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1. Introduction

The concept of fuzzy sets and fuzzy set operations were first introduced by
L. A. Zadeh in his classical paper[15] in the year 1965. Thereafter the paper of
C.L.Chang[3] in 1968 paved the way for the subsequent tremendous growth of the
numerous fuzzy topological concepts. Since then much attention has been paid to
generalize the basic concepts of General Topology in fuzzy setting and thus a modern
theory of fuzzy topology has been developed. In recent years, fuzzy topology has
been found to be very useful in solving many practical problems. Tang[8] has used a
slightly changed version of Chang’s fuzzy topological spaces to model spatial objects
for GIS databases and Structured Query Language (SQL) for GIS. Fuzzy set theory
finds its applications for Modeling[4], uncertainty and vagueness in various fields of
Science and Engineering such as Nonlinear Dynamical Systems, Control of Chaos,
Quantum Physics.

The concepts of Baire spaces have been studied extensively in classical topology
in [6],[7],[16] and [17]. The concept of Baire space in fuzzy setting was introduced
and studied by G. Thangaraj and S. Anjalnose in [9]. In this paper we introduce
the concepts of fuzzy D'-Baire spaces. Also we discuss several characterizations of
fuzzy D’-Baire spaces. In section 4, inter-relations between fuzzy D'-Baire spaces
and some other fuzzy topological spaces. In section 5, the relations of fuzzy D’-Baire
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spaces, fuzzy D-Baire spaces and fuzzy Baire spaces are also investigated. Several
examples are given to illustrate the concepts introduced in this paper.

2. Preliminaries

Now we introduce some basic notions and results used in the sequel. In this work
by (X, T) or simply by X, we will denote a fuzzy topological space due to Chang|[3].

Definition 2.1. Let A and p be any two fuzzy sets in (X,T). Then we define
AV X — [0,1] as follows : (A V p)(x) = maz{\(z),u(z)}. Also we define
AN p: X —[0,1] as follows : (A A p)(x) = min{\(x), u(x)}.

Definition 2.2 ([1]). Let (X, T) be a fuzzy topological space and A be any fuzzy set
in (X,T). we define int(A\) = V{p/p < A\,pu € T} and cl(N) = AM{p/A < p,1—pu €
T}. For any fuzzy set A in a fuzzy topological space (X,T), it is easy to see that
1—cl(N) =int(l — A) and 1 —int(\) = cl(1 = N).

Definition 2.3 ([13]). A fuzzy set A in a fuzzy topological space (X,T) is called
fuzzy dense if there exists no fuzzy closed set p in (X, T) such that A < p < 1. That
is, cl(\) = 1.

Definition 2.4 ([13]). A fuzzy set A in a fuzzy topological space(X,T) is called
fuzzy nowhere dense if there exists no non-zero fuzzy open set p in (X, 7T) such that
< cl(X). That is, int cl(A) = 0.

Definition 2.5 ([13]). A fuzzy set A in a fuzzy topological space (X,T) is called
fuzzy first category if A = V2, (\;) where A;’s are fuzzy nowhere dense sets in (X, T).
Any other fuzzy set in (X, T) is said to be of fuzzy second category.

Definition 2.6 ([9]). Let A be a fuzzy first category set in a fuzzy topological space
(X,T). Then 1 — X is called a fuzzy residual set in (X, T).

Definition 2.7 ([13]). A fuzzy topological space (X, T) is called fuzzy first category
if 1 = v2,(\;) where \;’s are fuzzy nowhere dense sets in (X,T). A topological
space which is not of fuzzy first category, is said to be of fuzzy second category.

Lemma 2.8 ([1]). For a family of {\o} of fuzzy sets of a fuzzy space X, Vcl(Ay) <
cd(VAa). In case A is a finite set, V(M) = cl(VAg). Also Vint(Aa) < int(VAy).

Definition 2.9 ([12]). A fuzzy topological space (X, T) is called a fuzzy resolvable
space if there exists a fuzzy dense set A in (X, T') such that ¢l(1 —\) = 1. Otherwise
(X,T) is called a fuzzy irresolvable space.

Definition 2.10 ([2]). A fuzzy topological space (X, T) is called a fuzzy submaximal
space if for each fuzzy set A\ in (X, T) such that cI/(A) =1, then A € T in (X, T).

Definition 2.11 ([14]). A fuzzy topological space (X,T) is called a fuzzy almost
resolvable space if V2, ();) = 1, where the fuzzy sets (\;)’s in (X, T) are such that
int(A;) = 0. Otherwise (X,T) is called a fuzzy almost irresolvable space.

Definition 2.12 ([11]). A fuzzy topological space (X,T) is called a fuzzy nodec
space if every non-zero fuzzy nowhere dense set A is fuzzy closed in (X, T). That is,
if A is a fuzzy nowhere dense set in (X,T), then 1 — X € T.
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3. Fuzzy D’-Baire spaces
Motivated by the classical concept introduced in [5] we shall now define:

Definition 3.1. A fuzzy topological space (X, T) is fuzzy Baire space. Then (X, T)

is called a fuzzy D'-Baire space if every fuzzy set with empty interior is fuzzy nowhere
dense in (X, T).

Example 3.2. Let X = {a,b,c} and )\ and u be the fuzzy sets defined on X as
follows:

A: X — [0,1] defined as A(a) = 0.3; A\(b) = 0.6; A(c) = 0.5.

X —[0,1] defined as p(a) = 0.5; u(b) = 0.4; u(c) = 0.7.

Then T = {0, A, i, (AV 1), (AA ), 1} is a fuzzy topology on X.

Now consider the following fuzzy sets defined on X as follows:

a: X —[0,1] defined as a(a) = 0.4; a(b) = 0.5; a(c) = 0.2.

B : X —[0,1] defined as B(a) = 0.3; 5(b) = 0.4; B(c) = 0.2.

d: X — [0,1] defined as é(a) = 0.5;6(b) = 0.5;(c) = 0.3.

The fuzzy nowhere dense sets in (X,T) are (1 — p),1 — (AV p),a, B8,6. Therefore
(1—w) V(I =AVu)VaVpVde=1-—puimplies that int(1— pu) = 0. Therefore (X,T)
is fuzzy Baire space. Now the fuzzy sets a, 3,6,1—p and 1 — AV p are empty interior
in (X,T). Then the fuzzy sets «, 3,6,1 — g and 1 — AV p are fuzzy nowhere dense
sets in (X, T). Therefore (X, T) is a fuzzy Baire space and the fuzzy sets with empty
interior in (X,T) is fuzzy nowhere dense. Hence (X,T) is fuzzy D'-Baire space.

Example 3.3. Let X = {a,b,c} and X\ and p be the fuzzy sets defined on X as
follows:

A: X — [0,1] defined as A(a) = 0.3; A\(b) = 0.6; A(c) = 0.5.

X —[0,1] defined as p(a) = 0.5; u(b) = 0.4; pu(c) = 0.7.

Then T = {0, A, pt, (A V 1), (A A ), 1} is a fuzzy topology on X.

Now consider the following fuzzy sets defined on X as follows:

a: X — [0,1] defined as a(a) = 0.4; a(b) = 0.5; a(c) = 0.2.

B : X —[0,1] defined as B(a) = 0.3; 5(b) = 0.4; 5(c) = 0.2.

0:X — [0,1] defined as §(a) = 0.5;3(b) = 0.6;(c) = 0.4.

The fuzzy nowhere dense sets in (X,T) are (1 — pu),1 — (AV u),«, 3. Therefore
(I1—p) V(I =AVu)VaVp=1-—ypuimplies that int(1 — p) = 0. Therefore (X, T) is
fuzzy Baire space. Now the fuzzy sets «, 8,6,1 — u and 1 — AV p are empty interior
in (X, T). Then the fuzzy sets «, 8,1 — p and 1 — AV p are fuzzy nowhere dense sets
in (X,T). Now the fuzzy set § is empty interior but not a fuzzy nowhere dense set
in (X,T). Therefore (X, T) is a fuzzy Baire space but not fuzzy D’ -Baire space.

Theorem 3.4 ([9]). If X is a fuzzy closed set in a fuzzy topological space (X, T) with
int(A) = 0, then X is a fuzzy nowhere dense set in (X,T).

Proposition 3.5. If every fuzzy closed set A with empty interior in a fuzzy Baire
space (X, T) is fuzzy D' -Baire space.

Proof. Let int(\;) = 0, where A;’s are fuzzy closed se in (X,T). By Theorem 3.4,

(M\i)’s are fuzzy nowhere dense sets in (X,T). Therefore (X, T) is fuzzy Baire space

and each fuzzy set with empty interior is fuzzy nowhere dense in (X,7T). Hence

(X,T) is fuzzy D -Baire space. O
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Proposition 3.6. If cl(A2, (i) = 1, where A\;’s are fuzzy open and fuzzy dense in
(X,T), then (X,T) is fuzzy D -Baire space.

Proof. Let A; be fuzzy dense and fuzzy open sets in a fuzzy topological space (X, T).
Now cl(A24(N\;)) = 1 implies that 1 — cl(A$2,();)) = 0 implies that int(vVe, (1 —
Ai)) = 0, Let p; = 1 — \;, then we have int(V52,(u;)) = 0. Now A; € T implies
that 1 —\; is a fuzzy closed set in (X, T') and hence p; is fuzzy closed and int(u;) =
int(l — X)) =1—cl(\;) =1—1=0. Hence by Theorem 3.4, y; is a fuzzy nowhere
dense sets in (X, T'). Hence int(V2, (i) = 0, where p;’s are fuzzy nowhere dense
sets, implies that (X,T) is fuzzy Baire space. Now we claim every fuzzy set with
empty interior is fuzzy nowhere dense. Suppose int(p;) = 0 and p; is not a fuzzy
nowhere dense set in (X,T') implies that intcl(p;) # 0 implies that int(p;) # 0
since p; is fuzzy closed, which is a contradiction to int(u;) = 0. Therefore p; is
fuzzy nowhere dense set in (X,T'). Therefore every fuzzy set with empty interior is
nowhere dense in (X, 7). Hence (X,T) is a fuzzy D'-Baire space. O

4. Fuzzy D'-Baire spaces and some other fuzzy topological spaces
Theorem 4.1 ([9]). A fuzzy second category space need not be a fuzzy Baire space.

Proposition 4.2. If the fuzzy topological space (X,T) is a fuzzy D' -Baire space,
then (X, T) is a fuzzy second category space.

Proof. Let (X,T) be a fuzzy D'-Baire space, therefore int(V2,()\;)) = 0, where
Ai’s are fuzzy nowhere dense set and each int(\;) = 0. Suppose (X,T) is fuzzy
first category space, therefore V2, ()\;) = 1 implies that int(V2,(\;)) = int(1) =1
implies that 0 = 1 which is a contradiction. Hence (X, T) is a fuzzy second category
space. Il

Remark 4.3. The converse of the above proposition need not be true.

Proof. By Theorem 4.1, a fuzzy second category space need not be fuzzy Baire space,
then the fuzzy second category space need not be fuzzy D'-Baire space. 0

Proposition 4.4. If the fuzzy topological space (X, T) is fuzzy first category, then
(X,T) is not of fuzzy D' -Baire space.

Proof. Since (X,T) is fuzzy first category space, then V2, (\;) = 1, where \;’s
are fuzzy nowhere dense sets. Therefore int(V52,(\;)) = int(l) = 1 # 0. Hence
int(V$2,(N;)) # 0, where \;’s are fuzzy nowhere dense sets in (X,T). Therefore
(X,T) is not a fuzzy Baire space. Hence (X,T) is not a fuzzy D'-Baire space. [

Proposition 4.5. A fuzzy D' -Baire space need not be fuzzy submazximal space. Con-
sider the following example

Example 4.6. Let X = {a,b,c} and X\ and p be the fuzzy sets defined on X as
follows:
A: X — [0,1] defined as A(a) = 0.3; A\(b) = 0.6; A(c) = 0.5.
w: X — [0,1] defined as p(a) = 0.5; u(b) = 0.4; u(c) = 0.7.
Then T = {0, A\, u, (A V 1), (AA ), 1} is a fuzzy topology on X.
Now consider the following fuzzy sets defined on X as follows:
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a: X —[0,1] defined as a(a) = 0.4; (b
B : X —[0,1] defined as S(a) = 03;5(
0: X — [0,1] defined as 6(a) = 0.5; (b .
The fuzzy nowhere dense sets in (X, T) are (1 — p),1 — (AV pu),«, 8. Therefore
I—p) V(A —=AVu)VaVp=1-yuimplies that int(1 — p) = 0. Therefore (X,T) is
fuzzy Baire space. Now the fuzzy sets o, 8,1 — p and 1 — AV p are empty interior in
(X,T). Then the fuzzy sets o, 8,1 — u and 1 — AV p are fuzzy nowhere dense sets in
(X,T). Therefore (X, T) is fuzzy D’'-Baire space. Hence (X,T) is a fuzzy D’'-Baire
space but not of fuzzy submaximal space. Since the fuzzy set ¢ is fuzzy dense set
but not a fuzzy open set in (X, T).

Proposition 4.7. If the fuzzy topological space (X, T) is fuzzy D' -Buaire space, then
(X,T) is not of fuzzy almost resolvable space.

Proof. Since (X,T) is fuzzy D’-Baire space. By Proposition 4.2, every fuzzy D'-
Baire space is fuzzy second category space, therefore (X,T) is not a fuzzy first
category space. Then V£2,(A;) # 1, where A;’s are fuzzy nowhere dense sets in
(X,T). Now \;’s are fuzzy nowhere dense sets implies that intcl();) = 0. Since
int(X\;) < intcl(N\;) we have int(\;) = 0. Hence V52, ()\;) # 1, where int();) = 0.
Hence (X, T) is not a fuzzy almost resolvable space. 0

Proposition 4.8. If the fuzzy topological space (X,T) is fuzzy nodec space, then
(X, T) is not of fuzzy D -Baire space.

Proof. Let (X,T) be a fuzzy nodec space. Now ();) be fuzzy nowhere dense sets in
(X,T). Then \;’s are fuzzy closed sets in (X, T), that is cl(\;) = A; for each ¢ € I.
Now V2, cl(Ai) = V2,(Ni) and V2, (N\;) is a fuzzy first category set in (X,T).
Hence V§2,cl();) is a fuzzy first category set in (X,T). Now int(V2 cl(N;)) >
V2 intel(N;) = 0. Hence int (V2 cl(\;)) # 0. Therefore (X, T') is not a fuzzy Baire
space. Hence (X, T) is not of fuzzy D'-Baire space. O

5. Fuzzy D’-Baire space, fuzzy D-Baire space and fuzzy Baire spaces

If the fuzzy topological space (X, T) is fuzzy D'-Baire space then (X,T) is fuzzy
D-Baire space. Consider the following example:

Example 5.1. Let X = {a,b, c}. Consider the fuzzy sets A and u defined on X as
follows:
A: X — [0,1] defined as A(a) = 0.3
X —[0,1] defined as p(a) = 0.5; u(b) = 0.4; u(c) = 0.7.
Then T = {0, A, , (AV ), (A A p), 1} is a fuzzy topology on X. The fuzzy nowhere
dense sets in (X, T) are (1 — ), 1 — (AV p). Therefore (1 —p)V(I1—AVu)=1-
implies that int(1 — u) = 0. Therefore (X,T) is fuzzy Baire space. Now the fuzzy
sets 1 — p and 1 — AV p are empty interior in (X,T"). Then the fuzzy sets 1 — p
and 1 — AV p are fuzzy nowhere dense sets in (X, T). Therefore the fuzzy sets with
empty interior in (X,T) is fuzzy nowhere dense. Hence (X,T) is fuzzy D’-Baire
space. Now 1 — p is fuzzy first category in (X, T), then intcl(1 — p) = 0. Therefore
the fuzzy first category in (X, T') is fuzzy nowhere dense in (X, 7). Hence a fuzzy
D’ -Baire space is fuzzy D-Baire space.
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The converse need not be true, consider the following example:

Example 5.2. Let X = {a,b,c}. Consider the fuzzy sets A, u and v defined on X
as follows:

A: X — [0,1] defined as A(a) = 0.7; A
p: X —[0,1] defined as p(a) = 0.5; pu(
v : X — [0,1] defined as v(a) = 0.5;v(b) =
Then T = {0, A, v, (AV 1), (AA ), (A VA7),
fuzzy topology on X. Now consider the following fu zzy sets deﬁned on X as follows.
a: X —[0,1] defined as a(a) = 0.2; a(b) = 0.5; a(c) = 0.7.

B8 : X —[0,1] defined as B(a) = 0.3; 5(b) = 0.5; B(c) = 0.6.

The fuzzy nowhere dense sets in (X,T") are (1 —p),1 —(AVpu) and 1 — (A V7). Now
the fuzzy first category sets (1 — A\) and 1 — (A V ) are fuzzy nowhere dense sets
n (X, T). Therefore (X, T) is fuzzy D-Baire space but not of fuzzy D'-Baire space.
Since the fuzzy sets « and 8 are empty interior but not a fuzzy nowhere dense set
n (X,T). Hence a fuzzy D-Baire space need not be fuzzy D'-Baire space.

Proposition 5.3. If the fuzzy topological space (X, T) is fuzzy D' -Buaire space, then
(X,T) is fuzzy Baire space.

Proof. Proof is straight forward. 0
Remark 5.4. The converse of the above proposition need not be true.

Proof. In example 3.3, the fuzzy topological space (X,T) is fuzzy Baire space, but
not of fuzzy D’-Baire space. 0

Theorem 5.5 ([10]). If the fuzzy topological space (X,T) is fuzzy D-Baire space,
then (X, T) is fuzzy Baire space. Converse need not be true.

The following implications are hold

Fuzzy Baire space

7N

Fuzzy D-Baire space — Fuzzy D’-Baire space

6. Conclusions

In this paper we first defined fuzzy D'-Baire spaces. Inter relations between fuzzy
D -Baire spaces and some other fuzzy topological spaces and relations of fuzzy D -
Baire spaces, fuzzy D-Baire spaces and fuzzy Baire spaces.
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