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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [15]. Fuzzy sets have appli-
cations in many fields such as information [9] and control [10]. The theory of fuzzy
topological spaces was introduced and developed by Chang [3] and since then various
notions in classical topology has been extended to fuzzy topological spaces. Pawlak
[8] introduced the concept of rough set. The concept of rough group and rough
subgroup was introduced by R. Biswas and S. Nanda [2]. The concept of rough
topological space was introduced by B. P. Mathew and S. J. John [6]. S. Nanda and
S. Majumdar [7] introduced the concept of fuzzy rough set. The concept of fuzzy
group and fuzzy topological group was introduced and studied by D. Foster [4]. The
concept of boundary of a fuzzy set was introduced by R. H. Warren [14]. The notion
of B-set in topological space were introduced and developed by J. Tong [11]. The
concept of fuzzy B-set was introduced by M. K. Uma, E. Roja and G. Balasubra-
manian [12]. In this paper, the concepts of fuzzy rough topological groups and fuzzy
rough G structure spaces are introduced and studied. In this connection, the con-
cept of fuzzy rough BG-boundary space is introduced. Interesting characterization
is established.
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2. PRELIMINARIES

Definition 2.1 ([8]). Let U be a nonempty set and let % be a complete subalgebra
of the Boolean algebra Z(U) of subsets of U. The pair (U, %) is called a rough
universe.

Let ¥ = (U, %) be a given fixed rough universe. Let % be the relation defined
as follows: A = (A, Ay) € B if and only if Ay, Ay € B, A;, C Ay. The elements
of #Z are called rough sets and the elements of £ are called exact sets. We identify
the element (X, X) € # with the element X € % and hence an exact set is a rough
set in the sense of the above identification. But a rough set need not be exact; for
example if U is any nonempty set, then (®,U) is a rough set which is not exact.

Let A = (Ap, Ay) and B = (Bp,By) be any two rough sets. Then AU B =
(ALUBL,AyUBy), ANB=(A.NBy,AyNBy), AC B if and only if AN B=A.

Note 2.1 ([8]). We denote a rough set X with lower approximation Xy, and upper
approximation Xy by X = (X, Xy).

Definition 2.2 ([7]). Let U be a set and # be a Boolean subalgebra of the Boolean
algebra of all subsets of U. Let L be a lattice. Let X be a rough set. Then
X = (X1, Xy) € #2 with X1, C Xy

A fuzzy rough set A = (AL, Ay) in X is characterized by a pair of maps p4, :
Xy, — L and pa, : Xy — L with the property that pa, (z) < pa,(x) for all
x € Xy. The collection of all fuzzy rough sets in X is denoted by FRS(X).

Note 2.2 ([7]). In particular L could be the closed interval [0, 1].

Definition 2.3 ([7]). For any two fuzzy rough sets A = (A, Ay) and B = (Bg, By)
in X, we define

(i) A = B if and only if pa, (z) = pp, (x) for each z € X and pa,(x) =
up, (x) for each z € Xy.

(i) A C B if and only if pa, (r) < pp,(z) for each x € X and pa, (z) <
gy, (z) for every x € Xy.

(iii) C = AU B if and only if ue, () = maz|ua, (z), pp, (x)] for all x € X,

ey () = mazxlpa, (), pp, (z)] for all x € Xy .
(iii) D = AN B if and only if up, (z) = minfua, (z), pp, (x)] for all x € X,
o, () = min[pa, (z), pp, (x)] for all z € Xy.

More generally, if L then is a complete lattice, then for any index set I, if
{4; : i € I'} is a family of fuzzy rough sets we have E = U; A; if and only if ug, (z) =
SUpieIfAL, () for all x € X and pg,(x) = SupieriAy, (z) for all x € Xyy. Sim-
ilarly, F¥ = MA;iff pr, (z) = infierpa, (v) forallz € X and pp,(v) =
inficspay, (2) for all x € Xy.

We define the complement A’ of A by the ordered pair (A, A};) of membership
functions where pa; (z) =1 — pa, (z) for all x € Xy and pay (v) =1 — pa, (z) for
all z € Xy.

Definition 2.4 ([5]). Let V, Vi be any two sets and %, %; be any two Boolean
subalgebra of the Boolean algebra of all subset of V, V;. Let (V, %) and (V1, %1)
be two rough universes and f : (V, %) — (V1, %1).
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Let A = (AL, Ay) be a fuzzy rough set in X. Then Y = f(X) € B? and Y, =
f(X1), Yy = f(Xy). The image of A under f, denoted by f(A) = (f(AL), f(Av))
is defined by

FAD(y) = V{AL(z) sz € X1, N f1(y)} for every y € Y7, and
fAv)(y) = V{Au(z) : x € Xy N f~1(y)} for every y € Yo

Definition 2.5 ([5]). Let V, Vi be any two sets and %, %; be any two Boolean
subalgebra of the Boolean algebra of all subset of V, V;. Let (V, %) and (V1, %) be
two rough universes and [ : (V, %) — (V1, %1).

Let B = (BL, By) be a fuzzy rough set in Y where Y = (Y7, Yy) € %] is a rough
set. Then X = f~Y(Y) € %%, where X, = f~1(Y1),Xv = f~1(Yy). Then the
inverse image of B under f, denoted by f~Y(B) = (f~'(Br), f*(By)) is defined
by

f~YBr)(z) = BL(f(x)) for every z € X1 and
Y (By)(z) = By(f(z)) for every z € Xy.

Proposition 2.6 ([5]). Let V, Vi be any two sets and B, %1 be any two Boolean
subalgebra of the Boolean algebra of all subset of V, V1. If f : V — Vi be such that
1 (Vy, %) — (V,%). Then for all fuzzy rough sets B;,i € J in'Y we have

() f1(B) > 71(B),
(i) BrC By = [~'(By)  ~(Ba),
(iii) If g : Vi — Va be a mapping such that g~ : (Va,%Bo) — (V1,%1), then
(gof)~1H(C) = f~1(gX(C)), for any FRS C in Z where Z = (Zy,, Zy) € B>
is a rough set and g o f is the composition of g and f,
(iv) f7H(UiBs) = Ui f~H(By),
(v) f7HMiBi) = Nif~1(B).
Proposition 2.7 ([5])). If A and B are fuzzy rough sets, then
(i) (AuB) =A'NnB,
(ii) (AnB) =A"UB.
Moreover, if L is a complete lattice, for each family A = {A;}ics of fuzzy rough
sets,
() (Ujes4;) =Njes(4;),
(i) (Njesdy)" = Ujes(4;)"
Theorem 2.8 ([3]). If A be any fuzzy rough set in X, 0 = (01,0y) be the null fuzzy
rough set and 17: (11,1y) be the whole fuzzy rough set in X, then (i) 0 C A C 1
and (i) 0=1,1=0.
Definition 2.9 ([1]). Let X be a group and G be a fuzzy set in X with membership
function pg. Then G is a fuzzy group in X iff the following conditions are satisfied:

(i) pel(zy) = min{uc(x), pa(y)}, for all z,y € X;
(i) po(x™t) > pg(x), for all x € X.

Definition 2.10 ([14]). Let A be a fuzzy set X in an fuzzy topological space. Then,
the boundary of J, is defined as Bd(\) = CI(A\)NCI()\). Obviously, Bd()\) is a fuzzy
closed set.
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Definition 2.11 ([4]). Let A be a fuzzy set in X and J be a fuzzy topology on X.
Then the induced fuzzy topology on A is the family of fuzzy subsets of A which are
the intersections with A of .7 -open fuzzy sets in X. The induced fuzzy topology is
denoted by 74, and the pair (A, Z4) is called a fuzzy subspace of (X, 7).

Definition 2.12 ([4]). Let (A, Z4) and (B, %p) be fuzzy subspaces of fuzzy topolog-
ical spaces (X, .7) and (Y, %) respectively. Then a mapping f of (4, T4) — (B, %p)
is relatively fuzzy continuous if and only if for each open fuzzy set V' in %p, the
intersection f~H[V/]N A is in J4.

Definition 2.13 ([4]). Let X be a group and .7 be a fuzzy topology on X. Let G
be a fuzzy group in X and let G be endowed with the induced fuzzy topology Z¢.
Then G is a fuzzy topological group in X if and only if it satisfies the following two
conditions:
(i) The mapping « : (x,y) = xy of (G, T5) X (G, Tg) into (G, Tg) is relatively
fuzzy continuous.
(ii) The mapping 8 : x — a1 of (G, g) into (G, Ig) is relatively fuzzy con-
tinuous.

Definition 2.14 ([4]). Let X and Y be fuzzy spaces. The fuzzy product space of
X and Y is the cartesian product X x Y of sets X and Y together with the fuzzy
topology 7X x Y generated by the family { p;'(\a) , p3 ' (15) | Aa € TX,up €
7Y, where p; and py are projections of X x Y onto X and Y, respectively}.

Note 2.3 ([1]). For a mapping f : X — Y, the graph g : X — X xY of f is defined
by g(z) = (z, f(x)), for each z € X.

Definition 2.15 ([1]). A fuzzy space X is product related to another fuzzy
topological space Y if for any fuzzy set v of X and ¢ of Y whenever ' 2 v and ' 2 ¢
implies (A x 1) U (I x ¢/) > v x ¢, where A € 7X and p € 7Y, there exist A\; € 7X
and p; € 7Y such that A} Dvor g} > Cand (N, x U1 x i) = (N, x DU x ).

Definition 2.16 ([13]). A fuzzy rough topology on a rough set X is a family 7" of
fuzzy rough sets in X which satisfies the following conditions:
i) 0,1eT.

(ii) f A, BeT,then ANBeT.

(ii) If A; € T for all j € J, then Uje A, € T.
Then the pair (X, T) is called a fuzzy rough topological space and any fuzzy rough
set in T is called a fuzzy rough open set in X. The complement A’ of a fuzzy rough
open set A is a fuzzy rough closed set.

Definition 2.17 ([13]). Let (X, T), (Y, S) be any two fuzzy rough topological spaces.
A function f: (X, T) — (Y, S) is said to be fuzzy rough continuous iff for each fuzzy
rough open set W in S the inverse image f~!(W) is fuzzy rough open in 7.

3. Fuzzy ROUGH G STRUCTURE SPACE AND FUZZY ROUGH BG-BOUNDARY

Definition 3.1. Let X be a rough set. Then X is said to be a rough group if X,
and Xy are groups.
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Definition 3.2. A fuzzy rough set A = (Ar, Ay) in X is characterized by a pair of
maps A : Xy — I and Ay : Xy — I with Ap(z) < Ay () for every x € Xy. The
collection of all fuzzy rough sets in X is denoted by FRS(X).

Definition 3.3. Let X be a rough group. A fuzzy rough set G = (Gr,Gy) on X
is said to be a fuzzy rough group if and only if it satisfies the following conditions:
() Go(zy) = min{ GL(x),GL(y )} and Gu(zy) = min{Gu(x),Gu(y)}
for all z,y € X.
(i) Gp(z™!) > GL(z) and Gy(z~!') > Gy(x) for all z € X.

Definition 3.4. Let A be a fuzzy rough set in X and T be a fuzzy rough topology
on X. Then the fuzzy rough subspace topology on A is the family of fuzzy rough
subsets of A which are the intersections with A of fuzzy rough open sets in X. The
fuzzy rough subspace topology is denoted by T4, and the pair (A,Ty) is called a
fuzzy rough subspace of (X,T)

Definition 3.5. Let (A,T4) and (B,Sp) be any two fuzzy rough subspaces of
fuzzy rough topological spaces (X, T), (Y, S) respectively. A function f: (A,T4) —
(B, Sp) is said to be a relatively fuzzy rough continuous function if and only if for
each fuzzy rough open V =V N B in Sp, the intersection f~(V)N A is fuzzy rough
open in T'y.

Definition 3.6. Let X be a rough group and 7" be a fuzzy rough topology on X.
Let G be any fuzzy rough group in X and let G be endowed with the fuzzy rough
subspace topology Tg. Then G is a fuzzy rough topological group in X if and only
if it satisfies the following two conditions:
(i) The mapping a : (z,y) — zy of (G,T¢g) x (G,T¢) into (G,T¢) is relatively
fuzzy rough continuous.
(ii) The mapping 3 : x — 2~ ! of (G,Tg) into (G, Tg) is relatively fuzzy rough
continuous.

Definition 3.7. Let X be a non empty. A family G is a fuzzy rough topological
groups in X satisfies the following conditions:

(i) 0,1€g.

(ii) If A,B € G, then ANB €g.

(ili) If A; € G for all j € J, then Ujes4; € G.
Then G is said to be a fuzzy rough topological group structure on X and the pair
(X,G) is said to be a fuzzy rough topological group ( in short, fuzzy rough G )
structure space. Any member of fuzzy rough G structure space is called a fuzzy
rough open group. The complement of fuzzy rough open group is a fuzzy rough
closed group.

Definition 3.8. Let (X, G) be a fuzzy rough G structure space. Let A = (A, Ay)
be any fuzzy rough topological group. Then the fuzzy rough G interior of A is defined
by

FRGint(A) = U{B : B is a fuzzy rough open group and B C A}.

Definition 3.9. Let (X, G) be a fuzzy rough G structure space. Let A = (AL, Ap)
be any fuzzy rough topological group. Then the fuzzy rough G closure of A is defined
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by
FRGcl(A) = N{B : B is a fuzzy rough closed group and B D A}.

Definition 3.10. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then A is said to be a fuzzy rough t-open group if
FRGint(A) = FRGint(FRGcl(A))

Definition 3.11. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then A is said to be a fuzzy rough B-open group if
A = BNC where B is a fuzzy rough open group and C'is a fuzzy rough t-open group.
The complement of fuzzy rough B-open group is a fuzzy rough B-closed group.

Definition 3.12. Let (X, G) be a fuzzy rough G structure space. Let A = (A, Ay)
be any fuzzy rough topological group. Then the fuzzy rough BG interior of A is
defined by

FRBGint(A) = U{B : B is a fuzzy rough B-open group in X and B C A}.

Definition 3.13. Let (X, G) be a fuzzy rough G structure space. Let A = (AL, Av)
be any fuzzy rough topological group. Then the fuzzy rough BG closure of A is
defined by

FRBGcl(A) = N{B : B is a fuzzy rough B-closed group in X and B D A}.

Proposition 3.14. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the following conditions hold:
(i) FRBGint(A) C A C FRBGcl(A).
(ii) (FRBGint(A))' = FRBGcl(A").
(iii) (FRBGcl(A)) = FRBGint(A').

Proof. The proof follows from Definition 3.12 and Definition 3.13. g

Definition 3.15. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the fuzzy rough G-boundary of A, is denoted
and defined as

FRGbd(A) = FRGl(A) N FRGcl(A').

Definition 3.16. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the fuzzy rough BG-boundary of A, is denoted
and defined as

FRBGbd(A) = FRBGcl(A) N FRBGcI(A').

Proposition 3.17. Let (X, G) be a fuzzy rough G structure space. Let A and B be
any two fuzzy rough topological groups. Then the following conditions hold:
(i) FRBGbd(A) = FRBGbA(A").
(if) If A is a fuzzy rough closed group, then FRBGbd(A) C A.
(iii) If A is a fuzzy rough open group, then FRBGbd(A) C A'.
(iv) Let A C B and B be any fuzzy rough closed group (resp., A be any fuzzy
rough open group). Then FRBGbd(A) C B (resp., FRBGbd(A) C B').
(v) (FRBGbd(A)) = FRBGint(A) U FRBGint(A').
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Proof. (i) FRBGbd(A) = FRBGcl(A) N FRBGCl(A")
= FRBGcl(A") N FRBGcl(A)
= FRBGcl(A") N FRBGc(A"Y
= FRBGbA(A’).
(ii) FRBGbd(A) = FRBGcl(A) N FRBGcl(A’)
C FRBGcl(A)
C A.
Hence, FRBGbd(A) C A.
(iii) Let A be any fuzzy rough B-open group. Then, A’ is fuzzy rough B-closed
group. By (ii), FRBGbd(A') C A’ and by (i), FRBGbd(A) C A'.
(iv) Since A C B implies that FRBGcl(A) C FRBGcl(B), we have
FRBGbd(A) = FRBGcl(A) N FRBGcl(A")
C FRBGcl(B) N FRBGcl(A")
C FRBGcl(B)
= B, since B is a B-closed group.
(v) (FRBGbd(A)) = (FRBGcl(A) N FRBGcl(A"))
= (FRBGcl(A)) U (FRBGcl(A"))
= FRBGint(A") U FRBGint(A). O

Definition 3.18. Let A and B be any two fuzzy rough topological groups. Then
A— Bisdefined by A— B=ANDB'.

Proposition 3.19. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the following conditions hold:
(i) FRBGbd(A) = FRBGcl(A) — FRBGint(A).
(ii) FRBGbd(FRBGint(A)) C FRBGbd(A).
(iii) FRBGbd(FRBGcl(A)) C FRBGbd(A).
(iv) FRBGint(A) C A— FRBGbd(A).

Proof. (i) Since (FRBGcl(A"))" = FRBGint(A). Therefore,
FRBGbd(A) = FRBGcl(A) N FRBGc(A)
= FRBGcl(A) — (FRBGcl(A"))
= FRBGcl(A) — FRBGint(A).

Thus, FRBGbd(A) = FRBGcl(A) — FRBGint(A). Hence (i).
(i) FRBGbd(FRBGint(A)) = FRBGcl(FRBGint(A))—FRBGint(FRBGint(A))
= FRBGcl(FRBGint(A)) — FRBGint(A)
C FRBGcl(A) — FRBGint(A)
= FRBGbd(A).
(i) FRBGbd(FRBGCl(A))
— FRBGcl(FRBGe(A)) — FRBGint(FRBGcl(A))
= FRBGcl(A) — FRBGint(FRBGcl(A))
C FRBGC(A) — FRBGint(A)
= FRBGbd(A).
(iv) A— FRBGbd(A) = AN (FRBGbA(A))
= AN (FRBGcl(A) N FRBGc(A"))
= AN (FRBGint(A") U FRBGint(A))
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= (AN FRBGint(A")) U (AN FRBGint(A))
= (AN FRBGint(A")) U FRBGint(A)
D FRBGint(A). O

Remark 3.20. Let {A,}acs be the family of fuzzy rough sets and J be an indexed
set. Then for a € J,

UaFRcl(Ay) C FRcl(Un(4y))

UaFRint(As) C FRint(Uy(Ay)).
Also for any finite n € J, U, FRcl(A,) = FRcl(U,(A,)).

Remark 3.21. Let (X,T) be a fuzzy rough topological space. Let A and B be
any two fuzzy rough sets. Then N;csFRBcl(A;) O FRBcl(Nies(A;)), where J is an
indexed set.

Proposition 3.22. Let (X, G) be a fuzzy rough G structure space. Let A and B be
any two fuzzy rough topological groups. Then, FRBGbd(A U B) C FRBGbd(A) U
FRBGbd(B).

Proof. FRBGbd(AU B) = FRBGcl(AU B) N FRBGC(AU B)'
C (FRBGcl(A)UFRBGcl(B))N(FRBGcl(A)NF RBGcl(B'))
= [FRBGcl(A) N (FRBGCL(A") N FRBGC(B'))]|U
[FRBGCl(B) N (FRBGCl(A") N FRBGC(B'))]
= (FRBGbd(A)NFRBGcl(B'))U(FRBGbd(B)NFRBGCl(A'))
C FRBGbd(A) U FRBGb(B). O

Proposition 3.23. Let (X, G) be a fuzzy rough G structure space. Let A and B be
any two fuzzy rough topological groups. Then, FRBGbd(A N B) C FRBGbd(A) U
FRBGbd(B).

Proof. FRBGbd(AN B)
= FRBGcl(AN B)N FRBG (AN B)'
C (FRBGcl(A) N FRBGcl(B)) N (FRBGcl(A") U FRBGcl(B'))
= [(FRBGcl(A) N FRBGcl(B)) N FRBGcl(A))]J
[(FRBGcl(A) N FRBGcl(B)) N FRBGcl(B')]
= (FRBGbd(A) N FRBGcl(B)) U (FRBGbA(B) N FRBGCl(A))
C FRBGbd(A) U FRBGbA(B). O

Proposition 3.24. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the following conditions hold:

(i) FRBGbA(FRBGbd(A)) C FRBGbd(A).

(ii) FRBGbd(FRBGbd(FRBGbd(A))) C FRBGhd(FRBGhd(A)).

Proof. (i) FRBGbd(FRBGbd(A))
— FRBGcl(FRBGbd(A)) N FRBGcl(FRBGhd(A))'
C FRBGcl(FRBGbd(A))
— FRBGbd(A).

(i) FRBGbd(FRBGhd(FRBGbA(A)))
— FRBGcl(FRBGbd(F RBGbd(A)))NF RBGcl(F RBGhd(F RBGbd(A)))’
= FRBGbd(FRBGbA(A)) N (FRBGcl(FRBGbd(FRBGhA(A))))'
C FRBGbd(FRBGbd(A)). O
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Definition 3.25. Let A = (AL, Ay) be a fuzzy rough topological group of X and
B = (B, By) be a fuzzy rough topological group of Y, then the fuzzy rough topo-
logical group A x B = (A x Br, Ay x By) of X xY is defined by

(Ap x Br)(z,y) = min{Ar(x), Br(y)} for every (z,y) € X1, x Y, and
(Ay x By)(z,y) = min{Au(x), Bu(y)} for every (z,y) € Xy x Yy.
Note 3.1. Let A and B be any two fuzzy rough topological groups in X and Y
then, (A x B)' = (11 — (AL x Br),1v — (Av x Bu)).
Proposition 3.26. If A = (Ap, Ay) is a fuzzy rough topological group of X and
B = (By, By) is a fuzzy rough topological group of Y, then (Ax B) = A’x1Ulx B’.
Proof. Since,
Ar x Br(z,y) = min(Ar(z), Br(y)), for every (z,y) € Xp x Y

1, = (AL x Br)(x,y) = max(1 — AL(x),1 = BL(y))

— maa (Al (), By (y))
— maz (Al x 16)(@,9), (I % By)(@,))

1L_(AL><BL): /UXIUUIUXB{J

and similarly 1y — (Ay x By) = A} x 1, U1 x B. This implies that,
(AxB) =A"x1Ulx B,

Note 3.2. (i) (Ax1)n(Ix B)=Ax B.
(i) (Ax1)N(1x B)=(A"x B’

Definition 3.27. Let (X,G;) and (Y, G2) be any two fuzzy rough structure spaces.
The fuzzy rough product G structure space of (X,G1) and (Y, Gs) is the cartesian
product (X,G;1) x (Y,Ga) of sets (X, G1) and (Y, G2) together with the fuzzy rough
structure G; x Gy generated by the family, { p;y'(4) , p;'(B) | A € Gi,B €
G2, where p; and po are projections of (X,G;) x (Y,Gz) onto (X,G;) and (Y, Ga),
respectively}.

Proposition 3.28. Let A = (A, Ay) be a fuzzy rough B-closed group of a fuzzy
rough G; structure space X and B = (Br, By) be a fuzzy rough B-closed group of
a fuzzy rough G, structure space Y. Then A x B is a fuzzy rough B-closed group of
the fuzzy rough product G structure space X x Y.

Proof. Let A and B be any fuzzy rough topological groups in X and Y. By Propo-
sition 3.26, 1 — (Ax B) = A’ x 1U1 x B’. Since A’ x I and 1 x B’ are fuzzy rough
B-open groups in X and Y respectively. A’ x 1 U1 x B’ is a fuzzy rough B-open
group of X x Y. Hence, 1 — (A x B) is a fuzzy rough B-open group of X x Y.
Consequently, A x B is a fuzzy rough B-closed group of X x Y. O

Proposition 3.29. If A = (AL, Ay) is a fuzzy rough topological group of a fuzzy
rough G; structure space X and B = (B, By) is a fuzzy rough topological group
of a fuzzy rough G5 structure space Y, then
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(i) FRBGycl(A) x FRBGycl(B) D FRBGCl(A x B).
(i) FRBGyint(A) x FRBGyint(B) C FRBGint(A x B).

Proof. (i) Since A C FRBG cl(A) and B C FRBG»cl(B), A x B C FRBG;cl(A)
« FRBGscl(B). Now, FRBGC(A x B) C FRBGc(FRBG cl(A) x FRBGscl(B)).
By Proposition 3.28, FRBGcl(A x B) C FRBG;cl(A) x FRBGycl(B).

(ii) follows from (i) to the fact that FRBGcl(A’) = (FRBGint(A)) and FRBGint(A’)
= (FRBGcl(A)) O

Definition 3.30. A fuzzy rough G; structure space (X, Gy) is fuzzy rough B-product
related to another fuzzy rough Go structure space (Y,Go) if for any fuzzy rough
topological group C' = (Cp,Cy) of X and D = (D, Dy) of Y whenever A’ 2 C
and B’ 2 D implies that (4’ x 1) U (1 x B') 2 C x D, where A = (A, Ap)
is a fuzzy rough B-open group of X and B = (Bp,By) is a fuzzy rough B-open
group of Y, there exist A; € G; and By € Gy such that A7 O C or B} O D and
(A xT)u(1xB)= (A x1)u(l x BY}).

Proposition 3.31. Let (X, G) and (Y, G2) be any two fuzzy rough structure spaces
such that (X, G;) is B-product related to (Y, G3). Then, for a fuzzy rough topological
group A = (Ap, Ay) of X and a fuzzy rough topological group B = (B, By) of Y,
(i) FRBGcl(A x B) = FRBG cl(A) x FRBGcl(B), and
(ii) FRBGint(A x B) = FRBG int(A) x FRBGqint(B).
Proof. (i) For fuzzy rough topological groups A; = (Ar,, Ay,)’s of X and B; =
(Br,,Bu,)’s of Y, we first note that,
(i) inf{As, By} = min(inf(Ay), inf(B;)),

(ii) inf{A; x 1} = inf(A;) x 1,
(iii) inf{l x B;} =1 x inf(B;).
By Proposition 3.29, it follows that
(3.1) FRBG cl(A) x FRBGycl(B) D FRBGcl(A x B).

It is sufficient to show that FRBGcl(A x B) O FRBG1cl(A) x FRBGycl(B). Let A;
be a fuzzy rough B-open group in §; and B; be a fuzzy rough B-open group in Gs.
Then,

FRBGcl(A x B) = inf{(A4; x B;)'|(A; x Bj)) 2 Ax B}
=inf{A; x TUI x Bj|A] x 1U1 x B} > Ax B}
=inf{A; x1U1x Bj|A; D> Aor B} 2 B}
= min(inf{A; x TU1 x Bj|A] D A},inf{A; x TU1 x B}|B} 2 B}).

Since
inf{A; x TU1 x Bj|A] D A} D inf{A] x 1|]4] D A}

= inf{Aj|A; 2 A} x 1
FRBGcl(A) x 1
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and
inf{A; x1U1x B}|B; 2 B} 2inf{1 x Bj|B} 2 B}
=1 xinf{B}|B}; 2 B}
=1 x FRBG>cl(B).
We have, FRBGcl(AxB) 2 min(FRBG1cl(A")x1, I1xFRBGycl(B')) = FRBGcl(A)x
FRBGacl(B).

(3.2) FRBGcl(A x B) D FRBGcl(A) x FRBGscl(B)
From (3.1) and (3.2),
FRBGl(A x B) = FRBG cl(A) x FRBGcl(B).

(ii) The proof is similar to that of (i) and Proposition 3.29. O
Proposition 3.32. Let A, B, C and D be fuzzy rough topological groups in X.
Then (ANB) x (CND)=(AxD)n(BxC).

Proof.
(A1 0 Br) x (Cr, N Dp))(z,y) = min((A, 0 Br)(x), (C 1 D)(y))
= min(min(Ap (z), By (2)), min(Cy (), Dr.»)))
( ), D (), min(By,(2), C1 (1))
=min((Ar x Dp)(z,y), (Br x Cr)(z,y))
= ((AL x D) N (B x Cp))(x,y)
for all (z,y) € X x Xp.

= min(min(Ar(z

Similarly,
((AUQBU)X(CUQDU))(Z‘?:U) = ((AUXDU)Q(BUXCU))(I',y) for all (l‘,y) € Xy x Xy.
Hence, (ANB) x (CND)=(AxD)Nn(BxC). O

Proposition 3.33. Let (X,G;) (i=1,2,....,n) be a family of fuzzy rough product
related structures spaces. If each A; is a fuzzy rough topological groups in X;, then

FRBG; de = [FRBG bdA, x FRBGscl(Ay) x .... x FRBG,clA,)]

i=1

U[FRBG1clA; x FRBGbd(As) x....x FRBG ,clA,,)]

U...U[FRBglclAl XFRBgQCl(AQ) X..o.. xFRBandAn)]

Proof. We use Propositions 3.19; 3.31 and 3.32 to prove this. It suffices to prove
this for n=2. Consider
FRBgnbd<A1 X AQ)
= FRBG,cl(A; x As) — FRBGint(A; x As)
= (FRBg1Cl(A1) X FRBgQCl(A2)) — (FRBglmt(Al) X FRBglelt(A2))
= (FRBglcl(Al) X FRBgQCZ(AQ)) 7(FRBg17,TLt(A1) n FRBglcl(Al))
= (FRBglcl(Al) X FRBgQCl(AQ)) —(FRBQ”WI(Aﬂ X FRBgQCl(AQ))
N(FRBG1cl(A1) x FRBG2int(Asz)) (by Proposition 3.32)
555



D. Vidhya, E. Roja and M.K. Uma /Ann. Fuzzy Math. Inform. 10 (2015), No. 4, 545-559

= [(FRBglcl(Al) X FRBgQCZ(AQ)) - (FRBngnt(Al) X FRBgQCZ(AQ))]
U[(FRBglcl(Al) ><FRBQQCZ(AQ))—(FRBglcl(A1) XFRBgQZTLt(AQ))]
= [(FRBglcl(Al) — FRBglmt(Al)) X FRBgQCl(AQ)]
U[FRBglcl(A1) X (FRBgQCl(AQ) — FRngmt(Ag))]
d

Definition 3.34. Let (X,G1) and (Y, Gs) be any two fuzzy rough structure spaces.
A function f : (X,G1) — (Y, G2) is said to be fuzzy rough BG-continuous if and only
if for each fuzzy rough open group W in G, the inverse image f~1(W) is a fuzzy
rough B-open group in G;.

Proposition 3.35. Let (X, G;) and (Y, G2) be any two fuzzy rough structure spaces.
Let f:(X,G1) — (Y,G2) be a fuzzy rough BG-continuous function. Then,

FRBGbd(f~(A)) C f~H(FRGbd(A)).

Proof. Let f be a fuzzy rough BG-continuous function. Let A be any fuzzy rough
topological group in (Y,Gs). Then, FRGcl(A) is a fuzzy rough G-closed group in
(Y,Gs), which implies that f~'(FRGcl(A)) is a fuzzy rough BG-closed group in
(X,G1). Therefore,

FRBGbd(f~(A)) = FRBGcl(f~*(A)) N FRBG(f~1(A))

C FRBGcl(fY(FRGcl(A))) N FRBGcl(f~H(FRGcl(A")))
= fTHFRGcl(A) N f~HFRGcl(A"))

= f"YFRGcl(A) N FRGcl(A"))

= fH(FRGbd(A)).

o~ o~

Therefore, FRBGbd(f~1(A)) C f~1(FRGbd(A)). O

Definition 3.36. Let (X,G1) and (Y, Gs) be any two fuzzy rough structure spaces.
A function f: (X,G1) — (Y, G2) is said to be fuzzy rough BG-irresolute if and only
if for each fuzzy rough B-open group W in G, the inverse image f~1(W) is a fuzzy
rough B-open group in G;.

Proposition 3.37. Let (X, G;) and (Y, G2) be any two fuzzy rough structure spaces.
Let f:(X,G1) — (Y,G2) be a fuzzy rough BG-irresolute function. Then,

FRBGbA(f(A)) C f~L(FRBGbd(A)).

Proof. Let f be a fuzzy rough BG-irresolute function. Let A be any fuzzy rough
topological group in (Y,Gy). Then, FRBGcl(A) is a fuzzy rough BG-closed group
in (Y, Gz), which implies that f~*(FRBGcl(A)) is a fuzzy rough BG-closed group in
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(X,G1). Therefore,
FRBGbd(f~*(A)) = FRBGcl(f~*(A)) N FRBGl(f~1(A))
C FRBGcl(f 1(FRBgcl( ) N FRBGcl(f~ (FRBGcl(A)))
= f YFRBGcl(A)) N f~H(FRBGcI(A"))
“Y(FRBGcl(A )mFRBgcl(A’))
_I(FRngd(A)).
Therefore, FRBGbd(f~1(A)) C f~H(FRBGbd(A)). O

4. CHARACTERIZATION OF FUZZY ROUGH BG-BOUNDARY SPACES

Definition 4.1. Let (X, G) be a fuzzy rough G structure space. Let FRBGbd(A) be
the fuzzy rough BG-boundary of A. Then the fuzzy rough BG-interior of F RBGbd(A)
is defined by
FRBG°(FRBGbd(A)) = U{B : B is a fuzzy rough B-open group and
B C FRBGbd(A)}.

Definition 4.2. Let (X, G) be a fuzzy rough G structure space. Let F RBGbd(A) be
the fuzzy rough BG-boundary of A. Then the fuzzy rough BG-closure of FRBGbd(A)
is defined by
FRBG™(FRBGbd(A)) = N{B : B is a fuzzy rough B-closed group and
B D FRBGbd(A)}.

Proposition 4.3. Let (X,G) be a fuzzy rough G structure space. Let FRBGbd(A)
be the fuzzy rough BG-boundary of A. Then the following conditions hold.
(i) FRBG°(FRBGbd(A)) C FRBGbA(A) C FRBG™ (FRBGbd(A)).
(ii) (FRBG°(FRBGbd(A))) = FRBG™(FRBGbd(A)").
(i) (FRBG™(FRBGbd(A))) = FRBG®(FRBGbd(A)').

Proof. The proof follows from Definition 4.1 and Definition 4.2. a

Definition 4.4. Let (X, G) be a fuzzy rough G structure space. Then (X, G) is said
to be a fuzzy rough BG-boundary space if the fuzzy rough BG-closure of fuzzy rough
BG-boundary of each fuzzy rough open group is a fuzzy rough B-open group. That
is, FRBG (FRBGbd(A)) is fuzzy rough B-open group for every A € G.

Proposition 4.5. Let (X, G) be a fuzzy rough G structure space. Then the following
statements are equivalent:
(i) (X,G) is a fuzzy rough BG-boundary space.
(ii) Let FRBGbd(A) be fuzzy rough BG-boundary of A. Then FRBG®(FRBGbd(A))
is a fuzzy rough B-closed group.
(iii) For each FRBGbd(A),

FRBG™(FRBGbd(A)) + FRBG ™ (FRBG ™ (FRBGbd(A)))' = 1.

(iv) For every pair of fuzzy rough BG-boundary sets FRBGbd(A) and
FRBGbd(B) with FRBG™(FRBGbd(A)) + FRBGbd(B) = 1, we have
FRBG™(FRBGbd(A)) + FRBG(FRBGbd(B)) = 1.
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Proof. (1)=(ii): Let FRBGbd(A) be the fuzzy rough BG boundary of A. Then,
(FRBGbd(A)) is a fuzzy rough boundary complement of F'RBGbd(A). Now,

FRBG™(FRBGbd(A)) = (FRBG®(FRBGbd(A)))'.

By (i), FRBG(FRBGbd(A))" is a fuzzy rough B-open group, which implies that
FRBG°(FRBGbd(A)) is a fuzzy rough B-closed group.
(ii)=-(iii): Let FRBGbd(A) be the fuzzy rough BG-boundary of A. Then,
FRBG(FRBGbd(A)) + FRBG™ (FRG™(FRBGbd(A)))

(4.1) = FRBG™(FRBGbd(A)) + FRBG™(FRG®(FRBGbd(A))')

Since FRBGbA(A) is a fuzzy rough BG-boundary of A, (FRBGbd(A)) is a fuzzy
rough BG-boundary complement of F'RBGbd(A). Hence by (ii), FRBG® (FRBGbd(A))’
is fuzzy rough B-closed group. Therefore, by (4.1)
FRBG™(FRBGbd(A)) + FRBG™(FRG™(FRBGbd(A)))

= FRBG(FRBGbd(A)) + FRBG®(FRBGbd(A))

= FRBG(FRBGbA(A)) + (FRBG™ (FRBGbd(A)))

=1.
Therefore, FRBG™(FRBGbdA) + FRBG™(FRBG™(FRBGbdA) = 1.

(iii)=(iv): Let FRBGbd(A) and F RBGbd(B) be any two fuzzy rough BG-boundary

of A and B respectively, such that

(4.2) FRBG™(FRBGbd(A)) + FRBGbd(B) = 1.

Then by (iii), 1 = FRBG™(FRBGbA(A))+FRBG ™ (FRG™(FRBGbd(A))’
= FRBG (FRBGbA(A)) + FRBG ™ (FRBGbd(B)).
Therefore, FRBG™(FRBGbd(A)) + FRBG™ (FRBGbd(B)) = 1.
(iv)=(1): Let FRBGbd(A) be a fuzzy rough BG-boundary of A. Put

FRBGbd(B) = (FRBG (FRBGbd(A)) = 1 — FRBG™(FRBGbd(A)).
Then, FRBG (FRBGbd(A)) + FRBGbd(B) = 1. Therefore by (iv),
FRBG™(FRBGbd(A)) + FRBG™(FRBGbd(B)) = 1. This implies that,

FRBG™(FRBGbA(A)) is a fuzzy rough B-open group and so (X,G) is a fuzzy
rough BG-boundary spaces.
O

Definition 4.6. Let (X, G) be a fuzzy rough G structure space. Let A be any fuzzy
rough topological group. Then A is said to be a
(i) fuzzy rough a*-open group if FRGint(A) = FRGint(FRGcl(FRGint(A))).
(ii) fuzzy rough C-open group if A = BN D where A is a fuzzy rough open set
and D is a fuzzy rough a*-open set.

Remark 4.7. Every fuzzy rough B-open group is a fuzzy rough C-open group.

Proposition 4.8. If (X,G) is a fuzzy rough BG-boundary space then every fuzzy
rough BG-closure of BG-boundary of each fuzzy rough open group is a fuzzy rough
C-open group.

Proof. The proof follows from Definition 4.4 and Remark 4.7. O
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