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1. Introduction

The concept of fuzzy set was introduced by Zadeh [15]. Fuzzy sets have appli-
cations in many fields such as information [9] and control [10]. The theory of fuzzy
topological spaces was introduced and developed by Chang [3] and since then various
notions in classical topology has been extended to fuzzy topological spaces. Pawlak
[8] introduced the concept of rough set. The concept of rough group and rough
subgroup was introduced by R. Biswas and S. Nanda [2]. The concept of rough
topological space was introduced by B. P. Mathew and S. J. John [6]. S. Nanda and
S. Majumdar [7] introduced the concept of fuzzy rough set. The concept of fuzzy
group and fuzzy topological group was introduced and studied by D. Foster [4]. The
concept of boundary of a fuzzy set was introduced by R. H. Warren [14]. The notion
of B-set in topological space were introduced and developed by J. Tong [11]. The
concept of fuzzy B-set was introduced by M. K. Uma, E. Roja and G. Balasubra-
manian [12]. In this paper, the concepts of fuzzy rough topological groups and fuzzy
rough G structure spaces are introduced and studied. In this connection, the con-
cept of fuzzy rough BG-boundary space is introduced. Interesting characterization
is established.
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2. Preliminaries

Definition 2.1 ([8]). Let U be a nonempty set and let B be a complete subalgebra
of the Boolean algebra P(U) of subsets of U . The pair (U,B) is called a rough
universe.

Let V = (U,B) be a given fixed rough universe. Let R be the relation defined
as follows: A = (AL, AU ) ∈ B if and only if AL, AU ∈ B, AL ⊂ AU . The elements
of R are called rough sets and the elements of B are called exact sets. We identify
the element (X,X) ∈ R with the element X ∈ B and hence an exact set is a rough
set in the sense of the above identification. But a rough set need not be exact; for
example if U is any nonempty set, then (Φ, U) is a rough set which is not exact.

Let A = (AL, AU ) and B = (BL, BU ) be any two rough sets. Then A ∪ B =
(AL ∪BL, AU ∪BU ), A∩B = (AL ∩BL, AU ∩BU ), A ⊂ B if and only if A∩B=A.

Note 2.1 ([8]). We denote a rough set X with lower approximation XL and upper
approximation XU by X = (XL, XU ).

Definition 2.2 ([7]). Let U be a set and B be a Boolean subalgebra of the Boolean
algebra of all subsets of U . Let L be a lattice. Let X be a rough set. Then
X = (XL, XU ) ∈ B2 with XL ⊂ XU .

A fuzzy rough set A = (AL, AU ) in X is characterized by a pair of maps µAL
:

XL → L and µAU
: XU → L with the property that µAL

(x) ≤ µAU
(x) for all

x ∈ XU . The collection of all fuzzy rough sets in X is denoted by FRS(X).

Note 2.2 ([7]). In particular L could be the closed interval [0, 1].

Definition 2.3 ([7]). For any two fuzzy rough sets A = (AL, AU ) and B = (BL, BU )
in X, we define

(i) A = B if and only if µAL(x) = µBL(x) for each x ∈ XL and µAU (x) =
µBU

(x) for each x ∈ XU .
(ii) A ⊆ B if and only if µAL(x) ≤ µBL(x) for each x ∈ XL and µAU (x) ≤

µBU
(x) for every x ∈ XU .

(iii) C = A ∪ B if and only if µCL(x) = max[µAL(x), µBL(x)] for all x ∈ XL,
µCU

(x) = max[µAU
(x), µBU

(x)] for all x ∈ XU .
(iii) D = A ∩ B if and only if µDL(x) = min[µAL(x), µBL(x)] for all x ∈ XL,

µDU
(x) = min[µAU

(x), µBU
(x)] for all x ∈ XU .

More generally, if L then is a complete lattice, then for any index set I, if
{Ai : i ∈ I} is a family of fuzzy rough sets we have E = ∪iAi if and only if µEL

(x) =
supi∈IµALi

(x) for all x ∈ XL and µEU
(x) = supi∈IµAUi

(x) for all x ∈ XU . Sim-

ilarly, F = ∩iAi iff µFL
(x) = infi∈IµALi

(x) for all x ∈ XL and µFU
(x) =

infi∈JµAUi
(x) for all x ∈ XU .

We define the complement A′ of A by the ordered pair (A′
L, A

′
U ) of membership

functions where µA′
L
(x) = 1− µAU

(x) for all x ∈ XL and µA′
U
(x) = 1− µAL

(x) for
all x ∈ XU .

Definition 2.4 ([5]). Let V, V1 be any two sets and B, B1 be any two Boolean
subalgebra of the Boolean algebra of all subset of V, V1. Let (V,B) and (V1,B1)
be two rough universes and f : (V,B) → (V1,B1).
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Let A = (AL, AU ) be a fuzzy rough set in X. Then Y = f(X) ∈ B2
1 and YL =

f(XL), YU = f(XU ). The image of A under f , denoted by f(A) = (f(AL), f(AU ))
is defined by

f(AL)(y) = ∨{AL(x) : x ∈ XL ∩ f−1(y)} for every y ∈ YL, and

f(AU )(y) = ∨{AU (x) : x ∈ XU ∩ f−1(y)} for every y ∈ YU .

Definition 2.5 ([5]). Let V, V1 be any two sets and B, B1 be any two Boolean
subalgebra of the Boolean algebra of all subset of V, V1. Let (V,B) and (V1,B) be
two rough universes and f : (V,B) → (V1,B1).

Let B = (BL, BU ) be a fuzzy rough set in Y where Y = (YL, YU ) ∈ B′
1 is a rough

set. Then X = f−1(Y ) ∈ B2
1 , where XL = f−1(YL), XU = f−1(YU ). Then the

inverse image of B under f , denoted by f−1(B) = (f−1(BL), f
−1(BU )) is defined

by
f−1(BL)(x) = BL(f(x)) for every x ∈ XL and

f−1(BU )(x) = BU (f(x)) for every x ∈ XU .

Proposition 2.6 ([5]). Let V, V1 be any two sets and B, B1 be any two Boolean
subalgebra of the Boolean algebra of all subset of V, V1. If f : V → V1 be such that
f−1 : (V1,B1) → (V,B). Then for all fuzzy rough sets Bi, i ∈ J in Y we have

(i) f−1(B̄) ⊃ f−1(B),
(ii) B1 ⊂ B2 ⇒ f−1(B1) ⊂ f−1(B2),
(iii) If g : V1 → V2 be a mapping such that g−1 : (V2,B2) → (V1,B1), then

(g◦f)−1(C) = f−1(g−1(C)), for any FRS C in Z where Z = (ZL, ZU ) ∈ B2
2

is a rough set and g ◦ f is the composition of g and f ,
(iv) f−1(∪iBi) = ∪if

−1(Bi),
(v) f−1(∩iBi) = ∩if

−1(Bi).

Proposition 2.7 ([5]). If A and B are fuzzy rough sets, then

(i) (A ∪B)′ = A′ ∩B′,
(ii) (A ∩B)′ = A′ ∪B′.

Moreover, if L is a complete lattice, for each family A = {Aj}j∈J of fuzzy rough
sets,

(i) (∪j∈JAj)
′ = ∩j∈J (Aj)

′,
(ii) (∩j∈JAj)

′ = ∪j∈J (Aj)
′.

Theorem 2.8 ([5]). If A be any fuzzy rough set in X, 0̃ = (0L, 0U ) be the null fuzzy
rough set and 1̃ = (1L, 1U ) be the whole fuzzy rough set in X, then (i) 0̃ ⊂ A ⊂ 1̃

and (ii) ¯̃0 = 1̃, ¯̃1 = 0̃.

Definition 2.9 ([4]). Let X be a group and G be a fuzzy set in X with membership
function µG. Then G is a fuzzy group in X iff the following conditions are satisfied:

(i) µG(xy) ≥ min{µG(x), µG(y)}, for all x, y ∈ X;
(ii) µG(x

−1) ≥ µG(x), for all x ∈ X.

Definition 2.10 ([14]). Let λ be a fuzzy set X in an fuzzy topological space. Then,
the boundary of λ, is defined as Bd(λ) = Cl(λ)∩Cl(λ′). Obviously, Bd(λ) is a fuzzy
closed set.
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Definition 2.11 ([4]). Let A be a fuzzy set in X and T be a fuzzy topology on X.
Then the induced fuzzy topology on A is the family of fuzzy subsets of A which are
the intersections with A of T -open fuzzy sets in X. The induced fuzzy topology is
denoted by TA, and the pair (A,TA) is called a fuzzy subspace of (X,T ).

Definition 2.12 ([4]). Let (A,TA) and (B,UB) be fuzzy subspaces of fuzzy topolog-
ical spaces (X,T ) and (Y,U ) respectively. Then a mapping f of (A,TA) → (B,UB)
is relatively fuzzy continuous if and only if for each open fuzzy set V ′ in UB, the
intersection f−1[V ′] ∩A is in TA.

Definition 2.13 ([4]). Let X be a group and T be a fuzzy topology on X. Let G
be a fuzzy group in X and let G be endowed with the induced fuzzy topology TG.
Then G is a fuzzy topological group in X if and only if it satisfies the following two
conditions:

(i) The mapping α : (x, y) → xy of (G,TG)× (G,TG) into (G,TG) is relatively
fuzzy continuous.

(ii) The mapping β : x → x−1 of (G,TG) into (G,TG) is relatively fuzzy con-
tinuous.

Definition 2.14 ([4]). Let X and Y be fuzzy spaces. The fuzzy product space of
X and Y is the cartesian product X × Y of sets X and Y together with the fuzzy
topology τX × Y generated by the family { p−1

1 (λα) , p−1
2 (µβ) | λα ∈ τX, µβ ∈

τY, where p1 and p2 are projections of X × Y onto X and Y , respectively}.

Note 2.3 ([1]). For a mapping f : X → Y , the graph g : X → X×Y of f is defined
by g(x) = (x, f(x)), for each x ∈ X.

Definition 2.15 ([1]). A fuzzy space X is product related to another fuzzy
topological space Y if for any fuzzy set υ of X and ζ of Y whenever λ′ ⊉ υ and µ′ ⊉ ζ

implies (λ′ × 1̃) ∪ (1̃× µ′) ≥ υ × ζ, where λ ∈ τX and µ ∈ τY , there exist λ1 ∈ τX
and µ1 ∈ τY such that λ′

1 ⊇ υ or µ′
1 ≥ ζ and (λ′

1× 1̃)∪ (1̃×µ′
1) = (λ′

1× 1̃)∪ (1̃×µ′
1).

Definition 2.16 ([13]). A fuzzy rough topology on a rough set X is a family T of
fuzzy rough sets in X which satisfies the following conditions:

(i) 0̃, 1̃ ∈ T .
(ii) If A,B ∈ T , then A ∩B ∈ T .
(iii) If Aj ∈ T for all j ∈ J , then ∪j∈JAj ∈ T .

Then the pair (X,T ) is called a fuzzy rough topological space and any fuzzy rough
set in T is called a fuzzy rough open set in X. The complement A′ of a fuzzy rough
open set A is a fuzzy rough closed set.

Definition 2.17 ([13]). Let (X,T ), (Y, S) be any two fuzzy rough topological spaces.
A function f : (X,T ) → (Y, S) is said to be fuzzy rough continuous iff for each fuzzy
rough open set W in S the inverse image f−1(W ) is fuzzy rough open in T .

3. Fuzzy rough G structure space and fuzzy rough BG-boundary

Definition 3.1. Let X be a rough set. Then X is said to be a rough group if XL

and XU are groups.
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Definition 3.2. A fuzzy rough set A = (AL, AU ) in X is characterized by a pair of
maps AL : XL → I and AU : XU → I with AL(x) ≤ AU (x) for every x ∈ XU . The
collection of all fuzzy rough sets in X is denoted by FRS(X).

Definition 3.3. Let X be a rough group. A fuzzy rough set G = (GL, GU ) on X
is said to be a fuzzy rough group if and only if it satisfies the following conditions:

(i) GL( x y ) ≥ min{ GL(x), GL(y )} and GU ( x y ) ≥ min{GU (x), GU (y)}
for all x, y ∈ X.

(ii) GL(x
−1) ≥ GL(x) and GU (x

−1) ≥ GU (x) for all x ∈ X.

Definition 3.4. Let A be a fuzzy rough set in X and T be a fuzzy rough topology
on X. Then the fuzzy rough subspace topology on A is the family of fuzzy rough
subsets of A which are the intersections with A of fuzzy rough open sets in X. The
fuzzy rough subspace topology is denoted by TA, and the pair (A, TA) is called a
fuzzy rough subspace of (X,T )

Definition 3.5. Let (A, TA) and (B,SB) be any two fuzzy rough subspaces of
fuzzy rough topological spaces (X,T ), (Y, S) respectively. A function f : (A, TA) →
(B,SB) is said to be a relatively fuzzy rough continuous function if and only if for

each fuzzy rough open V́ = V ∩B in SB , the intersection f−1(V́ )∩A is fuzzy rough
open in TA.

Definition 3.6. Let X be a rough group and T be a fuzzy rough topology on X.
Let G be any fuzzy rough group in X and let G be endowed with the fuzzy rough
subspace topology TG. Then G is a fuzzy rough topological group in X if and only
if it satisfies the following two conditions:

(i) The mapping α : (x, y) → xy of (G,TG)× (G,TG) into (G,TG) is relatively
fuzzy rough continuous.

(ii) The mapping β : x → x−1 of (G,TG) into (G,TG) is relatively fuzzy rough
continuous.

Definition 3.7. Let X be a non empty. A family G is a fuzzy rough topological
groups in X satisfies the following conditions:

(i) 0̃, 1̃ ∈ G.
(ii) If A,B ∈ G, then A ∩B ∈ G.
(iii) If Aj ∈ G for all j ∈ J , then ∪j∈JAj ∈ G.

Then G is said to be a fuzzy rough topological group structure on X and the pair
(X,G) is said to be a fuzzy rough topological group ( in short, fuzzy rough G )
structure space. Any member of fuzzy rough G structure space is called a fuzzy
rough open group. The complement of fuzzy rough open group is a fuzzy rough
closed group.

Definition 3.8. Let (X,G) be a fuzzy rough G structure space. Let A = (AL, AU )
be any fuzzy rough topological group. Then the fuzzy rough G interior of A is defined
by

FRGint(A) = ∪{B : B is a fuzzy rough open group and B ⊆ A}.

Definition 3.9. Let (X,G) be a fuzzy rough G structure space. Let A = (AL, AU )
be any fuzzy rough topological group. Then the fuzzy rough G closure of A is defined
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by

FRGcl(A) = ∩{B : B is a fuzzy rough closed group and B ⊇ A}.

Definition 3.10. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then A is said to be a fuzzy rough t-open group if
FRGint(A) = FRGint(FRGcl(A))

Definition 3.11. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then A is said to be a fuzzy rough B-open group if
A = B∩C where B is a fuzzy rough open group and C is a fuzzy rough t-open group.
The complement of fuzzy rough B-open group is a fuzzy rough B-closed group.

Definition 3.12. Let (X,G) be a fuzzy rough G structure space. Let A = (AL, AU )
be any fuzzy rough topological group. Then the fuzzy rough BG interior of A is
defined by

FRBGint(A) = ∪{B : B is a fuzzy rough B-open group in X and B ⊆ A}.

Definition 3.13. Let (X,G) be a fuzzy rough G structure space. Let A = (AL, AU )
be any fuzzy rough topological group. Then the fuzzy rough BG closure of A is
defined by

FRBGcl(A) = ∩{B : B is a fuzzy rough B-closed group in X and B ⊇ A}.

Proposition 3.14. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the following conditions hold:

(i) FRBGint(A) ⊆ A ⊆ FRBGcl(A).
(ii) (FRBGint(A))′ = FRBGcl(A′).
(iii) (FRBGcl(A))′ = FRBGint(A′).

Proof. The proof follows from Definition 3.12 and Definition 3.13. □

Definition 3.15. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the fuzzy rough G-boundary of A, is denoted
and defined as

FRGbd(A) = FRGcl(A) ∩ FRGcl(A′).

Definition 3.16. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the fuzzy rough BG-boundary of A, is denoted
and defined as

FRBGbd(A) = FRBGcl(A) ∩ FRBGcl(A′).

Proposition 3.17. Let (X,G) be a fuzzy rough G structure space. Let A and B be
any two fuzzy rough topological groups. Then the following conditions hold:

(i) FRBGbd(A) = FRBGbd(A′).
(ii) If A is a fuzzy rough closed group, then FRBGbd(A) ⊆ A.
(iii) If A is a fuzzy rough open group, then FRBGbd(A) ⊆ A′.
(iv) Let A ⊆ B and B be any fuzzy rough closed group (resp., A be any fuzzy

rough open group). Then FRBGbd(A) ⊆ B (resp., FRBGbd(A) ⊆ B′).
(v) (FRBGbd(A))′ = FRBGint(A) ∪ FRBGint(A′).
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Proof. (i) FRBGbd(A) = FRBGcl(A) ∩ FRBGcl(A′)
= FRBGcl(A′) ∩ FRBGcl(A)
= FRBGcl(A′) ∩ FRBGcl(A′)′

= FRBGbd(A′).
(ii) FRBGbd(A) = FRBGcl(A) ∩ FRBGcl(A′)

⊆ FRBGcl(A)
⊆ A.

Hence, FRBGbd(A) ⊆ A.
(iii) Let A be any fuzzy rough B-open group. Then, A′ is fuzzy rough B-closed

group. By (ii), FRBGbd(A′) ⊆ A′ and by (i), FRBGbd(A) ⊆ A′.
(iv) Since A ⊆ B implies that FRBGcl(A) ⊆ FRBGcl(B), we have

FRBGbd(A) = FRBGcl(A) ∩ FRBGcl(A′)
⊆ FRBGcl(B) ∩ FRBGcl(A′)
⊆ FRBGcl(B)
= B, since B is a B-closed group.

(v) (FRBGbd(A))′ = (FRBGcl(A) ∩ FRBGcl(A′))′

= (FRBGcl(A))′ ∪ (FRBGcl(A′))′

= FRBGint(A′) ∪ FRBGint(A). □

Definition 3.18. Let A and B be any two fuzzy rough topological groups. Then
A−B is defined by A−B = A ∩B′.

Proposition 3.19. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the following conditions hold:

(i) FRBGbd(A) = FRBGcl(A)− FRBGint(A).
(ii) FRBGbd(FRBGint(A)) ⊆ FRBGbd(A).
(iii) FRBGbd(FRBGcl(A)) ⊆ FRBGbd(A).
(iv) FRBGint(A) ⊂ A− FRBGbd(A).

Proof. (i) Since (FRBGcl(A′))′ = FRBGint(A). Therefore,
FRBGbd(A) = FRBGcl(A) ∩ FRBGcl(A′)

= FRBGcl(A)− (FRBGcl(A′))′

= FRBGcl(A)− FRBGint(A).

Thus, FRBGbd(A) = FRBGcl(A)− FRBGint(A). Hence (i).
(ii) FRBGbd(FRBGint(A)) = FRBGcl(FRBGint(A))−FRBGint(FRBGint(A))

= FRBGcl(FRBGint(A))− FRBGint(A)
⊆ FRBGcl(A)− FRBGint(A)
= FRBGbd(A).

(iii) FRBGbd(FRBGcl(A))
= FRBGcl(FRBGcl(A))− FRBGint(FRBGcl(A))
= FRBGcl(A)− FRBGint(FRBGcl(A))
⊆ FRBGcl(A)− FRBGint(A)
= FRBGbd(A).

(iv) A− FRBGbd(A) = A ∩ (FRBGbd(A))′
= A ∩ (FRBGcl(A) ∩ FRBGcl(A′))′

= A ∩ (FRBGint(A′) ∪ FRBGint(A))
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= (A ∩ FRBGint(A′)) ∪ (A ∩ FRBGint(A))
= (A ∩ FRBGint(A′)) ∪ FRBGint(A)
⊇ FRBGint(A). □

Remark 3.20. Let {Aα}α∈J be the family of fuzzy rough sets and J be an indexed
set. Then for α ∈ J ,

∪αFRcl(Aα) ⊆ FRcl(∪α(Aα))
∪αFRint(Aα) ⊆ FRint(∪α(Aα)).

Also for any finite n ∈ J , ∪nFRcl(An) = FRcl(∪n(An)).

Remark 3.21. Let (X,T ) be a fuzzy rough topological space. Let A and B be
any two fuzzy rough sets. Then ∩i∈JFRBcl(Ai) ⊇ FRBcl(∩i∈J (Ai)), where J is an
indexed set.

Proposition 3.22. Let (X,G) be a fuzzy rough G structure space. Let A and B be
any two fuzzy rough topological groups. Then, FRBGbd(A ∪ B) ⊆ FRBGbd(A) ∪
FRBGbd(B).

Proof. FRBGbd(A ∪B) = FRBGcl(A ∪B) ∩ FRBGcl(A ∪B)′

⊆ (FRBGcl(A)∪FRBGcl(B))∩(FRBGcl(A′)∩FRBGcl(B′))
= [FRBGcl(A) ∩ (FRBGcl(A′) ∩ FRBGcl(B′))]∪

[FRBGcl(B) ∩ (FRBGcl(A′) ∩ FRBGcl(B′))]
= (FRBGbd(A)∩FRBGcl(B′))∪(FRBGbd(B)∩FRBGcl(A′))
⊆ FRBGbd(A) ∪ FRBGbd(B). □

Proposition 3.23. Let (X,G) be a fuzzy rough G structure space. Let A and B be
any two fuzzy rough topological groups. Then, FRBGbd(A ∩ B) ⊆ FRBGbd(A) ∪
FRBGbd(B).

Proof. FRBGbd(A ∩B)
= FRBGcl(A ∩B) ∩ FRBGcl(A ∩B)′

⊆ (FRBGcl(A) ∩ FRBGcl(B)) ∩ (FRBGcl(A′) ∪ FRBGcl(B′))
= [(FRBGcl(A) ∩ FRBGcl(B)) ∩ FRBGcl(A′))]∪

[(FRBGcl(A) ∩ FRBGcl(B)) ∩ FRBGcl(B′)]
= (FRBGbd(A) ∩ FRBGcl(B)) ∪ (FRBGbd(B) ∩ FRBGcl(A))
⊆ FRBGbd(A) ∪ FRBGbd(B). □

Proposition 3.24. Let (X,G) be a fuzzy rough G structure space. Let A be any
fuzzy rough topological group. Then the following conditions hold:

(i) FRBGbd(FRBGbd(A)) ⊆ FRBGbd(A).
(ii) FRBGbd(FRBGbd(FRBGbd(A))) ⊆ FRBGbd(FRBGbd(A)).

Proof. (i) FRBGbd(FRBGbd(A))
= FRBGcl(FRBGbd(A)) ∩ FRBGcl(FRBGbd(A))′
⊆ FRBGcl(FRBGbd(A))
= FRBGbd(A).

(ii) FRBGbd(FRBGbd(FRBGbd(A)))
= FRBGcl(FRBGbd(FRBGbd(A)))∩FRBGcl(FRBGbd(FRBGbd(A)))′
= FRBGbd(FRBGbd(A)) ∩ (FRBGcl(FRBGbd(FRBGbd(A))))′
⊆ FRBGbd(FRBGbd(A)). □
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Definition 3.25. Let A = (AL, AU ) be a fuzzy rough topological group of X and
B = (BL, BU ) be a fuzzy rough topological group of Y , then the fuzzy rough topo-
logical group A×B = (AL ×BL, AU ×BU ) of X × Y is defined by

(AL ×BL)(x, y) = min{AL(x), BL(y)} for every (x, y) ∈ XL × YL and

(AU ×BU )(x, y) = min{AU (x), BU (y)} for every (x, y) ∈ XU × YU .

Note 3.1. Let A and B be any two fuzzy rough topological groups in X and Y
then, (A×B)′ = (1L − (AL ×BL), 1U − (AU ×BU )).

Proposition 3.26. If A = (AL, AU ) is a fuzzy rough topological group of X and
B = (BL, BU ) is a fuzzy rough topological group of Y , then (A×B)′ = A′×1̃∪1̃×B′.

Proof. Since,

AL ×BL(x, y) = min(AL(x), BL(y)), for every (x, y) ∈ XL × YL

1L − (AL ×BL)(x, y) = max(1−AL(x), 1−BL(y))

= max(A′
U (x), B

′
U (y))

= max((A′
U × 1U )(x, y), (1U ×B′

U )(x, y))

1L − (AL ×BL) = A′
U × 1U ∪ 1U ×B′

U

and similarly 1U − (AU ×BU ) = A′
L × 1L ∪ 1L ×B′

L. This implies that,

(A×B)′ = A′ × 1̃ ∪ 1̃×B′.

□

Note 3.2. (i) (A× 1̃) ∩ (1̃×B) = A×B.
(ii) (A× 1̃) ∩ (1̃×B) = (A′ ×B′)′.

Definition 3.27. Let (X,G1) and (Y,G2) be any two fuzzy rough structure spaces.
The fuzzy rough product G structure space of (X,G1) and (Y,G2) is the cartesian
product (X,G1) × (Y,G2) of sets (X,G1) and (Y,G2) together with the fuzzy rough
structure G1 × G2 generated by the family, { p−1

1 (A) , p−1
2 (B) | A ∈ G1, B ∈

G2, where p1 and p2 are projections of (X,G1) × (Y,G2) onto (X,G1) and (Y,G2),
respectively}.

Proposition 3.28. Let A = (AL, AU ) be a fuzzy rough B-closed group of a fuzzy
rough G1 structure space X and B = (BL, BU ) be a fuzzy rough B-closed group of
a fuzzy rough G2 structure space Y . Then A×B is a fuzzy rough B-closed group of
the fuzzy rough product G structure space X × Y .

Proof. Let A and B be any fuzzy rough topological groups in X and Y . By Propo-
sition 3.26, 1̃− (A×B) = A′ × 1̃ ∪ 1̃×B′. Since A′ × 1̃ and 1̃×B′ are fuzzy rough
B-open groups in X and Y respectively. A′ × 1̃ ∪ 1̃ × B′ is a fuzzy rough B-open
group of X × Y . Hence, 1̃ − (A × B) is a fuzzy rough B-open group of X × Y .
Consequently, A×B is a fuzzy rough B-closed group of X × Y . □

Proposition 3.29. If A = (AL, AU ) is a fuzzy rough topological group of a fuzzy
rough G1 structure space X and B = (BL, BU ) is a fuzzy rough topological group
of a fuzzy rough G2 structure space Y , then
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(i) FRBG1cl(A)× FRBG2cl(B) ⊇ FRBGcl(A×B).
(ii) FRBG1int(A)× FRBG2int(B) ⊆ FRBGint(A×B).

Proof. (i) Since A ⊆ FRBG1cl(A) and B ⊆ FRBG2cl(B), A×B ⊆ FRBG1cl(A)
× FRBG2cl(B). Now, FRBGcl(A × B) ⊆ FRBGcl(FRBG1cl(A) × FRBG2cl(B)).
By Proposition 3.28, FRBGcl(A×B) ⊆ FRBG1cl(A)× FRBG2cl(B).

(ii) follows from (i) to the fact that FRBGcl(A′) = (FRBGint(A))′ and FRBGint(A′)
= (FRBGcl(A))′ □

Definition 3.30. A fuzzy rough G1 structure space (X,G1) is fuzzy rough B-product
related to another fuzzy rough G2 structure space (Y,G2) if for any fuzzy rough
topological group C = (CL, CU ) of X and D = (DL, DU ) of Y whenever A′ ⊉ C

and B′ ⊉ D implies that (A′ × 1̃) ∪ (1̃ × B′) ⊇ C × D, where A = (AL, AU )
is a fuzzy rough B-open group of X and B = (BL, BU ) is a fuzzy rough B-open
group of Y , there exist A1 ∈ G1 and B1 ∈ G2 such that A′

1 ⊇ C or B′
1 ⊇ D and

(A′ × 1̃) ∪ (1̃×B′) = (A′
1 × 1̃) ∪ (1̃×B′

1).

Proposition 3.31. Let (X,G1) and (Y,G2) be any two fuzzy rough structure spaces
such that (X,G1) is B-product related to (Y,G2). Then, for a fuzzy rough topological
group A = (AL, AU ) of X and a fuzzy rough topological group B = (BL, BU ) of Y ,

(i) FRBGcl(A×B) = FRBG1cl(A)× FRBG2cl(B), and
(ii) FRBGint(A×B) = FRBG1int(A)× FRBG2int(B).

Proof. (i) For fuzzy rough topological groups Ai = (ALi , AUi)’s of X and Bj =
(BLj , BUj )’s of Y , we first note that,

(i) inf{Ai, Bj} = min(inf(Ai), inf(Bj)),

(ii) inf{Ai × 1̃} = inf(Ai)× 1̃,
(iii) inf{1̃×Bj} = 1̃× inf(Bj).

By Proposition 3.29, it follows that

(3.1) FRBG1cl(A)× FRBG2cl(B) ⊇ FRBGcl(A×B).

It is sufficient to show that FRBGcl(A×B) ⊇ FRBG1cl(A)×FRBG2cl(B). Let Ai

be a fuzzy rough B-open group in G1 and Bj be a fuzzy rough B-open group in G2.
Then,

FRBGcl(A×B) = inf{(Ai ×Bj)
′|(Ai ×Bj)

′ ⊇ A×B}
= inf{A′

i × 1̃ ∪ 1̃×B′
j |A′

i × 1̃ ∪ 1̃×B′
j ≥ A×B}

= inf{A′
i × 1̃ ∪ 1̃×B′

j |A′
i ⊇ A or B′

j ⊇ B}
= min(inf{A′

i × 1̃ ∪ 1̃×B′
j |A′

i ⊇ A}, inf{A′
i × 1̃ ∪ 1̃×B′

j |B′
j ⊇ B}).

Since

inf{A′
i × 1̃ ∪ 1̃×B′

j |A′
i ⊇ A} ⊇ inf{A′

i × 1̃|A′
i ⊇ A}

= inf{A′
i|A′

i ⊇ A} × 1̃

= FRBG1cl(A)× 1̃
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and
inf{A′

i × 1̃ ∪ 1̃×B′
j |B′

j ⊇ B} ⊇ inf{1̃×B′
j |B′

j ⊇ B}
= 1̃× inf{B′

j |B′
j ⊇ B}

= 1̃× FRBG2cl(B).
We have, FRBGcl(A×B) ⊇ min(FRBG1cl(A

′)×1̃, 1̃×FRBG2cl(B
′)) = FRBG1cl(A)×

FRBG2cl(B).

(3.2) FRBGcl(A×B) ⊇ FRBG1cl(A)× FRBG2cl(B)

From (3.1) and (3.2),

FRBGcl(A×B) = FRBG1cl(A)× FRBG2cl(B).

(ii) The proof is similar to that of (i) and Proposition 3.29. □

Proposition 3.32. Let A, B, C and D be fuzzy rough topological groups in X.
Then (A ∩B)× (C ∩D) = (A×D) ∩ (B × C).

Proof.

((AL ∩BL)× (CL ∩DL))(x, y) = min((AL ∩BL)(x), (C ∩D)(y))

= min(min(AL(x), BL(x)),min(CL(y), DL(y)))

= min(min(AL(x), DL(y)),min(BL(x), CL(y)))

= min((AL ×DL)(x, y), (BL × CL)(x, y))

= ((AL ×DL) ∩ (BL × CL))(x, y)

for all (x, y) ∈ XL ×XL.

Similarly,

((AU∩BU )×(CU∩DU ))(x, y) = ((AU×DU )∩(BU×CU ))(x, y) for all (x, y) ∈ XU ×XU .

Hence, (A ∩B)× (C ∩D) = (A×D) ∩ (B × C). □

Proposition 3.33. Let (X,Gi) (i=1,2,...,n) be a family of fuzzy rough product
related structures spaces. If each Ai is a fuzzy rough topological groups in Xi, then

FRBGibd
n∏

i=1

(Ai) = [FRBG1bdA1 × FRBG2cl(A2)× ....× FRBGnclAn)]

∪[FRBG1clA1×FRBG2bd(A2)×....×FRBGnclAn)]

∪...∪[FRBG1clA1×FRBG2cl(A2)×....×FRBGnbdAn)].

Proof. We use Propositions 3.19, 3.31 and 3.32 to prove this. It suffices to prove
this for n=2. Consider

FRBGnbd(A1 ×A2)
= FRBGncl(A1 ×A2)− FRBGnint(A1 ×A2)
= (FRBG1cl(A1)×FRBG2cl(A2))−(FRBG1int(A1)×FRBG2int(A2))
= (FRBG1cl(A1)×FRBG2cl(A2)) −(FRBG1int(A1)∩FRBG1cl(A1))

×(FRBG2int(A2) ∩ FRBG2cl(A2))
= (FRBG1cl(A1)×FRBG2cl(A2)) −(FRBG1int(A1)×FRBG2cl(A2))

∩(FRBG1cl(A1)× FRBG2int(A2)) (by Proposition 3.32)
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= [(FRBG1cl(A1)×FRBG2cl(A2))−(FRBG1int(A1)×FRBG2cl(A2))]
∪[(FRBG1cl(A1)×FRBG2cl(A2))−(FRBG1cl(A1)×FRBG2int(A2))]

= [(FRBG1cl(A1)− FRBG1int(A1))× FRBG2cl(A2)]
∪[FRBG1cl(A1)× (FRBG2cl(A2)− FRBG2int(A2))]

= (FRBG1bd(A1)×FRBG2cl(A2))∪ (FRBG1cl(A1)×FRBG2bd(A2)).
□

Definition 3.34. Let (X,G1) and (Y,G2) be any two fuzzy rough structure spaces.
A function f : (X,G1) → (Y,G2) is said to be fuzzy rough BG-continuous if and only
if for each fuzzy rough open group W in G2 the inverse image f−1(W ) is a fuzzy
rough B-open group in G1.

Proposition 3.35. Let (X,G1) and (Y,G2) be any two fuzzy rough structure spaces.
Let f : (X,G1) → (Y,G2) be a fuzzy rough BG-continuous function. Then,

FRBGbd(f−1(A)) ⊆ f−1(FRGbd(A)).

Proof. Let f be a fuzzy rough BG-continuous function. Let A be any fuzzy rough
topological group in (Y,G2). Then, FRGcl(A) is a fuzzy rough G-closed group in
(Y,G2), which implies that f−1(FRGcl(A)) is a fuzzy rough BG-closed group in
(X,G1). Therefore,

FRBGbd(f−1(A)) = FRBGcl(f−1(A)) ∩ FRBGcl(f−1(A))′

⊆ FRBGcl(f−1(FRGcl(A))) ∩ FRBGcl(f−1(FRGcl(A′)))

= f−1(FRGcl(A)) ∩ f−1(FRGcl(A′))

= f−1(FRGcl(A) ∩ FRGcl(A′))

= f−1(FRGbd(A)).

Therefore, FRBGbd(f−1(A)) ⊆ f−1(FRGbd(A)). □

Definition 3.36. Let (X,G1) and (Y,G2) be any two fuzzy rough structure spaces.
A function f : (X,G1) → (Y,G2) is said to be fuzzy rough BG-irresolute if and only
if for each fuzzy rough B-open group W in G2 the inverse image f−1(W ) is a fuzzy
rough B-open group in G1.

Proposition 3.37. Let (X,G1) and (Y,G2) be any two fuzzy rough structure spaces.
Let f : (X,G1) → (Y,G2) be a fuzzy rough BG-irresolute function. Then,

FRBGbd(f−1(A)) ⊆ f−1(FRBGbd(A)).

Proof. Let f be a fuzzy rough BG-irresolute function. Let A be any fuzzy rough
topological group in (Y,G2). Then, FRBGcl(A) is a fuzzy rough BG-closed group
in (Y,G2), which implies that f−1(FRBGcl(A)) is a fuzzy rough BG-closed group in

556



D. Vidhya, E. Roja and M.K. Uma /Ann. Fuzzy Math. Inform. 10 (2015), No. 4, 545–559

(X,G1). Therefore,

FRBGbd(f−1(A)) = FRBGcl(f−1(A)) ∩ FRBGcl(f−1(A))′

⊆ FRBGcl(f−1(FRBGcl(A))) ∩ FRBGcl(f−1(FRBGcl(A′)))

= f−1(FRBGcl(A)) ∩ f−1(FRBGcl(A′))

= f−1(FRBGcl(A) ∩ FRBGcl(A′))

= f−1(FRBGbd(A)).

Therefore, FRBGbd(f−1(A)) ⊆ f−1(FRBGbd(A)). □

4. Characterization of fuzzy rough BG-boundary spaces

Definition 4.1. Let (X,G) be a fuzzy rough G structure space. Let FRBGbd(A) be
the fuzzy rough BG-boundary of A. Then the fuzzy rough BG-interior of FRBGbd(A)
is defined by

FRBG◦(FRBGbd(A)) = ∪{B : B is a fuzzy rough B-open group and
B ⊆ FRBGbd(A)}.

Definition 4.2. Let (X,G) be a fuzzy rough G structure space. Let FRBGbd(A) be
the fuzzy rough BG-boundary of A. Then the fuzzy rough BG-closure of FRBGbd(A)
is defined by

FRBG¬(FRBGbd(A)) = ∩{B : B is a fuzzy rough B-closed group and
B ⊇ FRBGbd(A)}.

Proposition 4.3. Let (X,G) be a fuzzy rough G structure space. Let FRBGbd(A)
be the fuzzy rough BG-boundary of A. Then the following conditions hold.

(i) FRBG◦(FRBGbd(A)) ⊆ FRBGbd(A) ⊆ FRBG¬(FRBGbd(A)).
(ii) (FRBG◦(FRBGbd(A)))′ = FRBG¬(FRBGbd(A)′).
(iii) (FRBG¬(FRBGbd(A)))′ = FRBG◦(FRBGbd(A)′).

Proof. The proof follows from Definition 4.1 and Definition 4.2. □

Definition 4.4. Let (X,G) be a fuzzy rough G structure space. Then (X,G) is said
to be a fuzzy rough BG-boundary space if the fuzzy rough BG-closure of fuzzy rough
BG-boundary of each fuzzy rough open group is a fuzzy rough B-open group. That
is, FRBG¬(FRBGbd(A)) is fuzzy rough B-open group for every A ∈ G.

Proposition 4.5. Let (X,G) be a fuzzy rough G structure space. Then the following
statements are equivalent:

(i) (X,G) is a fuzzy rough BG-boundary space.
(ii) Let FRBGbd(A) be fuzzy rough BG-boundary ofA. Then FRBG◦(FRBGbd(A))

is a fuzzy rough B-closed group.
(iii) For each FRBGbd(A),

FRBG¬(FRBGbd(A)) + FRBG¬(FRBG¬(FRBGbd(A)))′ = 1̃.

(iv) For every pair of fuzzy rough BG-boundary sets FRBGbd(A) and
FRBGbd(B) with FRBG¬(FRBGbd(A)) + FRBGbd(B) = 1̃, we have
FRBG¬(FRBGbd(A)) + FRBG¬(FRBGbd(B)) = 1̃.
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Proof. (i)⇒(ii): Let FRBGbd(A) be the fuzzy rough BG boundary of A. Then,
(FRBGbd(A))′ is a fuzzy rough boundary complement of FRBGbd(A). Now,

FRBG¬(FRBGbd(A))′ = (FRBG◦(FRBGbd(A)))′.

By (i), FRBG¬(FRBGbd(A))′ is a fuzzy rough B-open group, which implies that
FRBG◦(FRBGbd(A)) is a fuzzy rough B-closed group.

(ii)⇒(iii): Let FRBGbd(A) be the fuzzy rough BG-boundary of A. Then,
FRBG¬(FRBGbd(A)) + FRBG¬(FRG¬(FRBGbd(A)))′

(4.1) = FRBG¬(FRBGbd(A)) + FRBG¬(FRG◦(FRBGbd(A))′)

Since FRBGbd(A) is a fuzzy rough BG-boundary of A, (FRBGbd(A))′ is a fuzzy
rough BG-boundary complement of FRBGbd(A). Hence by (ii), FRBG◦(FRBGbd(A))′
is fuzzy rough B-closed group. Therefore, by (4.1)

FRBG¬(FRBGbd(A)) + FRBG¬(FRG¬(FRBGbd(A)))′

= FRBG¬(FRBGbd(A)) + FRBG◦(FRBGbd(A))′
= FRBG¬(FRBGbd(A)) + (FRBG¬(FRBGbd(A)))′

= 1̃.
Therefore, FRBG¬(FRBGbdA) + FRBG¬(FRBG¬(FRBGbdA) = 1̃.

(iii)⇒(iv): Let FRBGbd(A) and FRBGbd(B) be any two fuzzy rough BG-boundary
of A and B respectively, such that

(4.2) FRBG¬(FRBGbd(A)) + FRBGbd(B) = 1̃.

Then by (iii), 1̃ = FRBG¬(FRBGbd(A))+FRBG¬(FRG¬(FRBGbd(A))′

= FRBG¬(FRBGbd(A)) + FRBG¬(FRBGbd(B)).
Therefore, FRBG¬(FRBGbd(A)) + FRBG¬(FRBGbd(B)) = 1̃.

(iv)⇒(i): Let FRBGbd(A) be a fuzzy rough BG-boundary of A. Put
FRBGbd(B) = (FRBG¬(FRBGbd(A)))′ = 1̃ − FRBG¬(FRBGbd(A)).
Then, FRBG¬(FRBGbd(A)) + FRBGbd(B) = 1̃. Therefore by (iv),
FRBG¬(FRBGbd(A)) + FRBG¬(FRBGbd(B)) = 1̃. This implies that,
FRBG¬(FRBGbd(A)) is a fuzzy rough B-open group and so (X,G) is a fuzzy
rough BG-boundary spaces.

□

Definition 4.6. Let (X,G) be a fuzzy rough G structure space. Let A be any fuzzy
rough topological group. Then A is said to be a

(i) fuzzy rough α∗-open group if FRGint(A) = FRGint(FRGcl(FRGint(A))).
(ii) fuzzy rough C-open group if A = B ∩D where A is a fuzzy rough open set

and D is a fuzzy rough α∗-open set.

Remark 4.7. Every fuzzy rough B-open group is a fuzzy rough C-open group.

Proposition 4.8. If (X,G) is a fuzzy rough BG-boundary space then every fuzzy
rough BG-closure of BG-boundary of each fuzzy rough open group is a fuzzy rough
C-open group.

Proof. The proof follows from Definition 4.4 and Remark 4.7. □
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