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ABSTRACT. We show that an alleged properties stated in [4] are invalid
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1. INTRODUCTION

Proposition 48 (vii) and Proposition 58 (vii) of [1] asserted that for any multiset,
(mset [1] or bag [0], for short), relation R on a nonempty mset M the following
conditions hold respectively:

(1) Rp(M, © My) = Ry,(M;) © Rp,(Ms),
(2) Ry(My & My) C Ry(M) © Ry(My).

These properties are incorrect in general. Moreover, Counter-examples are intro-
duced to prove our claim.

2. PRELIMINARIES

In this section, a brief survey of the notion of msets as introduced by Yager [6],
Blizard [1, 2] and Jena et al. [5] have been mentioned. Moreover, rough msets and
the basic definitions and notions of relations in mset context presented by Girish et
al. [3, 4].

Definition 2.1. A collection of elements containing duplicates is called an mset.
Formally, if X is a set of elements, an mset M drawn from the set X is represented
by a function count M or C}j; defined as Cp; : X — N where N represents the set
of non negative integers.
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Let M be an mset from the set X = {1, 2, ..., z,} with z appearing n times in
M. Tt is denoted by x €™ M. The mset M drawn from the set X is denoted by
M = {ki/x1,ko/x9, ..., ky /2, } where M is an mset with x, appearing ki times, x5
appearing ks times and so on. In Definition 2.1, Cys () is the number of occurrences
of the element x in the mset M. However those elements which are not included in
the mset M have zero count. An mset M is a set if Cpy(z) =0or1Vz € X.

Definition 2.2. A domain X, is defined as a set of elements from which msets are
constructed. The mset space [X]|™ is the set of all msets whose elements are in
X such that no element in the mset occurs more than m times. The set [X]> is
the set of all msets over a domain X such that there is no limit on the number of
occurrences of an element in an mset.

Let M, N € [X]™. Then the following are defined:

(1) M is a submset of N denoted by (M C N) if Cps(z) < Cny(z) V€ X.

(2) M =Nif M CN and N C M.

(3) M is a proper submset of N denoted by (M C N) if Cy(x) < Cn(z) V€
X and there exists at least one element x € X such that Cy(x) < Cn(z).

(4) P=MUN if Cp(z) = max{Cp(z),Cn(x)} for all x € X.

(5) P=MnN if Cp(x) = min{Cp(z),Cn(x)} for all x € X.

(6) Addition of M and N results in a new mset P = M @ N such that Cp(z) =
min{Ch(z) + Cn(x), m} for all x € X.

(7) Subtraction of M and N results in a new mset P = M © N such that
Cp(z) = max{Chs(z) — Cn(z),0} for all z € X, where @ and © represent
mset addition and mset subtraction, respectively.

(8) An mset M is empty if Cps(x) =0V z € X.

Definition 2.3. Let M € [X]™. Then the complement M¢ of M in [X]™ is an
element of [X]™ such that

Chrre(z) = m — Cy(x) Vo € X.

Definition 2.4. Let M; and M, be two msets drawn from a set X, then the
Cartesian product of M; and Ms is defined as

My x My = {(m/xz,n/y)/mn:x €™ My, y €™ My}.
Here the entry (m/z,n/y)/mn in My x My denotes z is repeated m times in My,
y is repeated n times in My and the pair (x,y) is repeated mn times in My x My.
The Cartesian product of three or more nonempty msets can be defined by gen-
eralizing the definition of the Cartesian product of two msets.

Definition 2.5. A submset R of M; x M, is said to be an mset relation from M;
to My if every member (m/x,n/y) of R has a count, the product of Cy(z,y) and
Cy(z,y). m/z related to n/y is denoted by (m/z)R(n/y).

Definition 2.6. Let R be an mset relation on M. The post-mset of x €™ M
is defined as (m/z)R = {n/y : 3 some k with (k/z)R(n/y)} and the pre-mset of
x €" M is defined as R(r/x) = {p/y : 3 some ¢ with (p/y)R(q/x)}.

Definition 2.7. Let R be any binary mset relation on M in [X]™. Then the mset
(n/y)R is defined as the intersection of all post-msets containing y with nonzero
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multiplicity.
(2.1) i.e., (n/y)R=n{(m/x)R:y €™ (m/x)R}.

Also, R{n/y)is the intersection of all pre-msets containing y with nonzero multi-
plicity.

(2.2) i.e., R(n/y) = N{R(m/z) :y € R(m/x)}.

Definition 2.8. Let R be a binary mset relatign on M. For N C M, a pair of lower
and upper mset approximations, R; (N) and Ry (N), are defined respectively as

(2.3) Ry (N) = {m/x: (m/x)r C N}.

(2.4) Ry(N)={m/z: (m/z)r NN # ¢}.
The pair (R, (N), Ry(N)) is referred to as the rough multiset of N.

3. COUNTER-EXAMPLES
The following example shows that Rp(M;) & Rp(Mz) ¢ Rp(M; © M) and
Ry(My © My) ¢ Ry (M) © Ry (Ms).
Example 3.1. Let M = {3/x,2/y,4/2,5/r} and R = {(3/z,3/x)/9, (2/y,2/y)/4,

(4/2,4/2)/16,(5/r,5/r)/25,(3/x,2/y) /6, (3/x,4/2)/12,(4/2,3/x)/12,(5/r,2/y)/10,
(4/2,2/y)/8}. Hence

(B/x)R = {3/x,2/y,4/z} (3/x)r = {3/x,2/y,4/z}
(2/y)R =1{2/y} 2/y)r ={2/y}

(4/2)R = {3/x,2/y,4/2} (4/2)r = {3/2,2/y,4/2}
(5/r)R={5/r,2/y} (5/r)r = {5/r,2/y}.

Let My = {3/x,2/y,4/z} and My = {3/x,2/y,5/r} be two submsets of M. Then
Rp(My) = {3/x,2/y,4/z} and Rr(Ms) = {2/y,5/r}. Thus, Ry (M1) © Rr(Ms) =
{3/x,4/z}. Moreover, My © My = {4/z}. So, Rp.(M; © M3) = ¢. Thus, R(M;) ©
RL(MQ) ¢_ RL(Ml @Mg) AAISO7 if M1 = {S/I’,Q/y} and M2 = {2/y,4/2} be
two submsets of M. Then Ry(M;) = M and Ry(Msz) = M. Thus, Ry(M;) ©
Ry (Ms) = ¢. Moreover, My © My = {3/x} and Ry (M; © My) = {3/z,4/z}. So,
Ry (M, 6 M) € Ry(My) © Ry(Ms).

The following example shows that Rr(M; © M) € R (M) & Ry, (Ms).
Example 3.2. Let M = {2/x,3/y,5/2,7/r} and R = {(2/z,2/x)/4, (2/x,3/y)/6,
(3/y,3/v)/9,(5/2,5/2)/25,(5/2,3/y)/15,(7/r,2/x)/14,(7/r,5/2)/35}. Hence

(2/z)R ={2/z,3/y} (2/z)r = {2/}
(3/y)R ={3/y} B/yyr=1{3/y}
(5/2)R={3/y,5/z} (5/2)r = {5/z}
(7/r)R ={2/x,5/z} (T/1)r = ¢

Let My = {2/x,3/y,7/r} and My = {2/x,7/r} be two submsets of M. Then
Rp(My) ={2/x,3/y,7/r} and Ry (M) = {2/x,7/r}. Thus, Rp(M1) © R(Ms) =
{3/y}. Moreover, My © My = {3/y}. So, Rp(My © Ms) = {3/y,7/r}. Thus,
Rp(My & My) ¢ R(My) © Ry, (My).
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The following proposition presents the relationship between Ry (M7) © Ry (Ma)
and RU(M1 © Mg)

Proposition 3.3. Let R be an mset relation on a nonempty mset M. Then
Ry (M) © Ry (M) € Ry(My © Ma).
Proof.
Ry(My © Mp) = {m/x : (m/x)r N (M1 © M) # ¢}
2{m/x: (m/x)r N My # ¢} ©{m/z : (m/x)r N Mz # ¢}
= Ry(M;) © Ry (Ms).

4. CONCLUSIONS

In this paper, we introduce counter-examples to show that some properties stated
in [4] are wrong in general. Furthermore, we establish the relationships between these
properties.
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