Annals of Fuzzy Mathematics and Informatics

Volume 10, No. 3, (September 2015), pp. 477-486 QFMI
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version) http: //www .kyungmoon.com

http://www.afmi.or.kr

Fuzzy A-ideals in MV-modules

FERESHTEH FOROUZESH

Received 19 December 2014; Revised 1 March 2015; Accepted 20 March 2015

ABSTRACT. In the present paper, we introduce the notion of fuzzy A-
ideals of MV-modules over PMV-algebras and several properties of fuzzy
A-ideals are given. Using this concept, a prime fuzzy A-ideal is defined.
Using a level set of a fuzzy set in MV -modules, we give a characterization
of prime fuzzy A-ideals in MV -modules. Finally, we prove that the homo-
morphic image and preimage of prime fuzzy A-ideals are also prime fuzzy
A-ideals in MV-modules.
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1. INTRODUCTION

The study of MV-algebras was initiated by C. Chang (1958) [1]. MV-algebras
are algebraic counterpart of the Lukasiewicz infinite many valued propositional logic.

Since then, product MV-algebras, (or PMV-algebras, for short) were intro-
duced by Di Nola and Dvurecenskij (1998). In fact PMV-algebras are MV -algebras
with product which are defined on the whole MV -algebras and are associative and
left /right distributive with respect to a partial addition[3].

In 2003, Di Nola. et. al. [4] introduced MV-modules over PMV-algebras.
These structures naturally correspond to lu-modules over [u-ring. They proved
the equivalence between the category of lu-modules over (R,v) and the category
of MV-modules over I'(R,v). They also proved the natural equivalence between
MYV -modules and truncated modules [4].

The concept of fuzzy set was formulated by Zadeh [13]. Since then, the theory
of fuzzy sets developed by Zadeh and others has evoked tremendous interest among
researchers working in different branches of mathematics. Since then fuzzy ideals
and fuzzy filters theory have been applied to other algebraic structures (see [5, 9,
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, 12]). In 1994, Hoo [7] defined fuzzy ideals of BCI, BCK, and MV -algebras and
investigated some properties.

In [6], we introduced and studied the notion of prime A-ideals in MV-modules.

In this paper, we study the notion of fuzzy A-ideals in MV -modules over PMV -
algebras. We give other characterizations of fuzzy A-ideals of MV-modules. We
introduce the notion of a fuzzy A-ideal generated by a fuzzy set. We define and
investigate the notion of prime fuzzy A-ideals of an MV-module. Also, we establish
some properties for a prime fuzzy A-ideal in MV-modules.

2. PRELIMINARIES
We recollect some definitions and results which will be used in the following:

Definition 2.1 ([1]). An MV-algebra is a structure (A4, @, *, 0), where @ is a
binary operation, *, is a unary operation, and 0 is a constant such that the following
axioms are satisfied for any z,y € A :
(MV1) (A, @, 0) is an abelian monoid,
(MV2) (z*)* ==,
(MV3) 0*®x =0
(MV4) (" sy) @y=(y @) o

Note that 1 = 0* and the auxiliary operation ® as follow:

roy= (o oy

We recall that the natural order determines a bounded distributive lattice struc-

ture such that

rVy=20 @ 0y)=yd(zo0y*) and zAy=20@ Oy =y0o (y* ®x).

Lemma 2.2 ([2]). In each MV -algebra, the following relations hold for all x,y, z €
A:

(1
(2

Y fe <y, thenz®z<y®zandrz®z<y0o z,

Yz <y ifand only if * ®y =1 if and if x © y* = 0 if and only if there exists
u € A such that  Hu =1y,

Yr,y<azdyand x Oy < z,y,

)Ifm<ycmdz<t thenz®z < ydt,

)

(oY) A (o) =0,
(6 )If;z:gy, then y* < z*.

3
(4
(5

Definition 2.3 ([1, 11]). An ideal of an MV-algebra A is a nonempty subset I of
A satisfying the following conditions:

(IHWIfxel,yec Aand y <z theny € I,

(I2) f z,y € I, then x Dy € I.

We denote by Id(A) the set of ideals of an MV-algebra A.

Definition 2.4 ([3]). A product MV-algebra (or PMV-algebra, for short) is a
structure (A4, @, *, -, 0), where (A, @, *, 0) is an MV-algebra and - is a binary
associative operation on A such that the following property is satisfied:

if z + y is defined, then z - 2 +y - z and 2z - x 4+ z - y are defined and

(@+y)-2=a-24+y-2 2z (0+y) =224z,
478
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where + is a partial addition on A, i. e., z + y is defined if and only if z < y* and
in this case we put x +y:=x D y.

If A is a PMV-algebra, then a unity for the product is an element e € A such
that e-x = x-e = x for any x € A. A PMV-algebra that has unity for the product
will be called unital.

Definition 2.5 ([1]). Let (A, @, *, -, 0) be a PMV-algebra and (M, &, *, 0) an
MV -algebra. We say that M is a (left) MV-module over A (or, simply, A-module)
if there is an external operation:

i AxM—M, ¢(az)=ar,

such that the following properties hold for any =,y € M and «, 8 € A:
(1) If 4 y is defined in M, then az + ay is defined and

a(r +y) = ax + ay,
(2) If @ + 3 is defined in A then ax + Sz is defined in M and
(a+ Bz = ax + Bz,

(3) (a- p)z = aBx).
We say that M is a unital MV-module if A is a unital PMV-algebra and M is an
MV-module over A such that 142 = z for any z € M.

Definition 2.6 ([4]). Let M and N be two MV-modules over a PMV-algebra A.
An A-module homomorphism is an M V-algebra homomorphism h : M — N such
that h(az) = ah(z), for any o € A and = € M.

Definition 2.7 ([1]). Let M be an A-module. Then ideal I C M is called an A-ideal
if it satisfies the following condition:
ifx el and a € A, then azx € 1.

Lemma 2.8 ([4]). If M is an A-module, then the following properties hold for any
z,y €M and o, 8 € A,

(a) az* < (ax)*,

(b) (a2) © (ay)* < oz O y7),

(c) a(z@y) < ax®ay,

(d) If x <y, then ax < ay.

Definition 2.9 ([6]). Let M be an A-module. Then an A-ideal P of an M'V-module
M is a prime A-ideal, if (i) P # M (it) for every o € A, x € M if ax € P, thenx € P
ora € (P: M), where (P: M)={re A:rM C P} and rM = {rm|m € M}.

Definition 2.10 ([13]). A fuzzy set in A is a mapping p: A — [0,1]. Let u be a
fuzzy set in A, t € [0, 1], the set p; = {z € A: pu(x) > t} is called a level subset of p.
For any fuzzy sets u, v in A, we define

p C v if and only if p(z) < v(x) for all x € A.
479
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Definition 2.11 ([13]). Let X,Y be two sets. p is a fuzzy subset of X, 1’ is a fuzzy
subset of Y and f: X — Y is a homomorphism. The image of u under f denoted
by f(u) is a fuzzy set of Y defined by:

For all y € Y, f(u)(y) = suppep-1m(x), if f7(y) # @ and f(u)(y) = 0 if
[y =2

The preimage of ¢/ under f denoted by f~!(u') is a fuzzy set of X defined by: For
allz € X, f~1(u)(2) = 1/ (f(2)).

Definition 2.12 ([13]). A fuzzy subset u of X has sup-property if for any nonempty
subset Y of X, there exists yo € Y such that p(yo) = supyey p(y).

Theorem 2.13 ([7]). Let u be a fuzzy ideal in A. For any x,y,z € A, the following
hold:

(a) plz @ y) = plx) Ap(y),

(b) p(xVy) = p(z) A p(
(c) waAy) = p(@) v

3. FUZzY A-IDEALS OF MV-MODULES

Y),
Y)

In this section, we investigate fuzzy A-ideals of an MV-module M over PMV -
algebra A.
In sequel section, M is an MV-module over PMV-algebra A and A is a PMV-
algebra.

Definition 3.1. A fuzzy set p in an MV-module M is called a fuzzy A-ideal of M
if it satisfies for all z,y € M and « € A:
(d1) p(0) = p(x),
(d2) p(y) = p(x) A ply © x7),
(d3) plax) > p(x).
The following example, shows that fuzzy A-ideals in MV-modules exist and a

fuzzy set may not be a fuzzy A-ideal in M V-module.

Example 3.2. Let A = {0,1,2} be a linearly ordered set (chain). A is an MV-
algebra with operations A = min, t®y = min{2, z+y} and 20y = maz{0, z+y—2},
for every z,y € A [8]. Also, A is PMV-algebra with the following operations:

& [0 1 2 - |o 12
0 [0 2 0o/ 0 0 0 * |0 1 2
1 1 2 2 1 {0 0 0 2 1 0
2 | 2 2 2 2 10 0 1

and A becomes an A-module over A with the external operation defined by az = a-x,
for any oo € A and z € A. (i) Define a fuzzy set p in A by p(0) = 0.7, u(1) = 0.4
and u(2) = 0.4. Tt easy checked that p is a fuzzy A-ideal of A.

(i4) We define a fuzzy set p in A as follows: p(0) = 0.7, (1) = 0.4 and p(2) = 0.6.
Since p(22) = pu(2-2) = u(1) = 0.4 # p(2) = 0.6, p is not a fuzzy A-ideal of A.

Example 3.3. Let (R,-,v) be an lu-ring and G be an lu-group such that R x G

is the lexicographic product. Then A = T'(R,v) = [0,v]g is a PMV-algebra. Also,

M =T(R x G, (v,0)) =[(0,0), (v,0)]rx¢ is an MV-module over A with operation
480
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0:[0,v]gr x M — M such that r o (¢, z) :== (r - q,z), for all r,q € [0,v]g, z € M.
Define a fuzzy set pin M by u((0,0)) = oy and u((z,y)) = g, for all (z,y) # (0,0)
such that 0 < as < a3 < 1. It is clear that u is a fuzzy A-ideal.

Example 3.4. Let M>(R) be the ring of square matrices of order 2 with real elements
and 0 be the matrix with all element 0. If we define the order relation on components
A = (aij)w-:m Z 0 iff Qi Z 0 for any i,j, such that v = ( }?g 1?; ), then
A =T (M3(R),v) is a PMV-algebra. Let R* = R x R be the direct product with the
order relation defined on components. If M = T'(R? ) is an MV-algebra, where
u = (1,1), then M is an A-module [4], where the external operation is the usual
matrix multiplication

(A,(x,y))»—)A( z )

Define a fuzzy set u in M by

w00 < (o) < (112,172
ap it (0,0) < (z,y) < (1/2,1/2

wlzy) =93 o, it (1/271/2)§y(x,y)< (1,1)
0 if (x;y) = (1’1)

such that 0 < a1 < ag < 1.
1/2 0 172\, _ 14\, B
a0 00 ) (1 P =wt( 17 )= e # uta/2:1/2) = o, henee
is not fuzzy A-ideal of M.
It is not difficult to show the following:

Remark 3.5. A fuzzy set u is a fuzzy A-ideal, if it satisfies for all z,y € M and
a € A

(i) px ©y) = p(z) A p(y),

(1) if y <z, then u(y) > p(z),

(112) plax) > p(z).

Theorem 3.6. If pu is a fuzzy A-ideal of M, then for all x,y,z € M, a € A,
z@a* O (ay)* =0 implies p(z) > p(z) A play).

Proof. Since z@z*® (ay)* = 0,50 20 (B ay)* =0, by Lemma 2.2 (2), z < 2@ ay,
it follows from Theorem 2.13 (a) that u(z) > p(r ® ay) = u(z) A play). O

In the following lemma, we show that if M is a unital A-module, then the converse
of the above theorem is true.

Lemma 3.7. Let M be a unital A-module. If for all x,y,z € M and o € A,
zOz* O (ay)* =0, implies u(z) > p(x) A play), then w is a fuzzy A-ideal of M.

Proof. Since 0 ® z* ® (ax)* = 0, for all z € M, p(0) > p(z) A plax), also, since
ar < lz =z, plazx) > p(x), hence p(0) > p(x). Since ax < x, by Lemma 2.2 (1)
and (6), we have az @ 2* ©0* < az ® (az)* ©®0* = 0. Hence ax © z* ©0* = 0. This
results by hypothesis, p(az) > p(z) A p(0) = p(x). Thus plax) > p(x).
Also, let y < z. Hence by Lemma 2.2 (2), we have y ® z* ® 0* = 0. It follows that
u(y) > p(z).

481



F. Forouzesh/Ann. Fuzzy Math. Inform. 10 (2015), No. 3, 477-486

Finally, since 0 = (z @ y) @ (z® y)* = (z @ y) ® 2* @ (1y)* = 0, we conclude that
w(x ®y) > u(x) A p(y). Therefore p is a fuzzy A-ideal of M. O

It is not difficult to show the following:

Corollary 3.8. Let p be a fuzzy set in unital A-module M. p is a fuzzy A-ideal if
and only if for all x,y,z € M, z < x ® ay tmplies p(z) > p(z) A play).

Now, we describe the transfer principle [10] for fuzzy A-ideals in terms of level
subsets:

Proposition 3.9. Let p be a fuzzy set in M. Then p is a fuzzy A-ideal of M if and
only if its level subset p; is empty or is an A-ideal of M, for all t € [0,1].

Proof. Let p be a fuzzy A-ideal of M. Suppose that ¢ € [0,1] and x € p. p(z) > t,
since p is a fuzzy A-ideal, u(0) > u(x), therefore 0 € uy. Also, let x € py. We only
show that for all & € A, ax € py.

Since p(ax) > p(z) > t, thus p(ax) > t. Therefore ax € p1y. This results p is an
A-ideal of M.

Conversely, let p; be an A-ideal of M. We only show that u(ax) > p(z). If
not, then there exist a € A and y € M such that u(ay) < wp(y). Setting to =
1/2(p(ay) + p(y)). We have p(ay) < to < p(y). We conclude that y € p, while
ay ¢ pe,, which is a contradiction. Thus p is a fuzzy A-ideal of M. g

Corollary 3.10. J is an A-ideal of M if and only if xj is a fuzzy A-ideal of M.

Corollary 3.11. If u is a fuzzy A-ideal of M, then I = {x € M|u(x) = p(0)} is an
A-ideal of M.

The following example shows that the converse of the above corollary does not
hold.
Example 3.12. Let A be an MV-module from Example 3.2. Define a fuzzy set u
in Aby pu(z) =1/3,if x =0 and p(xz) = 3/4, if ¢ # 0. Then I = {z € Alp(x) =
#(0)} = {0} is an A-ideal of A but u is not a fuzzy A-ideal of A.

Note. The meet of two fuzzy ideals p1 and po of M is defined as follows:
H1 A prp = pin O pa.
Easily, we can show that the following lemma holds.

Lemma 3.13. Let p;, for all i = 1,2 be fuzzy A-ideals of M. Then pi A ps is a
fuzzy A-ideal of M.

In general, it is not difficult to see the following:

Corollary 3.14. Let p;, for all i € I be fuzzy A-ideals of M. Then Nicrp; is a
fuzzy A-ideal of M.

Now, we introduce the notion of a fuzzy A-ideal of M generated by a fuzzy set in
M.

Definition 3.15. Let f be a fuzzy set in M. A fuzzy A-ideal g in M is said to be
generated by f, if f < g and for any fuzzy A-ideal h in M, f < h implies g < h.
The fuzzy A-ideal generated by f will be denoted by (f).
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Theorem 3.16. If f is a fuzzy set, then
(@) = V(@) A A flan) A flarbi) A A f(mbm)]

(PR 7an7b15"' ameMaa17"' y Om € A and
r<a1 D Da, ®arh & D by}
Proof. Let

,[L(:C) :\/{f(al)/\"'/\f(an)/\f(albl)/\"'/\f(ambm)|
ay, "+ ,0p,b1, by € M,aq,+++ , 0y, € A and
<A B ®an®orb B D Ambm).

(1) We show that p is a fuzzy A-ideal. Obviously, u(0) > u(z), for all x € M.

(2) Let x,y € M. If there exist s1,- - ,8n,t1, - ,tr, k1, ki,D1,-+ yPm € M,
oo P1, 0, Bm € Asuch that ¢ < 51 @ - @ s, ® anks @ --- @ oyky and
510 @8, Gk @Sk St O Ot ©p1f1© - D PP By Remark 3.5
(¢2) and Theorem 2.13 (a), u(y) = f(s1) A=+ A f(sn) Af(E) A A () A f(oaky) A
o N f(euky) A f(piB) Ao A f(PmBm)-

Denote by T'y = {f(a1) A+ A flag) A flarbi)) A+ A flambm)|x < a1 @ - B ap ®
a1hy @ D ambn}

Lo ={f(d) A Af(d) A f(Brer) N A f(Bre)|z* Oy < di @ - @ d ® Prcr @
<@ Bict }, for some By, -G € A, dy,...dj,c1,...c0 € M.

u(@) A ) = VT AV Ty = VA Flan) A A f(ae) A F(d) A F(d) A flarbi) A
A flambm) Nf(Bren) A Af(Brey)|r < a1 @ - Dap®arbi @ Oaby,, Oy <
di @ ®d®prer @ - @ frer}. Hence p(x) A p(z* ©y) < pu(y).

Now, we show that p(ax) > u(z).

Let © € A. If there exist q1, -+ ,qn, 71, ,Tm € M,v1, "+ ,Ym € A such that
< @D DG Driy D D rpYm. Hence by Lemma 2.8 (d), (¢), we have
ar < a(Ql@' DG Br17 B '@rmp)/m) <aqg®-- 'EBOZQn@Tl(OZ'%)@' ’ '@Tm(a"}/m)a
hence p(ax) > f(z1) A+ A f(zn) A flwim) A f(wmYm), where ag; = z; € M and
a-y; =w; € A.

Denote by I' = {f(a1) A+ A flag) A f(arb)) A A flambp)|lz <a1 ® - ®arp ®
O[lbl DD Oémbm}

We have p(x) = VI =V{f(a) A A flag) A flaabr) A+ A f(@mbm)}. Hence
plax) > p(x). Tt follows that p is a fuzzy A-ideal of M.

Now, note that f < p. Since z < x @ x, we get p(x) > f(x) A f(z) = f(z),
for all x € A. Let v be a fuzzy A-ideal such that f < v. Then for any z € M,
wx) =V{fla) AN A flan) A fbrar) A+ A fbmam)|lz < a1 @ - B a, ®a1by &

by} < VH{v(ar) A Av(an) Av(aaby) A+ Av(amb)} < v(x), because by
Remark 3.5 (i¢) and Theorem 2.13 (a). Hence u < v. Therefore p is the fuzzy
A-ideal generated by f, that is p = (f). O

Theorem 3.17. Let f and g be fuzzy sets in M. The following properties hold:
(a) if [ is a fuzzy A-ideal of M, then (f) = f,
(b) if | < g, then (f) < {g),
() (0] = 0,
(d) (Iar) = 1ar-
483
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Example 3.18. Let A be the A-module in Example 3.2. Define a fuzzy set f in A
by f(2) = 0.5, f(1) = 0.5 and f(0) = 0.8. We can check that the fuzzy A-ideal (f)
generated by f is (f)(0) = 0.8, (f)(1) = 0.5 and (f)(2) = 0.5.

4. PRIME FUZZY A-IDEALS IN MV-MODULES

Definition 4.1. p is called prime fuzzy A-ideal of an MV-module M over PMV -
algebra A if, u(rz) > u(z), r € A, x € M implies p(rz) < p(rm), for all m € M.

The following example shows that a fuzzy A-ideal may not be a prime fuzzy
A-ideal of M.

Example 4.2. Let Q = {1,2} and A = P(Q). Which is a PMV-algebra with
® =Uand ©® = - =nN. If we consider M = P() = {{1},{2},{1,2}, o}, then
M becomes an MV-module over A with the external operation defined by AX :=
ANX for any A € A and X € M. Define a fuzzy set p with u(@) = 1 and
w({1}) = p({2}) = n({1,2}) = 0.5. Obviously, u is a fuzzy A-ideal of M. Consider
r = {2} and « = {1}, we have p({2H{1}) = p(@) =1 > p({1}), while 1 = p(@) =
p({23{1}) £ p({2}{1,2}) = n({2}) = 0.5. Hence p is not a prime fuzzy A-ideal of
M.

Example 4.3. Let I3 = {0,1/2,1} and M =3 x I3 be an A = I'(Z, 1)-module with
operations (z,y) ® (2,t) = [(z,y) — (1,1) 4+ (2, )] V (0,0), (z,y)* = (1,1) — (z,y) and
a(z,y) = (ax,ay), forany a € A (¢ =0 or a = 1), (z,y) € M.
Define a fuzzy set p by 1((0,0)) = 0.8 and p((z,y)) = 0.3, if (z,y) #
Consider (z,y) # (0,0) and r = 0, we have 0.8 = u(0(z,y)) =
u((z,y)) = 0.3 implies u(0(z,y)) < 1(0(z,t)), for all (z,t) € I3 x I3.
Hence p is a prime fuzzy A-ideal of M.

0).

(3
((0,0)) >

I

Theorem 4.4. Let f : X — Y be onto MV -module homomorphism. Then the
preimage of a prime fuzzy A-ideal p under f is also a prime fuzzy A-ideal of X.

Proof. Suppose that u is a prime fuzzy A ideal of Y.

(i) First, we show that f~!(u) is a fuzzy A-ideal on X. Since 0 = f(0) < f(x)
and [ (1)(x) = p(f(x) < p(f0)) = [~ (w)(0). Also, we have f~L(u)(rz) =
W(F(r2) = p(rf(@)) > p(f(2) = F (1) (2).

Now, suppose that £~ (1) (rz) > £~ (1)(x), then u(rf(2)) = u(f(r)) > u(f(2)).
Hence since p is a prime fuzzy A-ideal of Y, p(rf(x)) < u(rm), for all m € Y. Since
f is onto, for all m € Y, there exists ¢ € X such that f(t) = m. This results
p(f(re)) = p(rf(z)) < p(rft)) = p(f(rt)). Thus f=H(p)(re) < fH(p)(rt).

Therefore f~1(u) is a prime fuzzy A-ideal of X. O

Proposition 4.5. Let f : X — Y be an onto MV -module homomorphism. The
image f(u) of a prime fuzzy A-ideal p with a sup-property is also a prime fuzzy
A-ideal of Y.

Proof. Suppose that for all y € Y, f(u(ry)) > f(p)(y). We show that

F)(ry) < f(p)(rs), forall s €Y.

Let y € Y and z € f~1(y). Hence f(z) =y, so rf(z) = ry, this results f(rz) = ry.
Hence rz € f~'(ry). By hypothesis, u(rz) = supiep—1(4)u(t). Also, we have
484
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F(2)(ry) = supresosypi(t) = p(re) < p(rm), for all m € X. We get p(rm)
supief-1(rsyi(t) = f(u)(rs), for all s = f(m) € Y. It follows that f(u)(ry)
f(p)(rs), for all s € Y. Thus f(u) is a prime fuzzy A-ideal of Y.

CIIA

Theorem 4.6. A non-empty subset I of M is a prime A-ideal if and only if the
characteristic function xy is a prime fuzzy A-ideal of M.

Proof. Assume that I is a prime A-ideal of M. We will prove that x; is a prime
fuzzy A-ideal of M.
Let x € M, r € A and xs(rx) > x1(z). We show that

xr1(rx) < xr(rm), for allm e M

If x € I, then ra € I and we have 1 = x;(rz) % xr(z) = 1.

If ¢ I, then x;(x) = 0, since xs(rxz) > x1(z) = 0, we obtain x;(rz) = 1, hence
re € I. Since I is a prime A-ideal of M, we get rM C I. Hence rm € I, for all
m € M. Thus x7(rm) = 1. Therefore 1 = x7(rz) = xr(rm).

Conversely, assume that y; is a prime fuzzy A-ideal of M. We prove that [
is a prime A-ideal of M. Let ra € I but « ¢ I, for x € M, r € A. Hence
1 = xs(rx) > xr(x) = 0. By hypothesis, we get 1 = x;(ra) < xr(rm), for all
m € M. Hence x;(rm) =1, so rm € I, for all m € M. Thus rM C I. This results
I is a prime A-ideal of M. O

Now, we describe the transfer principle [10] for prime fuzzy A-ideals in terms of
level subsets:

Theorem 4.7. A fuzzy subset p of an MV -module M is a prime fuzzy A-ideal of
M, if and only if py = {x € A : p(x) > t} is either empty or a prime A-ideal for
every t € [0, 1].

Proof. (i) Assume that p is a prime fuzzy A-ideal of M. Let ra € uy, © ¢ py, for
re A, x € M. We show that rM C p,.

Since rx € py and = ¢ py, p(rex) > t and p(xr) < ¢. Hence p(rz) > p(x). By
hypothesis, we conclude that ¢t < u(rz) < p(rm), for all m € M. Thus ¢t < u(rm),
for all m € M. This results rm € p, for all m € M. Therefore M C p,.

Conversely, let u; is a prime A-ideal of M. Suppose that u(rz) > p(zx), r € A,
x € M. We show that p(rz) < p(rm), for all m € M. If not, then p(ra) > p(rn),
for some n € M. Hence u(z) V u(rn) < p(rz). So there exists to € [0, 1] such that
to = (w(z) V u(rn) + p(rz))/2. Hence p(x) V p(rn) < to < p(rz). Tt follows that
re € p,, forr € A, x € M. Since p, is a prime A-ideal of M, x € py, or rM C piy,.

Hence p(x) > to or u(ry) > to, for all y € M, since u(x) < to and p(rn) < to,
they are contradictions, thus p is a prime fuzzy A-ideal of M. g

Corollary 4.8. Let p be a fuzzy A-ideal of an MV -module M. The level ideal
I={ze€ A:ulx)=u(0)} is a prime A-ideal of M if u is a prime fuzzy A-ideal of
M.

5. CONCLUSIONS

MV -algebras were introduced by C. Chang [1] in 1958 in order to provide an al-
gebraic proof for the completeness theorem of the Lukasiewicz infinite valued propo-
sitional logic.
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Since then, Di Nola and Dvurecenskij in (1998) introduced the concept of PM V-
algebras. In 2003, Di Nola. et. al. [4] introduced MV-modules over PMV-algebras.
In this paper, we defined and studied fuzzy A-ideals and introduced the notion of a
fuzzy A-ideal generated by a fuzzy set. We introduced the concept of prime fuzzy
A-ideals of an MV-module. We described the transfer principle for prime fuzzy
A-ideals in terms of level subsets.

Finally, we proved that the homomorphic image and preimage of prime fuzzy
A-ideals are also prime fuzzy A-ideals in MV -modules.
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