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ABSTRACT. The soft set theory is a newly mathematical tool to deal
with uncertain problems. However, the classical soft sets are not appro-
priate to deal with imprecise and fuzzy parameters. In this paper, we
introduce the average function and propose the interval-valued intuition-
istic hesitant fuzzy soft sets (IVIHFSSs) which are a combination of the
interval-valued intuitionistic hesitant fuzzy sets and soft sets. Then, the
complement, AND, OR, union, intersection, restricted union, extended in-
tersection, difference, necessity, possibility, power-A, A-multiply, average,
and geometric operations are defined on the IVIHFSSs, and some basic
properties are also discussed in detail. Finally, by means of level soft sets
and aggregation operators, we presented two algorithms to IVIHFSSs based
on decision making, and the practicality and effectiveness is proved by an
illustrative example.

2010 AMS Classification: 03ET72

Keywords: Interval-valued intuitionistic hesitant fuzzy soft sets, Level soft sets,
Aggregation operators.

Corresponding Author: Yong Yang (yangzt@nwnu.edu.cn)

1. INTRODUCTION

Many complicated problems in fields such as engineering, economics, medical
science, and environmental science involving vagueness and fuzziness. While a wide
variety of existing theories such as probability theory, fuzzy set theory, rough set
theory [18], and interval mathematics [7] have been developed to model indetermi-
nacy. However, each of these theories has its inherent difficulties as pointed out in
[16]. The soft set theory, originally proposed by Molodtsov [16], is free from the
inadequacy of the parameterization tools of those theories. It has been successfully
applied in many different fields such as decision making, theory of measurement,
and data analysis.
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By combining soft sets with other mathematical models, many extended soft
sets model have been developed recently. Maji et al.[13] firstly explored fuzzy soft
sets, a more generalized notion combining fuzzy sets and soft sets. Cagman et al.[2]
introduced fuzzy parameterized (FP) soft sets and discussed their related properties.
Yang et al. [27] developed the concept of interval-valued fuzzy soft sets. Jiang et
al. [9] defined interval-valued intuitionistic fuzzy soft sets which are an extension of
interval-valued fuzzy soft sets or intuitionistic fuzzy soft sets [14]. Dinda et al.[4]
proposed generalised intuitionistic fuzzy soft sets and gave an adjustable approach
to decision making. Subsequently, Jiang [3] pointed out two uncorrected definitions
in [9]. Feng et al.[0] established a colorful connection between rough sets and soft
sets, and applied it to multicriteria group decision making [5]. Jun [11] studied the
application of soft sets in BCK/BClI-algebras and initiated soft BCK/BCI-algebras.
Combining soft set and cubic set [10], Muhiuddin and Al-roqi [17]developed cubic
soft set and applied it to BCK/BCl-algebras. Maji et al. [15] explored neutrosophic
soft set, and some definitions and operations have been introduced. Xiao et al. [24]
investigated trapezoidal soft sets by combining trapezoidal fuzzy number and soft
sets. Yang et al. [28] proposed the multi-fuzzy soft sets and applied it to decision
making.

Hesitant fuzzy sets, proposed by Torra [20], permit the membership to have a
series of possible values between 0 and 1 which can describe the human’s hesitance
more objectively and accurately. Xu et al. [26] developed a series of aggregation op-
erators for hesitant fuzzy information with the aid of quasi-arithmetic means. Dual
hesitant fuzzy sets were introduced by Zhu et al. [32], in which the membership de-
gree and non-membership degree of an element to a given set are defined by two sets
of several real values. It emphasizes the importance of the non-membership which
can avoid information distortion and losing effectively in describing the vague deci-
sion making information. To accommodate more complex environment, Zhang [30]
proposed the concept of interval-valued intuitionistic hesitant fuzzy sets (IVIHFSs)
and applied them to group decision making. Recently, by combining soft sets with
hesitant fuzzy sets, Das and Kar [3] and Wang et al. [21] proposed hesitant fuzzy soft
sets (HFSSs). Zhang et al. [29] extended the HFSSs into interval-valued hesitant
fuzzy soft sets (IVHFSSs). On the one hand, it is unreasonable to use IVHFSSs to
handle some decision making problems because of insufficiency in describing the pa-
rameter of non-membership information. Instead, adopting several interval-valued
intuitionistic numbers may overcome the difficulty. In that case, it is necessary to
extend IVHFSSs into interval-valued intuitionistic hesitant fuzzy soft environment.
On the other hand, by referring to a great deal of literature and expertise, we find
that the discussions about fusions of IVIHFSs and soft sets do not also exist in the
related literatures. Considering the above facts, it is necessary for us to investigate
the combination of IVIHFSs and soft sets. The purpose of this paper is to initiate
the concept of interval-valued intuitionistic hesitant fuzzy soft sets (IVIHFSSs). In
order to illustrate the efficiency of the model, two effective algorithms are proposed.

The remainder of this paper is organized as follows: In Section 2, some basic def-
initions of soft sets, fuzzy soft sets, hesitant fuzzy sets, interval-valued intuitionistic
fuzzy sets, interval-valued intuitionistic fuzzy soft sets, interval-valued intuitionistic
hesitant fuzzy sets are briefly reviewed and we propose average function. In Section
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3, the concepts and operations of the IVIHFSSs are presented, especially some new
operations on them are defined, meanwhile, their properties are discussed in detail.
In Section 4, we apply the initiated interval-valued intuitionistic hesitant fuzzy soft
sets to a decision making problems and give two effective algorithms. The paper is
concluded in Section 5.

2. PRELIMINARIES
2.1. Soft sets and fuzzy soft sets.

Definition 2.1 ([16]). A pair (F, A) is called a soft set over U, where F' is a mapping
given by F': A — P(U). In other words, the soft set is not a kind of set, but a
parameterized family of subsets of the set U. For any parameter e € A, F'(e) may
be considered as the set of e-approximate elements of the soft set (F, A).

Definition 2.2 ([13]). Let P(U) be the set of all fuzzy subsets of U. A pair (T, A)
is called a fuzzy soft set over U, where T is a mapping given by T : A — P(U).

2.2. Hesitant fuzzy sets.

Definition 2.3 ([20]). A hesitant fuzzy set on U is defined in terms of a function

that returns a subset of [0, 1] when it is applied to U, i.e.,
A={<z,h(z)>zecU}

where h(z) is a set of some different values in [0,1], representing the possible mem-
bership degrees of the element z € U to A. For convenience, Xia and Xu [23] called
h(zx) a hesitant fuzzy element (HFE) and H the set of all hesitant fuzzy elements
(HFEs).

Definition 2.4 ([23]). Let h =J ¢, {7} be a HFE, then the score function of h is
defined as follows:

S(h) = ﬁ nyeh v
where #h is the number of the elements in h. For two HFEs hq, hg, if S(h1) > S(h2),
then hy > hg; if S(hl) = S(hg), then h; = hs.
2.3. Hesitant fuzzy soft sets.

Definition 2.5 ([3]). Let H(U) be the set of all hesitant fuzzy subsets of U. A
pair (T, A) is called a hesitant fuzzy soft set over U, where T is a mapping given by
- A— H).

2.4. Interval-valued intuitionistic fuzzy sets.

Definition 2.6 ([1]). Let U be an ordinary nonempty set. An interval-valued intu-

itionistic fuzzy set A in U is an object that has the form:
A={<z,pz(x),vzz) >lzecU}
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where pz(z) = [ﬂ%(x),,u}(x)] and vz(z) = [V%(:L’),I/}(l’)} satisfy 0 < u}(w) +
y}(x) < 1 for all x € U and are, respectively, called the membership degree and the
non-membership degree of the element z € U to A.

Xu [25] called each pair (pz(z),vz(x)) in A an interval-valued intuitionistic
fuzzy number (IVIFN). For convenience, each IVIFN can be simply denoted by
o = (fto, Vo), Where po, = [y, ut], va = [v5,vE], and put + v < 1.

Definition 2.7 ([29]). Let o = ([ug, pt], (v, v ), a1 = ([, 1d, ], Ve, v, 1), and
= ([ua,, 1], [vs, v1,]) be any three IVIFNS, and A > 0. Then,

(1)Oz _([ Vo s a] [ avlj'a])

(2) a1 Vg = ([ug, V piay, i, V 1t Ve, Ava,,vd Avd);

(3) an ANea = ([1g, A by i, A, [v [ \/VW (LVV 1);

(4) a1 @ g = ([1g, + Moy — Moy Hay» 1, + [, — ualuazl Vo Ve s Ve Vi 1)

(5) o ® ap = ([uglugz,uilu&H% + Vo, = Vo Vas Ve, + v, — v v D)

E ) Ada = ([1 - (1 — )N 1= (1= pd)M, [(V&)Av wHA);

6
7)o = ([(pa)t, ()L [ — (1= v)N 1= (1= vd)?]).

Definition 2.8 ([25]). Let a = ([u,,ut], v ,vT]), then the score function and
accuracy function of « defined as follows:
S(a) = (1/2)(pg —vg +ud —vd), hle)=1/2)(pg +vg +ud +v3).

For two IVIFNs o4 and aso,
(1) If S(aq) > S(a2), then ag > as.
(2) If S(ay) = S(az), then the following hold,

(a) If h(Oél) > h(ag), then a1 > ao.

(0) If h(ay) = h(az), then ay = as.

(¢) If h(a1) < h(ag), then a; < as.

2.5. Interval-valued intuitionistic hesitant fuzzy sets.

Definition 2.9 ([30]). Let U be a fixed set, then an interval-valued intuitionistic
hesitant fuzzy set (IVIHFS) on U is given in terms of a function that when applied
to returns a subset of .

To be easily understood, we express the IVIHFS by a mathematical symbol as
follows:

E={<z,hz(z) >z €U}

where hz(z) is a set of some IVIFNs in €, denoting the possible membership degree
intervals and nonmembership degree intervals of the element x € U to the set E.
For convenience, Zhang [30] call h= h () an interval-valued intuitionistic hesitant
fuzzy element (IVIHFE) The set of all interval-valued intuitionistic hesitant fuzzy
sets on U is denoted by H(U). If a € h, then a is an IVIFN, and it can be denoted

bya:(ﬂw’/a)—([/laaﬂa] [ oz’l/gz_])

Definition 2.10 ([30]). Given three IVIHFESs represented by E, 7L1, and 712, then
the operational laws of IVIHFEs are defined as follows:

(1) b = {(lva vd), g, 1f)) | @ € B;
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B U he — - - 7t + + + 7 B
1 2 1 2 2 1
(2) Pr Uhg = { ([, V Hays dy V 1L Vay A Ve va, AVaL]) [ o € hasan € ha}s
(3) hu Mho = {([ua, N tiay, 1d, Nl Ve, V va, va, VL)) [ oa € hi, o € ha}s
1 2 1 2 2 1
( ) hl 2] h2 - {([:U‘ozl +ILL042 /L(;1M;2,/14a1 +/1’a2 /j’allu’ag] [Valyagvyilyzi;}) | a1 €

hl,()tg S h2}

(5) I @ ha = {([ug, oy 1,18 Way, + Ve, = Vo, Ve vid, + v, — v vd]) [ an €
hl,ag S h2} _

(6) M= {([1 = (1 — )’ 1 = (1 = )M, ()N () ) | e € h);

(7) b = {([(u) ()] [ = (A= v)N 1= (L= vD)M) [ e € h}.

Theorem 2.11 ([30]). Let 7L, El, and hy be three IVIHFEs, and A\, A1, and Ay > 0.
Then,

()hcuhc—(hlmlzg)c. (2) h§ M hg = (ha U ha)°.
( ) h(‘ @D hc (hl ® hg)c. (4) hc ® hc (hl D hg) .
(5) ( P = (~ )°. (6) A(he) = (h*)°.

(7) e = = (A1), (8) Aida(h) = /\1(/\2h)
9

) MRy @ ha) = Ay @ Mg, (10) h) @ h) = (hy @ ho)™.

Theorem 2.12. Let E = {< z,h(z) >| z € U}, By = {< z,hi(z) >| = € U}, and
Ey = {< x,ha(z) >| x € U} be three interval-valued intuitionistic hesitant fuzzy sets
on U. Then,

(1) EfUES = (ExNEy)°.  (2) By N E§ = (Ey U Ey)°.
(3) E{@ ES = (Ex® Eo)°.  (4) Ef ® ES = (By @ Ey)°.
(5) (E9)* = (AE)". (6) A(EX) = (BY).

(7) EA1>‘2 = (E)‘l)AQ. (8) /\1)\2(E) = )\1()\2E)

(9) MEy @ E») = A\E; ® AE>.  (10) E} ® B3 = (B ® Ex)™.

Proof. In the following, we shall prove (1); (2)-(10) are proved analogously.
(1) For Vo € U, (h1 N hy)(x r) = ha(z )N ha(z), _according to Theorem 2.11, we have

((hy N T2)(@))¢ = (b1 () N ha(2))€ = oy ()€ U hia(x)¢. Hence, Proved.
O

Definition 2.13 ([30]). For an IVIHFE h, S(h) = > ach ( )/#h is called the score
function of h, where #h is the number of the elements in h. h(h) = Zaeh h(a)/#h
is called the accuracy function of h. For any two IVIHFEs h1 and hg,

Definition 2.14. For an IVIHFE h,
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TV _ ([acita Daciha] [achVa Xachla
A(h) - ([ ;E ’ ;E ]a [~ ;z 9 j‘iﬁ ]) _
is called the average function of h, where #h is the number of the elements in h. It
can be easily seen that A(h) is an IVIFN.

Definition 2.15. Suppose that an IVIHFE E, and stipulate that ht and b~ are the
maximum and the minimum interval-valued infuitionistic hesitant fuzzy values in the
IVIHFE h, then we call h’Y = nh* 4 (1 —n)h~ an extension interval value, where
7(0 < n < 1) is the parameter determined by the decision maker (DM) according to
his/her principle preference.

Consequently, if [, # lg, and «, 8 are corresponding IVIHFEs, then we need
add different interval values to the IVIHFE which has the less elements using the
parameter 1 via the DM’s principle preference until both of them have the same
length, i.e.

(1) when the DM’s principle preference is optimistic, we can add the extension
interval value h = ht;

(2) when the DM’s principle preference is neutral, we can add the extension
interval value hN = %(E* +h);

(3) when the DM’s principle preference is pessimistic, we can add the extension
interval value hN = h~.

Obviously, the parameter 7 provided by the DM reflects his/her principle pref-
erence which can affect the final results. In what follows, we take the optimistic
principle.

Based on the well-known Hamming distance, as well as the above operational
laws, analogous to the distance measure for HFEs in [19], we further propose a
generalized distance measure between IVIHFEs:

l
71 - - + +
) =5 3 (Vi = 1 =it 1+
(2.1) i

- S Vg
| Vﬁa(i) l/ga(i) ‘ + | l/h,,(,;) l/ga(i) | )
where [ is the number of max{#ﬁ, #q}.

2.6. Interval-valued intuitionistic fuzzy soft sets.

Definition 2.16 ([9]). Let I(U) be the set of all interval-valued intuitionistic fuzzy
subsets of U. A pair (F, A) is called an interval-valued intuitionistic fuzzy soft set
over U, where F' is a mapping given by F': A — I(U).

Definition 2.17 ([9]). Let L = {(o, 8) | & = [a1, 2] € Int([0,1]),8 = [B1,52] €
Int([0,1]), ag + B2 < 1}, where Int([0,1]) denotes the set of all closed subintervals
of [0,1]. Then a relation >, on L is defined as follows:
V(a,B),(§n) € L, (o, B8) <p (&m) & a < fand B > n & [ar, o] < [€1,&] and By,
Ba2] > [m,ym2] © a1 < &,a0 < &, 01 > n1, and B2 > 1.

Definition 2.18 ([0]). Let U = (F, A) be an interval-valued intuitionistic fuzzy soft
set over U, where A C F and F is the parameter set. For («, ) € L, the (a, §)—level
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soft set of U is a crisp soft set L(U;a, 5) = (ﬁ(aﬁ), A) defined by

Flag(e) = L(F(e);a,8) = {z € U | F(e)() 21 (0, B)} = {z € U | () >
O V() () < B} for all e € A.

3. INTERVAL-VALUED INTUITIONISTIC HESITANT FUZZY SOFT SETS

3.1. The concept of interval-valued intuitionistic hesitant fuzzy soft sets.

Definition 3.1. A pair (F A) is called an interval-valued intuitionistic hesitant
fuzzy soft set over U, where Fisa mapping given by F: A H U).

An interval-valued intuitionistic hesitant fuzzy soft set is a mapping from param-
eters to H (U), and it is not a set, but a parameterized family of interval-valued
intuitionistic hesitant fuzzy subset of U. For e € A, F (e) may be considered as the
e—approximate elements of the interval-valued intuitionistic hesitant fuzzy soft set
(F,A).

Example 3.2. Suppose that U = {aj,a2,a3} is the set of software development
projects under consideration, A = {e1,eq,e3} is the set of parameters, A = {e; =
economic feasibility, ea = technological feasibility, es = staff feasibility}. We de-
fine an interval-valued intuitionistic hesitant fuzzy soft set as follows:

F(ey) = {< ay, {([0.5,0.6],[0.1,0.2]), ([0.6,0.7], 0.2,0.3))} >, < az, {([0.4,0.7], [0.1,

0.3))} >, < as, {([0.4,0. 5] 10.1,0.2)), (0.5,0.6], [0.2,0.4])} >},

Fle) = {< ay, {([0.5,0.6],[0.2,0.3]), ([0.7,0.8], [0.1,0.2])} >, < az, {([0.5,0.7], [0.1,

0.3))} >, < as, {([0.6,0.8],0.1,0.2]), ([0.8, 0.9, [0,0.1])} >},

Fles) = {< a,{([0.5,0.7],[0.1,0.2]), ([0.7,0.9],[0,0.1])} >, < as, {([0.65,0.7), [0.1,
0.1 [

b 2] )
0.2]), ([0.7,0.8],[0,0.1])} >, < as, {(0.5,0.6], (0.2,0.3])} >}.

Definition 3.3. Let A,B C E. (F,A) and (G, B) be two interval-valued intu-
itionistic hesitant fuzzy soft sets over U. (G, B) is called to be an interval-valued
intuitionistic hesitant fuzzy soft subset of (F, A) if

(1) A2 B; B B
(2) Ve€ B,z € U, S(hp(x)) = S(hg (@)
In this case, we write (F, A)2(G, B).

Example 3.4. Let U = {z1, 22,25}, A = {e1,e2}, B = {e1}. Suppose (F, A) and
(G, B) be two interval-valued intuitionistic hesitant fuzzy soft sets over U defined as
follows:

Fler) = {< 21,{([0.6,0.7], 0,0.1]), ([0.6,0.7], [0.2,0.3))} >, < 2, {([0.6,0.7], [0.1,
0~3])} >, < x3,{([0.5, 0 6],[0.1,0.2]), ([0.5,0.6],[0.2,0.4])} >},

F(es) = {< z1,{([0.7,0.8],10.1,0.2]), ([0.5,0.7],[0.2,0.3]) } >, < z2,{([0.5,0.7],[0.1,
0.3])} >, < x3, {([0 3,0. 5] [O 1, 0 2]), ([0.4,0.6] [O 2,0. 4])} >},

and,
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G(e1) = {< 21,{(]0.5,0.6],[0.1,0.2]), ([0.5,0.6],[0.2,0.3])} >, < 22, {([0.4,0.7],]0.2,
0.3))} >, < 3, {([0.4,0.5],[0.1,0.2]), ([0.4, 0.5], [0.3,0.4]) } >1}.

ForVe € Aand z € U, we have S(Eﬁ(e) (z)) > S(Tzé(e)(x)). Hence, (F, A)2(G, B).

Definition 3.5. Two interval-valued intuitionistic hesitant fuzzy soft sets (F, A)
and (é B) over U are called to be interval-valued intuitionistic hesitant fuzzy soft
equal, if (F A) is an interval-valued intuitionistic hesitant fuzzy soft subset of (G B),
and (G, B) is an interval-valued intuitionistic hesitant fuzzy soft subset of (F, A).

In this case, we write (F, A)=(G, B).

Remark 3.6. Interval-valued intuitionistic hesitant fuzzy soft equal is different from
equal of two interval-valued intuitionistic hesitant fuzzy soft sets. Obviously, equal is
a special case of interval-valued intuitionistic hesitant fuzzy soft equal and interval-
valued intuitionistic hesitant fuzzy soft equal is a generalization of equal. For exam-
ple,let U = {z}, A= B = {e}, ﬁ(e) = {< z,{([0.5,0.6],[0.2,0.3]), ([0.5,0.7], [0, 0.2])
} >}, G(e) = {< #,{([0.5,0.6],[0.1,0.2])} >}. Obviously, (F, A)=(G, B), but (F, A)
# (G, B).

Definition 3.7. An interval-valued intuitionistic hesitant fuzzy soft set (ﬁ, A) over
U is called the empty interval-valued intuitionistic hesitant fuzzy soft set if F(e) =

{[0, 0] [1,1]} for all e € A, denoted by ® 4. An interval-valued intuitionistic hesitant
fuzzy soft set on U is called the full interval-valued intuitionistic hesitant fuzzy soft

set if F(e) = {[1,1],[0,0]} for all e € A, denoted by Uy.
3.2. Operations on interval-valued intuitionistic hesitant fuzzy soft sets.

Definition 3.8. The complement of an interval-valued intuitionistic hesitant fuzzy
soft set (F', A) over U is denoted by (F, A)¢ and is defined by

(ﬁvA)c = (ﬁc’A)
where F©: A — H(U) is a mapping given by F°(e) = (F(e))* for Ve € A.
Obviously, (F¢)¢ = F and ((F,A)¢)¢ = (F,A). It is worth noting that in the
above definition, the parameter set of the complement (F, A)¢ is still the original
parameter set A, instead of "A.

Example 3.9. Reconsider Example 3.2, we have (F, A)¢ as follows:
ﬁ“(el) = {< a1,{(]0.1,0.2],[0.5,0.6]), ([0.2,0.3],[0.6,0.7]) } >, < a2, {(]0.1,0.3],[0.4,
0.7))} >, < as,{(]0.1,0.2],]0.4,0.5]), ([0.2,0.4],[0.5,0.6]) } >},
Fel(es) = {< a1, {([0.2,0.3], [0.5,0.6]), ([0.1,0.2], [0.7, 0.8])} >, < az, {([0.1,0.3], [0.5,
0. 7])} >, < az, {([0,0. 1] [0.8,0.9]), ([0.1,0.2],[0.6,0.8])} >},
C(eg) = {< a1,{([0.1,0.2],[0.5,0.7]), ([0,0.1],[0.7,0.9]) } >, < a2, {([0.65,0.7],[0.1,
0.2]), ([0,0.1],[0.7,0.8])} >, < a3, {([0.2,0.3],]0.5,0.6])} >}.

Definition 3.10. The AND of two interval-valued intuitionistic hesitant fuzzy soft
sets (F, A) and (G, B) over a common U which is denoted by (F, A) A (G, B) and is
664
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defined by
(F, A) 7 (G, B) = (H, A x B)

where H(av, 8) = F(a)NG(B), for ¥(o, B) € AxB,z € U, H(ov, 8)(z) = {([inf(z7,,, (@)
s (). W0 7 (2, Ty (@) 5D (2). g (), 5D (P70 (). Py (@) |
fl@)(x) € F(a)(2),3(8)(x) € G(B)(x)}.

Definition 3.11. The OR of two interval-valued intuitionistic hesitant fuzzy soft

sets (F, A) and (G, B) over a common U which is denoted by (F, A)V (G, B) and is
defined by

(F,A)V (G,B) = (0,A x B)

where O(a, 8) = F(a)UG(B), for ¥(a, B) € AxB,z € U,0(a, 8)(z) = {(lup(pg,, (@)
B (@) 5D (7o) (2); Tigis (2))]s [infL g, (2), vg(s)(2)), nf(@ 5 (2), Vg8 (2))]) |
fla)(z) € F(a)(x ) 3(B)(z) € G(B)(x)}.

Example 3.12. Let U = {z1,22,235},4 = {e1,e2},B = {e1,ea,e3}. Suppose
(F,A) and (G, B) be two interval-valued intuitionistic hesitant fuzzy soft sets over
U defined as follows:

Fler) = {< 21,{([0.5,0.6],[0.1,0.2])} >, < 2, {([0.4,0.7],[0.1,0.2)), ([0.6,0.7], [0.1,
0.3))} >, < a3, {([0.5,0.7],[0.2,0.3))} >1,
Fles) = {< 21,{([0.6,0.7],0.2,0.3]), ([0.6,0.8],[0,0.1])} >, < 2, {([0.4,0.6], [0.2,0.3]
)} >, < 23, {(0.7,0.9], 0,0.1])} >},
( 1) = {< 21, {(0.7,0.8],[0.1,0.2])} >, < 2, {([0.6,0.8],0.1,0.2])} >, < 23, {([0.6,
0.7,[0.1,0.3])} >},
( ) {< 21,{([0.5,0.7],[0.1,0.2])} >, < 22, {([0.6,0.7],[0.1,0.2])} >, < 3, {([0.6,
0.8],[0.1,0.2]), ([0.7,0.8],[0,0.1])} >},
Gle ) < 21,{(0.6,0.8),[0,0.1])} >, < 2, {([0.6,0.8],[0,0.1])} >, < a5, {([0.7, 0.9]
,0,0.1]), ([0.8,0.9],[0,0.1])} >}

=

»—xH

Then, we have (F, A)A (G, B) = (H,Ax B),(F,A)V (G, B) = (O, Ax B), where
the results are shown in TABLEs 1 and 2, respectively.

Theorem 3.13. (De Morgan’s Law) Let (F, A), (G, B) be two interval-valued intu-
itionistic hesitant fuzzy soft sets over U, then

(1) ((F,A) A (G, B))* = (F, A)° v (G, B
(2) ((F,A)V (G, B))* = (F, A)° A (G, B

Proof. In the following, we shall prove (1); (2) is proved analogously.

(1) Suppose that (F, A) A (G,B) = (H,A x B). Therefore, ((F,A) A (G, B))¢ =

(H,AxB)¢ = (H¢, Ax B). Similarly, (F', A)*V(G, B)¢ = (F¢, A)V(G¢, B) = (O, Ax
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TABLE 1. The results of ”AND” operation on (F, A) and (G, B)

U (e1,€1) (e1,€2)
o1 {([0-5,0.6], [0.1,0.2])} {([0-5,0.6], [0.1,0.2])}
z2  {([0.4,0.7],]0.1,0.2]), ([0.6,0.7],[0.1,0.3])}  {([0.4,0.7],[0.1,0.2]), ([0.6,0.7],[0.1,0.3]) }
T3 {([0.5,0.7],[0.2,0.3])} {([0.5,0.7],10.2,0.3])}
(e1,e3) (e2,e1)
1 {([0.5,0.6],[0.1,0.2])} {([0-6,0.7],[0.2,0.3]), ([0.6,0.8], [0.1,0.2]) }
z2  {([0.4,0.7],[0.1,0.2]), ([0.6,0.7], [0.1,0.3])} {([0-4,0.6],[0.2,0.3])}
23 {([0.5,0.7],[0.2,0.3))} {([0.6,0.7],[0.1,0.3])}
(e2,€e2) (e2,€3)
z1 {([0.5,0.7],[0.2,0.3]), (]0.5,0.7],[0.1,0.2)}  {([0.6,0.7],[0.2,0.3]), ([0.6,0.8], [0, 0.1])}
z2 {([0.4,0.6],[0.2,0.3])} {([0-4,0.6],[0.2,0.3])}
@3 {(]0.6,0.8],[0.1,0.2]), ([0.7,0.8], [0, 0.1])} £([0.7,0.9],[0,0.1])}

TABLE 2. The results of "OR” operation on (F, A) and (G, B)

U (e1,€1) (e1,€2)

1 {([0.7,0.8],[0.1,0.2)} {(05,0.7],[0.1,0.2])}

2 {([0.6,0.8],[0.1,0.2])} {([0.6,0.7],[0.1,0.2))}

3 {([0.6,0.7],[0.1,0.3)) } {([0.6,0.8],[0.1,0.2]), ([0.7,0.8], [0,0.1])}
(e1,e3) (e2,e1)

a1 {([0.6,0.8],0,0.1))} {([0.7,0.8],[0.1,0.2]), ([0.7,0.8], [0,0.1])}

. {([0.6,0.8],[0,0.1])} {([0.4,0.6], 0.2, 0.3])}

zs  {([0.7,0.9],]0,0.1]), ([0.8,0.9], [0,0.1])} {([0.6,0.7],0.1,0.3))}
(e2,e2) (e2,e3)

21 {([0.6,0.7],]0.1,0.2)), ([0.6,0.8], [0,0.1])} {(0.6,0.8],[0,0.1])}

2 {([0.4,0.6],[0.2,0.3])} {([0.4,0.6],[0.2,0.3])}

z3  {([0.6,0.8],]0.1,0.2)), ([0.7,0.8], [0,0.1])} {(0.7,0.9], [0, 0.1))}

B). Now take (o, 8) € A x B, therefore, according to Theorem 2.12, ﬁc(a,ﬁ) =
(H(o, ) = (F(a) NG(B))* = F*(a) UGS(B), Hence, H(a, B) = O(a,, B). Proved.
O

Theorem 3.14. (Associative Law) Let (F, A), (G, B), and (H,C) be three interval-
valued intuitionistic hesitant fuzzy soft sets over U, then

(1) (F, AN ((G,B)A(H,C)) = ((F,A) NG, B)) A (H, C).

(2) (F,A) V(G B)V(H,C)=((F,A)V(GB))V(HC).

Proof. In the following, we shall prove (1); (2) is proved analogously.
(1) Suppose that (G, B)A(H,C) = (I, BxC), where I(3,9) = G(5)NH (0),¥(5,0) €

B x C. Therefore, we have that I(5,0)(z) = {([inf(gg(ﬂ)(z)7 ) (x)),jnf(ﬁg(ﬁ)(x),
Firs) (@) [sup(egs) (@), 255 (2)), sup (g8 (), T 5 (2))]) | 9(B) () € G(B) (@),
h(6)(x) € H(3)(x)}-

Since, (F, A)A((G, B)A(H, C)) = (F, A)A(I, BxC), assume that (F, A)A(I, B x
C) = (J,Ax (B xC)), where J(a, 3,8) = F(a) N I(3,6), (a, 3,6) € Ax (B x C) =
A x B x C. Therefore,
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T 528)@) = {00 ) 0. 5 (), G700, (0] (27 0,
Vi, 5>( 2)), sup(V 7o (2), Z5.5) (@))]) | Fla)(2) € F(e)(2),i(B,6)(x) € 1(8,6
it (). g ()0 15 (), 070 (00, 0T (), T (o
D17 (), 50D ) (), D71, (1), SUB(T5(2), 75 ()
F(a)(2),5(8)(x) € G(B)(x), h(9)(x) € H(5)(x)}.

Assume that (F, A)A(G, B) = (NIN(,AXB)7 where K (a, ) = F(a)NG(B),Y(a, B) €
A x B. Therefore, we have that K(«, 8)(x) = {([inf(ﬁf( )(:v) /J,~(ﬁ)( x)),
(70 (), Ty (2] UD (70 (2), ) (2)), 50D (7 50 (2), Py (@) | Fla)(a) €
F(a)(@),§(8)(x) € G(8)(0)}-

Since, ((F,A) A (G,B)) A (H,C) = (K, A x B) (H,C), assume that (K, A x

B) A (H,C) = (L,(A x B) x C), where L(a, 8,8) = K(o, 8) N H(6), (v, 8,0) €
(AxB)xC= A><B><C' Therefore,

z(aa 5’ 5)(1‘) = {([inf(ﬁ}g(aﬁ) (.’E), :u‘h((;) (.’E)) lnf(ﬁk a ﬁ)( ) /J‘h((s) ((E))] [ (Vk(a (x)a
(

B)
L) (0, STy (0 P () | Kl (o) € K, 9)(e), Bl8)(o) € HO)@)
= {(linf(inf( 5 (7)) (), 15 (), InEGEGE7 ) (2), Ty () T ()] s

g(B h(8)
D150 (), g (0))s 1 5 (), SUD(SUD (7 (), i ) Fin @) | Fla)(@) €

F(a)(x), E(ﬂ)( ) € G(B)(x), h(8)(x) € H(5)(x)}

— (0o (o). 01 ).t () 07 (0, (i 2 T (@) s
70y @) (s ()2 Vi3 (), BP0 (2), 5B 75 ), Py (D)) | Fl) ()
F(a)( ),3(8)(x) € G(B)(x), h(d)(x) € H(5)(x)}.

Hence, L(o, 8,0)(z) = J (o, B8,0)(x). Proved. O

Definition 3.15. Union of two interval-valued intuitionistic hesitant fuzzy soft sets
(F,A) and (G, B) over a common U is the interval-valued intuitionistic hesitant
fuzzy soft set (H,C'), where C = AU B, and Ve € C'

Fle), if ec A-B,
H(e) = { Gle), if ecB—A,
F(e)UG(e), if ec ANB.

We write (F, A)J(G, B) = (H,C).
Example 3.16. Reconsider Example 3.12, the results of union of interval-valued

intuitionistic hesitant fuzzy soft sets (F, A) and (G, B) are shown in TABLE 3.

Theorem 3.17. Let (F, A) and (G, B) be two interval-valued intuitionistic hesitant
fuzzy soft sets over U. Then,

(1) (F,A) U (F,A) = (F, A).
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TABLE 3. The results of "union” operation on (F, A) and (G, B)

U e e
T {([0.7, 0.8],1[0.1, 0.2])} {([0.6,0.7], [0.1,0.2])2, ([0.6,0.8],10,0.1]) }
T2 {([0.6,0.8],[0.1,0.2])} {([0.4,0.6],[0.2,0.3])}
3 {([0.6,0.7],[0.1,0.3])} {([0.6,0.8],[0,0.1])}
e3
T {([0.6,0.8],[0,0.1])}
T2 {([0.6,0.8],[0,0.1])}

25 {([0.7,0.9],]0,0.1]), ([0.8,0.9], [0, 0.1])}

(2) (F,A) 0 &4 = (F, A).
(3) (ﬁaA) U ﬁA = UA
(4) (F,A)0Up=Up iff ACB.
(5) (F,A) U ®p = (F,A) iff BCA.
(6) (F,A) U (G,B) = (G,B) U (F, A).
Proof. The proofs can be obtained from Definition 3.15. O

Definition 3.18. Intersection of two interval-valued intuitionistic hesitant fuzzy
soft sets (F, A) and (G, B) with AN B # ¢ over U is the interval-valued intuitionis-
tic hesitant fuzzy soft set (H, C), where C = ANB, and Ve € C , H(e) = F(e)NG(e).
(H,C).

We write (F, A)Q(G, B) =

Example 3.19. Reconsider Example 3.12, the results of intersection of interval-
valued intuitionistic hesitant fuzzy soft sets (F', A) and (G, B) are shown in TABLE
4.

TABLE 4. The results of "intersection” operation on (F, A) and (G, B)

U e e

T {([0.5,0.6],1[0.1,0.2])} {(]0.5,0.7],[0.1,0.2] ,2([0 5,0.7],10.2,0.3])}
z2  {([0.4,0.7],[0.1,0.2]), ([0.6,0.7],[0.1,0.3]) } {([0.4,0.6],]0.2,0.3])}

3 {([0.5,0.7],[0.2,0.3]) } {(]0.6,0.8],[0.1,0.2]), ([0.7,0.8], [0,0.1]) }

Theorem 3.20. Let (F, A) and (G, B) be two interval-valued intuitionistic hesitant
fuzzy soft sets over U. Then,

(1) (F,A) N (F, A) = (F, A).
(2) (FvA) ﬂ (I)A —(I)A

(3) (F,A) N Us = (F, A).

(4) (F, A) A\ Up = (F, AN B)

(5) (F.A) A &g = arp.

(6) (F,A) 1 (G,B)=(G,B) N (F,A).

Proof. The proofs can be obtained from Definition 3.18. 0
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Definition 3.21. The restricted union of two interval-valued intuitionistic hesitant
fuzzy soft sets (F,A) and (G, B) with AN B # ¢ over U is the interval-valued
intuitionistic hesitant fuzzy soft set (fNI ,C), where C = AN B, and Ve € C |
H(e) = F(e) UG(e).

We write (F, A)Ur(G, B) = (H, C).

Example 3.22. Reconsider Example 3.12, the results of restricted union of interval-
valued intuitionistic hesitant fuzzy soft sets (F, A) and (G, B) are shown in TABLE
5.

TABLE 5. The results of "restricted union” operation on (F, A)

and (G, B)
U el €2
21 {([0.7,08],[0.1,0.2))} {([0.6,0.7],]0.1,0.2]), ([0.6, 0.8], [0,0.1])}
2 {([0.6,0.8],[0.1,0.2))} {(0.4,0.6],[0.2,0.3])}
z3  {(0.6,0.7],[0.1,0.3])} {([0.6,0.8], [0,0.1])}

Theorem 3.23. Let (F, A) and (G, B) be two interval-valued intuitionistic hesitant
fuzzy soft sets over U. Then,

(1) (F, A) Ur (F, A) = (F, A).

(2) (F,A) Ug @4 = (F,A)

(3) (F,A) Up Ua =Ua

(4) (F,A) Ur Up =Uans

(5) (€,A) OR (I)A],B:(F’/},QB) _

(6) (F,A) LjR (G,B) = (G, B) OR (£, A).

Proof. The proofs can be obtained from Definition 3.21. g

Definition 3.24. The extended intersection of two interval-valued intuitionistic
hesitant fuzzy soft sets (F', A) and (G, B) over U is the interval-valued intuitionistic
hesitant fuzzy soft set (H,C'), where C = AU B, and Ve € C,

F(e), if ec A-B,
H(e) = ¢ Gle), if eeB—A,
Fle)nG(e), if ee ANnB.
We write (F, A)Ag(G, B) = (H,C).
Example 3.25. Reconsider Example 3.12, the results of extended intersection of

interval-valued intuitionistic hesitant fuzzy soft sets (F, A) and (G, B) are shown in
TABLE 6.

Theorem 3.26. Let (F, A) and (G, B) be two interval-valued intuitionistic hesitant
fuzzy soft sets over U. Then,
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TABLE 6. The results of "extended intersection” operation on
(F,A) and (G, B)

U e e

T {([0.5,0.6],1[0.1,02])} {([0.5,0.7],[0.1,0.2] ,2([0 5,0.7],10.2,0.3])}

z2  {([0.4,0.7],[0.1,0.2]), ([0.6,0.7],[0.1,0.3]) } {(]0.4,0.6],[0.2,0.3])}

T3 {([0.5,0.7],[0.2,0.3])} {([0.6,0.8],[0.1,0.2]), ([0.7,0.8],[0,0.1]) }
es3

T {([0.6,0.8],]0,0.1])}

T2 {([0.6,0.8],[0,0.1])}

zs  {([0.7,0.9],[0,0.1]), ([0.8,0.9], [0, 0.1])}

(2) (F,A) Ng @4 =®4

(3) (F,A) Np Ux = (F, A).

(4) (F,A) Ng Up=(F,A) iff BCA
(5) (F,A) Ng 5 =®p iff ACB.

6) (F,A) Ng (G, B) = (G,B) Ng (F,A).

Proof. The proofs can be obtained from Definition 3.24. O

Theorem 3.27. (De Morgan’s Law) Let (F,A) and (G, B) be two interval-valued

intuitionistic hesitant fuzzy soft sets over U. Then,

(1) (F,A) U (G, B))* = (F,A) Ng (G, B)".

(2) (F,A) Ng (G, B))* = (F,A)° U (G, B)

(3) (F,A) Ug (G,B))* = (F,A)° 1 (G, B)".

(4) (F,A) N (G,B)) = (F,A)° Ugr (G, B)

Proof. In the followmg, we shall prove ( ); (2)-(4) are proved analogously.
Suppose that (F,A) U (G, B) = (H,C), where C = AU B, and Ve € C,

(&

c

F(e)7 if eeA-B,
H(e) = G(e)7 if ee B—A,
F(e)U (), if e ANnB.

Thus, ((F,A) U (G, B)) = (H,C)¢ = (H¢,C), and Ve € C,

F<(e), it eeA-B,
H¢e) = Gc(e), if ee B—A,
e)NGe(e), if ee AN B (Theorem 2.12).

Fe(
Again suppose that (F,A)¢ Ng (G, B)* = (F°, A) Ng (G, B) = (I, D), where
D=AUB,and Ve € D,

Fc if e A-B,
G if ee B—A,
OG” if e ANB.

We can conclude H “le)=1 (e Proved.
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Theorem 3.28. Let (F, A) and (G, B) be two interval-valued intuitionistic hesitant
fuzzy soft sets over U. Then,

(1) (F,4) U (G, B))*C(F, 4)° U (G, B)“.

(2) (F,A) A (G, B)*C((F, A) 1 (G, B))“.

Proof. In the following, we shall prove (1); (2) is proved analogously.
Suppose that (F, A) U (G, B) = (H,C), where C = AU B, and Ve € C,

F(e), if eeA-B,
H(e) = { G(e), if eeB—A,
F(e)UG(e), if ec ANB.

F<(e), if ecA-B,
He(e) = { G(e), if eeB—A,

Fe¢(e)NG<(e), if ee AN B (Theorem 2.12).

Again suppose that (F, A)¢ U (G, B)° = (F¢,A) U (G¢,B) = (I,C), where C' =
AUB, and Ve € C,

Fe(e), if eecA-DB,
I(e) = { G(e), if eeB—A,

Fe(e)NG<(e), if ee AN B (Theorem 2.12).

Obviously, Ve € C, H%(e)CI(e). Proved. O

Theorem 3.29. Let (F, A), (G,B), and (H,C) be three interval-valued intuition-
istic hesitant fuzzy soft sets over U. Then, _

(1) (£, ANe((G, B)Ne(H,C)) = ((F, ANe(G, B))Np(H,C).

(2) (F, A)U((G,B)J(H,C)) = ((F,A)J(G, B))U(H,C).

Proof. In the following, we shall prove (1), (2) is proved analogously.
Suppose that (é,B)ﬁE(ﬁ, C) = (IN,D)7 where D = BUC, and Ve € D,
G(e), it eeB-C,

I(e) =< H(e), if ecC-B,
G(e)nH(e), if eecBNC.

Since (F, A)Ng((G, B)Ag(H,C)) = (F,A)Ng(I,D), we assume (F, A)Ng(I,D) =
(K,E), where E = AUD = AU BU C, then we have the following,
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Fle), if ecA-—B-C,
Gle), if eecB—A-C,
H(e), if ecC—A-B,
K(e)={ G(e) N H(e), if eec BNC— A,
F(e)nGle), if ecANB-C,
F(e)n H(e), if ec ANC - B,
F(e)nG(e)NH(e), if ec ANBNC.
Again suppose that (ﬁ7A)ﬁE(G,B) = (§,X)7 where X = AU B, and Ve € X,
ﬁ(e), if ee A—B,
S(e) = CNY'(e)7 if eeB-—A,
F(e)NnG(e), if ee ANB.
Since ((F, A)NgG, B))Ap(H,C) = (8, X)Ng(H,C), we assume (S, X)g(H,C) =

(L,Y), where Y = X UC = AU B U C, then we have the following,

Fle), if ecA—B-C,
Gle), if eecB-—A-C,
H(e), if ecC—A-B,
L(e) = { G(e) N H(e), if ee BNC— A,
F(e)nGle), if eeANB-C,
F(e)N H(e), if e ANC - B,
F(e)nG(e)NH(e), if ec ANBNC.
Therefore, L(e) = K(e),Ve € AUBUC. Proved.

O

Definition 3.30. The difference of interval-valued intuitionistic hesitant fuzzy soft
sets (F,A) and (G, B) over a common U with AN B # ¢ which is denoted by

(F,A) — (G, B) and is defined by
(F,A) - (G,B) = (H,C)

where C' = AN B and for Ve € C, H(e) = F(e) — G(e) = {d(%ij,@-j)}, 711-]- denotes
the IVIHFE of the i object under the j attribute in the interval-valued intuitionistic
hesitant fuzzy soft set (ﬁ ,A), gi; denotes the IVIHFE of the ¢ object under the j
attribute in the interval-valued intuitionistic hesitant fuzzy soft set (é, B).

Example 3.31. Reconsider Example 3.12, the difference between (13 ,A) and (é, B)
is:

H(ey) = {< x1,0.1 >, < 22,0.0625 >, < 23,0.05 >},

H(es) = {< £1,0.0875 >, < 5,0.125 >, < x3,0.0625 >}.
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From Example 3.31, we can find that the difference between two interval-valued
intuitionistic hesitant fuzzy soft sets is a fuzzy soft set.

According to this method, we can define that the two interval-valued intuitionistic
hesitant fuzzy soft sets (F, A) and (G, B) are equivalent if and only if (H,C) =

Furthermore, suppose that (F, A), (G, B), and (H,C) be three interval- valued
intuitionistic hesitant fuzzy soft sets, the interval-valued intuitionistic hesitant fuzzy
soft set (G B) is closer to the interval-valued intuitionistic hesitant fuzzy soft set
(F A) than the interval-valued intuitionistic hesitant fuzzy soft set (H C) with
(F, A), if and only if (G, B) — (F, A))C((H,C) — (F, A)).

Definition 3.32. If (F, A) is an interval-valued intuitionistic hesitant fuzzy soft set
over U, the ”power-\" operation on interval-valued intuitionistic hesitant fuzzy soft
set is defined as follows:

(F,A) = {F*(e) | e € A}, where F*(e) = {hF( @) [z €Uy A>0.

Definition 3.33. If (ﬁ, A) is an interval-valued intuitionistic hesitant fuzzy soft set
over U, the ” A-multiply” operation on interval-valued intuitionistic hesitant fuzzy
soft set is defined as follows:

MF, A) = {\F(e) | e € A}, where AF(e) = {Mip, () |« € U}.

Theorem 3.34. Let (Fv, A) is an interval-valued intuitionistic hesitant fuzzy soft
set over U, and A > 0, A1 > 0. Then,

(1) ((F,A))* = (\F, A)).

(2) A(F,A)) = ((~F7A)A)C-

(3) (F, A)Ml = ((F, MM

(4) M)(F, A) = AN (F, A))

Proof. In the following, we shall prove (1); (2)-(4) are proved analogously.
(1) Ve € A, according to Theorem 2.12, we have (Fe(e))* = (AF(e))°. Hence,
((F, A))* = (A(F, A))°. Proved. O

Definition 3.35. The "average” operation on two interval-valued intuitionistic hes-
itant fuzzy soft sets (F, A) and (G, B) over U which is denoted by (F, A) & (G, B)
and is defined by

(F,A) @ (G,B) = (H,A x B)
where H(a, f) = F(a) ® G(B),V(a, 5) € A x B.

Definition 3.36. The’ geometnc operatlon on two interval-valued intuitionistic
hesitant fuzzy soft sets (F, A) and (G, B) over U which is denoted by (F, A)® (G, B)
and is defined by

(F,A)® (G,B) = (0,A x B)
where O(a, ) = F(a) ® G(B),¥(, ) € A x B.
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Example 3.37. Reconsider Example 3.12, the results ofN” average” and ” geometric”
of interval-valued intuitionistic hesitant fuzzy soft sets (F, A) and (G, B) are shown
in TABLEs 7 and 8, respectively.

TABLE 7. The results of "average” operation on (F, A) and (G, B)

U (e1,e1) (e1,e2)
71 {([0.85, 0.921}, [(;.01, 0.04])} 1([0.75, 0.881], [(?.01, 0.04)}
@2 {([0.76,0.94],[0.01,0.04]), ([0.84,0.94], [0.01,0.06])}  {([0.76,0.91], [0.01,0.04]), ([0.84, 0.91], [0.01, 0.06])}
3 {([0.8,0.91], [0.02, 0.09]) } {([0.8,0.94], [0.02,0.06)), ([0.85, 0.94], [0,0.03])}
(e1,e3) (e2,€1)
1 {([0.8, 0.912], Fo,o.oz])} {([0.88,0.94], [0.02, 0.0(2]),1([0.88, 0.98], [0,0.02])}
@2 {(]0.76,0.94], [0,0.02]), ([0.84, 0.94], [0,0.03])} {([0.76,0.92], [0.02,0.06])}
T3 {([0.85,0.97], [0,0.03]), ([0.9,0.97], [0,0.03]) } {([0.88,0.97],[0,0.03]) }
(e2,e2) (e2,€3)
21 {(]0.8,0.91],[0.02, 0.0(25]),2([0.8, 0.94], [0,0.02])} {([0.84,0.94], [0, 0.03]2), (F0.84, 0.96], [0,0.01])}
@ {(10.76,0.88], [0.02,0.06])} {([0.76,0.92], [0, 0.03])}
@3 {(]0.88,0.98],[0,0.02]), (]0.91,0.98], [0, 0.01])} £([0.91,0.99], [0, 0.01]), ([0.94, 0.99], [0, 0.1])}

TABLE 8. The results of "geometric” operation on (F, A) and (G, B)

U (e1,e1) (e1,e2)
T {([0.35,0.481}, [(}.19,0.36])} {([0.25,0.421], [5.19,0.36])}
@y {([0.24,0.56],[0.19,0.36)), ([0.36,0.56], [0.19,0.44])}  {([0.24,0.49], [0.19, 0.36]), ([0.36, 0.49], [0.19, 0.44]) }
3 {(10.3,0.49],[0.28, 0.51])} {(0.3,0.56], [0.28, 0.44]), ([0.35, 0.56], [0.2, 0.3]) }
(e1,e3) (e2,e1)
21 {(0.3, 0.481}, [(?.1, 0.28))} {(0.42,0.56], [0.02, 0‘06}2), (1[0.42, 0.64],[0.1,0.28])}
2y {(]0.24,0.56], [0.1,0.28]), ([0.36, 0.56], [0.1,0.37))} {([0.24,0.48], [0.28, 0.44])}
zs  {(]0.35,0.63],[0.2,0.37]), ([0.4,0.63], [0.2,0.37])} 1([0.42,0.63],0.1,0.37])}
(e2,€2) (e2,€3)
T {([0.3,0.49], [0.28,0.44]2), (2[0.3, 0.56],[0.1,0.28])} {([0.36,0.56], [0.2, 0.372])7 ?[0.36, 0.64],[0,0.19])}
2 {(0.24,0.42],[0.28, 0.44])} {([0.24,0.48], [0.2,0.37))}
zs  {([0.42,0.72],[0.1,0.28]), ([0.49,0.72], [0, 0.19])} {([0.49,0.81], [0, 0.19]), ([0.56, 0.81], [0, 0.19])}

Theorem 3.38. (De Morgan’s Law) Let (F, A) and (G, B) be two interval-valued
intuitionistic hesitant fuzzy soft sets over U. Then,

(1) (F,A) & (G.B))° = (F, A @ (G,B)".
(2) (F,A) ® (G,B))° = (F,A* & (G,B)".

Proof. In the followmg, we shall prove (1); (2) is proved analogously.

(1)Suppose that (F, A) @ (G, B) = (H, AxB). Smce((ﬁ A) @ (G,B))° = (H®, Ax
B) and (F,A)* @ (G, B)° = (F°, A) @ (Gc B) = (O, Ax B). Now take (o, 8) € Ax
B, therefore, according to Theorem 2.12, H(a, B) = (H(a,B)) = (F F(o )@G( ) =
Fe(a) ® G°(B). Again, O(a, ) = F°(a) ® G°(8). Hence, H%(a,8) = O(a, ).
Proved. O

c

Theorem 3.39. If (F, A) and (G, B) are two interval-valued intuitionistic hesitant
fuzzy soft sets over U, A\ > 0. Then,
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(1) M(F,A) @ (G,B)) =AF,A) & G, B).
(2) (F,A)*@ (G,B)* = ((F,4) ® (G, B))*.

Proof. In the following, we shall prove (1); (2) is proved analogously.

(1) Suppose that (F, A) & (G, B) = (H, Ax B). Since A((F, A)&(G, B)) = A(H, Ax
B) = (X, A x B) and A(F, A) & A(G,B) = (Y, A x B). Now take (o, 3) € A x B,
therefore, according to Theorem 2.12, X (a, 8) = A(F(a) ® G(B)) = AF (o) ® A\G(B),
Y (o, B) = AF(a) & AG(B). Hence, X (v, 8) = Y(a, 8). Proved. O

4. APPLICATION TO DECISION MAKING WITH INTERVAL-VALUED INTUITIONISTIC
HESITANT FUZZY SOFT INFORMATION

Roy and Maji [19] proposed an algorithm for recognition of an object according to
the comparison of different objects. Later, Kong et al. [12] modified the algorithm in
[19], and presented a novel algorithm which was based on the comparison of choice
values of different objects, that is to say, the higher the choice value, the better the
object is. Zhang et al. [31] studied the interval-valued intuitionistic fuzzy soft set
based decision making problems by using level soft sets.

Zhang [30] has shown an intensive study on interval-valued intuitionistic hesi-
tant fuzzy information aggregation and application in group decision making. A
series of operators, such as IVIHFWG, GIVIHFWG, IVIHFOWG, GIVIHFOWG ,
IVIHFHG, and GIVIHFHG, have been introduced to aggregate the interval-valued
intuitionistic hesitant fuzzy information.

In the following, we will apply the level soft sets and aggregation operators meth-
ods to interval-valued intuitionistic hesitant fuzzy soft sets.

4.1. The method of level soft sets. Let U = {z1,22, - ,Zm}, A = {e1,e2, - ,en},
and (13 ,A) be an interval-valued intuitionistic hesitant fuzzy soft set over U. For
Ve € A, F(e) = {< a1,h(e)(x1) >, < x2,h(e)(x2) >, ,< 2, h(e)(zn) >} Ac-
cording to Definition 2.14, we can compute the average of each interval-valued intu-
itionistic hesitant fuzzy element. Then, we define the induced interval-valued intu-
itionistic fuzzy set I'(e) = {< z1, A(h(e)(z1)) >, < za, A(h(e)(z2)) >, -+, < Tp,
A(h(e)(z,)) >}. Once the induced interval-valued intuitionistic fuzzy soft set has
been arrived at, we can determine the optimal alternative according to the algorithm
in [31]. Therefore, the algorithm involves the following steps:

Algorithm 1.

Step 1. Input the interval-valued intuitionistic hesitant fuzzy soft set (F, A).

Step 2. Compute the induced interval-valued intuitionistic fuzzy soft set Az =

(T, A).

Step 3. Input a threshold interval-valued intuitionistic fuzzy set A : A — L (or give

a threshold value pair («, 8) € L; or choose the mid-level decision rule;or choose the

top-bottom-level decision rule;or choose the bottom-bottom-level decision rule) for

decision making.

Step 4. Compute the level soft set L(Az; A) of Az with respect to the threshold

interval-valued intuitionstic fuzzy set A (or the («, §)—level soft set L(Ag;a, 3); or

the mid-level soft set L(Az;mid); or the top-bottom-level soft set(top-bottom);or
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the bottom-bottom-level soft set(bottom-bottom)).

Step 5. Present the level soft set L(Az; A)(or L(Az; a, §); or L(A g3 mid); or L(A z;
top-bottom); or L(A z; bottom-bottom)) in tabular form. For any x; € U, compute
the choice value ¢; of x;.

Step 6. The optimal decision is to select xy, if ¢, = max,,cv{c;}.

Step 7. If k has more than one value, then any one of x; may be chosen.

Remark 4.1. If there are too many optimal choices in Step 7, we may go back to
the Step 3 and change the threshold(or decision rule) such that only one optimal
choice remains in the end.

4.2. The method of aggregation techniques.

4.2.1. Computing the completely unknown weights: the mazimizing deviation method.

The maximizing deviation method was proposed by Wang [22] to determine the
attribute weights for solving MADM problems with numerical information. For a
MADM problem, the attribute with a larger deviation value among alternatives
should be assigned a larger weight or vice versa.

For the attribute z; € X, the deviation of the alternative A; to all other alterna-
tives can be defined as follows:

Dij(wj) = kX_II wjd(hiz, hij)
where ¢ = 1,2,---,m, 7 = 1,2,--- ,n and the d(ﬁij, Ek]) denotes the Hamming
distance between the h;; and hy; defined as in Eq. (2.1).

m m m - -
Dj(w;) = > Dij(w;) = > > wjd(hij, hij)
i=1 i=1k=1
where j = 1,2,---,n, D;(wj) represents the deviation value of all alternatives to

other alternatives for the attribute z; € X.

n n m m ~ ~
D(w;) = 3 Dj(w;) = 32 32 > wid(hij, hij)

j=1 j=1li=1k=1
represents the total deviation value of all attributes to all alternatives, where w;
represents the weight of the attribute z; € X.

Based on the above analysis, we can construct a non-linear programming model to
select the weight vector w; which maximizes all deviation values for all the attributes
which are shown as follows:

max D(w]-) = Z Dj(w]-) = ) Z w]-d(l;ij, lej)
(41) " j=1 Jj=1i=1k=1

st > w? =1

j=1
Constructed the Lagrange function as follows:
n m m - - A\ n 9
L(wj, A) =32 > >0 wid(hij, hi) + 5(3 wi —1).
j=1i=1k=1 j=1
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Then the partial derivatives of L(w;, A) with respect to w; and A are computed
as follows:

%ﬁ;/\) = ;g_: d(ﬁij,ﬁkj) + Aw; =0
(4.2) oL ) zl— nil )
=3l wj—1)=0

Jj=1

Therefore, w; and A are computed as follows:

A==/ (S0 Sy dlg, )’

4.3 -
(4.3) W — Doity 2opey dhij, hy)
J ~ ~ 2
VS (S S, di. )
By normalizing w;(j = 1,2,---,n), we make their sum into a unit, and get as
follows:
Sy oy Ay, Tag)
(44) ;= 1 k=1 J J

S Sy d(hig, hag)

Algorithm 2.

Step 1. Input the interval-valued intuitionistic hesitant fuzzy soft set (ﬁ, A).
Step 2. Compute relative weight w; of parameter e;.

Step 3. Utilize the GIVIHFWG operator proposed by Zhang to obtain the interval-

valued intuitionistic hesitant fuzzy elements h; for the alternatives z;(i = 1,2,--- ,m),

ie.,

~ ~ —~ ~ n n

R = GIVIHEWG (Rt i, i) = {((1 = TL(1 = (g, )N)™ )V, (1 = T (1 —
j=1 j=1

(M) )AL= (0= TT (= (=g )N )Y (1= (1= [T = (1 =g )

j=1 j=1
YONYAN) | @i € hir, Guz € hiy -+ Qi € hin ).

Step 4. Computer the score values S(ﬁi) of h;.
Step 5. The optimal decision is to select x; if S(h;) = max;S(h;).
Step 6. If j has more than one value, then any one of z; may be chosen.

Remark 4.2. If there are too many optimal choices in Step 6, we may go back to
the Step 3 and change the value of X\ such that only one optimal choice remains in
the end.

Example 4.3. Consider an Internet company planning to select a software develop-
ment project to invest. Suppose that U = {x1, za, x3, x4} is the set of software devel-
opment projects under consideration, A = {e1, ea, e3} is the set of parameters, A =
{e1 = economic feasibility, es = technological feasibility, e; = staff feasibility}.
The tabular is presented in TABLE 9.
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TABLE 9. The tabular representation of the interval-valued intu-
itionistic hesitant fuzzy soft set (F, A)

U el €2
1 {([0.3,0.4],[0.2,0.3])} {([0.5,0.7],]0.1,0.2]), ([0.7,0.7],[0.1,0.2]) }
T2 {([0.7,0.9], [0, 0.1]), ([0.9,0.9],[0,0.1]) } {(]0.4,0.5],[0.1,0.2])}
T3 {([0.4,0.6],[0.1,0.2])} {([0.4,0.5],]0.2,0.3])}
T4 {([0.5,0.7],[0,0.1]) } {(]0.3,0.5],[0.1,0.2]) }
e3
T {([0.2,0.3],[0.1,0.3]) }
T2 {([0.5,0.8],[0,0.2])}
z3  {([0.2,0.5],[0.1,0.3]), ([0.4,0.5],[0.1,0.3]) }
x4 {(]0.3,0.4],[0.2,0.3]), ([0.3, 0.6],[0.2,0.3])}

According to Algorithm 1, we can compute the average of each interval-valued
intuitionistic hesitant fuzzy element and obtained the induced interval-valued intu-
itionistic fuzzy soft set Az = (I', A), which is shown in TABLE 10.

TABLE 10. The induced interval-valued intuitionistic fuzzy soft set (F, A)

U el ) e3

z1  ([0.3,0.4],[0.2,0.3]) ([0.6,0.7],[0.1,0.2]) ([0.2,0.3],[0.1,0.3])
9 ([0.8,0.9], [0,0.1]) ([0.4,0.5],[0.1,0.2]) ([0.5,0.8], [0,0.2])
z3 ([0.4,0.6],[0.1,0.2]) ([0.4,0.5],[0.2,0.3]) ([0.3,0.5],[0.1,0.3])
T4 ([0.5,0.7],[0,0.1]) ([0.3,0.5],[0.1,0.2]) (]0.3,0.5],[0.2,0.3])

As an adjustable approach, we can utilize different rules to obtain different deci-
sion information. In this paper, we use the top-bottom-level decision rule. The top-
bottom-threshold of Az = (I', A) is an interval-valued intuitionistic fuzzy set and can
be calculated as top-bottom, _ = {< e1,[0.8,0.9],[0,0.1] >, < e2,[0.6,0.7],[0.1,0.2] >
, < e3,]0.5,0.8],[0,0.2] >}. According to Definition 2.14, we can obtain the choice
values of each software development project which are shown in TABLE 11. From
the TABLE 11, we can see that the maximum choice value is 2, so the optimal de-
cision is to select xo. Therefore, the internet company should select x5 as the best
software development project to invest.

TABLE 11. Tabular representation of L((F, A); top-bottom) with choice values

U e e ez Choice value(c;)
X 0 1 0 c1 = 1
xo 1 0 1 cog =2
x3 O 0 0 c3 =0
x4 O 0 0 cy =0

According to Algorithm 2, we can compute the weight vector of parameter e is
w = (0.45,0.21,0.34)T by Eq.(4.4), then we use GIVIHFWG operator and let A = 1,
we have the score values
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S(hy) = 0.1415, S(hy) = 0.5871, S(hs) = 0.2611, S(hy) = 0.3347.

Obviously, the maximum score value is 0.5871 and the optimal decision is to
select xo. Therefore, the internet company should select zo as the best software
development project to invest.

Based on the results of Algorithm 1 and Algorithm 2, we can know that the
methods proposed in this paper are practical and effective.

5. CONCLUSIONS

In this paper, we propose the concept of interval-valued intuitionistic hesitant
fuzzy soft sets, which are a combination of interval-valued intuitionistic hesitant
fuzzy sets and soft sets. Then we define the complement, AND, OR, union, in-
tersection, restricted union, extended intersection, difference, necessity, possibility,
power-A, A-multiply, average, and geometric operations on interval-valued intuition-
istic hesitant fuzzy soft sets and some basic properties are discussed in detailed.
Finally, we apply two propose algorithms to a decision making problems with the
help of level soft sets and aggregation operators. We hope that our research can be
developed deeply in the future.
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