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ABSTRACT. In present paper, the same strategy as Buckley-Feuring
by the variational iteration method are used for finding the exact fuzzy
solution of the fuzzy heat-like equations in one and two dimensions. Several
examples are given to show the Buckley-Feuring solution and the Seikkala
solution. The results show that the variational iteration method, without
linearization or small perturbation, is very effective and convenient.
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1. INTRODUCTION

There are strong and efficient techniques to find approximate solutions for the
linear and nonlinear equations, that most of these equations don’t have exact solution
such as heat-like equations. In mathematics, in order to solve the model of heat-like
equations, we will introduce some imprecise parameters.

In this work, the contribution is solving heat-like equations with fuzzy parameters
via the same strategy as Buckley and Feuring [3, 4] using Variational Iteration
Method VIM. The VIM proposed by He in [8, 9, 10], is a method of solving linear
or nonlinear problems [14, 15] and gives rapid convergent successive approximations
of the exact solution if that last exists.

In comparison with the paper [1], we investigate problems with fuzzy parameters,
fuzzy initial value and fuzzy forcing functions, we propose a new theorem for finding
the exact fuzzy solutions, witch extended to the Buckley-Feuring for the proposed
models.

We begin Section 2 by defining the notation where we will use in the paper and
then in Section 3 and 4, fuzzy heat-like equations and the VIM are illustrated,
respectively. In Section 5, the same strategy as in Buckley-Feuring is presented for
two-dimensional fuzzy heat-like equation. Some examples in Section 6 illustrated.
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2. PRELIMINARIES

We place a bar over a capital letter to denote a fuzzy number of R". So, A, K, 7,
B etc. all represent fuzzy numbers of R” for some n. We write p=(t), a number
in [0,1], for the membership function of A evaluated at ¢ € R®. An a-cut of A is
always a closed and bounded interval that written Ala], is defined as {t|uz(t) > a}
for 0 < a < 1. We separately specify A[0] as the closure of the union of all the Ul[a]
for0<a<1

Definition 2.1 ([5]). Let Rx = {Z | A:R —[0,1], satisfies (1) — (4)} :

1) VA € Rz, A is normal.

2) VA € Rz, Ais a fuzzy convex set.

3) VA € Rz, A is upper semi-continuous on R.
(4) A[0] is a compact set.

(
(
(

Then R is called fuzzy number space and YA € Rz, A is called a fuzzy number.

Definition 2.2 ([5, 12]). We represent an arbitrary fuzzy number by an ordered

pair of functions Afa] = [A;1(a), A2(a)], « € [0,1], which satisfy the following

requirements :

(1) Ai(a) is a nondecreasing function over [0, 1],

(2) Az(a) is a nonincreasing function on [0, 1]

(3) Ai(a) and As(«) are bounded left continuous on (0, 1], and right continuous
at a =0, and

(4) Ai(a) < Az(a),for0<a <1

Definition 2.3. Let A = (a1, a2,a3), (a1 < az < az). A is called triangular fuzzy
number with peak (center) as, left width as — a; > 0 and right width a3 —as > 0,
if its membership function has the following form :

—t
1- M, ay <t <a
0,2—(11)
() — t—
Ha(t) 1—( a2» az <t<as
asz — ag
0, otherwise.

The support of A is [a1,a3]. We can write :
(1) A>0ifa; >0,
(2) A>0if a; >0,
(3) A< 0ifas <0,
(4) A<0ifaz<0.
Definition 2.4. For arbitrary fuzzy numbers Ala] = [al(a),ag (a)] and

Bla] = {bl(oz), bg(a)} we have algebraic operations as follows :
(1) (A+B)la] = [a1(a) + bi(@), az(a) + ba(a)|

(2) (A= B)la] = |a1(a) - ba(a), az(a) — br(a)]
30
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[kal(a), kag(a)} k>0
kAla] =
[kzag(oz), kal(a)} k<0
(4) (A.B)[a] = {min z, max z} with
z= {al(a).bl(a), ay(a).ba(a), az(a).by(a), ag(a).bg(a)}

(5) If 0 ¢ [bl(a),bg(a)}

where

We adopt the general definition of a fuzzy number given in [(].

3. FUzzYy HEAT-LIKE EQUATIONS

We consider the heat-like equations in one and two dimensional cases which can
be written in the forms

e Omne-dimensional [1] :

(3.1) U(t,x) + P(x,7)Uze(t,x) = F(t, x, k)
e Two-dimensional [1] :
(3.2) Uit z,y) + Pz, v)Use (8, 2,y) + Qy, B)Uyy (8, z,y) = F(t,z,y,k)
or
(3.3) Ue(t,z,y) + QY B)Uaa(t, ,y) + P(2,7)Uyy(t,2,y) = F(t, z,y, k)

subject to certain initial and boundary conditions.
These initial and boundary conditions, in state two-dimensional, can come in a
variety of forms such as
U(Oaxay) =< or U(vaay) = gl(xaya 62) or U(M1,$,y) = gQ(xaya €3, C4)a v
In this paper the method is applied for the heat-like equation (3.2). For (3.1) and
(3.3), the same discussion can be made. In following lines, the components of (3.2)
are enumerated :
o Iy = [0, M), I = [Ms, M3] and I3 = [My, Ms] are three intervals, which
M, (n1 =2,3,4,5) is negative or positive and M; > 0.
o F(t,x,y,k), U(t,z,y), P(z,7v) and Q(y, ) will be continuous functions for
(t7 €T, y) € H?:l Ij
e P(z,v) and Q(y, 3) have a finite number of roots for each (z,y) € I x I3
31
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o k= (k'lv"',kn)a ¢ = (617"'acm)7 Y= (’717'-'775) and 6 = (/617"‘7/86)
are vectors of constants with k; € J;, ¢; € L; and v, € H, and §; € D;.
Assume that (3.2) has a solution

(34) U(t7 Zz, y) = G(t7 z,Y, k) (D ﬁ)
fOI' G and Gt(t7m7y7 k7 C, 77 ﬁ) + P(%’Y)Gm(t,x»y’ k7 C, 77 /6) + Q(Zh ﬂ)ny(t7$>y7 k: C, 77 ﬂ)
3

are continuous with (¢, z,y) € HIj, ked= H Jj,ce Ll = HLZ-,W €H= HHT
j=1 j=1 i=1 r=1

and B e D = HDZ.
1=1
Suppose the constant k;, ¢;, v and [3; are imprecise in their values. We will model
this uncertainty by substituting triangular fuzzy numbers for the k;, ¢; , 7, and
B If we fuzzify (3.2), then we obtain the fuzzy heat-like equation. Using the
extension principle, we compute /', P and @ from F, P and Q where F(¢,z,y, K)
has K = (k1,...,ky) and P(2,7) has5 = (7y,...,7,) and Q(y, ) a B = (By, ..., B.)
for k;, 7, and B, a triangular fuzzy numbers in J; (0 < j <n), H. (0 <r <s) and
D (0 <l< 6).
3

The function U is changed to U where U : H I; — F(R). That is, U(t,x,y) is a
j=1
fuzzy function. The fuzzy heat-like equation is

subject to certain initial and boundary conditions. The initial and boundary condi-
tions can be of the form

ﬁ(o, x, y) = 61 or ﬁ(ov €L, y) = gl(z7 y762) or ﬁ(Mla €T, y) = ?2(93, y563764)
The g; is the fuzzification g; via extension principle. Then, we will solve the problem
given in (3.5). Finally, we fuzzify G in (3.4).
Let Z(t,x,y) = G(t,z,y, K,C,7, ) where Z is computed using the extension prin-
cipale and is a fuzzy solution. In section 5, we will discuss concept of the solution
with the same strategy as Buckley-Feuring for fuzzy heat-like equation.

Let Klo] = [T'—, K;lal. la] = [, 7,la]. Cla] = [T, Cila]
and Bla] = T;_, Bila]

4. THE VARIATIONAL ITERATION METHOD
To illustrate the basic idea of the VIM we consider the following PDE model
(4.1) LU+ L,U+L,U+NU = F(t,z,y,k)

where L;, L, and L, are linear operators of ¢, x and y, respectively, and NN is a
nonlinear operator, also F'(¢, x, y, k) is the source non-homogeneous term. According
to the VIM [14, 15], we can express the following correction function for (4.1) in ¢,
x and y directions can be written as

t
U7L+1(tamay) = Un(t,ﬂf,y) +/ /\{LéU” + (LJE + Ly + N)U'Vl - F(S,Jf,y,k‘)}ds
0
32
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where )\ is general lagrange multlpher [11], which can be identified optimally via the
variational theory [7, 15], and U, is a restricted variation which means 6U,, = 0.
First, it is required to determine the lagrange multipliers A that will be identified
optimally via integration by parts. The approximations U, +1,n > 0, of the solution
U(t,z,y) will immediately follow upon using any selective function U.

The initial values U(0, z, y) is usually used for the selected zeroth approximations Uy.
With the Lagrange multiplies A determined, then several approximation u; (¢, x,y),
1 > 0 can be determined. Consequently, the solution is given as

Ut,z,y) = 1Lm Un(t,z,y)

According to the VIM, we construct a correction functional for (3.2) in ¢-direction
as follows

(42) Un+1 (ta Z, y) =U, (ta Z, y)
t
4 [ AU+ P@A)Taas + QB Ty — P,z 1) s
0
where n > 0 and ) is a lagrange multiplier. We now determine the lagrange multiplier

0Un41(t, 2, y) = 6U, (t x,y)

#5 [ NS { )+ P T)as + Q8T — Fls ) s
Therefore, the stationary conditions are:
N(s)=0
1+ A(8)|s=t =0

Thus, the lagrange multiplier is A = —1. Submitting the results into (4.2) leads to
the following iteration formula

(43) Un+1(t z, y t y Ly y)

/{ Jo + P ) Ta)a + QLo B) Ty — Fls,. )}

Iteration formula start with initial approximation, for example Uy (t, z,y) = U(0, z, y).
Also the VIM used for system of linear and nonlinear partial differential equation
[15] which handled in obtain Seikkala solution.

5. BUCKLEY-FEURING SOLUTION (BFS) AND SEIKKALA SOLUTION (SS)

5.1. Buckley-Feuring solution.
Buckley-Feuring first proposed the BFS [2, 3]. They define for all ¢, z, y and
a € [0,1],

Z(tv x, y)[Oé] = [zl (t7 x,Y, Oé), ZQ(tv x,Y, O‘)i| P F(t> x, Z%E) [Oé] = |:F1 (t7 x,Y, Oé), F2(t7 x,Y, Oé):|
and to check (3.5) we must compute P(xﬁ) and @(y,ﬁ) The a-cuts of F(wﬁ)

and @(y,ﬁ) can be found as follows :
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Vo € [0, 1]

P(e,7)l] = [Pi(z,0), Po(w.a)] . Q. B)la] = [Q1(y, @), Qa(y, )]

Let W = K|a] x Cla] x ¥[a] x B[a]. By definition

(5.1 alteye) =min{Gta,y.ker.) : (hev.8) e W)
(5:2)  ateya)=ma{Gltoykerf) : (key.8) e W)
and

(5.3) Fi(t,2,y,0) = min {F(t,x,y, k) : ke F[a]}

(5.4) Fy(t,z,y,«) = max {F(t7 x,y,k) : k€ F[a]}

V(t,z,y) € H?:1 I; and o € [0,1]

and

(5.5)  Pi(z,a) =min{P(z,7)ly €ylal}, Pz, a) = max{P(z,7)|y € ¥[a]}
Vr € Iy and a € [0, 1]

and

(5.6) Qi(y,a) =min{Q(y,B)|8 € Bla]}, Q2(y, ) = max {Q(y, B)|5 € Blo]}

Vy € I3 and « € [0, 1]

Assume that P(z,v) > 0, (Pi(z,a) > 0), Q(y,8) > 0, (Q1(y,«) > 0) and the
zi(t,xz,y, ) i =1,2, has continuous partial derivatives so (2;): + Pi(2i)zz + Qi (2i)yy
is continuous for all ¢, 2,y € H?:l I; and all a € [0, 1].

Define

L(t,z,y, @) = |(21)t + Pi(z, a)(21) e + Q1(Y, B)(21)yy,
(22) + Po(z, @) (22) 2z + Q2(y, 5)(22)@4

for all (¢,z,y) € H?zl I; and all c.
If, for each fixed t,x,y € H?Zl I;, T'(t,z,y,a) defines the a-cut of a fuzzy number,
then will be said that Z(t,z,y) is differentiable and is written

Zila] + Pla]Zez[a] + Q] Zyy o] = T(t, 2, y, a)
for all (t,z,y) € H?Zl I; and all «
Sufficient conditions for I'(¢, z,y, &) to define a-cut of a fuzzy number are [0] :

(1) (Zl)t(t7 T,Y, Oé) + P (]J, a)(zl)xw(t’ T,Y, O‘) + Ql(yv O()(Zl)yy(t, z,Y, O‘) is an in-
creasing function of « for each (¢,z,y) € H?zl I
(ii) (z2)¢(t, @y, @)+ Pz, @) (22) ez (t, @, ¥, @) + Q2(y, @) (22) yy (£, 2, y, ) is an de-
creasing function of « for each (¢, z,y) € H?zl I; and
34
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(iii) for (t,z,y) € H§:1 I;

(Zl)t(t71'7y7 + Pl :C 1 ( )m:r t z,Y, 1) + Ql(ya 1)(Zl)yy(tax7ya 1)
S ( ) (t z,Y, ) + PQ([E 1)( ) I(ta z,Y, 1) =+ QQ(ya 1)(22)yy(t71'7ya 1)
Now we assume that the z;(¢, x,y, @) has continuous partial derivatives
50 (i)t + Pi(x, 0)(2i) e + Qi(y, a)(2;)yy is continuous on H?Zl I; x[0,1] i=1,2.
Hence, if conditions (i)-(iii) above are hold, Z(t,z,y) is differentiable.
For Z
(a
(b
(c
Z(t,z,y) is a BFS (without the initial and | boundary conditions) if Z(t,z,y) is
differentiable and (Z); + P(2,9)(Z)zz + Q(y, B)(Z)yy = F(t,x,y, k) or the following
equations must hold

(57) (Zl)t + Pl(xa a)(zl)TT + Ql(yva)(zl)yy = Fl(tvxvya OL)

t,x,y) to be a BFS of the fuzzy heat-like equation we need

Z(t,z,y) differentiable
(3.5) hold for U(t,z,y) = Z(t,,y),
Z(t,z,y) satisfies the initial and boundary conditions.

\/\/\_/ —

(5-8) (22)1 + Po(2, @) (22) e + Qa(y; @) (22)yy = Fa(t, @, y, @)

for all (¢,z,y) € H?:l I; and a € [0, 1].

Now, we will present a sufficient condition for the BFS to exist such as Buckley and
Feuring. Since there are such a variety of possible initial and boundary conditions,
so we will omit them from the following theorem. One must separately check out
the initial and boundary conditions. Thus, we will omit the constants ¢;, 1 <7 < m,
from the problem. Therefore, (3.4) becomes U (¢, z,y) = G(t,z,y, k, v, 5),

so Z(t,x,y) = @(t, z,y, K,7, B)

Theorem 5.1. Assume Z(t,x,y) is differentiable.

(a)

OP 0G

. if Pz, I i=1,2,...
(5.9) if P(xz,v;) >0 and (’9%3’y¢>0 x €Iy for i 2, .,m

and

. 0Q oG

.1 — I =1,2,...
(5.10) if Qy,B:) >0 and 8506>0 y € I for 1 2,...,e

and

. 0G OF

(5.11) if (% ak >0 forj=1,2,...n

Then BFS = Z(t,x,y)

(b) If relations (5.9) does not hold for some i or relation (5.10) does not hold
for some I, or relation (5.11) does not hold for some j, then Z(t,x,y) is not
a BFS.
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Proof.
(a) For simplicity assume k; =k, v; =~ , f = 3 and %—(k; <0, ‘?9—1,2 <0,

opr oG 2Q fole] G oF P
6—7>0,6—7>0,m<0and%<0. Theproofforﬁ>0,a—k>0,a—y<0,

‘Z—S <0, % > 0 and ?T(B; > 0 is similar and omitted.

Since % <0, % > 0 and % < 0, then from (5.1) and (5.2) we have
2(t,2.9,0) = Gty ka(a). 71 (), Aa() )
29(t, x,y, ) = G(t,:my, k1 (@), y2 (), Bl(a))
from (5.3), (5.4) and 2£ < 0 we have
Fi(t,z,y,a) = F(t,x,y, kg(a)) Fy(t,z,y,a) = F(t, x,y, kl(a)>

: P
since (5.5) and 3= > 0 we have

Py(z,a) = P(x,’n(a)) Py(z,a) = P(x,'yg(a))

from (5.6) and ?’Tg < 0 we have
Qiy:0) = Qv (e))  Qa(y:) = Q(y r(e))

for all a € [0,1] where K[a] = {kl(a),kg(a)}, Fla] = ['yl(oz),’m(oz)] and

Blal = [B1(e). Ba(e)].
As we know G(t,x,y, k,7, 3) solves (3.2), which means

Gy + P(2,7)Gee + Qy, B)Gyy = F(t, 2,9, k)

3
for all (¢,z,y) € Hlj, keJ,yeHand €D
j=1
Suppose Z(t,z,y) is differentiable and P(z,v) > 0 and Q(y,8) > 0 so

atZl (ta z,y, a) + Pl (l’, a)axrzl (ta x,Y, a) + Ql(ya a)ayyzl (ta z,y, OZ) = Fl (tv z,Y, Oé)
atZZ(ta x,Y, O[) + P2(££7 a)ameQ(tv x,Y, CV) + QQ(y7 Oé)ayyZQ(t, z,Y, OZ) = FQ(tv x,Y, a)

3
for all (t,z,y) € H I; and a € [0, 1]
j=1

Hence, (5.7) and (5.8) holds and Z(t,,y) is a BFS.

(b) Now consider the situation where (5.9) or (5.10) or (5.11) does not hold.
36
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Let us only look at one case where % <0 ( assume 5= > 0, %1,: >0, 2 87 > 0,

g—s > 0 and % >0, P(z,7) >0 and Q(y, ) > 0). Then we have
a1t a,y,0) = Gt ,y, k(@) 1(0), Ai(0))
2a(t,2,y,0) = G(t,9,ka(0), 22(0), Aa(a))
Fi(t,z,y,a) = F(t,x, Y, kl(a)>, Fy(t,z,y,a) = F(t,x,y, kg(@))

and
Pi(z,a) = P(x,m(oz)) Py(z,a) = P(m,’yg(a))
Qi(1,0) = Q. fale))  Qa(yra) = Q[ Ar(w))

then we have
atZl (ta z,y, a) + Pl (l’, a)axrzl (ta x,Y, a) + Ql(ya a)ayyzl (ta z,y, OZ) = Fl (tv z,Y, Oé)

atZZ(ta z,y, a) + PQ(xv a)aerQ(ta x,Y, a) + QQ(yv a)ayyZQ(ta z,y, OZ) = FZ(tv z,Y, Oé)
which is not true, because

Gr(t,y k(@)1 (0), Bi(@)) + P(2,71(0) ) G (12,9, R (@), 71 (), B ()
+Q(4:82(0)) Gy (1.2, 1 (@). 31 (), () ) = F (L, K ()

Gi(t 2,9, ka(0), 72(0), B2(@)) + P(,71(0) ) Gas (1,9, k() 12(0), B2 (@)
+Q(v:51(0)) Gy (1.2 k1 (). (@), Ba() ) = F (1,9 kaa)
O

Therefore, if Z(t,z,y) is a BFS and it satisfies the initial and boundary conditions
we will say that Z(t,z,y) is a BFS satisfying the initial and boundary conditions.
If Z(t,z,y) is not a BFS, then we will consider the SS.

5.2. Seikkala solution (SS).
Now let us define the SS [13]. Let

U(taxa y)[a] = ul(t,x,y,a)mQ(t,x,y, Q)

For example suppose P(z,v) < 0 and Q(y, §) > 0, so consider the system of heat-like
equations

(5.12) (u1)e + Pr(z, a)(u2)ze + Q1(y, @) (u1)yy = Fi(t, 2,9y, a)
(513) (u2)t + PZ(I' a)(ul)zz + Q2(y7 )(u2)yy = FQ(t z,Y, 0[)
Or if P(x,7) >0, Q(y, ) >0, 3£ >0, §& <0, §2 >0, 95 > 0

(5.14) (u1)e + Pr(, @) (u1) e + Q1(y, @) (u1)yy = Fi(t, z,y, @)
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(5‘15) (u2)t + PQ(xv a)(UQ)II + QQ(yv a)(u2)yy = FQ(tv z, Y, a)

for all (t,z,y) € H?Zl I; and o € [0,1]. We append to Egs. (5.12) and (5.13) any
initial and boundary conditions. For example, if it was U(0,z,y) = C then we add
(5.16) u1(0,z,y, ) = c1 ()

(5.17) us(0, ,y, @) = c2(a)

where Cla] = |:Cl(0[),02(06)j|.
Let w;(t, z,y, ) i=1,2 solve Egs. (5.12) and (5.13) plus initial and boundary condi-
tions. If

|:U1(t, z,Y, CY),UQ(t,J?, y7a):|7

defines the a-cut of a fuzzy number, for all (t,z,y) € H?Zl I;, then U(t,z,y) is the
SS.

We will say that derivative condition holds for fuzzy heat-like equation when Eqgs.(5.9),
(5.10) and (5.11) are true.

Theorem 5.2.
(1) If BFS = Z(t,x,y), then SS = Z(t,x,v).
(2) If SS = Z(t,x,y) and the derivative condition holds, then BFS = U (t,z,y).

Proof.
(1) Follows from the definition of BFS and SS.

(2) IfSS = U(t,z,y) then the Seikkala derivative [3] exists and since the derivative
condition holds, therefore, equation following holds

(u1)e + Pr(z, a)(u1)ze + Q1(y, @) (u1)yy = Fi(t, 2,9, a)

(u2)t + Pa(z, @) (uz)ee + Q2(y, @) (u2)yy = Fa(t, x,y, )

Also suppose one k; =k, v; =, i = B, 3 aG < 0, %{j <0, %f < 0 and aF < 0,

9¢ >0, 92 > 0 (the other cases are similar and are omitted). We see
a),72(0), A ()
25(t2,y.0) = Gt .y, ki (0). 1), Aa(a))
Fi(tz.y.0) = F(La,y, k(). Falt,e,y,0) = F(t,2,5,k(a))
Pi(,0) = P(2,72(a)), Pa(w.a) = P(z.71(a))
Qu(y:0) = Q3 A1(a)). Qa(y.0) = Q(y. fala))
Now look at Eqs. (5.7), (5.8) also Egs. (5.1) and (5.2), implies that
n(t,2,y,0) = G(t,2,5,ka(0), 32(0), Bi(0) ) = 21(t 2y, )

us(t,y,0) = G(t 2,9,k (a), 1 (0), Ba() ) = 2a(t,2,y.0)

Therefore BFS = U(t, x,y) O
38
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Lemma 5.3. Consider (3.1) suppose Z(t,x) is differentiable.

(a)

P
(5.18) if P(z,v:) >0 and g% g’i >0 xz€ly for i=1,2,....m
and
0G OF
(5.19) fak 8k >0 forj=1,2,.

Then BFS=Z(t,x)
(b) If relations (5.18) does not hold for some i or relation (5.19) does not hold
for some j, then Z(t,x) is not a BFS.

Proof. Tt is similar to theorem 5.1 g

6. EXAMPLES

We consider the following examples ([1],[14]) and we added fuzzy parameters to these
references.

Example 6.1. We first consider the one-dimensional heat-like equation with vari-
able coefficients as

with the initial conditions
U(0,2) = cx?
where t € (0, M;],x € (0, M), k € [0,J], v € [0, H] and ¢ € [L, 0] are constants.

According to the VIM, a correct functional for (6.1) from (4.3) can be constructed
as follows

Unir (£,2) = Un(t,2) / {U)a(5,2) + Lo @)aals, ) — Fs,2 ) }ds

Beginning with an initial approximation Uy(t,x) = U(0,z) = cx?, we can obtain the
following successive approximations
Up(t,z) = cx®(1 —4t) + k;t
Us(t, z) = ca®(1 — yt + % )—l—kt
U3(t,$) =cx (1_’7t+7 21 _’7 3,)+/€t
3 n
and Uy (t,2) = ca®(1 =yt + 25 =L 4+ + (=)™ L) + kt, n>1
The VIM admits the use of U(t,z) = hm U, ( x), which gives the exact solution
U(t,x) = cx® exp(—t) + kt

Now we fuzzify F(t,z,k), P(x,~) and

G(t,x, k,c,v) = cx? exp(—t) + kt.
Clearly

=

F(t,x,K) =

P(z,5) =
39
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so that
Fi(t,z, ) = ki(a), Fa(t,z,a) = ka(a)
Pi(v.0) = Ta®, Pu,0) = Sa
Also G(t,z,K,C,75) = Cx? exp(ffyt) + Kt, therefore
zi(t,z,a) = ¢i(a)z? exp(—v; (Q)t) + ki(a)t
fori=1,2and C <0 ( C = (c1,¢a,¢3) also with ¢3 < 0), K[a] = [ki(a), ka2(a)],
Cla] = [e1(a), c2(a)], and Fla] = [y1 (@), 2(@)].

Z(t, ) is differentiable because (z;(t,r,a))s + #ﬁ(zz (t, 2, ) ge = ki)
for i = 1,2 are a-cuts of k i.e. a-cuts of a fuzzy number. Due to

P(z,v) >0
oG OF
% > 0, % >0
oprP oG 5
o >0, o = —cz texp(—yt) >0

That is, (Z); + 22*(Z)4s = k, a fuzzy number.
So Lemma 5.3 implies the result that Z(t,z) is a BFS. We easily see that

Zi(oa x, Oé) = Ci(Oé).Tz

for i = 1,2, so Z(t,z) also satisfies the initial condition. The BFS that satisfies the
initial condition may be written as

Z(t,x) = Cx? exp(—7t) + Kt
for all (t,x) € (0, M1] x (0, M>)

Example 6.2. Consider the two-dimensional heat-like equation with variable coef-
ficients as

(6.2) U + 32%Upe + ngUyy = kay
U(Oa xz, y) = Cly2 - 62x2
which ¢ € (07M1]7:17 € (OvM2>7y € (OaMf’)) 71/”' € [Oa J] Y € [OaH] , €1 € [L7O[7
¢z € [0,E] and 5 € [0, D]
Similarly we can establish an iteration formula in the form

63) Vsa(t.y) = Ultay) = [ {Onls20)),

~ ﬁ ~
- %xz(Un)m(s, z,y) + §y2(Un)yy(s, z,y) — F(s,z,y, k)}ds

We begin with an initial arbitrary approximation:
UO(tvxay) = U(07$7y) = C1y2 - CQxQ

and using the iteration formula (6.3), we obtain the following successive approxima-
tions
Ui(t,z,y) = c1y®(1 — Bt) — cox®(1 — yt) + kayt
2,2 2,2
Us(t,x,y) = ery® (1 = Bt + Z50) — caa®(1 —yt + 51) + kayt
40
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2,2 3,3 2,2 3,3
Us(t,z,y) = ery®(1 — Bt + Z5- — B0) — coa®(1 — vt + 5 — 55 + kayt
and

2t2 nyn
Unlta,y) = e B+ T (a2
2t2 nyn
—cor? (1 —yt + 77 +o (_I)Hn' ) + kayt

Then, the exact solution is given by
Ut,z,y) = c1y® exp(—Bt) — cox? exp(—t) + kxyt
Fuzzity F(t,z, k), P(xz,v), Q(y, 8) and
G(t,z,k,c,7,B) = cry? exp(—ft) — cox® exp(—nt) + kxyt
producing their a-cuts
21(tx,y,0) = cny?exp(—pit) — coax? exp(—yit) + kixyt
2tz y,0) = cray® exp(—Pat) — co1x” exp(—at) + koxyt

F1<t7 Z, y7a) = kl(a)x:% F2(t7$7ya Oé) = kQ(a)Iy

Pi(z,a) = 71(@) 22, Py(z,0) = #ﬁ
Qi(z,a) = @y% Q2(z, ) = 62;a) y2

where C; < 0 (Cy = (c11, c12,c13) With ¢13 < 0) and K[a] = [kl(a), ]412(0[):|,
Cilo] = [en(@),era(e)], Cala] = [ear (@), caa(a)] 7la] = [1(a).2(@)].
Bla] = [B1(a). fa(a)].

We first check to see if Z(t,z,y) is differentiable. We compute

[0+ 20 (adee + 20 1) (22)e 20w+ 24 ()]

which are a-cuts of Kzy i.e. a-cuts of a fuzzy number. Hence, Z(t,x,y) is differen-
tiable.

Since
OF 0G
ok =" ok 7Y
oP 0G
— >0, — >0
oy >0, oy >
0Q oG
— >0, —>0
Bk >0, 93 >
Then Theorem (5.1) tells us that Z(t,z,y) is a BFS. The initial condition

21(0,2,y) = 011(@)342 - 022582

22(0,7,y) = c12(a)y® — cor2?
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Therefore Z(t,x,y) is a BFS which also satisfies the initial condition. This BFS may
be written

Z(t,z,y) = C1y? exp(—PBt) — Cox? exp(—7t) + Kayt
for all (.If,y) S (07M2) X (O,Mg), te (O,Ml]
Example 6.3. Assume c €]0,L]. K, ¥ and C are triangular fuzzy numbers as in

Example 6.1 with C' = (c1,ca,¢3) and ¢; > 0. Then there is no BFS (Lemme 5.3).
We proceed to look for a SS. We must solve

(Ul)t + ,Yléa) Z'Q(ul)x;c = kl (Oé)
(u2)t + Vl;a) xg(u2)wx = kQ(a)

subject to
Ul(o, .T,Oé) = 61(04)132, UQ(Oa .T,Oé) = CQ(Q)Iz

If the intervals [u1(t, x, a), ua(t, , )] define a-cuts of a fuzzy number U(t,z); then
SS =U(t,z). By VIM, the solution is

)z exp(—y1(@)t) + ky(a)t
a)z? exp(—y2(a)t) + ko(a)t

ur(t, z, o) = eq(
ug(t, z, ) = cof
Now we show [ug(t, x, @), us(t, z, )] defines a-cut of a fuzzy number.

Thus we only need to check if %12 > 0 and % < 0. Since w;(t, x, ) are continuous
and uq(t,x,1) = ua(t,z,1). There is a region MR contained in [0, 1] x [0, 1] for which
the SS exists and [0, 1] x [0, 1] — 2R there may be no SS.

Since K, C and 7 are triangular fuzzy numbers, hence, we pick simple fuzzy param-
eter so that k;(a), ¢;(a) and ~;(a) are all positive numbers while ky(a) ,cq(cv)
and y,(a) are negative numbers. The "prime” denotes differentiation with re-
spect to o. Then there is a A > 0 so that kj(a) = ¢;(a) = y(2) = A and
ky(a) = cy(ar) = v9(a) = —A. Then, for the SS exist we need

T~ A exp(—(a)) — r(@)ia exp(— (@)t) + 1) > 0
% = M@ exp(—y2()t) — ex(@)ta? exp(—a(a)t) + ) < 0

Therefore inequalities hold if 1 — ¢a(a)t > 0 for all o € [0,1]. So under the above
assumptions we may choose

1
R= {(t,x)|0<t§ — for all 0<m§Mg}
cs

and the SS exists on R in form Egs

Ul(t,x) = Cx? exp(—7t) + Kt
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Remark 6.4. We note that if we consider heat-like equation homogenous
(i.e k = 0) as in example 6.1, we need to solve the following system (6.1) using

Ola] = [a — 1,1 — @], it is clear that in this new procedure, the solution is
up(t, 2, o) = ¢y (a)z? exp(—vi(a)t) + (a — 1)t
us(t, z, ) = co(a)z? exp(—v;(a)t) + (1 — a)t
So Theorem 5.2 implies the result that U(t, z) = Z(t,z) is a BFS. We easily see that
2(0,z, ) = ¢;(a)z?

for i=1,2 , So Z(t, ) also satisfies the initial condition. The BFS that satisfies the
initial condition may be written as

Z(t,x) = Cx? exp(—7t) + Ot
for all (¢,2) € (0, M;] x (0, Ms]

7. CONCLUSION

In this paper, we give sufficient condition for the Buckley-Feuring solution to exist
by the VIM for the proposed models, we obtain the exact solution of various kinds
of fuzzy heat-like equations. Application of this method is easy and calculation of
successive approximations is direct and straightforward. We using the VIM and
strategy based on [4] introduced two type of solutions, the Buckley-Feuring solution
and the Seikkala solution. If the Buckley-Feuring solution fails to exist and when the
Seikkala solution fails to exist we offer no solution to the fuzzy heat-like equations.

Acknowledgements. The authors would like to thank the anonymous review-
ers for their helpful comments.
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