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ABSTRACT. In this paper, we introduce the concept of T—fuzzy inte-
rior ideal, T'—fuzzy simple, T—fuzzy bi-ideal, and generalized T —fuzzy
bi-ideal of a I'—semigroup. @ We characterize I'—semigroups through
T—fuzzification. We find equivalent conditions on these fuzzy subsets in
simple I'—semigroups and I'—semigroups. Finally, we establish a necessary
and sufficient condition for a T-fuzzy bi-ideal to be a generalized T-fuzzy
bi-ideal in a I'—semigroup.
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1. INTRODUCTION

T'he fundamental concepts of fuzzy set was introduced by Zadeh[12]. Sen [8] has
introduced I'-semigroup in 1981. Sen and Saha [9] have introduced I'-semigroup dif-
ferent from the first definition of I'-semigroup in the sense of Sen [8]. T-fuzzy concept
is a generalization of fuzzy set theory. In 1960, Schweiger and Sklar [7] introduced
the concept of t-norm for generalizing the triangular inequality of metric spaces. Us-
ing t-norm, Anthony and Sherwood [1] first redefined Rosenfeld’s [6] notion of fuzzy
groups. Since then t-norm has played an important role in fuzzy algebraic structure
[1,2,3,5,9, 10, 11]. Coumaressane[3] introduced the concept of T—fuzzy subset of
semiring by introducing the notions of T'—fuzzy k—ideal and T—fuzzy k—closure in
semirings and he generalized the fuzzy subset through triangular norms in semirings.

In this paper, we introduce the concept of T'—fuzzy interior ideal, T'—fuzzy sim-
ple, T—fuzzy bi-ideal, and generalized T'—fuzzy bi-ideal of a I'—semigroup. We char-
acterize I'—semigroups by T —fuzzification and exhibit by examples that T—fuzzy
interior ideal is not fuzzy interior ideal, T'—fuzzy interior ideal is not T'—fuzzy ideal
and generalized T'—fuzzy bi-ideal is not generalized fuzzy bi-ideal of a I'—semigroup.
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We find equivalent conditions on these fuzzy subsets in simple I'—semigroups and
I'—semigroups. Finally, we establish a necessary and sufficient condition for a T-
fuzzy bi-ideal to be a generalized T-fuzzy bi-ideal in a I'—semigroup.

2. PRELIMINARIES

We recall some definitions and results which will be used in later section of this
paper.

Definition 2.1. Let A and B be subsets of semigroup S. The product of A and B
is defined as AB = {ab € S|a € Aand b € B}. A nonempty subset A of S is called
a subsemigroup of S if AA C A. A nonempty subset A of S is called a left (resp.
right) ideal of S if SA C A (resp. AS C A). A is called a two-sided ideal (simply,
ideal) of S if it is both a left and a right ideals of S. A nonempty subset A of S is
called an interior ideal of S if AA C A and SAS C A. A subsemigroup A of S is
called a quasi-ideal of S if ASNSA C A and it is called a bi-ideal of S if ASA C A.
A semigroup S is called regular if for each element a € S there exists x € S such
that @ = aza. A function p from a nonempty set A into the unit interval [0, 1] is
called a fuzzy subset of A.

Definition 2.2 ([4]). Let M and I' be any two nonempty sets. M is called a
I'—semigroup if, for all a, b, ce M and z, y € T,

(1) MTM C M and TMT C T

(2) (axb)yc = a(zby)c = ax(byc).

Notation 2.3 ([4]). For subsets A and B of M, let
ATB={ayb | a€ A, be B, yeT}.

Definition 2.4 ([4]). Let M be a I'-semigroup and A a nonempty subset of M. A
is called a left (resp. right ) ideal of M if

MTA C A (resp. ATM C A).

A is a two-sided ideal (simply, ideal) of a T-semigroup M if it is both a left ideal
and a right ideal of M.

Throughout this paper, M denotes I'-semigroup and M denote the characteristic
function of M unless otherwise specified.

Definition 2.5 ([4]). A subsemigroup B of M is called a bi-ideal of M if
BI'MTB C B.

Definition 2.6. Let I be a subset of a I'-semigroup. Define a function x;(x) : p —

[0, 1] by
(2) 1 ifzxel
€T =
X1 0 otherwise

for all z € M. Then x; is a fuzzy subset of u. If I = M we denote xpr = M. Clearly
M is a fuzzy subset of M.

Definition 2.7. A subset A of a I'—semigroup M is called an interior ideal if
(1) ATA C A;
(2) MTATM C A.
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Definition 2.8 ([1]). Let u and A be any two fuzzy subsets of M. Then p A A and
w* A are fuzzy subsets of M defined by

(1 A N (@) =min{pu(x), A(x)},

sup {min{u(z), A(y)}}, if z can be expressed asz = vy,
z=zvy

(*A)(2) = where z, y, z € M and v € T,

0, otherwise.

Definition 2.9. A fuzzy subset u of M is called a fuzzy left (resp. right) ideal of
M if forall a, b€ M and v €T,

(1) payb) =min{u(a), p(b)};

(2) p(and) = u(b) (resp. p(ayb) = pu(a)).

u is called a fuzzy ideal of M if it is both a fuzzy left and a fuzzy right ideals of
M.

Definition 2.10. A fuzzy subset p of M is called a fuzzy interior ideal of M if for
all a,b,x € M and ~1,72,v €T,

(1) p(a~y b) =main{ p(a), u(b)};

(2) plam z720) = p(x).

Definition 2.11. A fuzzy subset A\ of M is called a fuzzy generalized bi-ideal of
M if

Awyz) Smin{A(z), A()},
for all z,y,z € M.

Definition 2.12 ([2]). A t-norm is a function T : [0, 1] x [0, 1] — [0, 1] that
satisfies the following conditions for all z, y, z € [0, 1],

(T1) T(x, 1) = x;

(T2) T(«, y') < T(z, y) if 2’ <z and ¢y <y (monotonicity);

(T3) T'(z, y) = T(y, =) (commutative);

(T4) T(z, T(y, 2)) =T(T(z, y), z) (associativity).

In general, for any t—norm T, T(x, y) <min{z, y}, T(z, 0) = 0, T(0, 0) = 0,

and T'(1, 1) = 1 are always true.
Definition 2.8 is now generalized using ¢t-norm as follows.

Definition 2.13. Let A and p be any two fuzzy subsets of M and T be any t-norm.
Then N A and p *7 A are fuzzy subsets of M defined by

(LA (@) =T (@), Mx)).

sup {T(u(y), A(2)},if x can be expressed as z = yvyz,
T=yvyz

(*r A)(z) = where z, y, z€ M andyeTl,

0, otherwise.

For any fuzzy sets p, A and 6 under any t—norm 7',
wxp Xk 0 = poxp (X xp 0)
= (u*p \) *7 0
is always true. For any z, y, 2 € M and ~ € I" such that x = y~vz, we have
415
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(wxr Asp 0)(x) = sup {T((uxr A)(y), 0(2))}

T=yyz

sup {T'[ sup T(u(p), A(q)),0(2)]}

T=Yv2z Yy=p714

= z:jsgg%z{T[T(“(p)’ Ag)), 0(2)]}
= x:f’fwlpmz{T[M(p)’ T(Ma), 0(2))]}-

Theorem 2.14. Let I be a nonempty subset of M. I is left (resp. right) ideal of
M if and only if x1 is a T-fuzzy left (resp. right) ideal of M.

Proof. Proof is very similar to ([3], Lemma 3.2), hence it is omitted. O

Lemma 2.15. For any nonempty subsets A and B of M,
(1) xaNXxB = xanB;
(2) XA * XB = XArB;
(3) xa *T XB = XATB-

Proof. Proof of (1) and (2) followed from ([4], Lemma 3.9).
(3). Let x € M. Suppose x € AT'B. Then there exists a € A, y € T and b € B
such that x = avb. Thus, for x = a~b,
(xa*r xB)(z) = sup {T(xa(u), x5(v))}

T=Uuy1v

> T(xa(a), xp(b))
=T(1, 1)
=1.

For 0 < (xa *7 xB)(x) < 1, we have
(xa *r xB)(z) =1
= XAFB(I)~

In the case when x ¢ AT'B, then z cannot be expressed as = avb for any a €
A, vyeTl and b € B. Now,

(Xa *7 xB)(x) =0
= xars().

Hence (x4 *1 xB)(z) = xars(z) for all x € M. Thus x4 *r xB = XArB- O

3. SIMPLE AND GENERALIZED T-FUZZY BI-IDEALS OF I'-SEMIGROUP

In this section we define the concepts of T-fuzzy interior-ideal, generalized T'—fuzzy
bi-ideal and simple I'-semigroup in M. We establish the conditions under which these
are equivalent.

Definition 3.1. A fuzzy subset p of M is called a fuzzy interior ideal of M with
respect to t-norm T (in short, T-fuzzy interior ideal) if

(1) plavy ) = T(u(a), p(b));

(2) (a2 72 b) > ().

The following lemma gives the one-to-one correspondence between interior ideal

and T-fuzzy interior ideal of a I'—semigroup.
416
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Lemma 3.2. Let A be a nonempty subset of a I'-semigroup M. A is an interior
ideal of M if and only if xa is a T-fuzzy interior ideal of M.

Proof. Let A be an interior ideal of M. Suppose that xa(z v a2 y) < xa(a) for
some x,a,y € M and 71,72 € I'. Then x4(a) =1 implies that a € A. Since A is an
interior ideal of M, xy1ay2y € MTAT'M C A. This implies that x4(zv1av2y) =1,
a contradiction. Thus xa(zy1 ay2y) > xa(a) Vz,a,y € M and 71,72 € T. Again
suppose that xya(a vy b) < T(xa(a),xa(b)) for some a,b € M and v € I". Then
Xa(a) = 1 and xa(b) = 1. Hence a,b € A. Since A is an interior ideal of M,
ayb e Aand xa(avyb) =1, a contradiction. Hence xa(avb) > T(xa(a), xa(b)) for
all a,be M and v €T

Conversely, assume that x4 is a T-fuzzy interior ideal of M. Let
z=xzv1avy € MITA'M where z,y € M,v1,72 € I and a € A. Then,
xa(xy1ay2y) > xa(a) = 1. Thus xa(xy1av2y) = 1 which implies that xvy,ay2y € A.
Thus MTATM C A. Let z,y € A, and v € T". Since x4 is a T—fuzzy interior ideal
of M, xa(zvy) > T(xa(z),xaly) =T(1,1) = 1.

Hence, zyy € A, which implies that AT'A C A. This shows that A is an interior
ideal of M. 0

Remark 3.3. Every fuzzy interior ideal of a I'-semigroup M is a T-fuzzy interior
ideal of M. However the converse is not true in general, which is shown in the
following example.

Example 3.4. Let M ={0,1,2,3} and I" = {0, 1,2}. Define ‘o’ in M as follows:

/0 1 2 3
00 0 0 O
110 1 2 0
210 2 1 0
310 3 0 0
Then (M, e) is a I'-semigroup. Define fuzzy subset p of M as
09 if x=0,
(@) 0.3 if =1,
€T =
a 0.25 if = =2,
0.2 if x=3.

Let T : [0,1] x [0,1] — [0,1] be a function defined by T'(a,b) = a.b. Then T is a
t-norm. Now p(zyy) > T(u(z), u(y)) for all x,y € M and v € I and p(ayiz v2b) >
w(z) for all a,z,b € M and 71,72 € I'. Thus p is a T-fuzzy interior ideal of M.
However 4(1.2.1) # min{gu(1), #(1)}. Hence p is not a fuzzy interior ideal of M.

Now we find the equivalence of T'—fuzzy interior ideal in terms of product of
T—fuzzy sets.

Theorem 3.5. Let p be a T-fuzzy subsemigroup of M. p is a T-fuzzy interior ideal
of M if and only if M xp pxp M < p.

Proof. Assume that p is a T-fuzzy interior ideal of M. Let x € M and a,b,p,q € M
and 1,72 € I such that z = ay1b and b = py, ¢. Since p(ay1 py2 q) > u(p), we
have

417



S. Coumaressane et al. /Ann. Fuzzy Math. Inform. 10 (2015), No. 3, 413-422

(Mosq psp M)(z) = sup  {T(M(a), T(u(p), M(q))}

T=avy1p V29

< sup  {u(p)}
T=av1p Y29

< playip y2q) = p(x).

If z cannot be expressed as © = a7y, py2 q, then (M7 g7 M)(2) =0 < p(x). Thus
(M s pxr M)(x) < p(z),for all x € M.
Conversely, assume that M *p p 7 M < p for any T-fuzzy subsemigroup p of M.

playr v2b) = (M pxp M)(ay1 272 b)
= sup {T(M(p), T'(1(q), M(r))}

am1TY2b=py3qar

> T(M(a), T (p(x), M(b)))
= p().
Thus p is a T-fuzzy interior ideal of M. g

Remark 3.6. Every T-fuzzy ideal of M is a T-fuzzy interior ideal of M. But the
converse is not true in general, which is shown in the following example.

Example 3.7. Consider the I'—semigroup (M, e), fuzzy subset p and

t-norm T as in Example 3.4. p(zyy) > T(u(z), u(y)) for all z,y € M and v € " and
wlayiz y2b) > p(z) for all a,z,b € M and ~1,72 € T. p(zyy) > T(p(x), u(y)) and
wlay xv2b) > p(x) for all x,y,a,b € M, v1,72 € T'. Thus p is a T—fuzzy interior
ideal of M. Since p(1.2.1) # pu(1), p is not a T-fuzzy ideal of M.

Definition 3.8. A I'-semigroup M is called left ( right) simple if it contains no
proper left (right) ideal. A I'-semigroup M is called two-sided (simply, simple)
simple if it contains no proper two sided ideal.

Definition 3.9. A I'-semigroup M is called T-fuzzy left ( right) simple if every
T-fuzzy left (right) ideal of M is a constant function.

A T-semigroup M is called T-fuzzy two-sided simple (simply, T-fuzzy simple) if
every T-fuzzy two-sided ideal of M is a constant function.

Note 3.10. If M is simple, then every left, right and two-sided ideals of M are M
itself. This implies, if M is simple, then any interior ideal of M is M itself.

For, a € M clearly MTa,al'M and MT'M are respectively left, right and two-
sided ideals of M. Since M is simple, MT'a = M, aI'M = M and MT'M = M. Thus
M is an interior ideal of M.

The following theorem gives relation of simple I'—semigroup and T'—fuzzy set in
M.

Theorem 3.11. For a I'-semigroup M, the following conditions are equivalent:
(1) M is left (right) simple,
(2) M is T-fuzzy left (right) simple.

Proof. (1) = (2). Let M be left simple. Let p be any T-fuzzy left ideal of M and
a,b € M. Since MT'a and MTb are left ideals of I'-semigroup M and M is left
simple, we have MTa = M and MTb = M. Therefore there exist x,y € M and
v1,7Y2 € I' such that zy; a = b and y v2 b = a. Now p being a T-fuzzy ideal,
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p(a) = p(y 72 b) = p(b) = p(x 1 a) > p(a)
and so p(a) = p(b). Since a and b are arbitrary elements of M, p is a constant
function and so M is T-fuzzy left simple. Thus (1) = (2).

(2) = (1). Assume that (2) holds. Let A be any left ideal of M. Then by Theorem
2.14, x4 is a T-fuzzy left ideal of M. By assumption, x4 is a constant function.
Since x4 takes only the values 1 or 0, xa(xz) = 1 otherwise x4 is an empty fuzzy
subset of M, and so x € A. This implies that M C A. Therefore M = A, which
implies that M is left simple and we have (2) = (1). O

The following theorem gives equivalent condition on a simple I'-semigroup M in
terms of its T-fuzzy simple ideals and T-fuzzy interior ideals.

Theorem 3.12. For a I'-semigroup M, the following conditions are equivalent:
(1) M is simple;
(2) M is T-fuzzy simple;
(3) Every T-fuzzy interior ideal of M is a constant.

Proof. (1) and (2) are equivalent by Theorem 3.11.

Assume that (2) holds. Let p be any T-fuzzy interior ideal of M and a,b €
M. Clearly, MT'bI'M is an interior ideal of M. Since M is simple by Note 3.10
MTOI'M = M. Thus there exist x,y € M and 71,72 € I such that v by y = a.
Since p is a T-fuzzy interior ideal of M, we have p(a) = u(x v1 by2 y) > u(b). In
a similar way, one can show that u(b) > u(a). Therefore p(a) = p(b). Thus p is
constant and (2) = (3) holds.

(3) = (1). Every T-fuzzy ideal of M is a T-fuzzy interior ideal of M. By Note
3.10 and Theorem 3.11, M is simple. O

Definition 3.13. A fuzzy subset p of M is called a T—fuzzy bi-ideal of M if for all
r,y € M and v €T,

(1) wlzyy) > T(p(z), w(y));
(2) pxr Mxr p < p.

Definition 3.14. A fuzzy subset u of M is called a generalized T-fuzzy bi-ideal of
M if poxp My p < p.

It is clear that every T-fuzzy bi-ideal of M is a generalized T-fuzzy bi-ideal of M.
We strongly believe that the converse of this statement need not hold in general.
That is, a generalized T-fuzzy bi-ideal of M need not be a T-fuzzy bi-ideal of M.

Lemma 3.15. FEvery generalized fuzzy bi-ideal is a generalized T-fuzzy bi-ideal of
M.

Proof. Let p be a generalized fuzzy bi-ideal of M. Then p+ M % u < p where
(uxM)(x) = sup {min{u(a), M(b)}}. Ascertain that u satisfies p*r M*xp p <

r=a -y
under t-norm 7. Now

() > (px M p)()
= sup {man{(u*M)(a), u(b)}}

r=a~vyb

> sw AT (e M) (a), (b))}
419
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> sup A{T(T(p(p), M(q)), (b))}

T=py197b

= (p*r Mxp p1)(),
and hence p > (u*p M xp p). O

The converse of Lemma 3.15 is not true in general, which is shown in the following

example.
Example 3.16. Let M = {0, a, b, ¢, d} and " = {0, a, b} define 'o’ in M as follows:
e |0

d
0
a
b
c

Qg
Lo g
SN s Nan [

0
a
b
c
d

[elen]erlenlan
S8

One can easily check that (M, e) is a I'—semigroup. Let u be a fuzzy subset of M
defined by

0.7 if =0,

)05 if x=a,c,
M@ =06 i z=b
045 if z=d,

and let T': [0, 1] x [0, 1] — [0, 1] be a function defined by T'(a, b) = ab, a, b € [0, 1],
a product norm. Then p is a T—fuzzy bi-ideal of M and hence p is a generalized T-
fuzzy bi-ideal of M. However, since (u+xMxpu)(babab) > p(a), we have (uxMxp) > p.
Thus p is not a generalized fuzzy bi-ideal of M.

Lemma 3.17. A non-empty subset I of M is a generalized bi-ideal of M if and only
if x1 is a generalized T-fuzzy bi-ideal of M.

Proof. Assume that I is a generalized bi-ideal of M. Consider xy * M *x x; =
xrrmrr < xr by Lemma 2.15(2). Hence by Lemma 3.15, x; is a generalized T—fuzzy
bi-ideal of M.

Conversely, let us assume that yj is a generalized T-fuzzy bi-ideal of M for any
subset I of M. Now let x € M such that x € I MT'I. Then since y; is a generalized
T —fuzzy bi-ideal, we have

xr(x) > (xr*r M*p x1)(x)
= xarumrr(z) (by Lemma 3.15(3))
=landsoxel.

Thus ITMTI C I implying that I is a generalized bi-ideal of M. U

Corollary 3.18. Let I be any nonempty subset of M. I is a generalized bi-ideal of
M if and only if x1 is a generalized fuzzy bi-ideal of M.

Proof. If T'= min, then the result follows immediately. O
420
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The next theorem gives a necessary and sufficient condition for a fuzzy subset of
I'-semigroup M to be generalized T-fuzzy bi-ideal of M.

Theorem 3.19. Let u be a fuzzy subset of M. p is a generalized T'-fuzzy bi-ideal of
M if and only if p(x y1yv2 2) > T(u(x), u(2)).

Proof. Let p be a generalized T-fuzzy bi-ideal of M. Then pxp M *xp p < p. Let
a,x,y,z € M and 7v;,v2 € I' such that a = x y; y y2 2. Then

ey vz 2) = pla) = (pxr M s p)(a)
= sup {T((,u * M)( ) N(Q))}

> T((u 4 M)(ay1y), (=)

> T(T(u(z), M(y)), u(2))
=T (u(x), u(2)).

Conversely assume that p(zy yy2 2) > T(u(z), u(2)) is true for any fuzzy subset
w, t-norm T', x,y,z € M and v;,v € T'.

In the case when (p*pMx*pp)(a) =0 < p(a). Otherwise a = zyy and z = py1 q.
Since u(pv1 q¢vy) > T(pu(p), u(q)) we have

(i Moz p)(a) = sup {T((urr M)(2), 5(3)))

= sup  {T(T(u(p), M(q)), u(y))}

a=pY1497Y

= sup  {T(u(p), p())}

a=pY1497Y

= sup  {ulpmavy)}
a=pY19Yy

= p(a)
and hence we have (uxrMxrp)(a) < p(a) for alla € M. Thus pxrMxpp < p. O

Lemma 3.20. Let A and p be any fuzzy subset and generalized T'-fuzzy bi-ideal of
M respectively. Then the product A *p p and p*p A are generalized T'-fuzzy bi-ideals
of M.

Proof. Let A and p be any fuzzy subset and generalized T-fuzzy bi-ideal of M re-
spectively. Now,

(N ) sk Mosp (N ) = XNkp (pkp Moxp X) *7 @
< Asp pkp Msxp M xp p
<Ak ok Moxp
S)\*T/Jw

since p is a generalized T-fuzzy bi-ideal and so we have A u is a T-fuzzy bi-ideal
of M. In a similar way, we can establish that p 7 A is a generalized T-fuzzy bi-ideal
of M. 0

The following theorem exhibits a necessary and sufficient condition for a T-fuzzy
bi-ideal to be a generalized T-fuzzy bi-ideal in M.

Theorem 3.21. For a regular T'-semigroup M, p is a generalized T-fuzzy bi-ideal
of M if and only if p is a T-fuzzy bi-ideal of M.
421
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Proof. Let p be a generalized T-fuzzy bi-ideal of M and a,b,m € M and 7,72 € T
such that b = b~; m 2 b. Then,

payb) = p(aybyr mayz2 b)
> T(p(a), u(b)).

This means that p is a T-fuzzy bi-ideal of M. Since every T-fuzzy bi-ideal of M is
a generalized T-fuzzy bi-ideal of M, converse part is clear. O
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