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ABSTRACT. Soft set theory is a new mathematical tool to deal with un-
certain problems. Although soft sets are so-called sets, we can not handle
them like ordinary sets. The reason is that soft sets are defined by map-
pings and they lack “ points ”. In this paper, the concept of soft points is
introduced and the relationship between soft points and soft sets is consid-
ered. We prove the fact that soft sets can be translated into soft point sets
and then may conveniently deal with soft sets as same as ordinary sets.
Moreover, we investigate some soft point sets, define neighborhoods of soft
points and reveal the structure of soft topological spaces such as interior,
closure, boundary and bases by using neighborhoods of soft points.
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1. INTRODUCTION

Most of traditional methods for formal modeling, reasoning, and computing
are crisp, deterministic, and precise in character. However, many practical problems
within fields such as economics, engineering, environmental science, medical science
and social sciences involve data that contain uncertainties. We can not use tradi-
tional methods because of various types of uncertainties present in these problems.

There are several theories: probability theory, theory of fuzzy sets [22], theory of
interval mathematics, and theory of rough sets [17], which we can consider as math-
ematical tools for dealing with uncertainties. But all these theories have their own
difficulties [16]. For example, theory of probabilities can deal only with stochastically
stable phenomena. To overcome these kinds of difficulties, Molodtsov [16] proposed
a completely new approach, which is called theory of soft sets, for modeling uncer-
tainty.
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Presently, works on soft set theory are progressing rapidly. Maji et al. [13, 15, 14]
further studied soft set theory and used this theory to solve some decision making

problems. Roy et al. [19] presented a fuzzy soft set theoretic approach towards
decision making problems. Jiang et al. [I1] generalized the adjustable approach
to fuzzy soft sets based decision making. Jiang et al. [10] extended soft sets with

description logics. Aktas and Cagman [2] defined soft groups. Feng et al. [6, 7]
investigated the relationship among soft sets, rough sets and fuzzy sets. Ge et al.
[8] discussed the relationship between soft sets and topological spaces. Babitha et
al. [4] proposed relations on soft sets. Shabir et al. [21] introduced soft topological
spaces over the universe with a fixed set of parameters. Cagman et al. [5] defined
soft topologies on soft sets. Sen [20] investigated algebraic structure of soft sets.

Although soft sets are so-called sets, we can not handle them like an ordinary
set. The reason is that soft sets are defined by mappings and they lack “ points ”.
Therefore, we need to introduce the concept of “ points ” in soft sets.

The purpose of this paper is to introduce the concept of soft points. We prove
that soft sets can be translated into soft point sets and then may conveniently deal
with soft sets as same as ordinary sets.

The rest of this paper is organized as follows. In Section 2, we give an overview
of soft sets. In Section 3, we recall soft topological spaces. In Section 4, the concept
of soft points is introduced, some soft point sets are studied and the relationship
between soft points and soft sets is considered. We prove the fact that soft sets can
be translated into soft point sets In Section 5, we illustrate that soft relations and soft
operations can be conveniently handled. Neighborhoods of soft points are proposed
and the structure of soft topological spaces such as interior, closure, boundary and
bases is revealed by using them. Conclusions are in Section 6.

2. Overview of soft sets

In this section, we recall some basic concepts of soft sets.

Throughout this paper, U denotes an initial universe, E denotes the set of pa-
rameters, 2V denotes the power set of U. We only consider the case where U and E
are both nonempty finite sets.

Definition 2.1 ([16]). Let A C E. A pair (f, A) is called a soft set over U, if f is
a mapping given by f: A — 2Y. We denote (f, A) by fa.

In other words, a soft set over U is the parameterized family of subsets of the
universe U. For € € A, f(¢) may be considered as the set of e-approximate elements
of fa. Obviously, a soft set is not a set.

To illustrate this idea, let us consider the following Example 2.2.

Example 2.2. Let U = {hy,ho, h3, ha, hs, hg} be a set of houses and let A =
{e1,€2,€3,64} C E be a set of status of houses which stand for the parameters
“beautiful”, “modern”, “ cheap” and “in the green surroundings”, respectively.
Now, we consider a soft set f4, which describes the “ attractiveness of the houses”
that Mr.X is going to buy. In this case, to define the soft set f4 means to point out
beautiful houses, modern houses and so on.
Consider the mapping f given by “houses(.)”, where (.) is to be filled in by one
of the parameters ¢; € A. For instance, f(e1) means “houses(beautiful)”, and its
310
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TABLE 1. Tabular representation of the soft set fa

h ha hs ha hs he
e 1 1 0 0 1 0
£s 0 0 0 0 0 0
£3 0 0 1 1 0 0
€ 0 0 1 1 0 1

functional value is the set consisting of all the beautiful houses in U. Let
f(El) = {hla h2a h5}7 f(€2) = ®7 f(€3) = {h’37h4}7 f(54) = {h3a h4; hﬁ}

Then a soft set f4 is described as the following Table 1. If h; € f(e;), then h;; = 1;
otherwise h;; = 0, where h;; are the entries in the table (see Table 1).

Let A C E. Denote
S(U,A) ={fa: faisa soft set over U}.
Definition 2.3. Let A C F and let f4 € S(U, A). We define (fa)r € S(U, E) by

) fle) if e€ A,
fdd—{% if cc E— A

Obviously, (fg)e = f&-
Definition 2.4 ([1]). Let A,B C FE and let f4 € S(U, A) and gp € S(U, B).
(1) fa is called a soft subset of gp, if A C B and for any € € A, f(¢) C g(g). We

write fa C gB.
(2) fa is called a soft super set of gg, if gg C fa. We write fa O gp.
(3) fa and gp are called soft equal, if A= B and f(¢) = g(e) for any e € A. We

write f4 = gp.
Obviously, fa = gp if and only if f4 C gp and fa D gp.

Definition 2.5 ([13]). Let A,B C F and let f4 € S(U,A) and g € S(U, B).
(1) haup is called the union of f4 and gp, if

fe) if e€ A- B,
h(e) = < g(e) if ee B— A,
fle)ugle) if e€ ANB.

We write fo4 U gp = haup.
(2) hanp is called the intersection of f4 and gp, if h(e) = f(e) N g(e) for any
e € AN B. We write fa N gg = hans.

Remark 2.6. Let A,B,C C FE and let fa € S(U,A), gg € S(U,B) and h¢c €
S(U,C). Then
(1) fafgs C fa(orgs)C faUgp.
(2) If he C fa and he C gp, then he C fa N gp.
(3) If he .| fa and ho .| gB, then hg .| fa U gB.
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Definition 2.7 ([21]). Let A C E and let fa,g4,ha € S(U,A). ha is called the
difference of f4 and g4, if h(e) = f(g) — g(e) for any € € A. We write hg = fa —ga.

Definition 2.8 ([13]). Let A C E and let fa,g94 € S(U, A). ga is called the relative
complement of f4, if g(¢) = U — f(e) for any ¢ € A. We write ga = f/ or (fa)'.

Proposition 2.9 ([3]). Let AC E and let fa,ga € S(U, A). Then
(1) (£ 0 ga) = f4 P g.
(2) (fanga) =fyUdy.
Remark 2.10. Let A C E and let fa,94 € S(U, A). Then
0 (f) = fa )
(2) faCga <= (fa) D (9a)"
Definition 2.11 ([21]). Let A C E and let X C U. The soft set X4 over U is
defined by X (¢) = X for any ¢ € A.

In this paper, Ug and @ g are also denoted by U and @ , respectively.

Remark 2.12. Let fa,g4 € S(U, A). Then
(1) Ua— fa=fa,
(2) faNga=2a < faC g
(3) fa—ga=fangy.

Proposition 2.13. Let A,B C E and let fo € S(U,A) and gg € S(U,B). Then
(1) (faUgr)e = (fa)e U (98)E-
(2) (fangs)e=(fa)s N (98)E-
(3) (fa—9a)e = (fa)e — (94)E-
(

Proof. (1) Denote he = fa U gp with C = AU B. We will show that
ho(e) = fale) Ugp(e) for any € € E.

Case 1 Ifc € A— B, thene € C and € € E — B. Since heo(e) = h(e) = f(e),
fa(e) = f(e) and gp(e) = @, we have ho(e) = fa(e) Ugp(e).

Case 2 Ife€ B— A, thene € C and ¢ € E — A. Since he(e) = h(e) = g(e),
fa(e) = @ and gp(e) = g(e), we have ho(e) = fa(e) Ugp(e).

Case 3 Ife € ANB, thene € C. Since ho(e) = h(e) = f(e)Ug(e), fale) = f(e)
and gp(e) = g(e), we have ho(e) = fa(e) Ugp(e).

Case 4 Ife € E—AUB, thene € (E—A)N(E—B)N(E—-C). Since ho(e) = 2,
fa(e) = @ and gp(e) = &, we have he(e) = fa(e) Ugp(e).

Thus,

ho(e) = fale)Ugp(e) for any € € E.

This implies that (hc)p = (fa)r U (95)p- Hence (fa U gp)r = (fa)e U (98)p-

(2) The proof is similar to (1).

(3) The proof is similar to (1). O

3. Soft topological spaces

In this section, we recall some concepts of soft topological spaces.
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Definition 3.1 ([21]). 7 C S(U, E) is called a soft topology over U, if (i) @, U € T;
(#4) the union of any number of soft sets in 7 belongs to 7; (#i¢) the intersection of
any two soft sets in 7 belongs to 7.

The triplet (U, 7, E) is called a soft topological space over U. Every element of 7
is called soft open set in U and its relative complement is called soft closed set in U.

Definition 3.2 ([21]). Let (U, , E) be a soft topological space over U. For any
fe € S(U, E), the soft closure of fg is defined by

cd(fg) =0 {g9r : fr C gr and gg is a soft closed set in U}.

Proposition 3.3 ([21]). Let (U,7,E) be a soft topological space over U and let
fe e S, E) Then

(1) cl(@) =& and cl(U) =U.

(2) fE C Cl fE)

(3) fr is a soft closed set in U <= fr=cl(fg).

(4) d(cl(fp)) = cl(fp).

Definition 3.4 ([9]). Let (U,7, E) be a soft topological space over U. For any
fe € S(U, E), the soft interior of fg is defined by
int(fp) =0 {gp : 9p C fr and gg € T}.
Proposition 3.5 ([9]). Let (U,7,E) be a soft topological space over U. Then for
any fg € S(U, E),
int(fg) = U — (U - fg).

Proposition 3.6 ([9]). Let (U, 1, E) be a soft topological space over U and let fr €
S(U,E). Then

(1) int(2) =@ and int(U) =U.

(2) int(fe) C fe-

) feerT <= frp=1int(fr).

(4) int(int(fg)) = int(fE).
Definition 3.7 ([9]). Let (U, 7, FE) be a soft topological space over U. For any
fe € S(U, E), the soft boundary of fg is defined by

A(fe) = cl(fe) 0 cl(fg).
4. Soft points

In this section, we will introduce the concept of soft points and consider the
relationship between soft points and soft sets.

4.1. The concept of soft points.

Definition 4.1. Let fg € S(U,E). fg is called a soft point over U, if there exist
e € E and = € U such that

~J{z}, if e=e,
f(s){@, if ceE—{e).

We denote fg by (z.)g. In this case, z is called the support point of (x.)g, {z} is
called the support set of (z.)r and e is called the expressive parameter of (z.)g.
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The family of all soft points over U is denoted by P(U, E).
Let AC E and let f4 € S(U, A). We denote
PU,A) ={(z.)r € P(U,E):e€ A},
F(A) ={(ze)g :x € f(e) and e € A}.
Remark 4.2. (1) (z.)g € F(A) <= z € f(e) and e € A.
2) | F(A) = e% | fe) |-

Example 4.3. Let U = {z1,22,23,24,25} and E = {ey,es,e3,e4}. We define
fler) = {z1,24}, fle2) =U, f(e3) ={xs}, fles) = 2.

Then F(E) = {((#1)e1) B, (xa)er) B: (21)e) B, ((T2)ex) Bs ((73)es) B, ((T4)es) B
((z5)ez)E, ((25)e; ) E} and

P(U,E) = {(($1)67)E 01 < { < 5,1 S] < 4}
Proposition 4.4. Let A,B C E. Then
(1) ACB= P(U,A) C P(U,B).
(2) P(U,E)=J{P(U,A): AC E}.

Proof. These are obvious. g

).

Proposition~4.5. Let fa,ga,ha € S(U,
(1) Ifga C fa, then G(A) C F(A).

(2) If fa=ga GhA’ then F(A) = G(A)NH(A).
(3) If fa=ga U ha, then F(A) = G(A) UH(A).
(4) If fa=ga —ha, then F(A) = G(A) — H(A).

Proof. (1) This is obvious.

(2) Let (z.)g € F(A). Then z € f(e). Since fa = ga N ha, we have z € g(e)
and x € h(e). Thus (z.)g € G(A) and (z.)p € F(A). Hence (z.)r € G(A) N H(A).
Conversely. The proof is similar.

(3) The proof is similar to (2).

(4) The proof is similar to (2). O

Proposition 4.6. (1) If fa = Ua, then P(U, A) = F(A).
(2) P(U,A)=U{F(A4): fae SU A}

Proof. (1) This is obvious.

(2) Let fa € S(U,A). Since f4 C Uy, by Proposition 4.5 and (1) we have
F(A) C P(U,A). Thus P(U,A) DU{F(A): fa € S(U A)}.

Conversely, since Uy € S(U, A), by (1) we have P(U,A) C U{F(A) : fa €
S(U,A)}.

Hence P(U, A) = U{F(A): fa € S(U,A)}. O

4.2. Soft points and soft sets.

Definition 4.7. Let A C E and let f4 € S(U, A) and (xz.)g € P(U, E). We define
(ze)E € fa by B
(ze)e C (fa)E-

Note that (z.)g % Ja,if () SE (fa)E-
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Remark 4.8. (1) (zo)g = (2'e)p < z =2 ande=¢.
(2) (xe)p € fa = z€ f(e)and e € A > (2.)p € F(A).
(3) (ze)m € faand fa Cgp = (2)E € gB.

Theorem 4.9. Let fa € S(U,A) and let (x)g € P(U, A). Then

(ze)p € fa if and only if (ve)p & fh-

Proof. Let (z.)g € fa. Then x € f(e) and e € A. This implies that z ¢ U — f(e) =
f'(e). By Remark 4.8, (z.)g & f4.

Conversely. Let (z¢)g & f). Since (z.)g € P(U,A), e € A. By Remark 4.8,
x & f'(e). Thus x € f(e). This show that (z.)g € fa. O

Theorem 4.10. Let f4 € S(U, A). Then
fa=U F(A).
Proof. Denote hy = U F(A). Then hy = U {(z.)r : x € f(e) and e € A}. Thus

ha = U U (fe)E~

e€A zef(e)

For any € € A, we have

e)=J U z@=(U ze)UJ U U =)
)

ecAzef(e z€ f(e) ecA—{e} zef(e)
=(J =hlU 2= 1.
zef(e)
This show that hq = f4. Hence fa = U F(A). O

Remark 4.11. Theorem 4.10 reveal the fact that soft sets can be translated into
soft point sets.

5. Some related results with soft points

In this section, we obtain some related results with soft points.

5.1. Soft relations and soft operations.

Theorem 5.1. Let A,B C E and let fa € S(U,A) and gp € S(U, B). Then
(1) fa C g < AC B and F(A) C G(B).
(2) fa = gp <= A=DB and F(A) =G(B).

Proof. (1) Necessity. Let (z.)g € F(A). By Proposition 4.6, (z.)g € P(U, A).
Since A C B, by Proposition 4.4, we have P(U, A) C P(U, B). Thus (z.)g € P(U, B)
and so (z.)g € G(B). Hence F(A) C G(B).

Sufficiency. Let A C B. For any e € A and = € f(e), we have (z.)g € F(A).
Since F(A) C G(B), (ze)r € G(B). Then z € g(e) and e € B. Thus f(e) C g(e)
and fa C gB.

(2) This holds by (1). O
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Theorem 5.2. Let A,B,C C E and let fo € S(U,A), g € S(U,B) and h¢c €
S(U,C).

(1) IfC = AUB, then hc = fa U gp <= H(C) = F(A) UG(B).

(2) IfC=ANB, then hc = fa N gp <= H(C) = F(A)NG(B).

(3) fa=ga—ha = F(A)=G(A) —H(A).

Proof. (1) Necessity. Let (z.)g € F(A)UG(B). Then = € f(e) and e € A, or
x € g(e) and e € B.

Case 1Ife€ A— B, then x € f(e) = h(e) and e € C. Thus (z.)g € H(C).

Case 2 If e € B— A, then z € g(e) = h(e) and e € C. Thus (z.)p € H(C).

Case 3Ife € ANB, then x € f(e)Ug(e) = h(e) and e € C. Thus (z.)g € H(C).

Hence F(A) UG(B) C H(C).

Conversely. Let (z.)g € H(C). Then x € h(e) and e € C.

Case 1: If e € A — B, then z € h(e) = f(e) and e € A. Thus (z.)p € F(A) and
so (ze)p € F(A)UG(B).

Case 2: If e € B— A, then z € h(e) = g(e) and e € B. Thus (z.)r € G(B) and
so (z.)g € G(B)U F(A).

Case 3: If e € AN B, then z € h(e) = f(e) Ug(e). Sox € f(e) and e € A, or
x € g(e) and e € B. Thus (z.)g € F(A)UG(B).

Hence H(C) C F(A)UG(B).

Therefore, F(A) UG(B) = H(C).

Sufficiency. Denote lc = fa U gg. By the proof of Necessity, £(C) = F(A)UG(B).
Since F(A) U G(B) = H(C), L(C) = H(C). By Theorem 5.1, h¢ = lc. Thus
faUgp =haus.

(2) The proof is similar to (1).

(3) This holds by Proposition 4.5. O

5.2. Neighborhoods of soft points.

bb‘

Definition 5.3. Let (U, T, E) be a soft topological space over U. Let fg € S(U, E)
and (z.)g € P(U,E). Then
(1) fg is called a neighborhood of (z.)g, if there exists gg € 7 such that

(me)E Aé JE 6 fE
(2) fE is called an open neighborhood of (z.)g, if fg € T and fg is a neighbor-
hood of (z.)g.
The family of all neighborhoods of () is denoted by N(,,),. Denote
T ={fE €T (x)B € fE}.
Then 7(,.), means the family of all open neighborhoods of (z.)g.

Example 5.4. Let U = {21, 29,23}, E = {e1,e2}. We define
91(61) = {I2}, 91(62) = {563};

g2(e1) = {2}, g2(e2) = {21, 23};
gs(e1) = {z2, 23}, gs(e2) = {z3};
ga(er) = {wa, x3}, gale2) = {w1,23};
95(61) { 175U2} 95(62) = {3327903}
96(61) { 562} 96( 2)
gr(e1) = U, gr(e2) = {2, 3}
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fler) = {551,{2}7 fle2) = {1, w3}

Put 7 ={2,U, (g1)E, (92)E, -, (97)r}. Then (U, 7, E) is a soft topological space
over U.

Obviously, (¢2)r C fr & 7. Since x1 € ga(e2), ((z1)e,)E € (g92)r. Then

((z1)ey)E € (92)E C fE. So fr is a neighborhood of ((x1)e,)r. But fg is not
an open neighborhood of ((x1)e,)E-
Since x1 € ga(e2) z1 € go(e2), ((T1)e,)E € (9a)r € T, ((T1)en)E € (96)E € T

Thus 7((z).,)r = 1(92)5, (94)E, (96) 5, U}

Proposition 5.5. Let (U, 7, E) be a soft topological space over U and let Ny, y,, is
a neighborhood system of (z.)g. Then

(1) If g€ N(%)E) then (-Te)E c fE;

(2) If fE, gJE € N(zp)E7 then fE N Jr € N(%)E’

(3) If g C fE and gg € N(%)E} then fg € N(fL‘e)E;

Proof. (1) Let fg € N(;,),. Then there exists gr € 7 such that (z.)g € gr C fE.
Thus = € g(e) C f(e). By Remark 4.8, (z.)r € f&.

(2) Let f, g& € N(z,),,- Then there exist hp, kg € 7 such that (zc)p € hg C fg
and (z.)g € kg C gg. Soz € h(e)Nk(e) and hg N kg C fr N gg. By Remark 4.8,
$5)E é hg ﬁ kg. Now hg ﬁ kg € 7. Thus fE ﬁ JE € N(we)E'

(3) Let g € N(;,),. Then there exists hp € 7 such that (z.)g € hg C gg. Since
9e C [e, (xe)g € hg C fg. Thus fg € Ny, ), O

Theorem 5.6. Let (U, T, E) be a soft topological space over U and let fg € S(U, E).
Then the following are equivalent.

(1) feer;

(2) fre€ T(ze)m for any (z.)r € fu;

(3) fE € N(g,), for any (zc)E € fg.
Proof. (1) = (2) and (2) = (3) are obvious.

(3) = (1). Let fg € Ny, for any (z.)p € fg. Then there exists g(z.)p € T
such that (z.)g € g(z.)g C fr. So (v¢)r C g(ze)r C fg. This implies that

U{(ze)p:z € fle)ande € B} C U {g(z.)g:x € f(e) and e € E} C fg
By Theorem 4.10, fz = U {(z.)g : x € f(e) and e € E}. Then fp =U {g(z.)E :
x € f(e) and e € E}. Hence fg € 7. O
Corollary 5.7. Let (U, 7, E) be a soft topological space over U. Then

T={fE: fE € N, for any (zc)5 € fE}.
Proof. This holds by Theorem 5.6. 0

5.3. The structure on soft topological spaces.

Definition 5.8. Let (U, 7, E) be a soft topological space over U. Let fr € S(U,E)
and (x.)g € P(U, E).
(1) (z.)g is called an interior point of fg, if g5 C fg for some g € Nz )
(2) (z¢)p is called a adherent point of fg, if gr N fr # O for any gp € Nezo)e-
(3) (z.)g is called a boundary point of fg, if gg N fg # @ and gg N fi # @ for

any gg € Nz )p-
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Remark 5.9. (z.)g is a boundary point of fg <= (z.)g is a adherent point of fg
and (z.)g is a adherent point of ff.

Proposition 5.10. Let (U, 1, E) be a soft topological space over U. Let fr € S(U, E)
and (ze)g € P(U, E).

(1) (xe)p is an interior point of fg, if gg C fE for some gg € T4y,
(2) (zc)p is a adherent point of fg, if gp O fr # D for any gg € T(we)s-
(3) (we)g is a boundary point of fr, if gr 0 fr # @ and g 0 f}, # @ for any

9E € T(z.)p-
Proof. The proof is straightforward. 0

Theorem 5.11. Let (U,7,E) be a soft topological space over U. Then for any
feeSWU,E)

int(fr) = U {(z)E : (xe)E is an interior point of fr}.
Proof. Denote hg = int(fr). We will show that
H(E) = {(ze)E : (ze)E is an interior point of fg}.

Let (z.)g € H(E). Then z € h(e). Since h(e) = U {g(e) : gr C fr and gg € 7},
there exists gg € 7 such that gp C fr and z € g(e). = € g(e) implies that
(re)r € gg. Then fg € Nz.)p- Thus (x.)g is an interior point of fr. This show
that H(E) C {(x.)E : (z.)E is an interior point of fg}.

Conversely. Let (z.)g is an interior point of fg. By Proposition 5.10, g5 C fr
for some gp € T(,.),- (zc)p € gp implies that « € g(e). Then (z.)p € G(E). Note
that gp € 7 and gp C fg. By Remark 2.6, gg C int(fg) = hg. By Proposition
4.5, G(E) C H(E). Hence (z.)g € H(E). This show that H(E) 2O {(z.)p :
(z¢)E is an interior point of fg}.

Hence H(E) = {(z.)g : (z¢)E is an interior point of fg}.

By Theorem 4.10, hg = U H(E).

Therefore, int(fg) = U {(z.)g : (rc)E is an interior point of fz}. O

Theorem 5.12. Let (U,7,E) be a soft topological space over U. Then for any
feeSWU,E)

c(fe) =U {(z.)E : (x.)E is a adherent point of fr}.
Proof. Denote hg = cl(fgr). We will show that
H(E) = {(z)E : (ze)E is a adherent point of fg}.

Let (z.)p € H(E). Suppose that frz N gp = @ for some gp € T(we)p- Since
fe 0 gr = 3, by Remark 2.12, we have fp C g). Note that hg = N {lp :
fe Clg and Iy € 7}. By Remark 2.6, hp C gj. Since (z.)p € H(E), = € h(e).
Then = € g'(e). This implies that = & g(e). Since gp € T(z,),, (T)E € gE-
Thus = € g(e), a contradiction. Hence fp N gg # & for any gp € Tw)s- BY
Proposition 5.10, (z.)g is a adherent point of fg. This show that H(E) C {(z.)E :
(ze) g is a adherent point of fg}.

Conversely. Let (z.)g is a adherent point of fr. Suppose that (z.)g & H(E).
Then = ¢ h(e). By Remark 4.8, (x.)p ¢ hp. By Theorem 4.9, (ze)p € hly. By
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Proposition 3.3, h%y, € 7 and fr C hg = (h})". By Remark 2.12, fp N b} = .
Since (z.) g is a adherent point of fz, by Proposition 5.10, we have fr N g # @ for
any gg € T(z.),- Now by € T(4, )E. This implies that fr N hy # &, a contradiction.
This show that H(E) 2 {(a:e) : (x¢) g is a adherent point of fg}.

Hence H(E) = {(xe)E (ze)E is a adherent point of fgr}.

By Theorem 4.10, hp = U H(E).

Therefore, cl(fr)=U {(ze)E : (z.)r is a adherent point of fr}. O

Theorem 5.13. Let (U,7,E) be a soft topological space over U. Then for any
feeSWU,E)

O(fr) =U {(ze)E : (ze)E is a boundary point of fr}.

Proof. Denote hg = O(fr), gr = cl(fr) and lg = cl(fy). Since hg = gp N g,
by Proposition 4.5, we have H(E) = G(E) N L(E). By the proof of Theorem
5.12, G(E) = {(ze)E : (x.)p is a adherent point of frp} and L(E) = {(z.)p :
(xe)E is a adherent point of ff}. Thus

H(E) = {(ze)E : (zc)E is both a adherent point of fg and fj}.

Hence H(E) ={(ze)r : (zc)E is a boundary point of fg}.
By Theorem 4.10, hg = U H(E).
Therefore, 9(fg) =U {(z.)r : (z.)g is a boundary point of fg}. O

Definition 5.14. Let (U, 7, E) be a soft topological space over U and let BC 7. B
is called a base for (U, r, E), if for any fg € 7, there exists B/ C B such that

fE:O {bEbE EB/}.

Example 5.15. Let U = {x1, 29,23} and E = {e1,e2}. We define
filer) =@, file2) ={z1}; faler) =9, fa(ez) = {wz}
f3(€1) @, fs(e2) ={z1,z2}; faler) —{xl} fale2) =

fs(er) = {z2}, fs(e2) = @7 foler) = {1, 22}, fo(e2) = Q"

Eeli {z1}, f7E€2) = {372}7 fsler) = {xa}, fs(e2) = {m1};

1

)

e1 {ma}, fole2) = {x2}; froler) = {z2}, fio(e2) = {z1,22};
f11(€ ) =A{z1, 22}, fuile2) = {x2}; fia(er) = {z1, 23}, f12(62) = {1, 23};
fiz(er) = U, fis(e2) ={z1,z3}; fialer) = {z1, 23}, fralea) =
fis(er) = {x1, 22}, fis(e2) = {21} fis(er) = {z1}, fie(e2) = {961}
Jir(er) = {-Tl} Jir(e2) = {I1,$2}> fis(er) = {z1, 72}, fis(e2) = {z1, 22}

Put 7 = {2,U,(f1)e, (f2)B, . (fis)p}. Then (U,7,E) is a soft topological
space over U.

Put B = {év (fl)Ev (f2)E7 (f4)E7 (f5)E7 (f9)E7 (f14)E7 (flS)E7 (f17)E} Then B is
a base for (U, 7, E).

Theorem 5.16. Let (U, 7, E) be a soft topological space over U and let fr € S(U, E)
and let B be a base for (U, 7, E). Then

fe€T < VY (v.)p € F(E) 3 bg € B such that (z.)g € bg C f&.

Proof. Necessity. Suppose that fg € 7. Let (xz.)g € F(F). Since B is base, there
exists B’ C B such that fp = U {bg : bp € B'}. By Remark 4.8, z € f(e) = U {b(e) :
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bg € B’ for any e € E}. Then there exists by € B’ such that x € b(e). By Remark
4.8, (z¢)r € bg. Note that by C fg. Hence (7.)g € bg C f&.

Sufficiency. Let z € f(e) and e € E. Then (z.)g € F(F). So there exists
b(e,x)p € B such that (z.)p € b(e,x)r C fr. So (z.)g C ble,z)p C fg. This
implies that

U{(ze)p:7€ fle)and e€ E} C U {ble,z)p :x € f(e) and e € E} C fg

By Theorem 4.10, fg = U {(z.)g : © € f(e) and e € E}. Then fg = U {b(e, )k :
x € f(e) and e € E}. Note that B € 7. Thus fg € 7. O

Corollary 5.17. Let (U, 1, E) be a soft topological space over U and let B be a base
for (U,7,E). Then

T={fe € S(U,E):V (ze)E € fe, 3 b € B such that (z.)g €bp C fe }.
Proof. This holds by Theorem 5.16. O

Theorem 5.18. Let (U, 7, E) be a soft topological space over U and let B C 7. Then
the following are equivalent.

(1) B is base;

(2) For any (xz.)p € P(U,E) and frp € 7(5.),, there exists by € B such that
(ze)E € bg C fE;

(3) For any (zo)p € P(U,E) and fr € N,,),, there exists b € B such that
(ze)r € b C fE.

Proof. (1) = (2). Let (vc.)p € P(U,E) and let fg € 7(,,),. Then there exists
gr € 7 such that (v.)g € gr C fr. By (1) there exists B’ C B such that
gg = U {bE 1 bg € B/}

Thus (z.)g € gr. By Remark 4.8, = € g(e) = U {b(e) : bp € B’ for any e € E}.
Then there exists by € B’ such that x € b(e). By Remark 4.8, (z.)g € bg. Hence
bE 6 JE 6 fE and bE 6 fE

(2) = (3). This is obvious.

(3) = (1). Let fr € 7. Let z € f(e) and e € E. By Remark 4.8, (z.)g € fg.
Thus f& € N,,),. By (2) there exists b(e, #) g € B such that (z.)g € b(e,z)p C fE&.
So (w¢)g C ble,z)p C fr. This implies that

U{(z)p:x € f(e) ande€ E} C U {ble,x)g:z € f(e) and e € E} C fr

By Theorem 4.10, fr = U {(z.)g : # € f(e) and e € E}. Then fg = U {b(e, )k :
xz € f(e)and e € E}. Put B' = {b(e,x)g : x € f(e) and e € E}. Then B is base. [

Let (U, 7, E) be a soft topological space over U and let X C U. Denote 7x =
{9 N Xg :gp € T}

It is easy to prove that (X, 7x, E) is a soft topological space over X. (X, 7x, E)
is called a subspace of (U, T, E).

Theorem 5.19 ([21]). Let (U, 7, E) be a soft topological space over U, let (X, 7x, E)
be its subspace and let gz C Xg. Then
(1) gg is soft open in X if and only if gg = fg N Xg for some fg € T.
(2) gg is soft closed in X if and only if gg = fr N Xg for some soft closed set
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Theorem 5.20. Let (U, 7, E) be a soft topological space over U, let B be a base for
(U,7,E) and let X CU. Then Bx = {fe N Xg : fg € B} is a base for (X,7x,E).

Proof. Let g5 € Tx. By Theorem 5.19, there exists fg € 7 such that gg = fz N Xg.
Let 2 € f(e) and e € E. By Remark 4.8, (z.)g € fg. Thus fg € N(,,),. By
Theorem 5.18, there exists b(e,z)r € B such that (z.)g € b(e,z)g C fr. This
implies that (z.)g € b(e,2)g N Xg C fr N Xg = gg. Note that b(e,z)g N Xg € Bx.
By Theorem 5.18, Bx is a base for (X, 7x, E). O

6. Conclusions

In this paper, we defined soft points, researched some soft point sets and pre-
sented neighborhoods of soft points. It was worthwhile to mention that soft sets
can be translated into soft point sets and then we may conveniently deal with soft
relations, soft operations and soft topological spaces. In future work, we will study
continuous mappings between soft topological spaces by using soft points and their
neighborhoods.
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