((Sa)(Sa?)(Sa]] = (Sa)(Sa?)(Sa] C ((Sa)(Sa?)(Sa)
C ((S(8a*)8)] = ((S(8a®)(59))] = ((SS){(Sa®)S}] = (S{(Sa*)S})
= ((Sa®)(59)]
Hence, S is an intra-regular. O

Theorem 4.7. Let S be an ordered LA-semigroup with left identity. Then, the
following conditions are equivalent : (i) S is intra-regular.

(i4) For any right ideal R and for any subsets A, B of S, we have RNANB C
((RA)B] and R is semiprime ideal.

(it3) For any (€~,€~ Vgs)-fuzzy right ideal f and for any (€.,€~ Vgs)-fuzzy
subsets g, h and of S, we have fNgNh C Vg5 ((fog)oh) and f is an (€, €, Vgs)-
fuzzy semiprime ideal of S.

Proof. (i) = (i) Let g, h be (€, €, Vgs)-fuzzy subsets and f be an (€., €, Vgs)-
fuzzy right ideal of intra-regular ordered L.A-semigroup S with left identity. Since S
is intra-regular, then for any a € S there exist z,y € S such that a < (za?)y. Now,
by using medial law, para medial law and (1), we get

a < (za®)y = (z(aa))y = (a(az))y = (y(za))a,
y(za) < yle{(za®)y}] = yl(za®)(y2)] = (va®)(xy?) = (y*z)(a*z) = a*[(y*z)x]
= [(:czyZ)a]aand
(x2y2)a §

(*y*)[(za®)y] = (za®)[(z*y*)y] = [y(y*2?)](0x) = a*[{y(y*z) }a]
21).

Thus
a < [(a®v)ala, where [y(y*z)]z = v.
For any a € S there exist b, ¢ € S such that a < bc. Then

maX{ \ A(fo9)®) A h(C)}aW}

a<bc

max{((f o g) o h)(a),7}

> max{min{(f o g)((a*v)a), h(a)},~}

= max { V  {Uwrg@) h(a)}ry}
(a2v)a<pq

> max[min{f(a’v),g(a)}, h(a)},7]

= min[max{/(av),7}, max{g(a), 7}, max{h(a),7}]

> min[min{f(a),d}, min{g(a),d}, min{h(a(ac)), }]

— minfmin{f(a), g(a), h(a)},]
= min{(f N gNh)a), 6.
So, by using Lemma 3.2, we have (fNg)Nh C Vq(y,5) (f ©g)oh. The remaining part

of the proof is the the same as in Theorem 4.1.
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(#ii) = (i1) Let R be a right ideal and A, B be any orbitrary subsets of S. Then,
by Lemma 3.4 and (iii), we get

4 4 4 5 4 ) 4 1
XW(RQA)OB =(v,9) XWR N XWA N XA/B - Vq(’y,5)(X'yR o XVA) o XWB =(v,0) X'y((RA)B]'

Therefore, by using Lemma 3.4, we get (RN A) N B C ((RA)B]. The rest of the
proof is the the same as in Theorem 4.1.

(ii) = (i) We know (Sa?] is a right ideal of an ordered £.A-semigroup S containing
a®. Therefore, by (ii) it is semiprime. Now by using Lemma 3.1, we get

a € (Sa%n (SN (Sa] = ((Sa?)(Sal(Sa]] = ((Sa*|(Sa](Sa] € ((Sa?)(Sa)(Sa)]
C (((8a*)8)8] = ((59)(Sa®)] = ((SS){(SS(aa)}] = (SS{(aa)SS}] = ((S5)(a”S)]
= ((Sa®)(88)] € (Sa*)S.

Hence, S is an intra-regular. O
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