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ABSTRACT. The main aim of this paper is to present another notion
of generalized rough set by using filters, increasing and Z-increasing sets.
The important of the current results is reducing the boundary region by in-
creasing the lower approximation and decreasing the upper approximation
which is the main aim of rough set. Moreover, the properties of the new
lower and upper approximations are obtained. Comparisons between the
current approximations and the previous approximations are introduced.
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1. INTRODUCTION

L the early of 1982, Pawlak [18] had proposed rough set theory. It has achieved
a large amount of applications in various real-life fields, like economics, medical diag-
nosis, biochemistry, environmental science, biology, chemistry, psychology, conflict
analysis, medicine, pharmacology, banking, market research, engineering, speech
recognition, material science, information analysis, data analysis, data mining, lin-

guistics, networking and other fields can be found in [12, 14, 17].

Rough set is dealing with vagueness (ambiguous) of the set by using the concept
of the lower and upper approximations [18]. The set with the same lower and
upper approximations, called crisp (exact) set, otherwise known as rough (inexact)
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set. The boundary region is defined as the difference between the upper and lower
approximations, and then the accuracy of the set or ambiguous depending on the
boundary region is empty or not respectively. A nonempty boundary region of a set
means that our knowledge about the set is not sufficient to define the set precisely.
The main aim of rough set is reducing the boundary region by increasing the lower
approximation and decreasing the upper approximation.

The standard rough set theory was based on an equivalence relation on a finite
universe X. Various generalized rough set models have been established and their
properties or structures have been investigated intensively [2, 11, 19, 20]. An inter-
esting and natural research topic in rough set theory is to study rough set theory via
topology [1, 9, 10, 12, 13]. The original rough set theory does not consider attributes
with preference-ordered domains, that is, criteria. In fact, in many real-world sit-
uations, we are often faced with the problems in which the ordering of properties
of the considered attributes plays a crucial role. Recently, in [4, 7, 8] had studied
rough set theory via ordered topology.

This paper concerns with investigate another notion of generalized rough set by
using filters, ideals and ordered relation. We consider the filter §% which is generated
by the after-fore sets £* = {RzR : x € X} that has a nonempty finite intersection. In
addition, we use a partially order relation to construct the increasing and decreasing
sets and also use ideal to construct the Z-increasing and Z-decreasing sets. Hence, we
define the lower and upper approximations. Some examples are given to illustrate the
new lower and upper approximations. Moreover, the main properties of lower and
upper approximations are obtained and compared to the previous approximations
[4, 7]. Tt is therefore shown that the current approximations are more generally.

2. PRELIMINARIES
In this section, the needed definitions and results are given.

Definition 2.1 ([3, 12]). If R is a binary relation on X and A C X, then

(1) the after set of x € X is denoted by xR, where 2R = {y € X : zRy}.
(2) the fore set of x € X is denoted by Rz, where Rx = {y € X : yRx}.
(3) the fore-fore set of x € X is denoted by RxR, where RxR = xRN Rx.

Definition 2.2 ([16]). Let (X, R) be a poset. A set A C X is said to be:
(1) decreasing if for every a € A and x € X such that xRa, then z € A.
(2) increasing if for every a € A and z € X such that aRz, then z € A.

Theorem 2.1 ([16]). Let (X,R) be a poset and A C X. Then, the class of all
increasing (decreasing) sets forms a topology on X which is denoted by Tine(Tdec)-

Definition 2.3 ([15]). Let § be a non-empty collection of subsets of X. Then, § is

called a filter if it satisfies the following conditions:
362
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(1) ¢¢3.
(2) A, Ao eF= A1 NA €3
3) AcFand ACBC X = Be€SF.

Definition 2.4 ([15]). Let B be a non-empty collection of subsets of X. Then, B
is called a filter base if it satisfies the following conditions:

(1) ¢ ¢B.

(2) B1,B, €8 =3B3€B: B3 C B1 N DBs.
A filter base B can be turned into a filter by including all sets of P(X) which contains
aset of B, ie., Fu ={A € P(X): AD B,B € B}

Definition 2.5 ([15]). Let £ be a non-empty collection of subsets of X. Then, & is
called a filter-subbases on X if it satisfies the finite intersection property, i.e., any
finite subcollection of £ has a non empty intersection.

Definition 2.6 ( [6]). A non-empty collection Z of subsets of a set X is called an
ideal on X, if it satisfies the following conditions:

(1) AcZand BeZI=AUBE€T.
(2) AcZand BC A= BeT.

Definition 2.7 ([5]). Let (X, R) be a poset and Z be an ideal on X. Then, a set
A C X is called:

(1) Z-decreasing set iff RaN A" € Z Va € A.
(2) Z-increasing set iff aRN A" € I Va € A.

Proposition 2.1 ([5]). For every ideal T on X, any increasing set is I-increasing
set.

Theorem 2.2 ([5]). Let (X, R) be a poset,  be an ideal on X and A C X. Then,
Tr—ine = {A C X : A is T-inc set } is a topology on X, which is finer than the
topology that is generated by the increasing sets. In other words, Tine C TT _inc-

Definition 2.8 ([18]). Let R be an equivalence relation on a finite universe X and
A C X. Then, the lower and upper approximations respectively are defined:
R(A)={z e X :[z]gr C A}.

R(A) ={z e X :[z]gN A+ ¢}

Boundary, positive and negative regions are also defined:

BNg(A) = R(A) — R(A).

POSR(A) = R(A).

NEGRr(A) = X — R(A).

Definition 2.9 ([4]). A triple (X, g, p) is called an order topological approximation
space “OTAS”, where 7 is the topology generated by any relation R and p is a

partially order relation,
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Definition 2.10 ([4]). Let (X,7gr,p) be an OTAS ;A C X. Then, the lower (re-
spectively upper) approximation is given by:
R;,.(A) =U{G € 75 : G is an increasing, G C A}.
Ry..(A) =U{G € 7r : G is a decreasing, G C A}.
mc( ) =N{F € 75 : F is an increasing, A C F}.
dec( A)=n{F ¢ 7 ¢ F is a decreasing, A C F}.
BNype(4) = B™(4)\ B, (A).

dec
BNdec(A) :R (| ) \Edec( )
ame(A) = Rizz Ok
a’ec(A) = :ggggg?;: a'¢ is an increasing accuracy and % is a decreasing accuracy.

Definition 2.11 ([7]). A quadrable (X, g, p,Z) is said to be ideal order topological
approximation space (IOTAS, for short), where 7x is a topology generated by any
relation R, p is a partially order relation and Z is an ideal on X.

Definition 2.12 ([7]). Let (X, 7r,p,Z) be an IOTAS and A C X. Then, the lower,
upper approximations, boundary region and accuracy respectively are given by:
R;_in.(A) =U{G € 7 : G is an Z-increasing, G C A}.
Rr_gec(4) =U{G € TR G is an Z-decreasing, G C A}.
R mc( )={F € TR F is an Z-increasing, A C F'}.

A) =

I dec( N{F € 7 : F is an T-decreasing, A C F}.

Z inc
BNI Zn(‘(A) I J ( )\EI—’L"ILC(A)'
BNz_gec(A) = (A)(‘ I\ Br_gec(A).
I—inc( A %
o ( ) ; mc(A21‘~
al=dec(4) = %’al’—inc is an Z-increasing accuracy and aZ~%° is an 7-

decreasing accuracy.

Definition 2.13 ([7]). A triple (X, Fr, p) is said to be generalized order topological
approximation space (GOTAS, for short), where §r is a filter generated by any
relation R and p is a partially ordered relation.

Definition 2.14 ([7]). Let (X,3r,p) be a GOTAS and A C X. Then, the lower,
upper approximations, boundary region and accuracy respectively are given by:

Riine(A) = U{G € §r : G is an increasing, G C A}.
R gec(A) = U{G € §r : G is a decreasing, G C A}.

N{H € § : H is an increasing, A C H}.

X if not exists H € S’,R : H is an increasing, A C H.
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N{H € §p: H is a decreasing, A C H}.
X if not exists H € S/R : H is a decreasing, A C H.

R*deC(A) — {

BN, ine(A) = R™"(A)\ Riine(A).

BN gec(A) = R*dec(A) \ Rigec(A).

|[R*"(A)]
a*deC(A) _ ‘R*ZZZ(A”
|[R*7C(A)]

Definition 2.15 ([7]). A quadrable (X, §r, p,Z) is said to be generalized ideal order
topological approximation space (GIOTAS, for short), where §g is a filter generated
by any relation R, p is a partially order relation and Z an ideal on X.

Definition 2.16 ([7]). Let (X,§r,p,Z) be a GIOTAS and A C X. Then, the lower,
upper approximations, boundary region and accuracy of a set A with respect to a
relation R by using the notion of Z-increasing and Z-decreasing sets are given by:

Riz_inc(A) =U{G € §r : Gis an T — increasing, G C A}.
Ri7_gec(A) = U{G € g : Gis an T — decreasing, G C A}.

R*I_mc(A) _ N{H € SIR : His an T — increasing, A C H}.
X if not exists H € S;Q :His an Z — increasing, A C H.

N{H € §r: His an T — decreasing, A C H}.

R*IfdeC(A) _
X if not exists H € SIR : H is an Z — decreasing, A C H.

BN*Ifinc(A> = R*Iiinc(A) \ R*Ifinc(A)'

BN.7_gee(A) = R77(A) \ Riz_gec(A).

. i (A
a*Ifan(A) _ ‘R T znc( :

_ Bez_inc(A)|
|R*I—inC(A)
)

a*I—deC(A) _ ‘R*§:Zec(*’4 ‘
|[R*=7C(A)]

Lemma 2.1 ([7]). Let R be a binary relation on X. Then, Tr\ ¢ C §r, where TR is
the topology generated by the subbase £ = {xR:x € X} and Fr is a filter generated

by the same subbase.
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3. GENERALIZED ROUGH SETS VIA FILTERS BY USING INCREASING AND
DECREASING SETS

The goal of this section is to introduce a new notion of lower and upper approxi-
mations to decrease the boundary region and increase the accuracy of sets. This new
notion is generated by using filters and increasing (decreasing) sets. We consider the
filter which is generated by the after-fore sets that has a nonempty finite intersec-
tion. To construct the filter §%, let £&* = {RzR : x € X} be a subbase of a filter §5
also we use partially order relation to construct the increasing and decreasing sets
and hence define the lower and upper approximation by using the increasing and
decreasing sets. The current approximations are compared with El-Shafei et al.’s
approximations [1] and Kandil et al.’s approximations [7].

Definition 3.1. A triple (X, %, p), is said to be generalized order topological ap-
proximation space (GOTAS, for short), where §% is a filter generated by any relation
R and p is a partially ordered relation.

Definition 3.2. Let (X,JF, p) be a GOTAS and A C X. Then, the lower, upper
approximations, boundary region and accuracy respectively are given by:

Risinc(A) = U{G € §} : G is an increasing, G C A}.
Rivgec(A) = U{G € §% : Gis a decreasing, G C A}.
N{H € §4 : H is an increasing, A C H}.

R**lnc
if not exists H € S}}, : H is an increasing, A C H.

Ree( A N{H € §y : His a decreasing, A C H}.
if not exists H € S}‘é : H is a decreasing, A C H.
**777(’(A) = R**inc(A) \R**mc(A)-
BN.sgee(A) = R (A) \ Rusgee(A)-

*%1NC ‘R**znc( )|

« A
W= Ry
(A)

a**dGC(A) ‘R**gec
|Re=dec(A)]
The following Lemma 3.1 presents the relationship between the filters §%, §r and
topology 7r which is necessary to prove Propositions 3.1 and 3.2.

Lemma 3.1. Let £ = {aR : x € X} be a subbase of the filter Fr and £ = {RxzR :
x € X} be a subbase of the filter §. Then, we have

(1) if B is a filterbase for g and B, € B, then IB; € B* which is a filterbase
for &g, such that B} C B;.

(2) 3r S Bk
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() TR\ ¢ C Tk

Proof. (1) Let B be a filterbase for §r and B, € B. Then, we have two cases:
Case 1if B, = 2R, then 3 B} = RzR € B* such that ReR = B C B, = zR
Case 2 if B, = Ngex(zR), then 3 B = Nyex(RzR) € B* such that
Nzex(RzR) = B C B, = Nzex(zR)
(2) Let A € Fr. Then, 3 B, € B such that B, C A
= 3 B} € 5" such that B} C B,
= B:CB,CA
= A € §}. Hence, §r C 5.
(3) From Lemma 2.1 7 \ ¢ C §r. Hence, 7r \ ¢ C §r C §j-
O

The following proposition presents the relationship between the current approxi-
mations and the approximations in [4] (Definition 2.10).

Proposition 3.1. Let (X, g, p) be an OTAS, (X,§%,p) be a GOTAS and A C X.
Then,

(1) Eznc(A) Riznc( (Rdec( ) c R**dec(A))

(2) R™(A) C Rinc(A) (R™°(A) C Raec(A)).

(3) BN.isinc(A) C€ BNinc(A) (BNixgec(A) € BNgec(A)).

(4) @™ 4(4) 2 ai"*(4) (@A) = a®*e(4).

Proof. The proof is straightforward from Definitions 2.10, 3.2 and Lemma 3.1. O

)
)

The following proposition presents the relationship between the current approxi-
mations and Kandil et al.’s approximations [7] (Definition 2.14).

Proposition 3.2. Let (X,§r,p) be a GOTAS, (X,F5,p) be a GOTAS and A C X.
Then,

( ) *znc( ) C R**znc( ) (R*dec( ) C R**dec(A))'
(2) R**an( ) R*an( ) (R**deC( ) R*dEC(A))
(3) **znc(A) - BN*znc(A) (BN**dec(A) - BN*dec(A))
( ) **MLC( ) > a*an( ) (a**dec< ) > a*dCC(A)).

Proof. The proof is straightforward from Definitions 2.14 7], 3.2 and Lemma 3.1. O

Propositions 3.1 and 3.2 show that the current method in Definition 3.2 reduces
the boundary region by increasing the lower approximation and decreasing the upper
approximation with the comparison of El-Shafei et al.’s method in Definition 2.10
[4] and Kandil et al.’s method in Definition 2.14 [7]. Moreover, it shows that the
current accuracy in Definition 3.2 is greater than the previous one in [4, 7].

The following example is computed the lower, upper approximations, boundary
region and accuracy for all subset of X by using El-Shafei et al.’s Definition 2.10 [4],

Kandil et al.’s Definition 2.14 [7] and the present method in Definition 3.2.
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Example 3.1. Let X = {a,b,c,d},p = AU{(a,c),(a,d),(b,c),(d,c)}, and

R ={(b,b),(c,¢),(d,d), (a,b), (a,d), (b,c), (b,d), (c,a),(c,b),(c,d),(d,a),(d,b),(d,c)}.
Then, £ =B = {{b,d},{b,c,d}, X}, 7r = {X, ¢, {b,d},{b,c,d}},

SRk = {{b7d}>{a7bv d}7{b7 ¢ d}7X}7§* = {{d}7{b7 Qd},X},%* = {{d}v{ba G d}7X}
and §f, = {{d},{a,d}, {b,d},{c,d},{a,b,d},{a,c,d}, {b,c,d}, X}.
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The following Proposition 3.3 studies the main properties of the current lower
and upper approximations.

Proposition 3.3. Let (X,55,p) be a GOTAS and A, B C X. Then,

(1) Ruvine(A) € A C R™"M(A) (Rungec(A) € A C R™U(A)), equality hold if
A=¢ orX.
(2) A C B= R**inC(A) C R*inC(B) (R*ZnC(A) C R**deC(B))-
(3) AC B = Ruvine(A) C Rusine(B) (Rixdec(A) C Rusgec(B))-
(4) R**Z’I’LC(A N B) C R**an(A) N R**an(B) (R**dEC(A N B) C R**deC(A) N
R*ec(B)).
(5) Risine(AU B) 2 Riwine(A) U Rusine(B) (Rusdec(A U B) 2 Ruxgec(A) N
Risdee(B)).
(6) R**an(A U B) _ R**an(A) U R**an(B) (R**dGC(A U B) — R**deC(A) U
R*4e(BY).
(7) R**mc(A n B) = R**mc(A) N R**mc(B) (R**dec(A n B) = R**dec(A) N
Rivdee(B))-
(8) x € R™™(A) & GNA# ¢,V G EFh G is a decreasing set containing x.
(x € R™¥(A) & GNA# ¢,V G e Fy, G is an increasing set containing
(9) © € Rivine(A) & 3G € §x, G is an increasing set containing x such that
G C A.
(10) R**inC(R**inC(A)) — R**i7lC(A) (R**dCC(R**dCC(A)) — R**dec(A)).
(11) Risine(Rusine(A)) = Rusine(A) (Rusdec(Raxdec(A4)) = Rurdec(A))-

Proof. 1.: Straightforward.
2.: Let ¢ R™™°(B). Then, 3 F € §4, F is an increasing, F 2 B D A,z ¢

F =z & R™™(A).
: Similar to part 2.
: It is directly from part 2.
: It is directly from part 3.
: R*M¢(AUB) D R*"™(A)UR**"*(B) (by part 4) and to prove R**""“(AU
B) C R*™¢(A) U R*™¢(B), let z ¢ R™"(A) U R*"(B). Then, z ¢
R**mc(A) and x ¢ R**mc(B) = dF,F € Sg,Fl,Fg are increasing, such
that x & Fy,F1 D A,x & F», Fo O B = 2 ¢ Fy U Fy, (which is an increasing
by Theorem 2.1), F; UFy, D AUB = x ¢ R*"™(AU B). Then, R**"™(AU
B) C R*™°(A)UR**™™°(B). Hence, R*""“(AUB) = R**'"(A)UR**'"*(B).
7.: Similar to No. 6.
8.: “=” Let x € R*"(A). Then, there exists G € &%, G is a decreasing set

containing = such that GN A = ¢.

= AC G/, G e ”S’;é which is an increasing set.

= R*™M(A) C G .

@ ok o®
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= R*™(A) NG = ¢, which is a contradiction.
“<" Let GNA # ¢,V G € §5,G is a decreasing set containing x, x ¢
=€ R**i"C/(A) S R**mc, (A) is a decreasing set.
= R**mcl (A) N A # ¢, which is a contradiction as (A C R*™(A)).
9.: It is directly from Definition 3.2.
10.: It is directly from parts 1 and 2.

11.: It is directly from parts 1 and 3.
O

Example 3.1 shows that the inclusion in Proposition 3.3 parts 1, 4 and 5 can not be
replaced by equality relation (for part 1, if A = {d}, R**mC(A) = X, Ruxinc(A) = &,
also if A = {d}, R**%“(A) = X, Rurgec(A) = ¢. Then, R**™M¢(A) 7 AL Ruvine(A)
and also R*%“(A) ¢ A ¢ Ruvgee(A)). In a similar way, we can add examples to
part 4 and 5 ). Moreover, the converse of parts 2 and 3 is not necessarily true (i.e.,
Risinc(A) C Rusine(B) & A C B, take A = {a,b,c}, B = {b,¢,d}, then Ry;,.(A) =
¢, Rusine(B) = {b, ¢, d}. Therefore, Ry.ine(A) C Rivine(B), but A ¢ B. In a similar
way, we can add examples to show that R ge.(A) C Risgec(B) but A € B).

4. GENERALIZED ROUGH SETS VIA FILTER BY USING Z-INCREASING AND
Z-DECREASING SETS

In this section, we use the Z-increasing and Z-decreasing sets instead of increasing
and decreasing sets which are used in Section 3 to introduce a new notion of lower
and upper approximations. Moreover, the main properties of the current lower and
upper approximations are studied. Furthermore, comparisons between the current
approximations in this section, Sections 3 and the previous approximations in [4]
and [7] are introduced.

Definition 4.1. A quadrable (X, §¥, p,Z) is said to be generalized ideal order topo-
logical approximation space (GIOTAS, for short), where §7, is a filter generated by
any relation R, p is a partially ordered relation and Z is an ideal.

Definition 4.2. Let (X, 55, p,Z) be a GIOTAS and A C X. Then, the lower, upper
approximations, boundary region and accuracy of a set A with respect to a relation
R by using the notion of Z-increasing and Z-decreasing sets are given by:

Risz_inc(A) = U{G € §% : Gis an T — increasing, G C A}.

Rz gec(A) = U{G € §% : Gis an T — decreasing, G C A}.

R**Iimc(A) _ { N{H € %}/ : H is an Z — increasing, A C H}.

X if not exists H € S*é : His an 7 — increasing, A C H.
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R**I_dec(A) _ N{H € S}‘—é : H is an T — decreasing, A C H}.
X if not exists H € S}‘;é :H is an Z — decreasing, A C H.
xxL—inc
BN*Z—inc(A) =R (A) \ R**I—inc(A)'
BN**I—dec(A) = R**Iidec(A) \ R**I—dec(A)'

**I—inC(A) _ ‘R**I—znc(A” )
(R T

xxL—dec ‘R**Ifdec(A)‘
! (4) = | RreI—dec( 4"
| (4)]

The following proposition presents the relationship between El-Shafei et al.’s

o

method in Definition 2.10 [4] and the current approximations in Definition 4.2.

Proposition 4.1. Let (X, g, p) be an OTAS, (X,§%,p,Z) be a GIOTAS and A C
X. Then,

(1) ﬁznc(A) - R**I znc( ) (Rdec( ) - R**Ifdec(A))‘

(2) BT (4) € B(A) (RT00(4) € BU(A)).

(3> BN**Ifinc(A> C BNinc(A) (BNiz- dec(A) < BNdeC(A))'
(4)

4 a**I—inC(A) > aznc( ) (a**I dec(A) > adec(A)).

Proof. The proof is straightforward from Definitions 2.10 [4], 4.2, Propositions 2.1

and Lemma 3.1. g

The following proposition presents the relationship between A.Kandil et al.’s ap-
proximations in Definition 2.12 [7] and the current approximations in Definition
4.2.

Proposition 4.2. Let (X,7r,p,Z) be an IOTAS, (X,§5,p,Z) be a GIOTAS and
ACX. Then,

) EI—inc(A) Cc R**I—inc( ) RI dec( )C R**I—dec(A))'

( (

(2) R**I—in,C(A) C EI_”LC( ) (R**I (iGC(A) C El_dec(A)).
(

(

—_

3) BN**I—mc(A) C BNz WC(A) (BN**I dec(A) c BNIfdGC(A))
4) @™ FT(A) 2 aFTie(A) (aTI(A) 2 af e (A)).

Proof. The proof is straightforward from Definitions 2.12 7], 4.2 and Lemma 3.1. [

The following proposition presents the relationship between Kandil et al.’s ap-
proximations in Definition 2.14 [7] and the current approximations in Definition
4.2.

Proposition 4.3. Let (X,8r,p) be a GOTAS, (X,§%,p,Z) be a GIOTAS and
ACX. Then,
(1) R*inc(A) C R**I—'mc(A) (R*dec(A) C R**I—dec(A))'
(2) R**I*’L’nc(A) C R*an(A) (R**IfdeC(A) C R*dec(A)).
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(3) BNuwz—inc(4

: ) - N*znc(A) (BN**Ifdec(A) c BN*dec(A))‘
(4) a**I*’L’ﬂC(A) >

*an(A) (a**IdeC(A) > Ol*dec(A)).

Proof. The proof is straightforward from Definitions 2.14 [7], 4.2, Propositions 2.1
and Lemma 3.1. O

The following proposition presents the relationship between Kandil et al.’s ap-
proximations in Definition 2.16 [7] and the current approximations in Definition
4.2.

Proposition 4.4. Let (X,§r,p,Z) be a GIOTAS, (X,85,0,Z) be a GIOTAS and
A C X. Then,

(1) * T — znc(A) - R**I—lnc(A) (R*I—dec(A) C R**I—dec(A))'

(2> R**I znc A) C R*’LnC(A) (R**I—deC(A) C R*I—dec<A)).

(3) BN**I znc(A) c BN*Ifinc(A) (BN**Ifdec(A) c BN*Ifdec(A))'

(4) OZ**I ’LTLC(A) > a*Ifan(A) (a**Ifde(:(A) > OL*Iidec(A)).

Proof. The proof is straightforward from Definitions 2.16 7], 4.2 and Lemma 3.1. O

The following proposition presents the relationship between the present approxi-
mations in Definitions 3.2 and 4.2.

Proposition 4.5. Let (X, 5, p) be a GOTAS, also (X, §5, p,Z) be a GIOTAS and
AC X. Then,

(1) **znc(A) - R**Ifinc( ) ( **dec( ) - R**Ifdec(A))'

(2) R**I ’LTLC(A) C R**lnc( ) (R**I deC(A) C R**dec(A))
(3) BN**Z znc(A) C BN, ( ) (BN**Z dec(A) - BN**dec(A))'
(4)

**kiNC

4 sexe T — znc(A) Z a**inc( )(a**I dec( )> a**dec(A))'

Proof. The proof is straightforward from Definitions 3.2, 4.2 and Proposition 2.1
and Lemma 3.1. g

Let Z = {¢,{c},{d},{c,d}}, in Example 3.1. Then, we calculate the lower, upper
approximations, boundary region and accuracy for all subset of X by using El-Shafei
et al.’s Definition 2.10 [4], A.Kandil et al.’s Definitions 2.12, 2.14, 2.16 [7] and the
current approximations in Definitions 3.2, 4.2.
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Proposition 4.6. Let (X,5gr,p,Z) be a GIOTAS and A, B C X. Then,

(1) R**I—inc(A) CAC R**Iiinc(A) (R**I—dec(A) CAC R**Iidec(A))a equal’
ity hold if A= ¢ or X.
(2) A g B :> R**I—inC(A) g R**I—inC(B) (R**I—’iTLC(A) g R**I_deC(B)).
(3) A g B= R**I—inc(A) g R**I—inc(B) (R**I—dec(A) g R**I—dec(B))'
(4) R**l'finC(AmB) g R**IfinC(A)UR**IfinC(B) (R**Ifdec(AmB) g R**I*dEC(A)U

Proof. The proof is similar to Proposition 3.3. 0

Let T = {¢, {c},{d},{c,d}}, in Example 3.1. Then, it shows that the inclusion
in Proposition 4.6 parts 1, 4 and 5 can not be replaced by equality relation (for
part 1, if A = {d}, R*T%(A) = X, Ruuz_gec(A) = ¢. Then, R*T-%c(A) ¢
A € Ruwz_geo(A)), also we can add examples to show that R*I7"¢(A) ¢ A ¢
Ris7_inc(A). In a similar way, we can add examples to part 4 and 5 ). Moreover, the
converse of parts 2 and 3 is not necessarily true (i.e., Rux7_inc(A4) C Ruxz—ine(B) &
A C B, take A = {a,b,c}, B = {b,c,d}, then Rii7_in.(A) = ¢, Ruxt_inc(B) =
{b,c,d}. Therefore, Riv7_ine(A) C Risine(B), but A ¢ B. In a similar way, we can
add examples to show that Ri.c7_gec(A) C Ruxz_gec(B), but A € B).

5. CONCLUSION

In this paper, different methods are proposed to achieve the main aim of rough
set which is reducing the boundary region and increasing the accuracy of sets. Com-
parison between the current approximation and previous approximation [1, 7] is
presented. The current approximations are better than the previous approxima-
tion [4, 7], because it reduces the boundary region and increases the accuracy with
comparison to the previous one [4, 7].
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