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ABSTRACT. In this paper, “ interval-valued fuzzy ” denote briefly by
“ IVF 7. We defined new level sets of interval-valued fuzzy sets, discuss
propositions and decomposition theorem in interval-valued fuzzy approxi-
mation spaces and list respectively some equivalent conditions of interval-
valued fuzzy relation R which is reflexive, symmetric or transitive. Then
we introduce relationships between interval-valued fuzzy approximation
spaces and interval-valued fuzzy topological spaces. First, the conditions
that they may change into each other are given. Second, questions how to
transformation are discussed. Third, relationships between the transfor-
mation and itself are studied. Specially, internal selectivity and structure
of the interval-valued fuzzy topology induced by approximation space are
presented. A necessary conditions and sufficient conditions on two topolo-
gies induced equal with each other are list. Finally, An interval-valued
fuzzy pseudo-closure operator is illustrated.
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1. INTRODUCTION

Rough set theory, proposed by Pawlak [3], is a mathematical tool for dealing
with incomplete and vague information. It may be seen as an extension of classical
set theory and has been successfully applied to machine learning, intelligent systems,
inductive reasoning, pattern recognition, mereology, image processing, signal anal-
ysis, knowledge discovery, decision analysis, expert systems and many other fields
[ e it }

Zadeh’s fuzzy set theory [17] addresses the problem of how to understand and
manipulate imperfect knowledge. Recent investigations have shown that these two
theories can be combined into a more flexible and expressive framework for modeling
and processing incomplete information in information systems. Various notions that
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combine rough sets and fuzzy sets are introduced, such as rough fuzzy sets, fuzzy
rough sets, and intuitionistic fuzzy rough sets (see [1, 2, 5, 7, 13, 16, .

As a generalization of Zadeh’s fuzzy set, Interval-valued fuzzy (IVF, for short)
sets were introduced by Gorzalczany [3] and Turksen [15], and they were applied to
the fields of approximate inference, signal transmission and controller, etc. Mondal
et al. [6] defined topology of IVF sets and studied their properties.

By integrating Pawlak rough set theory with IVF set theory, Sun et al. [l4]
introduced IVF rough sets based on an IVF approximation space, defined IVF in-
formation systems and discussed their attribute reduction. Gong et al. [1] presented
IVF rough sets based on approximation spaces, studied the knowledge discovery in
IVF information systems. Zhang et al. [20] discussed general IVF rough sets based
on an IVF approximation space on two universes of discourse. However, topological
structures of IVF rough sets based on an an IVF approximation space have not been
studied.

To improve and develop the applications of topology and rough sets on IVF
uncertain information, topological properties of IVF rough sets need to be studied.
The purpose of this paper is to investigate IVF topologies based on IVF relations.

2. Preliminaries

Throughout this paper, U denotes a non-empty finite universe. I denotes [0, 1]
and [I] denotes {[a,b] : a,b € I and a < b}. P(U) denotes the family of all subsets of
U. F(U) denotes the family of all fuzzy sets in U. @ denotes [a, a] for any a € [0, 1].
“interval-valued fuzzy” is briefly “IVF”.

For any [a;,b;] € [I]( i = 1,2), we define

[a1,b1] = [az,b2] <= a1 = az,b1 = by;
[a1,b1] < [ag,b2] <= a1 < ag,b1 < by,
[al,bl] < [ag,bg} <~ [al,bl] < [ag,bg] and [(Ll,bl] 7£ [GQ,bQ];
[a,b

1—[a,b] or [a,b]° =[1—b,1—a].

Definition 2.1 ([3, 15]). For any {[a;,b;] : i € J} C [I], we define

\/[ai,bi] = [\/ @i, \/ bi] and /\[ai,bi] = [/\ Qi, /\ bil,

icJ ieJ  ieJ ieJ ieJ  ieJ
where \ a; = sup{a;:i € J} and A a; =inf{a; i€ J}.

icJ ieJ

Definition 2.2 ([3, 15]). An IVF set A in U is defined by a mapping A : U +— [I].
Denote

A(z) = [A(2),AT(2)] (z€U).
Then A~ (z) (resp. AT(x) ) is called the lower (resp. upper) degree to which z
belongs to A. A~ and AT are called the lower fuzzy set and the upper fuzzy set of
A, respectively.
The set of all IVF sets in U is denoted by F®)(U).

Let a,b € I. [a,b] represents the IVF set which satisfies [a,b](x) = [a, b] for each

x € U. We denoted [a,a] by a.
620
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We recall some basic operations on F)(U) as follows ([3, 15]): for any A, B €
F(i)(U) and [a,b] € [I],
A=B <= A(z)=B(x) for any x € U.
ACB <= A(z) < B(z) for any z € U.
x) = B(x)¢ for any x € U.
(AﬁB)( ) ( YA B(m) for any « € U.
V B(x) for any x € U.

(U@ =\ A@) and ((A() = )\ A(z)
ieJ ieJ icJ ieJ
where {A; :i € J} C FO(U).

(6) (la,b]A)(z) = [a,b] A [A™ (x), AT (x)] for any = € U.

Obviously, A= B < A~ =B~ and A" = B™.

For any A € F)(U), we denote

Ra=A{(z,y) eUxU: Alx) # A)}, Ra- ={(x,y) eUxU: A" (x) > A (y)}

and R+ = {(z,y) €U x U : AT (x) > AT (y)}.

Remark 2.3. Let A € F)(U). Then
(1) R4 = @ <= There exist [a,b] € [I] such that A = [a, b].
(2) a) Ry- = @ < There exist a € I such that A~ = a.
b) R4+ = @ <= There exist a € I such that A* = a.
(3) Ra=90 < Ry- =@ and Ry+ = 2.

Definition 2.4 ([6]). A € F()(U) is called an IVF point in U, if there exist [a, ] €
[I] — {0} and x € U such that

a,b|, =z,
Ay) = 10
0, y#uz.
We denote A by z[q -
If [a,b] = 1, then
L, y=u,

Remark 2.5. Let A € F(i)(U) Then
A= JAwyr) and A= (AU (5:)°)-

yeu yeU

Definition 2.6 ([6]). 7 € F()(U) is called an IVF topology on U, if

(1) 0,1 e,

(2)A,BeT = ANBer,

B){A,ieJ}Cr = |J A4 er.

i€J

The pair (U, 7) is called an IVF topological space. Every member of 7 is called
an IVF open set in U. B is called an IVF closed set in U if B € 7¢ with 7¢ = {4 :
A e}

621
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Let A € FO(U). Then interior and closure of A denoted respectively by int(A)
and cl(A), are defined as follows:

int(A) or int,(A) = U{B e€T:BC A}

and

cl(A)) or ¢l (A) = ﬂ{B €71¢: B2 A}

Proposition 2.7 ([6]). Let (U,7) be an IVF topological space and A, B € F(U).
Then, the followmg properties hold:

(1) int(1) = 1, ¢l(0) = 0;

(2) int(A) C A C cl(A);

(3) AC B = int(A) Cint(B), cl(A) C c(B);

(4) int(4°) = (cI(A))°, cl(A°) = (int(4))°;

(5) int(AN B) = int(A) Nint(B), cl(AU B) = cl(A) Ucd(B);

(6) int(int(A)) = int(A), cl(cl(A)) = cl(B).

3. IVF ROUGH APPROXIMATION OPERATORS
Recall that R is called an IVF relation on U if R € F()(U x U).

Definition 3.1 ([14]). Let R be an IVF relation on U. Then R is called

(1) reflexive if R(z,z) =1 for any = € U.

(2) symmetric if R(z,y) = R(y,x) for any x,y € U.

(3) transitive if R(z,z) > R(z,y) A R(y, z) for any z,y,z € U.

If R is a reflexive, symmetric and transitive IVF relation on U, then R is called
an equivalence IVF relation on U.

Definition 3.2 ([141]). Let R be an IVF relation on U. The pair (U, R) is called
an IVF approximation space. For any A € F(®)(U), the IVF lower and the IVF
upper approximation of A with regard to (U, R), denoted by R(A) and R(A) are
respectively, defined as follows:

R(4)(z) = \ (AW Vv (I - R(z,y))) (z€U)

yelU

and

R(4)(z) = \/ (A(y) A R(z,y)) (z €U).

yeU

R:FOU)— FOWU) and R: FO(U) + FO(U) are called the IVF lower approx-
imation operator and the IVF upper approximation operator, respectively.

Remark 3.3 ([14]). Let (U, R) be an IVF approximation space. Then
R(z1)(y) = R(y, ) and R((z1)°)(y) =1- R(y.z) (z,y € V).
Proposition 3.4. Let (U, R) be an IVF approzimation space. Then
R(A)” =RT(A7), (B(A))" = RZ(AT),

(R(A))” =R~(A7) and (R(A)" =R¥(AT) (AeFI(U)).
622
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Proposition 3.5 ([18]). Let (U, R) be an IVF approzimation space. Then for any

(1) B() = 1, R(0) = 0;
(2) AC B = R(A) C R(B), ’(4) C R(B),
(3) R(A%) = (R(A))°, R(A°) = (R(A)";
(4) R(AN B) = R(A) N R(B), R(AU B) = R(4) UR(B);
(5) Rlla,b]A) = [a, BIR(A), R({a ] UA) = [a,b] UR(A)

Theorem 3.6 ([18]). Let (U, R) be an IVF approzimation space. Then

(1) R is reflerive <= (ILR) YA€ FO(U),R(A) C A.
— (IUR)VA e FYO(U),ACR(A).

(2) R is symmetric <= (ILS) ( y) € U x U, R((21)°)(v) = R((y1)°)(z)
<= (IUS) ¥(z,y) € U x U, R(z1)(y) = R(y1)(x)

(3) R is transitive <= (ILT) VA € F( )(U), R(A) C R(R(A)).
=

IUT) VA € FOWU), R(R(A)) C R(A).

Corollary 3.7. Let (U, R) be an IVF approximation space. If R is reflexive and
transitive, then

=

R(R(A)) = R(A) for any A€ F(U).

R(R(A)) = R(A) for any A e FOU).

Proposition 3.8. Let (U, R) be an IVF approzimation space. If R is reflexive, then
for any [a,b] € [1],

R([a,b]) = [a,b] = R([a,b]).
Proof. (1) For any [a,b] € [I] and = € U, since
R([a,b)(x) = A ([a,b] V (I = R(z,9))) = [a,] V ( \ (I = R(z,9)) > [a,b],

yeU yeU

([a, ]) 2 [;vb] Note that E([g,vb]) C [;,vb] by the reflexivity of R and Theorem
5(1). Then R([a b)) = [a,b)].
By Theorem 3.5(3),

R
3.
R([a,8)) = (B([a,5]9)" = ([a,0]°)° = [a,b).

4. IVF TOPOLOGIES BASED ON IVF RELATIONS
Let R be an IVF relation on U. Denote
or={Ae FO(U): ACR(A)},

r={Aec FOU): R(A) = A} and 0 = {R(A): Ac FOU)}.
623
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Theorem 4.1. Let R be an IVF relation on U.
(1) Tr C ogr, TR C Og.
(2) If R is transitive, then 7 C Or C og.
(3) If R is reflexive, then T = oR.
(4) If R is reflexive and transitive, then Tp = 0g = oR.

Proof. This is obvious. O

4.1. The IVF topology induced by an IVF relation.

Theorem 4.2. Let R be an IVF relation on U. Then
(1) og is an IVF topology on U.
(2) int,,(A) € R(A) and cly,(A) D R(A) (A e FOU)).
(3) (U,oR) is not connected.

Proof. (1) This is obvious.
(2) For any A € F()(U), by Proposition 3.5(2),

into,(A) = | J{B CR(B): BC A} C| J{B € R(B): R(B) C R(A)} C R(A).

By Proposition 2.12 (4) and Proposition 3.5(3),

Clog(A) = (inty, (A%))° 2 (R(A%))* = R(4) (A€ FO(U)).

(3) Pick 0 < [a,b] < 1, by (1), [a,b] is closed and open. Then (U,ox) is not
connected. O

Definition 4.3. Let R be an IVF relation on U. oy is called the IVF topology
induced by R on U.

Theorem 4.4. Let Ry and Ry be two IVF relations on U. Let or, and og, be the
IVF topologies induced by Ry and Re on U, respectively. Then

(1) Ile Q Rg, then OR, g OR, -

(2) OR,URy = OR, N OR,-

Proof. (1) For any A € og,, we have A C Ry(A). By R1 C R, we can easily prove
that Ro(A) € R1(A). Then A C Ri(A). Hence A € op,.

Thus, OR, Q OR,-

(2) Put R = Ry U Rs.

By (1), or C og, and o C oR,. Thus

ORr, NOR, 2 OR-
624
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For any A € g, N TR,, by Ri(A) D A and Ry(A) D A,

(B)(A)(2) = A (Al) VA~ (BiUR)(,y)))

yeU

= /E\U(A(y) V(1= (Ri(z,y) V Ra(,9))))

- y/e\U(A(y) V(1= Ri(z,y)) A (1= Ra(2,y))))

= y/\U((A(y) V(1= Rai(z,9))) A (Ay) V (1 = Ra(2,9))))

= ?E/\ (A(y) v (I = Ri(z,y))) A\ (Aly) V (T = Ro(2,9))))
veU yeU

= Ri(A)(z) vV Ro(A)(z) = (Ri(A) U Rz (A4))(z)
Then
R(A) = (RIURy)(A) =Ri(A)URy(A) DAUA=A

Hence A € og. Thus, or, Nogr, C or. Hence or,ur, = 0r, NOR,- O

4.2. The IVF topology induced by a reflexive IVF relation.

Theorem 4.5. Let R be a reflexive IVF relation on U. Then
(1) Tr is an IVF topology on U.
(2) intr,(A) C R(A) and cl-,(4) 2 R(A) (A e FOU)).

Proof. The proof is similar to Theorem 4.2. O

Definition 4.6. Let R be a reflexive IVF relation on U. 7g is called the IVF
topology induced by R on U.

Theorem 4.7. Let R be reflexive IVF relation on U and let Tr be the IVF topology
induced by R on U. Then
(1) TR g 93.
(2) If R is transitive, then
a) R is an interior operator of Tr;
b) R is a closure operator of Tr.
(3) If Ry =@, then A€ 1R
(4) (U, 7r) is not connected.

Proof. (1) This is obvious.
(2) a) It suffices to show

R(A) = int(A)

for any A € FO)(U)}, where int(A) = J{B € 7p : B C A}.
Let A € FO(U)}. By (1), R(A) € 7r. Note that R(A) C A by the reflexivity of
R. Then R(A) C int(A).
625
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Conversely, by AD | U{B€mr:BC A}, R(A) D R(U{Betr:BCA}). B
Proposition 3.5(1),

R(J{Berr:BC A}

U{R ) C Aand B € Tr})
U{R )C Aand B € Tr}
U{B €7r: B C A} =int(A)

Then R(A) D int(A).
Hence
R(A) = int(A).
b) This holds by (2) and Proposition 3.5(3).
(3) If R4 = @, then there exist [a,b] € [I] such that A = [a,b]. By Theorem
3.6(1), ([ b)) = [a b]. So A= R(A) € 7g.
(4) Pick [a b] € [I] such that 0 < [a,b] < 1. By (3) and Theorem 3.6(1),

[a,8] = R([a, b]) = cl([a, b)) € ()"

Then [g,vb] is an IVF closed set in U.

By the proof of (3), [ZL?Z] is an IVF open set.
Hence (U, Tg) is not connected. O

Example 4.8. Let U = {x,y, 2z} and let R be a transitive IVF relation on U.
R(z,y) = R(z, 2) = R(y, 2) = R(z,2) = 0, R(y,z) = 1, R(z,y) = [0.1,0.2]

Then R is not reflexive.
Let A= 7 [0 3,0. 5] —|— . Then

R(R(A)) = R(21) = 2)0.8,0.9] # 21 = R(A).
Then R(A) ¢ 7. Thus

Or #60r and R(A) #int(A).

Example 4.9. Let U = {x,y, 2} and let R be a reflexive IVF relation on U. R is
defined as follows:
R(x,y) = R(z,2) = R(z,z) = 0, R(y,z) = [0.2,0.7], R(y,2) = 1,R(z,y) =
0.3,0.8].
Pick ~ ~ ~ ~
0 [04,05 1 I, [05.06 0

A=—+ +—- and B=—+
T Y z T Y z

(1) We have
R(z,y) A R(y,x) =[0.2,0.7] £ 0 = R(z, z).

Then R is not transitive.
(2) Since

0 [0.3,0.5]  [0.4,0.7]
—+ +

0
Y z T

03,05]  [03,0.7

R(A) = : -

and R(R(A)) =
626
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we have R(R(A)) # R(A), Then R(A) ¢ 7. Thus,
R # {R(A): Ac FOU)} and int.,(A) # R(A).
Obviously, B¢ = A. By Proposition 3.7(3),
(R(B))° = R(B*) = R(A) ¢ 7.
Then R(B) ¢ 7%. Thus cl,,(B) # R(B).

Theorem 4.10. Let Ry and Ra be two IVF relations on U. Let or, and or, be the
IVF topologies induced by Ry and Re on U, respectively. Denote R = R; U Rs.
(1) If Ry and Ry are reflexive, then
(a) If Ry C Ry, then g, C Opg,.
(b) R1 U Ry is reflexive.
(C) eRIUR2 = eRl N HRz :
(3) If Ry and Ry are reflexive and transitive, then
(a) If Ry C Ry, then Tr, C TR, -
(b) TR, = TR, < Ri = Rs.
(¢) R1 U Ry is reflexive and transitive.
(d) TR\URy = TRy (TR, -

Proof. The proof is similar to Theorem 4.4. O

5. CONCLUSIONS

Topology and rough set theory are widely used in the research fields of machine
learning and cybernetics. In this paper, we have explored the topological structures
of IVF rough sets. We hope that the analysis offered in this paper will facilitate
further research in uncertain reasoning under fuzziness. In future work we will
study uncertain measures of IVF rough sets with application to data analysis.
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