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ABSTRACT. The aim of this paper is to construct the basic concepts
related to compactness in double (intuitionistic) topological spaces. Here
we introduce the concepts of double compact ( D-compact), double com-
pactness modulo double ideal (Z-D-compactness), double quasi-H-closed
(DQHC set), double quasi-H-closed modulo double ideal (Z -DQHC), DC-
compact, Z-DC-compact and obtain several preservation properties and
some characterizations concerning compactness in these concepts.
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1. INTRODUCTION

After Atanassov [1, 2, 3, 4] introduced the concept of intuitionistic fuzzy sets as
a generalization of fuzzy sets, Coker [6] generalized topological structures in fuzzy
topological spaces to intuitionistic fuzzy topological spaces using intuitionistic fuzzy
sets. The concept of intuitionistic sets which are under the classical intuitionistic
fuzzy sets was first given by Coker in [5]. He studied topology on intuitionistic sets
in [7]. In 2007, Kandil et. al [17] introduced the concept of Flou set. This is a
discrete form of intuitionistic fuzzy sets, where all the ordinary sets are entirely the
crisp sets. In this paper, we follow the terminology of Rodabaugh [9] that double
set is more appropriate name than intuitionistic (Flou) set, and therefore, adopted
the term double set for the intuitionistic(Flou) set and double topology for the
intuitionistic (Flou) topology. Kandil [17] also introduced the concept of double
topological spaces with double sets and investigated basic properties of continuous
functions. He also examined separation axioms in double topological spaces. In
2010, Kandil [14] obtained a new double topology form the old (X,7), constructed
by use of a double ideal (D-ideal, for short) on X, and described as follows.
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Let Z € DI(X) and let (X,n) be a double topological space. Consider the local
function of A with respect to Z and 7, denoted by A*(n,Z), given by 7, € A* &
(O, NH)gA ¥V HeZ V O,, € Nj(z;). Then the operator c/* : D(X) — D(X),
defined by cl*(A) = AU A*, is a D-closure operator and hence it generates a double
topology n*(Z) = {A € D(X) : cl*(A°) = A°}, which is finer than 7. A double open
base f3 for the double topology n*(Z) on X is given by 8(n,Z) = {G\A: Gen, A€
Z}. In 2009, Kandil and et. al.[16] introduced the notion of CD-compact topological
spaces(Flou-compact topological space), and studied some fundamental properties
of this notion.

2. PRELIMINARIES

The purpose of this section is merely to recall some known results concerning
ideal, compactness, double sets, double ideals and double compact spaces.
For more information see [11, 12, 13, 14, 16, 17, 19, 22].

Definition 2.1 ([11]). A nonempty collection Z of subsets of a nonempty set X is
said to be an ideal on X, if it satisfies the following two conditions:

(1) AeZ and B C A = B €T (hereditary),

(i) Ae T and B €T = AU B € T (finite additivity).

Definition 2.2 ([8]). A topological space (X, 1) is said to be compact or 7-compact
iff every open cover of X has a finite sub-cover.

Definition 2.3 ([19]). Let Z be an ideal on a topological space (X, 7). A cover
{Gqs : a € Q} of X is said to be an Z-cover if there exists a finite subset Qg of Q
such that {G, : @ € Qp} covers X except, perhaps, for some subset which belongs

to the ideal Z, i.e. X\ Uaeﬂo G, €1

Definition 2.4 ([19]). A topological space (X,7) with an ideal Z is said to be
T-compact or compact modulo Z, if every open covering of X is an Z-cover.

Definition 2.5 ([18]). A topological space (X, ) is said to be a quasi H - closed
(QHC, for short) if for every open cover v(= {G, : « € A} C 7) of X, there exists a
finite sub-collection v*(= {G; : i = 1,2,3,...,n}) of v such that X = U ,¢l,G;. A
Hausdorff quasi H - closed space is called H - closed (HC, for short).

Definition 2.6 ([21]). A topological space (X,7) is said to be C-compact if for
every closed set F' and every T-open cover y of F', there exists a finite sub-collection
{G1,G2,Gs,...,G,} of v such that F C U el (G;).

Definition 2.7 ([10]). Let Z be an ideal on a topological space (X, 7). A topological
space (X, 7) is said to be Z-C-compact if for every closed set F' and every 7-open
cover « of F, there exists a finite sub-collection {G1, G2, Gs, ..., Gp} of v such that
F\ U?:l ClT(Gi) S

Definition 2.8 ([17]). Let X be a nonempty set:
(1) A double set A is an ordered pair A = (41, A43) € P(X) x P(X) such that
Ay C As.
(2) D(X) = {(Al,AQ) : (Al,AQ) S P(X) X P(X), A1 g AQ} is the farnlly of all
double sets on X.
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(3) Let z € X . Then, the double sets zg5 = (¢, {z}) and z1 = ({2}, {z}) are said
to be double points in X.

X, ={z;:2xe€ X, t€{0.5,1}} is the set of all double points of X.

4 zyeAiff x € Ay, and x5 € Aiff x € Ag, ie. A= (U{z1:21 € A}) U (U{x05:
zo5 € A}) K

(5) Let n1,m2 € P(X). Then the double product of 71 and 19, denoted by 11 Xn2, is
defined by m >A<772 = {(Al,Ag) : (A17A2) €N Xn, A C AQ}

(6) The double set X = (X, X) is called the universal double set.

(7) The double set ¢ = (¢, @) is called the empty double set.

(8) The double set A= (A1, As) is said to be a finite double set if A, is finite set.
(9) The double set A = (Aj, As) is said to be a countable if and only if Ay is
countable.

(10) The double set A = (Aj, As) is said to be a crisp double set if and only if
A = As.

Note that a double set in the sense of Coker [5] is the form A = (A3, A3) € P(X),
where A1 N Ay = ¢. But A = (A, As) € P(X) is a double set in the sense of Kandil
et. al [17], where Ay N Ay. then A = (47, A2) is a double set in the sense of Coker
if and only if A = (A, AS) is a double set in the sense of Kandil. And one can see
that a one to one correspondence mapping between the two types. On the other
hand, Kandil’s notion simplify the concepts, specially in the case of intuitionistic
fuzzy points or double fuzzy point see [20].

Definition 2.9 ([17]). Let A= (A1, A2), B = (B1,Bs) € D(X). Then:
(1) A=B& A, =B;, i=1,2.
(3) ANB= (Al N By, As ﬁBQ) and AUB = (A1 UBI7A2UB2).

)

It {A,:a €A} C D(X) such that A, = (A1a, A24), then

(SN Aoz = (UaEA Alaa UaeA A2(X) and ﬂaEA Aa = (naeA AlOM naeA A2(X>
¢ = (A4S, AS), where A° is the complement of A.

Proposition 2.10 ([17]). (D(X),U,N,°) is a Morgan Algebra.

Definition 2.11 ([17]). Two double sets A and B are said to be quasi-coincident,
denoted by AgB , if and only if A1 By # ¢ or AoN By # ¢. A is not quasi-coincident
with B, denoted by AgB , if and only if A; N By = ¢ and As N By = ¢.

Theorem 2.12 ([17]). Let A,B,C € D(X) and z¢,y, € Xp. Then:

(

(2) AgB < Jxy € A such that x.9B,

(3) AgB < AC B°,

(4) 2¢gA & x, € A°,

(5) AC B< x; € A implies ¢, € B < xqA implies x4qB,
(6) AgA°

(7)

[ s [

= U{xt cxy € Ay = U{@y s gAY

Definition 2.13 ([17]). Let X be a nonempty set. Then:
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(1) n € D(X) is called a double topology on X if the following axioms are

satisfied:

(i) ¢, X €,

(it) If A, B €n, then AN B € n and

(791) If {4, : o« € A} Cn, then Ugen 4, € 7.

(2) If G € n, then G is called an open double set and G is called a closed double
set.

(3) The family of all closed double sets is denoted by n° = {F : F° € n}.

(4) A double set O,, is called a neighborhood (nbd, for short) of the double
point x; if and only if z; € th € 1. The family of all nbd of x; denoted
by Ny(z¢). Also, O, is called a quasi neighborhood (g-nbd, for short) of
the double point z; if and only if x,qO,, € n. The family of all g-nbd of x;
denoted by NJ(x;).

(5) If A€ D(X). Then
(2) The closure of A, denoted by cl,,(A), is defined by cl,(A) = N{F : A C
Fent
(#3)The interior of A, denoted by int,(A), is defined by int,(4) = U{G :
GenGC A}

(6) A double set A is called a double dense in X iff ¢l,)(4) = X.

Theorem 2.14 ([17]). Let (X,n) be a double topological space and A € D(X). Then
inty(4) = (cly(49))°.

Theorem 2.15 ([17]). Let (X, T) be a topological space, and let A € D(X). Then
TXT is a double topology on X and cl_;_(A) = (cl. (A1), cl-(A2)).

TXT
Theorem 2.16 ([17]). Let (X,n) be a double topological space. Then
(1) m ={A1: (A1, A2) €},
(2) Ty = {A2 : (Al,AQ) S T]} and
(3) mg ={A: (A, X) €n} are topologies on X.

Definition 2.17 ([15]). A double topological space (X,n) is said to be a double
Hausdorff(DT5, for short) if Vay, v, € X,,, gy, there exists waer € 7 such that
th quT.

Definition 2.18 ([16]). Let(X,n) be a double topological space and let A € D(X).
A collection v = {G,, : @« € A} C D(X) is said to be a double cover(D-cover, for
short) of A if AC UaeaG,. If v C 1, then ~ is called double open cover(D-open
cover, for short). B B

Definition 2.19 ([16]). A double topological space (X,7) is said to be a CD-
compact space if for every double closed set F' and for every D-open cover 7y of
F has a finite sub-cover.

Definition 2.20 ([141]). Let X be a nonempty set. A nonempty collection Z C D(X)
is said to be a double ideal(D-ideal) on X, if it satisfies the following two conditions:
(i): AeZ and B C A = B € Z (hereditary),
(ii): AeZand B€Z = AU B € Z (finite additivity).

Example 2.21 ([14]). Let X be a nonempty set:
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)
) Z » the double ideal of all finite double subsets in X,

) Z., the double ideal of all countable double subsets in X,

) Z,,, the double ideal of all nowhere dense double subsets in X,

) Zi ={A:Aec D(X), :;GgA} is a quasi excluded point double ideal on X,
6) Z" = {(¢,4) : A€ P(X)}.

The set of all double ideals on X is denoted by DI(X).

Proposition 2.22 ([13]). Let Z and J be two ideals on X. Then the double product
IxJ(={(A,B):(A,B) €I xJ,AC B} is a D-ideal on X.

Proposition 2.23 ([14]). Let X be a nonempty set and Z € DI(X). Then
(1) T = {Al : (Al,Ag) S l}, and
(2) % = {As : (A1, A2) € Z} are ideals on X.

Definition 2.24 ([13]). Let (X,n) be a double topological space and let Z be a D-
ideal on X. Then 7 is said to be compatible with Z, denoted by n ~ Z if ANA* = P,
then A € Z.

Theorem 2.25 ([13]). Let (X, n) be a double topological space and let Z be a D-ideal
on X. If n~Z, then B(n,Z) = n*(Z).
For more information see [13, 14].

3. D-COMPACTNESS MODULO D-IDEAL

In this section, we introduce and study the idea of a new type of D-compactness,
defined in terms of a D-ideal in a double topological space (X,n). Calling it Z-D-
compactness, we investigate its relation with compactness, among other things.

Definition 3.1. A double topological space (X,n) is said to be D-compact space if
every D-open cover v of X has a finite sub-cover.

Theorem 3.2. Let (X,n) be a D-compact space. Then every crisp double closed set
is a C-set.

Proof. Let (X,n) be a D-compact space, A be a crisp double closed set and let the
collection v = {G,, : @« € A} C 7 be a D-open cover of A, i.e. A C UaeaG,. Then
AUA® CUpepaG,UA® = X =UyenG,, U A°. Hence the collection v* = v U {A°}
is a D-open cover of X. Since (X,n) is D-compact, there exists a finite sub cover
Y = {G,, :i=1,23,..,nfUAof X ,ie X =U} G, UA“= A= (U G, U
A)NA=ACUL,G,, . Hence Ais a C-set. O

The converse of the above Theorem may not be true in general as shown by the
following example.

Example 3.3. Let X = {a,b} and n = {¢, X}. Then (X,7) is a D-compact. Now,
let A= ({a},{a}). Then A is a C-set, but its not D-closed as A° = ({b}, {b}) & n.

Theorem 3.4. Let (X,n) be a double topological space. Then (X,n) is D-compact
< (X, m) is compact , where w1 = {Aq : (A1, A2) € n}.
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Proof. Let (X,n) be a D-compact space and let v; = {G1, : @« € A} C 71 be an open
cover of X, i.e. X = UyeaG1q. Then the family v = {(G14, G2a) : G2a € T2, € A}
is a D-open cover of X. Since (X,n) is a D-compact, then there exists a finite
subcover v* = {(G1a;,G2a;) 1 7 = 1,2,3,...,n} C yof X, ie. (X,X) =X =
U™ 1(G1a;5 Go2a;). S0 X = U G1,,, and hence 7§ = {G1q, 11 =1,2,3..,n} Cm
is a finite subcover of X. Therefore (X, ) is a m-compact.

Conversely, let (X, ) be a m-compact and let v = {G,, : « € A} C n be a D-open
cover of X, ie. (X,X) =X = UqaenG,. Since for each G, in 7y there exists Giq,
Gaq € P(X), G1o C Gaq such that G, = (G1a, G2a)- Then X = UaeprGia, €. the
collection v; = {G1q : (G1a, G2a) € ¥} C 71 is a m1-open cover of X, but (X, ) is
mi-compact, then there exists a finite subcover v = {G1q, : 1 =1,2,3,...,n} C 7
such that X = U]_,G1,,. Now, since Gi1n, C Gan,, then Ul G1n, C U Gaq, s
therefore, X = (U, G1qa,,Uj-1Gaq,) = Ui G,,,. Hence (X,n) is a D-compact. [

Theorem 3.5. Let (X,n) be a double topological space. Then
(X,n) is D-compact = (X, w3) is compact, where 73 = {A: (A, X) € n}.

Proof. Let (X,n) be a D-compact and let v = {G, : a € A, (G, X) € n} C 73 be an
open cover of X, i.e. X = UneaGa. Then X = Uyen(Ga, X). Hence the collection
v = {(Ga, X) : G4 € v} is a D-open cover of X. But, (X,n) is a D-compact,
then, there exists a finite subcover 7 ={(Gqa,, X) 11 =1,2,3,...,n} Cvof Xijie.
X =U"",(Gq,;, X) = X =U1G,,. Hence (X, m3) is compact. O

Theorem 3.6. Let (X,n) be a double topological space. Then

(1): m = {(A1,41) : (A1, A2) € n}
(2) Ny = {(A27A2) : (Al,AQ) € 77}

are double topologies on X.

Proof. (1): Since (X, X), (¢, ¢) € n, then (X, X), (¢, ¢) € m. Let (A1, A1), (B1,B1) €
7. Then, there exists Ag, By € P(X) such that (41, As),(B1,B2) € n = (41N
By, AN BQ) eEn= (A1 N B, A1 N Bl) € n;. Hence (A1,A1) N (Bl,Bl) € n;. Now,
let {(A1a, A1a) : @ € A} C ;. Then, for each A;,, there exists Ay, € P(X) such
that (A1a, A24) € 1 = {(A1a, A24) : @ € A} €1 = Ugea(A1a, A24) € . There-
fore, Unen (A1a, A1a) € mi. Consequently, 7; is a double topology on X.

(2): Similarly to the proof of part (1). O

Theorem 3.7. Let (X,n) be a double topological space. Then (X,n) is an n-D-
compact < (X,n) is an n;-D-compact.

Proof. Let (X,n) be an n-D-compact and let v = {(G14,G14) : @ € A} C 1 be
an 1;-D-open cover of X, i.e. X = UaeA(Gl; G1a). For each Gy, there exists
Gon € P(X) such that (Gay,Gay) C (Gayy Gay) € 1 = X = Uaea(Gia, Gaa)-
Hence the collection ¢ = {(G1a,G24) : @ € A} C 1 is an n-D-open cover of X, then
, by given, there exists a finite subcover (* = {(G1a,,G2q,) 1 @ = 1,2,3,...,n} C ¢
of X,ie. X =U (Gra;,Goa;) = X = U G1a; = X = UL (G1a,, G1a,). Hence
(X, m) is an m-D-compact.

Conversely, let (X, ;) be an n,-D-compact and let v = {(G1a,G24) : @ € A} C 7
be an n-D-compact, i.e. X = Unea(Gia,G2a)- Then X = UperGia = X =
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UaeA(G1a,G1a). Hence the collection { = {(G1a,G1a) 1 @ € A} C 1 is an n-D-
open cover of X, then , by given, there exists a finite subcover ¢* = {(G1a,, G1a,) :
i =1,2,3,..,n} C ¢ of X, ie. X =U"(Gra;,CG1a;) = X = U1 (G1a,;, Goa,)-
Hence (X,7) is an n-D-compact. O

Corollary 3.8. Let (X,n) be a double topological space. Then (X,n;) is an n-D-
compact < (X, 1) is a w1 - compact.

Proof. 1t follows from Theorem 3.4 and Theorem 3.7. 0

Theorem 3.9. Let (X,n) be a double topological space. Then (X,n.) is an n,.-D-
compact < (X, m2) is a wo-compact.

Proof. Let (X,n,) be an n,-D-compact and let v = {Ga4 : @ € A} C 73 be a mo-
open cover of X, i.e. X = UnpeaGaq. Then X = Unea(Gaa, G2a). Therefore, the
collection v = {(G2a,G24) : G2o € v} C 1y is an n,-D-open cover of X. Hence, by
given, there exists a finite subcover v* = {(Gaq,;, G2q,) 1 7= 1,2,3,...,n} Cn, of X,
ie. X = Ul 1 (Goa;y G2a;) = X = Ul Ga,,. Hence (X, m2) is a me-compact.

Conversely, let (X, m3) be a ma-compact and let v = {(Gaqa,G2a) : @ € A} C 1,
be an 7,-D-open cover of X, i.e. X = UQEA(GQQ,GQQ). Then X = UyerGoq.
Therefore, the collection v = {Gaqn : (G2a,G24) € v} C 7o is a me-open cover of X.
Hence, by given, there exists a finite subcover v* = {Gaq, : @ = 1,2,3,....,n} C v
of X, ie. X = U 1Ga, = X = U (G2q,,G2q;). it follows that (X,n,) is an
n--D-compact. g

Theorem 3.10. Let (X,n) be a double topological space. Then (X, n) is a D-compact
= (X,7A) is a TA- compact.

Proof. Straightforward. O

Theorem 3.11. Let (X, 1) be an ordinary topological space. Then (X, T) is compact
& (X, 7Xx7) is D-compact.

Proof. Suppose that (X, 7) be a compact and let y={G,, : & € A} be a D-open cover
of X, ie. X =UueaG,. Then, for each G, in ~ there exists Gia, Goa € T, G1a C
Gaq such that G, = (G1a, G24). So, the collection v1(= {G14 : @ € A} C 7) is open
cover of X, i.e. X = UaenG1q- Since (X, 7) is compact, then there exists a finite
sub-collection 75 (= {G1q, 17 =1,2,3,...,n}) of 71 such that X = U ;G1,,. Now,
Gia; C Gaa, = U 1G1a;, C UM Gaq,. Therefore, X = (U ;G1q,, U 1Ga0;) =
UL, G,,,. Hence (X, 7x7) is D-compact.

Conversely, let (X, 7x7) be a D-compact and let (= {G, : @ € A} C 7) be an open
cover of X. Then the collection 7 = {(G4,Gqs) : @ € A} C 7X7 is a D-open cover of
X. Therefore, there exists a finite sub-collection v*(= {(Gq,,Ga,;) : i =1,2,3,...,n})
of 4 such that X = U ,(Ga,,Gy,) which implies that X = U, G,,. Thus (X,7)
is compact. O

Theorem 3.12. Every CD-compact space is a D-compact.

Proof. Straightforward. O
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Theorem 3.13. Let (X,n1), (X,n2) be two double topological spaces such that e
is finer than n1. If (X,n2) is a D-compact, then (X,n1) is a D-compact.

Proof. Straightforward. O

Theorem 3.14. The D-continuous image of a D-compact space is a C-set.

Proof. Let (X,m), (Y,n2) be two double topological spaces and let f be a D-
continuous function from X into Y. Let v = {D, : @« € A} C 1 be an arbi-
trary my-D-open cover of f(X), i.e. f(X) C UneaDy. Then X C fL(f(X)) C
Y (UaenD,) C X, ie. X = Ugenf Y(D,,). Since D, € 1o and f is a D-continuous
function, then f~1(D,) € 1 Ya € A. Thus, the collection v = {f~}(D,) : a €
A} is an n;-D-open cover of X. But, (X,7n;) is a D-compact, then, there exists
o1, @2, A, ...y i such that X = U2, f~1(D,,,) = f(X) C ff YD, )USfH(D,,)U
UffN(D,,) € Do, UDg, U...UD,, . Consequently, f(X) is a C-set. More-over,
if f is onto, then (Y,7s) is a D-compact space. O

Definition 3.15. Let (X,7n) be a double topological space . The collection A =
{H, :a€ A} C D(X) is said to have the finite intersection property (FIP, for short)
if for every finite sub-collection {H, :i=1,2,3,...,n} of A, we have N} H  # ¢.

Theorem 3.16. Let (X, n) be a double topological space. Then (X,n) is a D-compact
iff every collection {F, : a € A} of double closed sets with FIP, we have NoeaF,, #

@.
Proof. Straightforward. O

Theorem 3.17. Let (X, n) be a double topological space. Then (X,n) is a D-compact
iff every collection A = {F, : o € A} of double closed sets such that NaeaF, = ¢,
there exists a finite sub-collection {F,,. :i=1,2,3,...,n} of A such that "}_F, =
}.

Proof. Straightforward. g

Definition 3.18. Let Z be a D-ideal on a double topological space (X, 7). A D-open
cover ¥(= {G, : @ € A} Cn) of X is said to be an Z - cover of X if there exists a
finite sub-collection v*(= {G,,, : i =1,2,3,...,n}) of vy such that X\ U}", G, €I

Definition 3.19. Let Z be a D-ideal on X. A double topological space (X,n) is
said to be an Z-D-compact space if every D-open cover of X is an Z - cover.

Theorem 3.20. Every D-compact space (X,n) is an Z-D-compact for any D-ideal
Z on X.

Proof. Straightforward. O

Corollary 3.21. Let (X,n) be a double topological space and let Z € DI(X). Then
(X,n*(2)) is a D-compact = (X,n*(Z)) is an Z - D-compact.
The converse of Theorem 3.20 may not be true in general as shown by the following

example.
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Example 3.22. Let X = R and let 75 be the usual topology on R. Then, by
Theorem 3.11, (R, 7n >A<TN) is not D-compact. Let x; € R, and let the collection
v =1{G, : @ € A} C 7y x7n be a D-open cover of R, i.e. R = UyepG,,. Since
T € Ry, then 2y € R = UaeaG,,. So there exist G, € v such that »; € G, =
G, = R\G, =G €Z . Hence (R, 7n XTn) is an Z? -D-compact.

Theorem 3.23. Let X be uncountable set, 7o, be the co-finite topology on X and
let Z,. be the countable D-ideal on X. Then (TooXToo)*(Z,) = TeoXTeo, where Tey is
the co-countable topology on X .

Proof. Let G € TeoXTeo. Then G is countable double set, so G° € Z.. Since
G =X\G° X € TooXToo and G° € Z, then G € B(Too XToo, L,.). It follows that G €
(Too X Too)*. Hence TeoXTeo C (TooXToo)* Also, let G € (TooXToo)*. SINCe Too X Too
compatible with Z_[13], then (TooX7Too)* = B(Teo XToo, L, ), then there exists H €
TooXToo, A € I, such that G = H\A, and so G° is countable double set. It follows
that G € TeoXTeo. Hence (TooXToo)* C TeoXTeo. Consequently, (TooXToo)*(Z,) =
Teo X Teo- O

The converse of Corollary 3.21 may not be true in general as shown by the fol-
lowing example.

Example 3.24. Let X be uncountable set, 7o, be the co-finite topology on X
and let Z. be the countable double ideal. Then, by Theorem 3.11, (X, 7o XToo)
is a D-compact. By Theorem 3.23, (X, (TooXToo)*(Z.)) = (X, TeoXTeo) Which is
not D-compact. On the other hand, let v = {G, : @ € A} C (TooXTo0)*(Z,) =
B(Too XToo, L) such that X = UyeaG,. Then X = Uyea(H \A,) where H,, €
TooXToo and A, € Z.., and so the collection ¢ = {H, : o € A} C 7o X7 is a D-open
cover of X, but (X, 7 %Too) is Z,-D-compact, then there exists a finite sub-collection
¢={H,, :i=1,2,3,...,n} C ¢suchthat X\U} | H, €Z. Now,VH, 3A, €I,
such that Qai = ﬂai \Aai = X\ U?:l Qai = (X\ U?:l Eai)u(mznzléai) € lc' Hence
X\U, G, €Z,. Therefore, (X, Too XToo)*(Z,)) = (X, Teo X Teo) is an Z,-D-compact.
Theorem 3.25. A double topological space (X,n) is D-compact if and only if it’s
{¢}-D-compact.

Proof. Straightforward. O

Theorem 3.26. Let (X, 1), (X,n2) be two double topological spaces such that no
is finer than ny. If (X,n2) is an Z-D-compact, then (X,n1) is an Z - D-compact.

Proof. Straightforward. O

The converse of The above Theorem may not be true in general as shown by the
following example.

Example 3.27. Let X be uncountable set. Then the co-finite double topology
Too X Too induced by 7o, on X is finer than the co-countable double topology Teo X Teo
induced by 7., on X, however, (X, Too X 7o) is {¢}-D-compact, but (X, 7., X7.,) is
not {¢}-D-compact.
Theorem 3.28. Let (X,n) be a double topological space and let T € DI(X). If
(X,n*(2)) is a D-compact, then (X,n) is Z-D-compact.
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Proof. Tt follows from Theorem 3.20 and Theorem 3.26. O

Theorem 3.29. Let (X,n) be a double topological space and let T € DI(X). Then
(X,n) is an Z - D-compact if and only if (X,n*(Z)) is an Z - D-compact.

Proof. Let v={G,, : a € A} be a basic n*-D-open cover of X. Then for each
a €l G, = HN\A, where H, € n and A4, € Z. Therefore, the collection Q =
{H, : « € A} is a n-D-open cover of X. Hence there exist a finite sub-collection
Qy={H,, :1=1,2,3,...,n} of Q such that X\ U}, H, €Z. Now, X\U_, G, =
X\U, (o \A,,) = (X\UZy H, UMy A,) € (for A, € Z). Thus, (X, (Z))
is an Z-D-compact.

Conversely, the sufficiency of the Theorem follows from Theorem 3.26. g

Theorem 3.30. Let (X,n) be a double topological space and Z € DI(X). Then
(X,n) is Z-D-compact = (X,m1) is an I*-compact.

Proof. Let (X,n) be an Z-D-compact and let v1(= {G14 : @« € A} C m1) be a m;-

open cover of X i.e. X = UaeaGio. Then the family v = {(G1a,G2a) : Gaa €

mo,a € A} C 7 is D-open cover of X. Hence there exists a finite sub-collection
7* = {(G1a;, Gaa,) 11 =1,2,3,...,n} C v such that X\ U (G1a,,G2a,) € Z, and
so X\ U | Giqa, € T2 Thus (X, ) is Z?-compact. O
Theorem 3.31. Let (X,n) be a double topological space and T € DI(X). If
(X,n*(Z)) is Z-D-compact, then (X,n7) is an I? - compact. Where n7 = {A; :
(A1, A2) €}

Proof. Similarly to the proof of Theorem 3.30. O

Corollary 3.32. Let (X,n) double topological space and Z € DI(X). The following
implication diagram holds :

(X,7n"(Z)) is D-compact = (X,n) is D-compact < it’s {¢} -D-compact

U 4
(X,n*(2)) is Z-D-compact < (X, n) is Z - D-compact
4 I

(X, m}) is an Z? - compact = (X, ;) is an Z%-compact

Theorem 3.33. Let (X, 7) be an ordinary topological space and let T be an ideal on
X. Then

(X,7) is an I-compact < (X, 7xT) is an TxI-D-compact.

Proof. Suppose that (X, 7) be an T - compact and let y={G,, : a € A} be an 7x71-D-

open cover of X, i.e. X =U,eaG,. Then for each G, in v there exists G1o, Goo € T,

G1a C Ga, such that G, = (G1a, Ga2a). So, the collection 71 = {Gia:av € A} C 7

is a 7 - open cover of X, ie. X = UneaG1a. Since (X,7) is an Z - compact,

then there exists a finite sub-collection i = {Giq4, : ¢ = 1,2,3,...,n} of 71 such

that X\ U?:l Glai € Z. Now, Glai - Ggai = X\ U?:l Ggai - X\ U;lzl Glai S
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T = X\ U, Goo, € Z. Therefore, (X\ U™, Gaa,, X\ U™, G1a,) € ZXZ. Hence
X\UL, G, € IxZI. Consequently, (X, 7x7) is an ZxZ - D-compact.

Conversely, let (X,7x7) be an ZxZ-D-compact and let v = {G, : @« € A} C 7 be
an open cover of X. Then the collection v = {(G4,Ga) : a € A} C 7x7 is D-
open cover of X, therefore there exists a finite sub-collection Y (={(Gq,,Ga,) i =
1,2,3,...,n}) of v such that X\UL, G,,. € T xZ which implies that X\U™, G,, € Z.
Thus (X,7) is an Z - compact. O

Definition 3.34. Let Z be a D-ideal on a double topological space (X,n). The
collection A = {H_, : « € A} C D(X) is said to have the finite intersection property
modulo D-ideal Z, denoted by Z — FIP, if for every finite sub-collection {H, :i =
1,2,3,...,n} of A, we have N?_ H,, ¢Z.

Theorem 3.35. Let (X,n) be a double topological space and Z € DI(X). Then
(X,n) is an Z-D-compact iff every collection {F,, : « € A} of double closed sets with
Z -~ FIP, we have Naepl, # ¢.

Proof. Let (X,n) be an Z-D-compact, and let A = {F, : « € A} C n° having
I-FIPie N F, ¢ ZVn € N. Assume that NperF, = ¢. Then X =
Uaea s, = the collection A* = {F¢ : F_, € A} is D-open cover of X. But, (X,n) is
an Z-D-compact, then there exists a finite sub-collection {F%,. :i = 1,2,3,...,n} of
A* such that X\ Ui, F;, € Z which implies that N}, F', € Z a contradiction.

Conversely, suppose that for every collection {F, : a € A} of double closed sets
with Z — FIP, we have NaepF,, # ¢. Assume that (X,7n) is not Z-D-compact.
Then there exists a D-open cover ¥ = {G,, : @ € A} of X such that for any finite
sub-collection {G,. :i = 1,2,3,...,n} of 7, X\ U, G, & Z which implies that
Ni_1Gg, & Z. Thus, the collection {G7, : @ € A} € n° and has Z — FIP, and so
NacaGy, # ¢ contradicts with X = UaeaG,,. Hence (X, 7) is an Z-D-compact. [

Theorem 3.36. Let (X,n) be a double topological space and Z € DI(X). Then
(X,n) is an Z-D-compact iff every collection A= {F, : o € A} of double closed sets
such that Naea k', = ¢, there exists a finite sub-collection {F, :i=1,2,3,...,n} of
A such that N} F,. e

Proof. Straightforward. O

4. DouBLE Quast H-CLosED (DQHC) MODULO DOUBLE IDEAL

In this section, we introduce and study the idea of double quasi H-closed, defined
in terms of a D-ideal in a double topological space (X,n). Calling it Z-DQHC, we
investigate its relation with compactness, among other things.

Definition 4.1. A double topological space (X,7) is said to be a double quasi H
- closed (DQHC, for short) if every D-open cover v(= {G, : @« € A} C n) of X
there exists a finite sub-collection v*(= {G,, : i = 1,2,3,...,n}) of v such that
X = U clyG,,,. In this case the collection v*(= {G,,, : i = 1,2,3,...,n}) is called a
D-proximate cover of X. A double Hausdorff quasi H - closed space is called double
H - closed (DHC, for short).
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Theorem 4.2. Let (X, 7) be an ordinary topological space. Then (X, 1) is QHC if
and only if (X,7x7) is DQHC.

Proof. Let (X,7) be a QHC and let y={G, : @« € A} be an 7x7 - double open
cover of X, i.e. X = UpenG,- Then, for each G, in v there exists G14, G2o € T,
G1a C Gaq such that G, = (G14, G2a). So, the collection v1(= {G1a : @ € A} C 1)
is a 7 - open cover of X, i.e. X = UyepaGia. Since (X,7) is QHC, there ex-
ists a finite sub-collection 7{(= {G1; : i = 1,2,3,...,n}) of 71 such that X =
U cl;G1q,. Now, since G1o, € Gaqa,, then Ul ¢l G1a, C UlL;cl;Gaq,;. There-
fore, X = U, (cl;G1q,,cl-Gaa,) = Ujcl .G, (by Theorem ?7). Consequently,
(X, 7x7) is DQHC.

Conversely, let (X, 7x7) be a DQHC and let v(= {G, : @ € A} C 7) be an open
cover of X. Then the collection v = {(Gqa,Gq) : @ € A} C 7X7 is a D-open cove
of X. So, there exists a finite sub-collection v*(= {(Gq,,Gq;) : i = 1,2,3,...,n})
of v such that X = Ul ;cl_; (Gq,, Ga,) = Ul (cl; Gy, cl:G,,) which implies that

TXT

X = U, cl.G,,. Thus (X,7) is QHC. O
Theorem 4.3. Every D-compact space (X,n) is DQHC.
Proof. Straightforward. O

Theorem 4.4. Let (X,n1), (X,n2) be two double topological spaces such that ns is
finer than ny. If (X,n2) is a DQHC, then (X,m) is a DQHC.

Proof. Straightforward. O

Definition 4.5. Let (X, n) be a double topological space and Z € DI(X). A D-open
cover ¥(= {G,, : « € A} € n) of X is said to be an Z - proximate cover of X (Z -
pcover, for short) if there exists a finite sub-collection y*(= {G,,, : i =1,2,3,...,n})
of v such that X\ U}, ¢, (G,,) € L. B

Definition 4.6. Let Z be a D-ideal on X. A double topological space (X, n) is said
to be an Z - DQHC if every D-open cover of X is an Z - pcover.

Theorem 4.7. Every DQHC space (X,n) is an Z - DQHC for any D-ideal Z on X .
Proof. Straightforward. O

Corollary 4.8. Let (X,n) be a double topological space and let Z € DI(X). Then
(X.n*(Z)) is a DQHC = (X,i/"(Z)) is an Z-DQHC.

Theorem 4.9. Every Z-D-compact space (X,n) is Z-DQHC.
Proof. Straightforward. g

Theorem 4.10. A double topological space (X,n) is DQHC' if and only if it’s {$}
- DQHC.

Proof. Straightforward. O

Theorem 4.11. Let (X,m1), (X,n2) be two double topological spaces such that ns
is finer than ny. If (X,n2) is an Z-DQHC, then (X, 1) is an Z-DQHC.

Proof. Straightforward. O
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Theorem 4.12. Let (X,n) be a double topological space and let T € DI(X). If
(X,n*(2)) is a DQHC, then (X,n) is Z - DQHC.

Proof. 1t follows from Theorem 4.7 and Theorem 4.11. O

On account to Theorems 4.4, 4.7, 4.10, 4.11 and Theorem 4.12 we have the
following corollary.

Corollary 4.13. Let (X,n) double topological space and Z € DI(X). The following
implication diagram holds :

(X,7n"(2)) is DQHC = (X,7n) is DQHC <« it is{¢} it is-DQHC

y U
(X,7*(Z)) is ZDQHC = (X,7) is Z-DQHC

Theorem 4.14. Let (X,n) be a double topological space and Z € DI(X). The
following statements are equivalent:
(1) (X,n) is an Z-DQHC.
(2) For every collection A = {F, : a € A} of double closed sets such that
NaeaF, = ¢, there exists a finite sub-collection {F, :i=1,2,3,..,n} of
A such that N}_jint, (F,,) € L.
(3) every collection A = {F, : « € A} of double closed sets such that {int, (F,,) :
F_, € A} withZ — FIP, we have NaeprF, # ¢.

Proof. (1) = (2): Let (X, n) be an Z-DQHC and let A be a collection of double closed
sets with Ngea{F, : F, € A} = ¢. Then the collection {F¢, : F, € A} is a D-open
cover of X, and hence there exists a finite sub-collection {Ff:i=1,2,3,..,n} of A
such that X\ U cl,,(F;) € Z which implies that N}_,int, (F;) € Z.

(2) & (3): It is obvious.

(2) = (1): Let v = {G,, : @ € A} be a D-open cover of X i.e. X = UaenG,. Then
the collection A = {GS : o € A} C n° with NaeaGL = ¢, and hence there exist a
finite sub-collection {G¢, :i =1,2,3,...,n} of A such that N_,int, (G, ) € Z which
implies that X\ Ui, cl,(G,,,) € Z. Hence (X,n) is an Z-DQHC. O

5. THE RELATION BETWEEN THE COMPACTNESS MODULO DOUBLE IDEAL AND
THE DQHC

In this section, we try to associate the notion of double quasi H - closedness with
that of Z - double compactness.

Definition 5.1. A double ideal Z on a double topological space (X,7) is said to
be a codense with respect to 7 if the complement of each of its member is a double
dense.

Theorem 5.2. Let Z be a D-ideal on a double topological space (X,n). Then
T is a codense < nNZ = {¢}.
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Proof. Let Z be a codence with respect to n. Let A € nNZ. Then A € n°
and cl,(A°) = X. But, c,(A°) = A°, hence A° = X which implies that A = ¢.
Consequently, nNZ = {¢}. B
Conversely, let nNZ = {?ﬁ} and assume that there exists A € Z such that A is not
dense. Then cl, (A%) # X. So, (clyA©)¢ # ¢ = int,(A) # ¢. Since, inty,A C A€ Z,
then int,(A) € Z, int,(A) € n = int,(A) = ¢ which is a contradiction. O

Theorem 5.3. Let (X,n) be a double topological space. Then nNZL, = {¢}, where
Z,, is the double ideal of all nowhere dense double sets in (X,n).

Proof. Let G € nNZ,. Then, int,(G) = G and int,cl,(G) = ¢. Since, int,(G) C
int,cl,(G), then int, (G) = ¢, and so G = ¢. Hence nNZ, = {¢}. O

Theorem 5.4. Let Z be a D-ideal on a double topological space (X,n). If (X,n) is
an I - D-compact and nNZ = {¢}, then (X,n) is DQHC.

Proof. Let (X,n) be an Z - D-compact and let y(= {G,, : @ € A} € n) be a D-open
cover of X i.e. X = UyenG,,- Then there exists Qal,QQQ, ...,Qan € «v such that

X\UPy G, € L. Thus, inty(X\ UL G,,,) € ZN7 = {9} = inty(X\ UL, G,,,) =
¢ = (inty)(X\U, G,.))° =X =X =Uc,G,,. Hence (X,n)isa DQHC. O

Theorem 5.5. Let Z be a D-ideal on a double topological space (X,n). If (X,n) is
a DQHC, Z,, CZ, then (X,n) is an Z - D-compact.

Proof. Let (X,n) be a DQHC, Z,, CZ and let y(= {G,, : @ € A} C n) be a D-open
cover of X i.e. X = UnpenG,. Then, there exists G,,,G,,, -G, €7 such that
X\UL,cl,G,, = ¢. Weclaim that X\ UL, G, € Z,,. In fact, X\U}_, G, ¢Z, =
int,cly(X\Uj=, G,,) # ¢. But, X\U_, G, €n°, then cl,(X\Uj, G,,.) = X\Uj,
G, and so int,(X\ U}, G,,) # ¢. Hence X\ U, cl,G,. # ¢, a contradiction.
Therefore X\ U, G, €Z, CZI. Consequently, (X,n)isanZ - D-compact. O

Corollary 5.6. Let (X,n) be any double topological space. Then

(1) (X,n) is an Z,, - D-compact < it’s DQHC.

(2) If (X,n) is a double Hausdorff space, then (X,n) is an Z,, - D-compact < it’s
DHC.

Proof. Tt follows from Theorem 5.3 and Theorem 5.5. O

Definition 5.7. Let (X,7) be a double topological space. A double set A is said to
be a DC-set if for every D-open cover v(= {G,, : « € A} C n) of A, there exists a
finite sub-collection {G,, ,G,,,,; G, s G,, } of v such that A C UL cl, (G, ).

Definition 5.8. A double topological space (X,n) is said to be a DC-compact if
every double closed set is a DC-set.

Theorem 5.9. Every DC-compact space is a DQHC.
Proof. Straightforward. 0
Theorem 5.10. Every CD-compact space is a DC-compact.

Proof. Straightforward. O
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Theorem 5.11. Let (X, 7) be an ordinary topological space. Then
(X,7) is a C-compact & (X, 7x7) is a DC-compact.

Proof. Straightforward. O

Definition 5.12. Let Z be a D-ideal on a double topological space (X, 7). A double
topological space (X, 7) is said to be Z-DC-compact if for every crisp double closed
set F and every D-open cover y(= {G, : @« € A} C n) of F, there exists a finite

sub-collection {G,,,,G,,,,G,,, s G,, } of v such that I\ U, cl,(G,,) € Z.
Theorem 5.13. Every DC-compact space is an Z'-DC-compact.
Proof. Straightforward. d

On account of Theorems 3.12, 3.20, 4.3, 4.9, 4.7, 5.10, 5.9 and Theorem 5.13 , we
have the following Corollary.

Corollary 5.14. Let (X,n) be a double topological space and let Z € DI(X). Then
the following diagram is hold:

CD-compact = D-compact = Z - D-compact

4 \ .
DC-compact = DQHC = Z-DQHC
I

Z"-DC-compact
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